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MG DAU

Luong giac 13 mot phan khong thé thiéu duge trong chuong trinh toan
hoc & cac trudng pho thong trung hoc. Chiing ta c6 thé thay trong bat cit
mot dé thi ndo vao cac trudng Dai hoc va Cao dang, cling c6 it nhat mot
cau riéeng veé luong giac ma chii yéu 1a vé “Phuong trinh lugng giac” va “Bai
toan xung quanh tam gidc”. Trong van dé nay, cac bai toin vé hé thic
lugng trong tam giac thuong la khé hon ca, con trong cac ky thi hoc sinh
giéi thudng c6 mot cau rieng ve luong gidc hai an. Tuy nhién, sach gido
khoa cai cach hién nay khong dua phan kién thic vé hé luong giac hai an
dé gidng day tric tiép(trit cac truong chuyen). Vi vay, dé gitp cac em hoc
sinh hoc t6t va luyén thi tot cho ky thi hoc sinh gidi, ching ta can trang
bi cho cac em kién thitc sau hon vé luong giac, vi du nhu kién thic vé he
phuong trinh lugng gidc hai an. Trong luan van nay tac gia dugc Thay
huéng dan giao nhiém vu xay dung phuong phap, giai hé lugng giac hai
an trong chuong trinh toan so cap ¢ pho thong, néu ra cac vi du minh hoa
cho ting phuong phap. Hy vong luan van sé 1a mot nguon tai lieu tham
khao cho cac thay, co gido quan tam dén linh vic nay.

Luan van gom 3 chuong:

Chuong 1: Trinh bay mot s6 hé thic luong gidc co ban trong chuong
trinh pho thong.

Chuong 2: Trinh bay nhitng phuong phéap giai hé nita lugng giac hai
an trong chuong trinh pho thong.

Chuong 3: Trinh bay nhitng phuong phap giai hé lugng giac hai an
trong chuong trinh pho thong.

Mai phuong phap dua ra, bao gom co sd 1y thuyét ctia phuong phap, cac
vi du minh hoa va mot s6 bai tap ap dung phuong phap da néu.
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Luan van gom nhiéu thi du va bai tap duge lra chon tit nhiéu nguon khac
nhau. T cac dé thi hoc sinh gidi toin qudc gia, ciia khu vie, cac nuée va
thi hoc sinh giéi toan qudc té. Ngoai ra con c6 mot sd bai tap do tac gia
tur sang tac. Trong ting phan, tac gia da cd ging dé c6 thé dua ra mot hé
thong thi du nham minh hoa cho mdi phuong phap da néu.

Ngoai ra con cé rat nhicu bai toan dudce gidi bang nhiéu cach khac nhau,
hay tong hop cac cach giai dé giai mot bai toan, didu nay sé gitp cho cac
em hoc sinh tré nén linh hoat hon trong viéc lita chon phuong phap giai.
Luan van dudc chuan bi véi su chi bao nhiét tinh va chu déo ctia thay
GS.TSKH. Nguyén Van Mau. Tac gid xin dugce tran trong bay t6 long biét
on sau sic clia minh véi thay vé tat cd nhiing gi thay da day bao trong
cudc song va trong nghién ctiu khoa hoc.

Trong qua trinh hoc tdp va hoan thanh luan van tac gia da dugce su
quan tam giap do clia cac thay co va phong dao tao sau Dai hoc clia truong
Dai hoc Khoa hoc - Dai hoc Thai Nguyén, S6 GD-DT Ha No6i va ban be
dong nghiép cla tac gid. Tac gid xin chan thanh cdm on sy gitp dd quy
bau do.

Thai Nguyén, ngay 20 thang 8 nam 2013
Ngusi thuc hién
Nguyén Van Thuong
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Chuong 1

Mot s6 hé thitc va cong thic luong
giac co ban

1.1 Cac hé thic lugng giac co ban

1.1.1 Cac hé thic lugng giac co ban ciia mot goc a

sin® a + cos® a = 1 tuong duong sina = 1 — cos® @ hoic cos’a =1 —sin’a

sina , | )
tana = ( v6i cosa # 0) suy ra sina = tana.cosa
cos a
cosa, . . ,
cota = ——( v6i sina # 0) suy ra cosa = cota.sina
sin a
. 1
tana.cota =1 suy ra tana = hoac cota =
cota tana
1
= 1+tan®a( véi cosa # 0) suy ra cos’q = ————
cos?a ( 7 0) suy 1+ tan®a
! 1+ cot? a( v6i sina # 0) in? !
= cot” a( v6i sina suy ra sin“q = ———
sin’ a Y 1+ cot?a

1.1.2 Vi du minh hoa
Vi du 1.1.1. Cho a # g + km, k € Z. Chitng minh rang:

cosa + sina

- —tan®a + tan’a + tana + 1 (1)
COS” a

v £ P
Loi giai: VT: a # 5 + km,k € Z nén cosa # 0. Do d6 ve trai va ve

phai ctia (1) c¢6 nghia.
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Ta c6 VT(1):

cosa + sina 1 sina + cosa

cos3a  cos2a  cosa
— (1 +tan®a)(1 + tana)

=1 +tana +tan’a +tan’*a = VP (1)

Vi du 1.1.2. Chiing minh biéu thtc sau khong phu thuoc vao a:

tana cot?a — 1

A (2)

T 1— tana cota

(gia st cac dieu kien xac dinh déu duge thoa man)

e . ) tana.cot?a — tana cota — tana
Loi giai: Tu (2) ta co A = = ——— =1
cota — tan2a.cota cota — tana
(dpem)
3 T
Vi du 1.1.3. Cho sina = 5 v6i 5 < a < 7. Tinh cosa, tana va cot a.
L gidi: T o cos?a = 1 —sinZa = 1 — — = 20 do d6 cosa = =
e AR N T3 25 B
vii: 5 < a < mnén cosa < 0. Vay
4
cosa = ——
sin a 3
tana = = —=
cosa 4
cos a 4
cota = — = ——.
sin a 3
) 4 3 ) : .
Vi du 1.1.4. Cho tana = = v6i > < a < 27 . Tinh cosa,sina va
cot a.
N , 9 1 1 25
Laoi giai: Ta c6 cos”“a = 5— = = —.
1+ tan®a 1 16 41
T35

5
Suy ra cosa = £——.

VAl

s
V617<a<2néncosa>0, do do6 cosa =

ks
—_
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Tu d6 sina = tana.cosa = —

41 41

Vi du 1.1.5. Don gidn biéu thic:

B = \/sin4 a -+ sin? a. cos2a

2 2

Lai gidi : Ta co: sin? a+sin® a. cos? a = sin® a.(sin® a+cos? @) = sin

Tit (3) ta c6: B = Vsin®a = |sinal.
Vi du 1.1.6. Ching minh dang thic sau:

4 5 4 4y/41
5 41

;cota =

(3)

1

tan a

a

1 + sin? )
SIS Ay g tan?a (4)( néu sina # +1)
1 —sin“a
1 + sin? 1 + sin? 1 in?
Loi gidi: Taco VT (4) = ~ o @ _ 2T @ _ sin“a _
1 —sin“a cos? a cos?a cos?a

1 +tan’a + tan’a = 1 + 2tan*a = VP (4) (dpcm).

1.2 Cac hé thic luong giac cua 2 goéc co lién quan

dic biet

1.2.1 Hai héc déi nhau: a va (—a)

cos(—a) = cosa

sin(—a) = —sina
tan(—a) = —tana
cot(—a) = —cota

1.2.2 Hai g6c bu nhau: a va (7 — a)

sin(m — a) = sina

cos(m —a) = —cosa

tan(m —a) = —tana

cot(m — a) = — cosa.
8
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1.2.3 Hai g6c phu nhau: a va (g —a)

cos(g —a) =sina

sin(g —a) =cosa
IS

tan(E —a) =cota

0
cot(§ —a) =tana

1.2.4 Hai géc khac 7 : a va (7 + a)

tan(m + a) = tana
cot(m + a) = cota
sin(m 4+ a) = —sina
cos(m + a) = —cosa
C . R L LT
1.2.5 Hai gb6c c6 trung binh cong la 7 (Z +a) va (Z —a)
sin(% +a) = COS(% —a)
m T
cos(z +a) = sm(z —a)
m T
tan(~ + a) = cot(~ —
an(4+a) co (4 a)
cot(% +a) = tan(z —a)

1.2.6 Hai g6c hon kém k27 va kn vé6i k € Z

sin(a + k2mw) = sina
cos(a + k2m) = cosa
tan(a + km) = tana
cot(a + km) = cota

9
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1.2.7 Vi du minh hoa

Vi du 1.2.1. Don gian biéu thic sau:

A = cos(a — g) + sin(a — )
Loi giai: Tu (5) ta ¢

A= cos[—(g — a)] + sin[— (7 — a)]

= cos(g —a) — sin(m — a)

= sina — sina

=0

Vi du 1.2.2. Don gian biéu thic sau

3
B = cos(?7T —a)+ Sin(g —a)— cos(g +a)— sin(g +a)
Lai giai : Tu (6) ta co:
B = cos[t + (g —a)|+ cosa — Cos[g — (—a)] — sin[g — (—a)]

7
= — cos(§ —a) + cosa — sin(—a) — cos(—a)
= —sina + cosa + sina — cos a
=0

Vi du 1.2.3. Don gian biéu thic sau

11 11
C = cos(bm +a) — 281H(77T —a) — sin(T7T + a)

10
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Lai giai: Tu (7) ta co6:
C = cos|[m + (a + 47)] — 2sin[d5m + g —al — sin[g + 57 + a)]

= —cos(a + 4m) — QSin[g — (a —bm)] — Sil’l[g — (=57 — a)]
= —cosa — 2cos(a — 5m) — cos(—Hm — a)
= —cosa — 2cos|mt — 67 + a] — cos(m + a + 4m)
= —cosa — 2 cos[m — (6w — a)] + cos(a + 4r)
= —cosa + 2cos(6m — a) + cosa
= —cosa + 2cos[—(a — 67)] + cosa
= 2 cos(a — 6m)

= 2cosa

1.3 Cac cong thiic lugng giac

1.3.1 Cong thic cong

sin(a 4+ b) = sina cosb + sinbcos a

sin(a — b) = sinacosb — sinbcos a

cos(a + b) = cosacosb — sinasinb

cos(a — b) = cosacosb+ sinasinb

tan(a + b) = tana  tanb (a,b,a+b7§z+k7r,k€Z)

1 —tanatanb 2

tan(a — b) = 1tint2n at’?;nbb(a’ b,a —b# g +kn,k €Z)
cot(a+b) = 1 :l—tanatanb:cotacotb—l

tan(a +b0)  tana+ tanb cota + cosb
(a,b,a+b# km, k €Z)

1 _ l+tanatanb cotacotb+1

tan(a —b)  tana —tanb  cotb — cota
(a,b.a —b# km, k€ 7).

cot(a —b) =

11
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1.3.2 Cong thic goc nhan doéi

sin2a = 2sina. cos a

cos2a = cos’a —sina=1—2sin’a = 2cos’a — 1
2tana 78

tan2a = ———(a # =+ kn,k € Z
1—tan2a( 3'é2+ )

1 —tan’a  cot’a—1

cot 2a = (a,2a # kn,k € Z)

2tana  2cota

1.3.3 Cong thiic nhan ba

sin3a = 3sina — 4sin® a

cos3a = 4 cos® a — 3 cosa.

1.3.4 Cong thic ha bac

9 1 + cos2a
cos’q = ————
2
. 9 1 —cos2a
sin“aq = —————
2
1 — cos2a ™
tan’q = ———— —+kmkeZ
e 1+cos2a(a7é2Jr : )
3 cos3a + 3cosa
cos” a =
4
.3 3sina — sin 3a
sin” a = 1

1.3.5 Bidu dién theo t = tang(g £ g t k€ 7)

ot
1+¢2

sina =

12
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1 — ¢?
cosa —

1+ ¢2
; 2t
ana =

1+ ¢2

1+t
cota =

2t

1.3.6 Cong thic bién doi tong thanh tich

a+b a—>b
cosa + cosb = 2cos 5+ C0S
. a+b . a—bD
cosa — cosb = —2sin sin
2 2
: : . a+b a-—b
sina 4 sinb = 2sin 5 05—
: : a+b . a—1>b
sina — sinb = 2 cos sin
2 2
i b
taunathanb:—Sm(a+ )(a,b%ﬁ—klm,kEZ)
cosa cosb 2
in(a —b
tana—tanb:M(a,b#EJﬂm,kEZ)
cosa cos b 2
sina 4 cosa = v/2sin(a + %) = \/5608(% —a) = v2cos(a — %)
sina — cosa = v/2sin(a — %) = \/5008(% +a) = —V2cos(a + %)
' b
COta-l-COtb:M(a,b%k?T,kGZ)
sina + sin b
in(a —b
cota—cosb=—81,n(a, )(a,b#lm,kEZ)
sinasinb

cosa — sina = v/2cos(a + %)

13
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1.3.7 Cong thic bién déi tich thanh téng

cos a.cosb = % [cos(a + b) + cos(a — b)]
sina.sinb = % [cos(a — b) — cos(a + b)]
sina.cosb = % [sin(a 4 b) + sin(a — b)]
cosa.sinb = % [sin(a + b) — sin(b — a)]

1.3.8 Vi du minh hoa

13
Vi du 1.3.1. Tinh tanl—;
137 T T T T
L(\jo o')-: T 7z t _— t —_— pr— t _ = t —_— e —
i gidi: Ta c6 tan 0 an(12 + ) an 5 an(3 4)

t T t T
ang— anz \/§_1

-
l1+tan—tan— 1+ V3
an3 an4

Vi du 1.3.2. Chting minh ring:
sin(a +b) tana+ tanb
sin(a —b)  tana — tanb

(8)

 en sin(a +b)  sina.cosb+ cosa.sinb
Lo : Taco VTI'(8): = 9
1 gidi: Ta c6 VI(8) sin(a —b)  sina.cosb — cosa.sinb )

chia c& t1t va mau cia VP (9) cho cosa.cosb ta co:

sina.cosb + cosa.sin b
cos a. cos b _ tana +tanb

sina.cosb — cosa.sinb ~ tana — tanb

VP(8)

cosa.cosb
(dpem)

Vi du 1.3.3. Tinh cosg

2 2
Ta cc’)g:cos%:%ong—l. Suy ra 2COS2g=1+§.
~ o T 242 . s ~ T V242
Vay cos” — = . V6i cos — > 0 nén suy ra cos — = ———
8 4 8 8 2
14
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Vi du 1.3.4. Tinh cac gia tri ctia biéu thiic

3 13 5
Azsingcosg B:sin2—z.81n2—z
Loi giai: Ta ¢o
3 1 3 3
A :SingCOS g = 5[51]0(% - g) + sin(g + g)]
1[_ ( 2ﬁ)+ , 47‘(']
= —[sin(——) + sin —
2 MHTTg 8
B 1[ .om 7T]
= glsing —sin

1, Ve

2 2
Ta co
137 5% 1 137 br 137 57
B o 1 Qi _— = — _— —_ _— —_—
sin 5 sin o = gleos(G = gp) —eosl +57)]
1( T 37T)
= —(coS — — cos —
2 3 4

7 2
Vi du 1.3.5. Cho sina + cosa = \/7— Tinh gia tri cta bieu thic

a. A = cos4da b.B:tang

7
Loi giai : Ta c6 sina + cosa = g tuong duong

7
1= (sina + cos a)? = sin®a + cos?a + 2sina. cosa = 1 + sin 2a.
, 3
Suy ra sin2a = —.
! 3 1
Tit d6 A = cos4a =1 — 2sin’2a = 1 —2(1)2 = -3

b. Ta dat ¢t = tang

15
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7 2t 1— ¢t 7

Ta co: sina + cosa = - tuong duong e + T t221 ;g_
Tuong duong: (V7 +2D)t2 —4t+/7-2=0 &t = .
g duong: ( ) N

3 . B 1
—— vaB= ——
V742 VT +2

Vi du 1.3.6. Tinh gié tri ctia biéu thic:

Vay B =

A = sin 5°sin 15°. sin 25°... sin 85°
Loi giai: Biénn doi A vé dang

A =(sin 5 sin 85°).(sin 15". sin 75").... (sin 35° sin 55"). sin 45°
— (sin 5° cos 5%)(sin 15" cos 15%)...(sin 35" cos 35%). sin 45°

1
= 16 sin 10°. sin 30Y. sin 50°. sin 70°. sin 45°

2
= \6/—; cos 20° cos 40°. cos 80V (9)

Nhan ca 2 vé ctia (9) véi sin 20°, ta duoc:

2
A.sin 20" = £ sin 20° cos 20° cos 40° cos 80°

26
51 )
_ 2—\/6_.§sin 160° — 2—\/9_sin 20°.
5
Tuong duong A = 2—\/9_

Vi du 1.3.7. Ching minh biéu thitc sau khung phu thuoc vio z

A = sin'z + cos’z + sin*(z + %) + cos*(z + %)

16
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Loi giai: Ta ¢6
.4 4 -4 T 4 77
A =sin"x + cos™x + sin (x—i—z)—kcos (x+z)

— (sin 2 + cos 2) + [sin*(z + %) + cos*(z + %)]

22)? — 2sin® x. cos® x + [sin®(z + %)

= (sin® x + cos

+ cos?(z + %)]2 — 2sin®(z + E) cos?(z + z)

4 4
1 1
= 1— Ssin’2e 41— Ssin’(20 + g)
=2— 1(811122:(: + cos?2z) = 5
T2 2
Vi du 1.3.8. Chiing minh dang thic sau:
8 cos4a — 4 cos 2a — cosda = 3 (10)

Lai gidi: Ta c6
VT (10) = 8cos4a — 4 cos 2a — cos 4a = 8(cos® a)? — 4 cos 2a — cos 4a

= 2(1 + cos 2a)?® — 4 cos2a — cos4a

= 2(1 + 2cos 2a + cos® 2a) — 4 cos 2a — cos 4a

1 4
= 2+4COSQCL—|—2$ — cos4a — 4 cos 2a

=2+ 1+ cosda — cos4a
=3= VP (10) (dpcm)

Vi du 1.3.9. Ching minh dang thic sau:

b
sina+sinb+sinc:4cosgcos§sing, (11)

biét a + b = c.
Lai giai: Ta co

b —b
VT(11) = sina +sinb + sinc = QSina_2F cos = 5 —|—251n§cos§

9 i c( a_b+ a+b)
= 2sin —(cos COS
2 2 2

b
= 4 cos g cos 5 sin g = Vp(11) (dpcm)

17
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Vi du 1.3.10. Chitng minh déng thic sau, biét a +b+c+d = 27

b . b
sina + sinb + sinc 4+ sind = 4sina;_ sin ;Csincga(u)

Loi giai:

VT(12) =sina +sinb+sinc +sind

o a+b a—b ) a-+b c—d
= 25sin oS + 2sin(m — ) cos
2 2 2 2
_ 94 a+b( a—b+ c—d)
= 2sin 5 cos 5 cos 5
. a+b a—b+c—d a—b—c+d
= 4sin CcoS CcOS
2 4 4
o a+b a—b+c—2r—a—b—c) a—b—c+2r—a—b—c)
= 4sin CcoS COS
2 4 4
b b
— 4sin 2 G0 60 58— VP (12) (dpem)

2 2 2
Vi du 1.3.11. Bién d6i bicu thiic sau thanh tong

A = sin a. sin 2a. sin 3a
Loi giai: Ta co

: : : 1 :
A = sina.sin 2a. sin 3a = §(COS a — cos 3a) sin 3a

1
— §(COS a.sin 3a — cos 3a. sin 3a)

= §[§(Sm 2a + sin4a) — 3 sin 6a]
= Z(sin 2a + sin 4a — sin 6a)
Vi du 1.3.12. Rut gon biéu thitc sau:
A = cos 10z + 2 cos? 42 + 6 cos 3x. cos & — cos & — 8 cos x. cos® 3z
Ldi giai: Bién doi bieu thic vé dang:
A = cos 10z + 1 + cos 87 — 2(4 cos® 3z — 3 cos 3x) cos v — cosx

= 2cos9x.cosx +1 —cosx —2cos9zx.cosx

=1—coszx

18
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Vi du 1.3.13. Rit gon bicu thitc sau:

sin2x + cos?2x

A=
tan(% — ). tan(% + )

Loi giai: Ta co

(sin*2z + (3082233)2 — 2sin?2wcos?2x

A=

tan(g — ) cot[g — (g + )]

1 — —sin’4x
2

tan(% — ) cot(% — )
1
— 1 — =sin’4x.
2
19
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Chuong 2

Hé nita luong giac hai an

2.1 Hé nita lugng giac hai an

Hé phuong trinh luong giadc hai an dude xét & day 1a hé phuong trinh
gom cac phuong trinh luong gidc co ban hodc hé gom cac phuong trinh
luong gidc co ban va phuong trinh dai sé6 dang don gidn. Tuy theo cau tric
titng hé phuong trinh lugng gidc ma ta c6 cach giai phit hgp. C6 thé chia
hé phuong trinh lugng giac thanh 2 dang: Dang nita lugng gidc va dang
thuan tuy luong giac.

Hé phuong trinh nita luong gide co ban gom cé mot s6 dang chuan sau:

o) TEY=0 by Y=
sinx £siny =m cosT £ cosy =m
¢) rty=¢ d) rty=¢
tanz + tany = m cotx coty =m
@{xiy?¢ ﬁ{xiy=¢
sinx.siny =n COSZT.COSY =N
) rty=2¢ h) rty=2¢
g tanz.tany = n tanz.coty = n

Céc hé tréen déu c6 thé bién doi thanh hé phuong trinh lugng giac don gian
theo x hoac theo y.

Bai toan 2.1. Giai hé phuong trinh:
{ﬂ@if@ﬁﬂn

rty=a
Vai f(x), f(y) la cdc ham so ligng gidc clia x va y.
20
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Phuong phap chung
Ta xét cac hé phuong trinh:

sinx siny =m cosx £ cosy =m
rEty=a rEty=a
tanx £tany =m cotx coty =m
rty=a rty=a

Ta chuyén tong f(z) &£ f(y) = m thanh tich bing mot trong cac cong
thic:

l’_
sinx + siny = 2sin 5 cos 2y
: : rT+y . T—Y
sinx — siny = 2 cos 5 sin 5

x x —
COST + COos Yy = 2cos ;ycos 2y
. Tty . x—yY
COST — COSY = —2sin sin
2 2
sin(x £
tanxitany:M
COS T.COS Y
i +
cot:c:tcoty:w
sin x. sin y

Cht y: Phuong phap chung la néu biét tong = + y thi can tim x — y hay
ngugc lai, bang cac cong thitc bién doi, tic la:
Ta bién doi phuong trinh:

f) £ fly) =m < g +y)glz—y)=m (%)
Tit d6 thay phuong trinh z &=y = a va (*) dé tim biéu thiic con lai.
Vi du 2.1.1. Cho hé phuong trinh:
sinx +siny = m(1)
{x+y=§@>

a. Giai hé phuong trinh v6i m =1
b. Tim m dé hé c6 nghiém.

Loi giai: Bién doi (1) vé dang:

QSinx+y.cosx_y:m@QSinz.COSx_y:m@cosx_y:m(B)
2 2 6 2
21
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a. V6i m=1 ta dugc:

Cosx;yzl x;y:2k7r {x_yé#ﬂﬂ
= — = — Yy =
T +y 3 r+y 3 3
v == 4 2%n
& 8 ke
x=——2km
6
b. Hé ¢6 nghiém < (3) c¢6 nghiem < |m| <1
Vay v6i [m| < 1 hé ¢6 nghiém
Vi du 2.1.2. Giai hé phuong trinh:
2
sinx—l—cosy:£ (1)
7T
= ——(2
r—y=—,(2)
Loi gidi: Bién d6i (1) vé dang
) . T V2 r—y T r+y w V2
oy =L2s2 i ~ =X
sm:v—l—sm(2 Y) 5 \/Eln( 5 +4)COS( 5 4) 5
LT r+y w 2
—. ——)=—3
<:>Sln8COS( 5 4) 4()
Ta co:
\/§ T . 9T LT \/2—\/§
— =cos—=1—-2sin"~ = sin—- = ————
2 8 8 2
V2 s o T 2 +4/2
— =cCos— =2c0s"— —1 = cos - = ——
2 8 2
Khi dé
r+y 7 1 2+\/§ T
(3) & cos( ——) = = = CoS —
2> 4 22 2 8

3
x+y:—7r+4k‘7r

TR T 4T ok e

22
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Do d6 hé tuong duong véi:

3T _
:U+y:z+4k7r xzﬁ_i_g/m
T
rT—y=—— _
. & Y 2+2]m ke
4 T
™ y = —+ 2km
5’3—9:—1 i 4

Vi du 2.1.3. Cho hé phuong trinh:

tanz — tany = m(1)
3
vy ="7(02)

a. Giai hé phuong trinh véi m =2
b. Tim m dé hé c6 nghiém

Loi giai: Dieu kien:

T

cosz # 0 v F 5+ kT
& #

cosy # 0 I

Bién ddi (1) vé dang:

sin(z — y) . m
———— =m<& ) = — 3
COS . COS Y m < sin(z —y) 2[C08($+y)+cos(x y)]
2
& QSin(ﬂc — y) — mcos(x — y) = _mT(S)
a. V6i m = 2 ta dugc:

2 2
(3)<:>sin(x—y)—cos(:c—y):—%@ QSin(SC—y—%):_g
;o1 [rmy—g=—ct2k
. n ;

(:)sm(gc—y—z):_é(:) 4
—y——=—+2k
r—Yy 1 6+ 7
T—y=— + 2%
& 19,
x_y:§+2k7r
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Do d6 hé tuong duong véi:

- eq
T+Y=— y=——km
4 3
17
x—yz—ﬂ+2kz7r ;1;:13—7(—{—](;7(
12 & 12 kez
3T
x+y=z y:—g—kﬁ

b, Hé c6 nghiem < (3) c6 nghieém < a®> +b* > 2 & 4 +m? > %

& 84+ m? > 0 luon dang.
Vay hé c¢6 nghiém v6i moi m.
Vi du 2.1.4. Xét hé phuong trinh

s
r—y=—
3
{ cos’x + cos’y = 2m + 1
V2
8

b) Xac dinh m dé hé phuong trinh c¢6 nghiém

a) Giai hé phuong trinh khi m =

Loi giai: Ta co
14 cos2x L 14 cos2y

=2 1
5 5 m +

cos’x +cosPy =2m+1 <

1
& §(cos 2@ + cos2y) = 2m < cos(x + y) cos(z — y) = 2m

Vay hé phuong trinh c¢6 dang

T
r—y=—
{ cos(x + y% cos(z —y) = 2m
Thé z —y = g vao phuong trinh thi hai ta nhan dugc

cos(z +y) = 4m (1)

2
a) Vi m = % thi:

2
(1)<:>COS(x+y):§@$+y:ﬂ:%+k27(k62)

24
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. C s 1 s
Két hop véi dieu kienx — y = ET ta nhan dugc:

T 4
TR S TR
y:—ﬂ—l-kﬂ y:—ﬂ—klm
b) Hé phuong trinh ¢6 nghiém khi phuong trinh (1) ¢6 nghiém, tic la:
—1 <m< 1
4~  ~ 4
Vi du 2.1.5. Xét hé phuong trinh:
{x+y:a
tanx 4+ tany = b

a) Giai hé phuong trinh v6i a = ?—g va b =2
b) Xac dinh diéu kién gita a va b dé hé phuong trinh c6 nghiem.
Loi giai: Ta co:
sin(z + y) 2sin(z + y) B 2sina

tanz+tany = = =
Tlany cosx.cosy  cos(x +y)+cos(x —y) cosa+ cos(x —y)

Ta viét he phuong trinh d6 cho dudi dang

T4y = a(2)
5 g
sina _ b(3)
cos a + cos(x — y)
)
a)Véia:—ﬂvab:2tacé
( ) = si o om
cos(z —y) = sin o — cos .
Suy ra
2
Cos(x—y):ﬁsin%(:)cos(a:—y):g(:)x—y::tg%—kQW(kEZ)
Két hop véi (2), ta c6 nghiem
v =2 +kn v = +kr
& L 32 . (k €z)
Yy=15 " y—§+ m
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b) Ta c6:
(3) beos(xz — y) = 2sina — beosa
cos(xr — y) # — cosa.

- Néu b = 0 thi he phuong trinh d6 cho c¢6 dang

Tt+y=a
r+y=a r+y=Im
_0 e (m,l € Z
{tanx+tany—0 x,y#g+m7r

Heé phuong trinh ¢6 nghiém khi a = In(l € Z).
- Néu b # 0 thi:

( ) 2sina
3 cos(x —vy) = —cosa 4
( ><:>{Sma#0 b (4)

Hé phuong trinh ¢6 nghiém khi (4) ¢6 nghiém. Do d6

9 i )
1< ma cosa<1l<& —281n2% < 2sina < 20082g
QSingcosg a
& —gin?= < < cos®—
b 2
( a b
tan - < —
- V6i b > 0 thi { 22,
cot = > ——
\ 2 2
( a_ b
tan — > —
- V6i b < 0 thi { 272
a b
cot = < ——
. 2

Vi du 2.1.6. Giai va bién luan hé phuong trinh
r—y=a
2(cos 2z + cos 2y) = 1 + 4cos?(z — y) (13)
Loi gidi :

(13) < 4 cos(x + y) cos(x — y) = 1 + 4cos*(x — y)(14)

26
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Thé x — y = a vao (14) ta dugc

4cos(z +y)cosa =1+ 4cos’a
& [2cosa — cos(z + y)]* +sin’(z +y) =0

sin(z+y) =0
2cosa = cos(z + y)

Tu do, ta nhan duge hai hé
x4y =k2r r+y=m+k2r
1 va

cosa = —
2

Véi a = i% 1127 thi

3 &

T
r—y=+0 4121 r=Eg kD
x+y=~kK2m y==+g

) 2
-Vé6i a = :t? + n2m thi

x—y::t?+n27r hay gﬁ
x+y=m+ k27 y = (k—n)m

{ 27 =4 (k+n)m

om
va :ﬂ?ﬂlﬁn) (k,n € 7)
yzg—l—(k—n)ﬁ

2
Véi a # :t% + 127 va a # :tg + 2nm thi hé phuong trinh vo nghiém.
Bai toan 2.2. Guiai hé phuong trinh:

{ [pot)=m

Vai f(x), g(y) la cac ham so ligng gidc cila x va y.

Phuong phap chung
Ta xét cac hé phuong trinh:

sinx.siny = m COSZ.COSY =M
rEty=a rEty=a

27
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sinz.cosy =m tanz.tany = m
rEty=a rEty=a

Ta chuyén tich

f(x).g(y) =m
thanh tong bing mot trong cac cong thiic:
1
sinz.siny = =[cos(z — y) — cos(z + y)]

sinx.cosy = =[sin(x + y) + sin(z — y)]
cosx.cosy = —[cos(x + y) + cos(z — y)]

cosx.siny = §[Sin(:z;‘ + 1) — sin(z — y)]
Vi du 2.1.7. Cho hé phuong trinh:

tanz.tany = m(1)
T
r+y= 5(2)

a. Giai hé v6i m=3
b. Tim m dé hé c6 nghiém

Loi giai Diéu kien:

{cosx;«éO N x#%—l—kw

k e Z.
cosy # 0 TRy <
2
Bién déi (1) vé dang: . 0Y —
COST COSY

& %[cos(x —y) —cos(z + y)] = %[COS(IU +y) + cos(x — y)]

& cos(r — y)

m—+ 1 m .z
S |l— | <1&
‘2(1—m)‘_ {m<

W =W

1
Vay véi m € (—oo, §] U [3,400) hé ¢6 nghiem.

28
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Vi du 2.1.8. Cho hé phuong trinh:

{ sinz.siny = m(1)

v

f—y=§(2)

a. Giai hé v6i m = -
b. Tim m dé hé c6 nghiém.

Loi giai: Bién ddi (1) vé dang:

1

é[cos(x —y) —cos(zx +y)|=m < cosg —cos(x +y) =2m
1—4m

& cos(z+y) = 5 (3)

1
a. V6i m = X ta dugc:

1 2
(3)@cos(x+y):—§@x+y::|:§—l—2k7r,kez.

Do d6 hé tuong duong véi:

[ 2 —
x+y=—7r+2k7r v == 4k
< P 7
T—yY=—= y=—+km
\ 327T = 67T k€.
PIVECIS Gy P
T
oy =— =——+k
R LT
—4m 1 3
b. Hé ¢6 nghiem < (3) congh1em¢> <1<:>—Z§m§1
1 3
Vay v6i —Z<m< 4he ¢6 nghiém.
Bai toan 2.3. Gidi hé phuong trinh:
55
fy)
r+y=a(2)

Vi f(x),g(y) la cac ham so lugng gidc cia x va y.

29
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Phuong phap chung
Ta thuc hién theo cac budc:

e Budc 1: Dat diéu kien cho f(y)

e Budc 2: Bién ddi (1) duta vao phuong phap luan hé sé lam xuat hién
(2) va biéu thitc con lai.

e Bude 3: Tim nghiém cua hé.
Vi du 2.1.9. Giai hé phuong trinh:

Sin &

— =2(1)
sin y
3o y) = 2n(2)
Loi giai: Dieu kien siny # 0 & y # km, k € Z.
Bién doi (1) vé dang:
sinx = 2siny < 2sinz = 4siny < 3(sinx — siny) = sinx + siny

r+y . rx—y . Tty r—y
.sin = 2sin . COS

< 6 cos

2 2 2 2
<:>3(:osz Sinw_y:sinﬁ COSx_
3 21 3 2
@tanx_y:
2 V3
r—y m s
S ——=—+krer—y=—-+2km kel
5 6—|— TS T —Y 3+ T
Do do6 hé tuong duong vdi:
s
r—y=—-+2km v =>4k
- 2N # ke
x—Fy:? yzg_kﬁ

Vi du 2.1.10. Cho hé phuong trinh:

tan x 1—+2
= (1)
tany 71T+\/§
= —(2
z+y=,(2)
30
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Loi giai: Dicu kien:

{COS:{:#O {cosa:;«éo x#ngrkﬂ

Cosy#o <~ Sln2y#0 ~ y#_ﬂ- ,]{?,ZEZ
2

tany # 0

Bién ddi (1) vé dang:

sinx.cosy 11— V2
siny.cosz 142
= —/2(sinz. cosy + siny. cos x)
& sin(x — y) = —v2sin(z 4+ y) < sin(z — y)
= —ﬂsin% & sin(z —y) = —1

& sinx. cosy — siny. cosx

@x—y:—g—i—QkW,kEZ.

Do d6 hé tuong duong véi:

T T
T —y=——+2kr T=—gtkn
o2 & 3.0 kez.

Vi du 2.1.11. Giai hé phuong trinh

Ty = g(lO)
ST o(11)
sin y

Loi gidi: Dieu kien: y # km,k € Z. Khi d6 ta c6
(11) & sinz = —2siny < 3(sinz +siny) = sinz — siny

sinx +siny 1

sinx —siny 3

sin(x—l_y)cos(x _y) 1
- 2 2 ) _ 1
cos(ery)sin(aj 5 y) )
— 1
o tan(x;y)cot(x Yy -2 (12)
31
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Thé (10) va (12), ta nhan duge

— 3 2
cot(x y) = \/_@:L‘—y:—W—FkZW(k:EZ)
2 3 3
Két hop véi (10), ta duge nghiem
T == +kn
2 . (k€ Z)
y=—g—km
Vi du 2.1.12. Cho hé phuong trinh:
2
cos(mx). cos(my) = g(l)
1
= _2(9
r—y=—7(2)
Loi giai: Bién déi (1) vé dang:
1 2
L cosla + )]+ cosfr(a = 1)) = 22 5 cosfr(a + ) + cos(=T)] = v

2 1
<:>cos[7r(9c—|—y)]zg(:wr(x—l—y)::l:%+2k7r¢>x—|—y::|:1+2k

Do do6 hé tuong duong véi:

( ( 1
rT—Y=—= y=—--+k
{ p 4 . 4, k€ Z.
r+y=—+2k r=—+k
< ﬁt \{yk4
S S

Vi du 2.1.13. Giai va bién luan theo a dé hé phuong trénh:

{ 2(cos 2z + cos 2y) = 1 + 4cos?(z — y)(1)
r—1y=a(2)

Loi giai Bién doi (1) vé dang:

4cos(x +y).cos(x —y) = 1 + 4cos?(x — y) < 4cos(z + y). cosa
= 1 + 4cos?a(3)
& [cos(x 4+ y) — 2cosa)? +sin’(z +y) =0

32
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cos(z+y) =1
@{cos(x—ky)—Qcosa:O 2cosa =1

. S
st(x +y)=0 cos(z +y)=—1
2cosa = —1

( x4y =2krw
a::I:Z+2l7r
& K 3
r+y=m+2km
2
a::i:—ﬂ+2l7r
\ 3

- Véi a = g + 2Im, | € Z. hé c6 dang:

r+y=2km :c:%+(k+l)7r
_ T & ke Z.
:c—y—§+2l7r QI—%—{—(]{—Z)W

- V6i a = —g + 2lm,l € Z. hé c6 dang:

r+y=2km $:—%+(1€+l)ﬂ
_ 7 & k.l eZ.
x—y——§+2l7r yz%#—(k—l)%

2
- Véi a = ?ﬂ + 2Im, |l € Z. hé c6 dang:

& 3 ke

x+y:22k7r x:z—l—(k—{—l)ﬂ'
T
I’—y:?—l—Qlﬂ' y:—g+(l€—l)7r

2
- V6i a = —% + 2lm,l € z. hé c6 dang

x4y =2km x:—ﬁ—i—(k-l—l)ﬂ

- Ngoai ra hé vo nghiém.
Vi du 2.1.14. Xét hé phuong trinh:

{x+y:a(5)

sinz.siny = b(6)

a) V6i gia tri nao cta b thi hé phuong trinh ¢6 nghiém v6i moi a.
b) Giai phuong trinh trong truong hgp do.
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Lai giai a) Ta co
(6) < cos(z — y) — cos(x +y) = 2b(7)
Thé (5) vao (7), ta nhan duge
cos(x — y) = 2b+ cosa (8)
Hé phuong trinh ¢6 nghiém khi va chi khi (8) ¢6 nghiém, ttc la
12b+ cosa| <1< —1—-2b<cosa<1-—2b 9)

Hé phuong trinh ¢6 nghiém v6i moi a khi va chi khi (9) thod man v6i moi

a, tic la:

{11257 = {120 =0
b)Thay b = 0 vao (6), ta c6
x=km

sinz.siny = 0 < [

Khi d6 hé phuong trinh d6 c¢6 nghiém:

PR

2.2 Bai tap
Bai 1: Cho hé phuong trinh

T—y=m
2(cos 2z + cos2y) — 1 — 4cos?m = 0

Tim m dé hé phuong trinh c6 nghiém va tim nghiem d6. Bai 2: Giai he
phuong trinh

1
COSX + COSY = —=
2
2T
r—y=—.
Y73

“ Bai 3: Giai hé phuong trinh

5%
{$+yZ

tanx +tany =1

34
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Bai 4: Giai hé phuong trinh
— T = —
Y 1

cos(mx) cos(my) =

Bai 5: Giai hé phuong trinh
{ T+y=a

V2

2

sin’z + sin®y = 1 — cosa.

Bai 6: Giai hé phuong trinh

Bai 7: Giai hé phuong trinh
n T
x = -
YT

=~ %

1

sin’x + cos’y = m + 5

Bai 8:
sinx +siny = =
DHSPHN: on 2
r+y= ?
COS COS \/g
xT. = —
DHSPHN96: YT
T + Yy = §

cotz.coty =1
T

CDBKQTKQ 98: { roy="
6

cotzx.coty =0
. 21
DHSPQN Tty = =

35
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. . V3
Smx +smy = —
DHBK:
n 27
x = —
Y73
tanz.tany = 1
DKQTS: T —y= T
6
tanx.tany =
DHYHN: -
T + Yy = §
cotx —coty = —1
DHMDC: _ T
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cotx 4+ coty =1 cotx +tany =1
DHTNI7: 3 DHDHN 99: 3
TrY = Ty =
Bai 9: a) Chiing minh ring AABC ta c6: asinBsinC = hsinA (h ké ti
A)
2¢/3
b) Cho 4 _ —\/_;A = 60°. Tim géc B va goc C? Bai 10: Giai he
h V3+1
phuong trinh:
i+ s 3
) sinz£siny=a ) s msiny =g
CDSPHY 97: { zty—a CDSPBN 97: o
r+y=—
3
3 V3
Cosgj+cosy:£ COS.CU+COSQI—
CDHC 99: - 2 DHDLDD : o

3
Bai 11: S6 do 3 goc tao thanh cap sé cong va théa man ding thic:

sin A +sinB+sinC = 3+2\/§

Tinh A, B,C? Bai 12:

T
QGTPHCM: { *1tY=73
2sin’x + cos’y = 2m + 1
a) Gidi he m = 0

b) m =7 hé c6 nghiéem Bai 13: P = 50 ( don vi dai) tinh canh AABC

1 1
COST + COSYy = —— sin?z + sin’y = =
TCAN 97: o 2 CDBK 200: 5
beé

) sinx —T7cosy =0 . ) cosz =1+ cosy
119'{ osiny —cosxz +6 =0 DHSPV 98'{ sinx —siny = 0
Bai 15: Giai hé phuong trinh

T
tanx + tany = 1 T+y 3
a. 7T b.{ sinz
rTY=g — = 2
sin y
36
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Bai 16: Cho hé phuong trinh

cosT + cosy = 2m
27
rT—y=—
Y73
a. Giai hé v6i m=1
b. Tim m dé hé c6 nghiem. Bai 17: Cho hé phuong trinh
2

$+y:?

{ sinz.siny = 2m
a. Gial heé v6i m=1
b. Tim m dé hé c6 nghiem Bai 18: Cho hé phuong trinh:
{ tanztany = m
s
r—y=—=
"%
a. Giai hé v6i m=3
b. Tim m dé hé c6 nghiem. Bai 19: Cho hé phuong trinh:

m
T—y=—
Y73

cos’x + cos’y = 2m + 1

V2

a. Giai hé phuong trinh khi m = —

8
b. Xac dinh m dé he c6 nghiem. Bai 20: Cho hé phuong trinh:
rT+y=a
tanx 4+ tany = b

a. Giai hé trinh khi a = %; b=2

b. Tim diéu kién gitta a va b dé hé c¢6 nghiem. Bai 21: Cho hé phuong
trinh:

3x—2y:ﬁ

{ 2cosb6x — cos2y = a
2

a. Gial hé khia = —3
b. Xac dinh a dé hé c6 nghiem. Bai 22: Cho hé phuong trinh:

r+y=a
sinx.siny = b
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Tim b dé hé c6 nghiém v6i moi a. Tim nghiem dé6. Bai 23:

luan hé phuong trinh:

a.
cos’x + cos’y = m
r+y=2r

b.

sin’z + sin’y = 1 — cosa
rT+y=a

c.
sin’z — sin’y = m
r+y=a

d.

r+y=a
2(sinz + sin’y) = 2 — sin 2a
e.
sin?z — sin®y = m
n 2T
x = —
Y73
f.

tany.tanz =6

tanx.tanz = 3
r+ytz=m

Bai 24: Tim diéu kien gitta a va b dé hé c6 nghiem:

r+y=a
sinz.sin’y = b

Bai 25: Xac dinh a dé hé c¢6 nghiém:

s
T + Yy = g
COST.COSY = a
Bai 26: Cho hé phuong trinh:

T
{ery:Z

2sin’z + 2cos’y = 2m + 1

38
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a. Giai he v6i m =0
b. Tim m dé hé c¢6 nghiem. Bai 27:

cosT +cosy =1

PHYTPHCM 99: T y  V2-2
COS§—COS§: 5

SINT + cOST = — 4+ SIny — Cos T
DHNT 91: 2

2sinx = 5 + sin 2y

. . 1
SQTT 97: ST +smy = 5
cos2x +sin2x =m
1) Giai hé khi m =1
2) Tim m dé hé c6 nghiem Bai 28: Cho hé

) 2 1
sin x+cosy:m+§
n T
x = —

Y77

a) m =7 thi hé c¢6 nghiém
b) Giai hé khi m = 0 Bai 29: Giai va bién luan phuong trinh:

rT+y=a
sin?z + sin’y = 1 — cosa

DHKTTPHCM 2000: Giai va bién luan phuong trinh:

tanx 4 siny = 2a
tanx.siny = a® — 1
Bai 30: Giai hé phuong trinh:

1

cos(mx). cos(mx) = @
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Chuong 3

Cac phuong phap giai hé phuong

trinh luong giac hai an khong mau

muc

3.1 Cac phuong phap giai hé phuong trinh

Bai toan 3.1. Gidi hé phuong trinh luong gidc bang phuong phap cong
Phuong phéap chung

V6i he dang:

{ f(x,y) =0
g(x,y) =0

Ta stt dung phép bién doi tuong duong:

{ f(x,y) + g(x, )
f(X7 Y) - g(Xa Y)

0
0

T do6 st dung duge cac cong thite luong giac, thong thuong la cong thiic
cong

Vi du 3.1.1. Giai hé phuong trinh:

. 1
sinx.cosy = —=
9
, 1
COS XI. S1n = —
Y73
40

So hoa bdi Trung tam hoc lieu http://Irc.tnu.edu.vn/



Loi giai: Bién ddi tuong duong hé bing cach cong va trit vé véi vé hai
phuong trinh da cho, ta dudgc:

{sinx.cosy—l—cosx.siny:() @{Sin(xjty):O

sinz.C'osy — cosx.siny = —1 sin(zx —y) = —1
k
r+y=kn x:—£+(§+1)7r
< x—yz—z+2l7r < I (k.1 € Z)
2 y:Z—F(i—l)ﬂ

Vi du 3.1.2. Giai hé phuong trinh:

cos'r = sinx.siny

{ sin*z = cosz. cosy
Loi gidi : Bién doi he ve dang

{ sinz + cos'z = cosx. cosy + sin z. siny

sinz — cos?r = cosx.cosy —sinx. siny

1
) 1= §sin22x = cos(zr — y) PN { 34 cos4x = 4cos(r —y)(1)
— cos 2 = cos(z + 1) cos 2z = cos(m — z — y)(2)

Giéi (2) ta duge

2v=m—x—y+k2r x—y=4x —m — 2k~ ey
20 = —m+a +y+ 2km r—y=—m+2km 10 & L

Véi ¢ — y = 4o — m — 2k, thay vao (1) ta dugc:

3+ cosdx = 4cos(dx — m — 2km) < 3 + cosdxr = —4 cosdx

3 [
<:>cos4:r::—g:cos4a<:>4x:i4a+2l7r<:>95=:|:a+?7T
[ 3l
r=a+ — y=m—3a+ 2k — -)m
T=-a+t o y:7r+3a+(2k—5)7r

Véi © — y = m + 2km, thay vao (1) ta dugc:
3 + cosdx = 4 cos(m + 2km) < 3+ cosdr = —4
& cosdxr = —7 vo nghiém

41
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Vay hé c6 nghiém
I 3l

r=a+ — y=m—3a+ 2k — —)m
*lp A 5 olet
T=-a+ o y:w+3a+(2k—57r

Vi du 3.1.3. Cho hé phuong trinh:

sinx.cosy = m
3tanz = tany

1
a. Giai hé phuong trinh v6i m = —

4
b. Tim m dé hé c6 nghiem.
Loi giai: Dieu kien:
Sk
cosx # 0 v=5 TR
& k.l eZ.

Bién doi he vé dang:

1
a. V6i m = 1 ta dugc:

( ) r+y=km
sin(x +y) =1 7
. 1 & r—Y= 6 + 27
sin(x —y) = -5 -
rT—y=—++Inr
6
m (k2 (k=20
T = ———= Yy=—= -
]_2 2 N 2 2 ,
<~ x_7_7r+(k+2l)77 va __7_7T+(k—2l)71' ,k,lEZthoa
12 2 Yy="9 T o
man (*)
b. Hé c6 nghiém
m 70 11
Sy mPY elml<l emel-1,0\ok
(I) c6 nghiem —om| < 1 11
S 11 - B
Vay voi m € [_Z’ Z]\{O} hé c6 nghiem.
42
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Vi du 3.1.4. Cho hé phuong trinh:

cosx.cosy =m+ 1 1
sinzsiny = 4m? + 2m (11)

1
a) Giai hé phuong trinh v6i m = -
b) Tim m dé he phuong trinh ¢6 nghiem.

Loi giai: Ta co

(11) & cosz cos sy —sinxsiny = —4m? —m + 1
cos T cosy + sin xsiny = 4m? + 3m + 1

cos(x +y) = —4m? —m + 1
A { cos(z —y) = 4m?* + 3m + 1 (12)

1
a) Vi m = — thi (12)

cos(:v+y):11 r+y=k2m
T
< cos(x —y) = = CYr—y=+=+1022n
2 3
v ==+ (k+D)r v=——+(k+Dn
& 6 : 70 (k1) €Z
y=—g+(k—l)7r y=6+(k—l)7r

: b) Heé (11) ¢6 nghiém khi va chi khi hé ( 12) c6 nghiém, tic la

1< —-dm?—-m+1<1
—1<4m?+3m+1<1

3_ 1
="M=y
m =20

Vi du 3.1.5. Giai hé phuong trinh

sin*z = cosz cosy
cos*r = sinxsiny.

Loi gidi. Ta viét heé phuong trinh dudi dang

{ sin*z + cos?
4

T = COST Ccosy + sinxsiny
sinz — cos?

T = CosTCcosy — sinxsiny

o 1 — 2sin’wcos’s = cos(x — y)
—(cos’x — sin’z) = cos(z + ¥)
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1,
o { 1 - 5sin 2 = cos(x — y) (13)

— cos 2z = cos(z + ) (14)
Ta co
(14) < cos(z + y) = cos(m — 2x)
N r+y=m—2x+ k2
r+y=2r—7m+k2r
o y=m—3v+ k21 (15)
y=x—7+ k27 (16)
- Thé (15) vao (13), ta c6
1, 1
1-— Zsin 20 =cos(dx —m) & 1 — 1(1 — cosdx) = —cosdx

3 3
& cosdx = — < 4x = + arccos (_5> + 27

1 3 [m
S = iZ arccos (_3> + 5([ €7) (17)

- Thé ( 17) vao(15), ta c6

3 3
y =mF  arccos (—g> + (4k — 3l)§

- Thé (16) vao (13), ta duge
1— §sin22:1: = cos(m — k27) < sin?2x = 4 ( vo nghiem).

Vay hé da cho c¢6 nghiém

x—larccos —§ +l—7T
4 5

2
3 3 - (k,l € Z)
_a_ 2\ 44k — 30T
y=m 4arccos( 5>+(k‘ 31)2
Va
1accos( 3>+Z7T
T =—-ar — |+ —=
4 5/ ¢ 2 (k,1 € 7)

3 3
y =+ 7 arccos <—5> + (4k — 3l)§

44
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Vi du 3.1.6. Giai hé phuong trinh

. V2

sma:cosy:T

. V6

cosrsiny = —

4

Loi giai : Viét he di cho dudi dang
| | V-6
sm:zccosy—smycos:c:T
: . V2 + /6
Smxcosy+smycosx:T
| R
sin(z —y) = — = sin a
-

2 6

Sin(x+y):uzsin6

4
r—y=a+ k2w
r—y=7m—a+ k2w

r+y=p06+02n
r+y=m—pF+ 127

(k,l € Z)

Ta c6 bon he

a+f
_ =——+ (k+ D
N r—y=a+ k2w z 9 +(
Z){x-i—y:ﬁ—i—l%r < —a+ 3 (k.1 €Z)
= + (I —k)r
( —B
_ S R Ay
r—y=a+ k2w 9 +5 +(
“){xﬂ/:w—ﬁﬂw*:” _E_a+§ (00 (k,1 € Z)
VT2 "
( T —a+p
B = — k+1)m
r—y=7m—a+ k2w L 2+ 9 +(
“Z){ery:ﬁJrle <9 _a+ﬁ_[+(l_k> (k.1 €Z)
(YT T T g "
a+p
_ =T — k+1)m
: r—y=m—a+k2n r=n 9 +(
Z’U){x_i_y:ﬂ__ﬁ_'_ZQﬂ_ = CL—B (k,lEZ)
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Vi du 3.1.7. Giai hé phuong trinh

sin?z = cos z cosy
cos’x = sinxsiny.

Loi gidi: Viét he da cho dudi dang

{Cos(zz:—y)zl @{Cos(x—y)zl

cos(x +y) = —cos 2z cos(x + y) = cos(m — 2x)

r—y=k2rw
& r+y=7m—-2x+02r (k/l€Z)
r4+y=2xr—7m+ 1027

Ta dugc 2 hé
N ) x—y=k2m x—y=k2m
1) a;—l—y:7r—2x+l27r<:> Jr+y=m+1027
sc=1+(k+l)z
& Aok (ke
?J—ZJF(_ )5
N r—y=K2r x—1y=k2m S o
ZZ){$+y:2$—7T+l27T ¢>{.7@'—y:7r—127r (he vO nghiem).

Vi du 3.1.8. Giai hé phuong trinh

44/2 sin  cos z(sin®x — cos’x) = siny — cosy
44/2 sin  cos z(sinx + cos’x) = siny + cosy
Loi giai:

4+/2 sin  cos z(sin*x — cos’x) = siny — cosy
44/2 sin z cos x(sin% + cos’z) = siny + cosy

—24/2sin 22 cos 2 = /2 sin (y — %)

=

2\/§sin 20 = \/§cos (y — %)

. . ™

sin 4z = sin <— — y) (18)

o 4
T
28in 2x = cos (y - Z> : (19)
46
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Suy ra

y:£—4x+k27r (19)
(18) & 3
y:4x—z—k27r (20)

Thé (20) vao (19) ta nhan duge
25in 21 = cos4r < 2sin*2x 4 2sin2r — 1 =0 (22)

Giai (22) tim dugc x va thay vao ( 20), ta thu duge y. Tuong tu, khi thay
(21) vao (19), ta thu dugce y.
Vi du 3.1.9. Giai hé phuong trinh

Lr—Y
2

sin?

, x
T — 2sInx cos 2y = cos + cos —2

5 1
oS 2y-|—§(cosx—|—cosy) —1=0

Loi giai: Hé do cho tuong duong véi

x
2y — 2sinx cos 2y = QCOS—COSg —2

sin 5
cos?2y + cos?~ + cos?d =2
2 2
Suy ra
2
(sinz — cos 2y)* + (cosg — COS %) =0
Hay
sinx — cos2y =0 (26)
cos = — cos 2 =0 (27)
2 2
Ta co z oy
— =>4 k27
(27) & % 2 Yy 19
TR R
r=1y+ kidr
< [x:—y+k47r k ez
- Ve
x=1y+ kdnr
47
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thay vao (26), ta dugc

T n 127
cosZy:siny(:)czosz:cos(z—y><:> v= 6 3
2 y=—= =4 ion
2
7T 127
Sy=— keZ
y=o+t 5 (ke
) T 127
- V6i © = —y + k4w thay vao (26), ta dugc y = 5 -+ =5
Vay nghiém cta hé phuong trinh 1a
l —
x:z+<—+2/€>27r = (— )
6 3 va 3 (k,leZ)
Y763 R

Bai toan 3.2. Gidi hé phuong trinh luong gidc bang phép khit sau khi binh
phuong.

Phuong phap chung

1. V6i hé dang:

{ sinz = f(y)(1)

cosz = g(y)(2)
Ta thuc hién theo cac buée:
Budc 1: Binh phuong (1) va (2) rdi cong lai dé thu duge phuong trinh hé
qua:
FPly)+d*y) =1 (3)

Budc 2: Giai(3) dé nhan duge y, roi thay vao (1) va (2) dé thu duge x.
Chii yj: Néu ta chi ding (1) hodic (2) dé tinh x, ta c¢6 thé thu duge nghiem
ngoai lai, vi ¢ budc 1 ta da thuc hién mot phép bién doi khong tuong
duong.
2. V6i hé dang:

{ colsx B f(y)(l) hodac { ﬁ B f(y)(l)
tanz = g(y)(2) cotz = g(y)(2)
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Ta thuc hién theo cac bude:
Budc 1: Binh phuong (1) va (2) 16i trit theo vé dé thu duge phuong trinh
hé qua:
Fy) —g'(y) =1 (3)
Budc 2: Giai (3) dé nhan dugc y, roi thay vao (1) va (2) dé thu duge x
Vi du 3.1.10. Giai hé phuong trinh:

2sinx = siny(1)
2cosx + cosy = 1(2)

Loi giai: Bién doi he vé dang:
2sinx = siny 4sinx = sin’y
2cosx =1—cosy 4cos’z = (1 — cosy)?
=4=2—2cosy < cosy=—1<y=n+2kmr ke Z(3)
Thay (3) vao hé ta dugc:

2sinx = sin(m + k27) 2sinz =0
2cosx + cos(m + 2km) =1 2cosr —1=1

sinz =0
@{cosle Scosr=1x=2rlecZ

Vay nghiém cua hé la:

xr = 2w
{y=7r+2k:7r kil eZ

Vi du 3.1.11. Tim m dé hé phuong trinh c6 nghiém

sinz = msin’y(1)
cos T = m.cos>y(2)

Loi giai: Binh phuong (1) va (2) roi cong lai thu duge:
1 = (m.sin®y)? + (m.cos’y)?(x)
& 1 = m?[(sin?y + cos?y)? — 3(sin?y + cos?y)sin®ycos?y]
3 3 5 3
=m?*(1 — Zsin22y) =m?*[1 — §(1 — cos4y)] = mz(g + g cos 4y)
8 — 5m?

& cosdy = T(?))
m

49
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Dé hé c6 nghiém trude hét (3) phai c6 nghiem, ta duge:
8 — 5m?
3m?

<le 1< |ml<2

V6i dieu kien d6 (3) ¢6 nghiem yg thda man (*), tiic 1a ton tai xy sao cho:
sin xg = m.sin3y0
cos Ty = m.cos>y,

Tic 1a (z9, yo 1a nghiém ctia hé da cho

Vay véi 1 < |m| < 2 hé ¢6 nghiém

Vi du 3.1.12. Giai hé phuong trinh:

Lo v/ beosdy(1)

cos T
tanz = /4 — sin’y(2)

Ldi giai: Binh phuong (1) va (2) roi trir theo vé, thu duge:
1 = 5cos’y — 4 + sin’y < 5cos’y + sin’y = 5 (3)
Ta c6 nhan xét:
5cos’y + sindy < 5 ]cos5y‘ + ‘sin?’y‘ =14 ‘cos5y] + (‘(30853/‘ + ]sin?’y‘)
<4.1+ (‘COS2y’ + ‘sin2y‘) =5
Do d6 (3) c¢6 nghieém khi
5cosy + sin’y = 5 |cosPy| + |sin’y|
‘cos5y} =1
|cos®y| + |sin’y| =1
Scosy=1<y=2knkeZ. (4)
Thay (4) vao hé ta dugce:

1
=D
{ COS T V5 And

s
=cosa,0<a< —

COST =
2

tan = 2 sinzr =

Sl gl -

Sr=a+2nleZ
Vay hé c6 nghiém:

{x:a—|—2l7r (k,1 € 7)

y = 2km

20
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Vi du 3.1.13. Giai hé phuong trinh

sinx — 7cosy =0
osiny —cosx — 6 = 0.

Loi gidi: Ta viét he phuong trinh dudi dang

sinx = 7cosy
cosx = Hsiny — 6

Suy ra
sin’z + cos’z = 49cos®y + 25sin’y — 60 siny + 36
& 49cos’y 4 25sin’y — 60siny + 35 = 0
siny =1
& 24sin’y + 60siny — 84 =0 < siny = 84 ( Loai)

24
<:>y:g+k27r(k€Z)

Thé y vao he, ta nhan ducc

(120 eo-@rmes

{x—gr21+1)7r

Nhan zét: Ta ciing c6 thé giai hé phuong trinh trén bang cach sau: T
phuong trinh thit hai ciia hé cos z = 5 sin y—6, ta thay cosz > —1;5siny—
6 <5—6=—1nén dan dén

{ ;OI?:;U:: 1_1 ( théa man phuong trinh thi nhat).

Vay

yzz+k27r (k.1 €Z)
2

Vi du 3.1.14. Tim gié tri ctia @ dé hé phuong trinh sau c6 nghiém:

{x(2l+1)7r

cos v = acos’y
sin z = asin®y

o1

So hoa bdi Trung tam hoc lieu http://Irc.tnu.edu.vn/



Loi gidi: Binh phuong hai vé ciia ting phuong trinh roi cong lai, ta
dugce
(acos®y)? + (asin’y)? = 1 (23)
P .9 9 2 3a* .,
< a”(1 — 3sin“ycos™y) =1 < a —1:Tsm 2y
& 3a’sin®2y = 4(a® — 1)
4(a* — 1)
.9 o

& sin“2y = T(a #0) (24)

Vé6i 0 < sin?2y < 1 nén (24) ¢6 nghiem khi va chi khi

4(a® —1)

3a?

0< <lel<d<4is1<|al<?2 (25)

V6i dieu kien (25), thi (24) c6 nghiem g, théa man diéu kien

cos T = acos Yy
sin x = asin®y
Do d6 yp théa man(23) va ton tai zg de

COS o = acos’yy
sinxg = asin3y0

Nén (zg,yo) 1a nghiém cta hé d6 cho.
Vay hé phuong trinh dé cho ¢6 nghiém khi 1 < |a[< 2.

Vi du 3.1.15. Giai hé phuong trinh

6cosx +4cosy =5
3sinx 4 2siny = 0.
Loi gidi: Viét he phuong trinh duéi dang

5! !
{ 3cosx +2cosy = 5(:) { 3cosT = 5—2(:osy

3sinx 4 2siny =0 3sinx = —2siny.

Binh phuong hai vé ciia titng phuong trinh ctia hé roi cong lai. Ta dudgc

5 2 25
9 — <§ — 2¢cos y) - 4sin2y &9 = T 10 cosy + 4(0082y + Sin2y)

52
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5) 1 1
< 10cosy = 7 & cosy = g(:)y:j:arccosg—l—k%r(k € 2)

Thé vao cic phuong trinh hé trén, ta duge
1
* V6i y = arccos 3 + k27 thi

9 3
Jcosxr = — CcosT = —
tUm < e
3sing = ——— siny = ———
4 12
3
= sin’y + cos’r = 1 (théa mén) = x = — arccos 1t 127(l € Z).
1
* V6i y = — arccos 3 + k27 thi
3
CoS T = 1 , , (tn )
= cos“z + sin“x = 1 ( théa méan
V63
SiIle = T

3
= & = arccos ; + 2n(l € Z).

Vay hé phuong trinh d6 cho c6 nghiém

3 3
T = arccos — + 27 T = —arccos — + (27
Yy = — arccos 3 + k27 Y = arccos 3 + k27

Bai toan 3.3. Gidi hé phuong trinh luong gidc bing phuong phdp dat an
phu.
Phuong phap chung

Biang phép dat an phu thich hgp ta sé chuyén hé phuong trinh luong giac
ve he dai s6 quen thuoc.
Vi du 3.1.16. Cho hé phuong trinh:

sinx +siny = 3m

om

sin?z + sin’y = -

a. Gial hé v6i m =

N | —

b. Tim m dé hé c6 nghieém.
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v s .. J u=sinx . ...
Lai giai: Dat: { v = siny , dieu kien |u |[< 1,|v|< 1 (%)

Khi d6 hé phuong trinh c6 dang

u+v=3m u+v=3m u+v:37;1
5 5 _
u2—|—v2:—m < (u+v)2—2uv:—m < UU:M
2 2 4
Suy ra u, v la nghiém cta phuong trinh:
18m? — 5
t2—3mt+¥ — 0o f(t) = 42— 12mt+18m?—bm =0 (1)

1
a. v6i m = X ta dugc:

(1) =2t =3t+1=0

- 70
i sin:z:z% x:§+2kﬂ 5
t=1 siny = — y:z+2l7r\/y:—7r—|—2l7r
~ _1<:> % = 6
t=— ) ™ ™
2 {sm:z:§ x:——|—2k7r\/a7:E—|—2k7r
b. Hé c¢6 nghiém < (1) ¢6 hai nghiém théa man —1 <t; <ty <1
(
0§m§§
A'>0 —36m? +20m >0 19
af(—=1) >0 18m? +Tm+4>0 m >~
& af(l)go S 18m2 —1Tm+4>0 & S 1
1<2<1 1< o msy
2 2 2 2
Z<m< =
. 3 3
ogmgﬁ
¢ 1< <%
J— m J—
2~ 79
Vay véi
€04U L5
m J— _— —
9 279
hé c6 nghiém.
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Vi du 3.1.17. Giai va bién luan hé phuong trinh:

tanx 4 siny = 2a
tanx.siny = a® — 1

Loi gidi:
., J u=tanxr ... ...
Dit: { v—siny dieu kien |v|< 1. (%)

Khi d6 hé c6 dang:
u+v=20a
w =a%—-1

Suy ra u, v la nghiém cta phuong trinh:
t* —2at+a*—1=0 (1)

Taco A'=a®>—a?+1=1do dé (1) luon c6 2 nghiém:

u=a—1
[t1—a—1<:> v=a+1 (1)
g1 D)

Giai (I): Vai dieu kien (*) ta duge:

tanx =a+ 1 =tana
tanx =a +1 e
{smy—a—l <:>{smy—a 1 =sin 4

[a—1[<1
r=a;+km
y =B +2n
[y=7r—61+2l7r miC 4
0<a

Giai (IT): Vi dieu kien (*) ta dugc:

tanz — a— 1 tan:c:a—lzﬁanag
{siny:a—l—l & ¢ siny =a+ 1 =sin/fs

la+1[<1
r=as+ kmw
y = B2+ 2w
< [yzﬂ—ﬁngQlw k.l€Z
—2<a<0
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Vi du 3.1.18. Giai hé phuong trinh

sin?z =1 — tany
tan’y = 1 —sina

Loi giai:
-
r# —+km
Diéu kién: { cos T ;ﬁg & 7?(‘
cosy y#g+im

< u=sinw 1
Dat: { v=tany ° Dieu kién |u| <1 (%)

Khi d6 hé c6 dang:

{i}i:%:z :>u2—v2:u—v(:>{3__|_gzl @{3
V6i u = v, ta dugc:
{52::v1_u = sz—lﬂz\/g @u:v:\/i_l
2
& Sinx:ﬁ?_l:sma & ii%t%ﬂzm
tany:\/g_lztanﬁ y=p+Inr

2
Vé6i v =1 — u, ta dugc:

v=1—u u=1
v=1—u N n N v=20
u:
1-u)?=1-u {u:O u=20
v=1
i T
sinz =1 =5 +2km
tany = 0 —
& . Y & y_ﬁ (k,l € Z)
sinx = r=km
tany = yzg%—lﬂ

Vi du 3.1.19. Giai hé phuong trinh:

92 cot r+siny __ 3
{ gsiny o 81(:0‘5:10 =9

26
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Lai giai: Bién doi vé dang:

9200tx.gsiny =3
9siny _ 92cotx =9

U = gsiny
v = _92cotx

Diéu kien u>0 va v<0 Heé c6 dang

u+v=2
uv = —3

Khi d6 u,v la nghiém cua phuong trinh

ﬂ—ﬂt—3=0%[§ié
v6i g
_ mny __
u>0&v<0@{g:il @{99200m3__1
1 g r=—+Ir
Slng_E = y:—+2]€7T = 7?‘
cotz =0 T y ==+ 2kn
r=—+Ir 6
; 2
va

Vi du 3.1.20. Giai hé phuong trinh
cosa + cos(z + a) + cos(y +a) =0
sina + sin(x 4+ a) +sin(y +a) =0
Loi giai:
viét he d6 cho duédi dang

cosa + cosx cosa — sinxsina + cosycosa — sinysina = 0
sina + sinz cosa + sinacosx + siny cosa + sinacosy = 0

o7
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o (1 + cosx + cosy)cosa — (sinz + siny)sina = 0
(1 + coszx + cosy)sina + (sinx + siny) cosa =0

u=1+cosz + cosy

v =sinx 4+ siny
.Ta thu dugc hé phuong trinh bac nhat theo u, v

ucosa —vsina =0
usina +vcosa =0

cosa —sina
sina cosa

Khi do6 ta co6 he
{ 1+ cosz+cosy =0 :>{ (1 + cosx)? = cos’y

Taco D = =1lvaD,=D,=0. Suyrau=v=0.

sinx + siny Sil’l2$ — Sjn2y
= (14 cosz)* +sin*r =1 < cosx = —5
Suy ra
1 1
cosy = —3 cosy = —3
hoac
3 ' —V3
Sinyzg Siny:T\/_.

T do ta c6 nghiém cua hé phuong trinh 1a

2 2
ZC:?TF—F]{Q?T x:—?ﬂ—Fka
yz—?+l27r y:?—*—lQﬂ'

Vi du 3.1.21. Giai va bién luan hé phuong trinh
: : 1
SINT + sy = 3
{ cos 27 + cos 2y = m.
Loi gidi: Viét he do6 cho dudi dang
: : 1
SMT +smy = 5
m

sin’z + sin’y = 1 — 5

o8

So hoa bdi Trung tam hoc lieu http://Irc.tnu.edu.vn/



Dat X =sinz, Y =siny vé6i | X|, |Y| < 1. Ta duge hé phuong trinh

X+Y:%
X24y?=1-2
2
bat S=X+Y, P = XY ta dugc he
:% . S—%
§?—2P=1-7 p= m8_3

X, Yla nghiém ctia phuong trinh bac hai > — St + P = 0 (an t ). Xét tam
thic f(t) = 8t* — 4t +2m — 3 = 0.

Heé da cho c6 nghiém khi va chi khi c¢6 nghiém théa méan diéu kién hay
—1 <t <ty <1 hay

0
1) >

)
S
=9
1

SERS |>
}—‘
IV o

<m <

N | —
=1

f
(=
~-1<

0 & —
1

IA

+ 7 —4m
4

r = (—1)Farcsint, + k7 Ve 4 U= (—1)* arcsinty + km
k . a k .
y = (—1)"arcsinty + k7w y = (—1)"arcsint; + km

Khi d6 (1) c¢6 nghiém ¢, 9 = va hé do6 cho ¢6 nghiém

(ke Z)

7 1
Vay, véi m > 1 hoac m < D) thi hé d6 cho vo nghiém.

Bai toan 3.4. Gidi hé phuong trinh luong gidc bing phuong phdp diéu
kién can va di.

Phuong phap chung
D6i v6i hé nay cau hoi thuong dude dat ra 1a “ Tim diéu kién ciia tham
s6 dé hé c6 nghiem duy nhat”. Khi d6 ta sit dung phuong phap diéu kién
can va du dé giai:
Buéc 1: Dieu kién can
- Dya vao tinh chat nghiém ctia cdc ham s6 luong gidc trong hé ta c6 nhan

29
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xét rang néu hé c6 nghiem (zo, yo) thi (yo, x¢) cing la nghiem ctia he, do
d6 hé c6 nghiem duy nhéat khi:

To = T1 i)
{?JOZ?A :>{yo
xg = —xo < x9 = 0(%)

- Thay vao hé ta dudc gia tri clia tham sb6. D6 chinh 1 diéu kién can dé
hé c6 nghiém duy nhat.

Buéc 2: Dieu kién du

Vi du 3.1.22. Tim m dé hé phuong trinh sau c6 nghiém duy nhét

2?4y =m-5
{y+cos:c:2 (1)

Loi giai:
Dieu kién can
Nhan xét rang néu hé c6 nghiem (g, yo) thi ciing c6 nghiem (—xg, yo).
Khi d6 dé he c6 nghiem duy nhat la:

rog = —Tg <=>x9=0 (*)

Vé6i xy = 0 ta dugc:

2 =m-—5
(1) <=>{z00:1 = m =
Dieu kién du
V6i m=6 ta dudc:

() < { §++Cgssc::1(21()2)
{ —1
—1

y=1
Vay hé c6 nghiém khi va chi khi: ¢ cosxz =1 & {
-1 <x<1

Tw (1) ta co:

% —y =cosx < 2

IAINA
IAIA

x
Y

la nghiém

r =0
y=1
duy nhat.

Vay, véi m = 6 hé c6 nghiém duy nhat.

60

So hoa bdi Trung tam hoc lieu http://Irc.tnu.edu.vn/



Vi du 3.1.23. Tim a dé hé sau c6 nghiém duy nhét:

ar? + |sin2z| +a=y+1 (1)
|tan 6| + 2y* = 2

Loi giai: Diéu kién can
Nhan xét rang: Néu hé c¢6 nghiem (xg,yo) thi (—xg,yo) cling 1a nghiem
cua heé:
Do d6 hé c6 nghiém duy nhat thi: g = —x9g <=> 29 =0

a=y+1 a=0
{2f:2 :i{a:2

V6i g = 0 ta suy ra

Diéu kién du

Vé6i a = 0, hé ¢6 dang:

sin2x| =y +1 (1)
|tan 6z| 4 2y = 2

. k
Nhan xét rang x = g, k € Z vay = —1 luon la nghiém cua hé (I). vay

hé c6 vo s6 nghiem. Do d6 a = 0 khong théa man.
Vé6i a = 2, hé ¢6 dang:

22% + |sin2z| = y — 1(1)
tan 62| = 2(1 — 3?)(2)

Tu(l)=y>1
Te(2) = -1<y<1
Vay heé (II) tuong duong véi:

y=1 _

{ 2% + |sin2x| =0 < { v _ ? la nghiém duy nhat.
[tan 62| = 0 Y

Vay véi a = 2 hé c6 nghiem duy nhat.

Bai toan 3.5. Gidi hé phuong trinh bang phuong phdp ham so

Phuong phap chung
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Ta thuc hién theo cac buée sau:

Buéc 1: Dat dieu kién c6 nghia cho he.

Bué6c 2: Xét mot phuong trinh nhan duge tit hé ( ¢6 thé 1a phuong trinh
he qud), st dung phuong phap ham s6 giai phuong trinh nay.

Buéc 3: Chuyén hé vé dang méi dé xac dinh nghiem.

Vi du 3.1.24. Giai hé phuong trinh

{ br + 8y =2m,0 < z,y < 7(1)
cotx — coty = x — y(2)
Loi giai: Dieu kien:
{2l o {1207 hiez
Viét lai phuong trinh (2) duéi dang:
r —cotx =y —coty (3)

Xét ham s6 f(t) =t — cott, v6i t € (0;7)
Dao ham:

1 . R .
ff=14- 3 > (0 = ham s6 luon dong bién trén (0; ) (%)
sin
Do dé6 tur (3) ta dugce:

fl@)=fly) ez=y
Khi d6 hée dugc chuyén vé dang:

= = 2
{2:L':—|—y8y 2 @{BE X ey T

Vay hé c6 nghiém duy nhat.
Vi du 3.1.25. Giai hé phuong trinh:

cosx — cos2y = x — 2y(1)
tanz = 3tany(2)

Loi giai: Diéu kieén:

T
r# —+km
{COS‘”#O 2 ke

cosy £0 y7é§—|—l7r
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Viét lai phuong trinh (1) dudi dang:
T — cosx = 2y — cos 2y (3)

xét ham s6 f(t) =t — cost, v6i t € [0; 27)
Dao ham:
' =1+ sint > ham s6 luon dong bién trén [0; 27)
Do dé tur (3), ta duge:
flx) = f(2y) &z =2y

Khi d6 (2) c¢6 dang:

2tany 9
tan2y = 3tany < ————— = tany < 3tan’y — tany = 0
1 — tan®y
{ tany =0
1
=
tany = £—
Y /3

-V6i tany = 0, hé c6 dang:
T =2y x =2y x = 2w
{tanyzoﬁ{y:lﬂ ¢>{y:l7r e

-V6i tany = \/Lg, hé c6 dang:

tany:—(:) y:g+l7r<:> % L€ Z.

\/g Yy = 6 +m
Véi t L hé c6 d
- 1tany = ———=, e co dang:
Y /3 g
_ s
{ny . {ZC:QQ x:—§+2l7r
& T & l € Z.
t = —— = —— l )
any V3 Y 6 +im Yy = ~% + I
Vi du 3.1.26. Giai hé phuong trinh
sinx =y
{ siny = x (15)
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So hoa bdi Trung tam hoc lieu http://Irc.tnu.edu.vn/



Loi giai: Tru hai vé ciia phuong trinh ta c6
sinx —siny =y —xr < sinx+x =siny +y
Xét ham s6 f(t) = sint + ¢ xac dinh trén R ta ¢6
f'(t) =1+ costt <0,Vt € R

nén f(¢) luon dong bién trén R. Do d6, f(t) = f(y) & = = y. Thay vao
(15) ta dugce sinx = x kéo theo x = 0 la nghiém. Ta chitng minh z = 0 la
nghiém duy nhat clia phuong trinh sinz = x.

That vay, xét ham s6 f(z) = x —sinx. Tac6 f'(x) =1 —cosz > 0Vx nén
f(x) dong bién trén R.

- Néu z < 0 thi f(z) < f(0) = 0 nén x < 0 khong 1a nghiém.

- Néu z > 0 thi f(z) > f(0) nén x > 0 khong 1a nghiem.

Vay x = 0 1a nghiem duy nhat.

K&t luan: He phuong trinh d6 cho ¢6 nghiem duy nhat (x,y) = (0,0).

Vi du 3.1.27. Giai hé phuong trinh

cosT —cos2y =x — 2y (16)
tanx = 3tgy (17)

Loi giai: Viét phuong trinh (16) duéi dang cosx — x = cos 2y — 2y
Xét ham s6 f(x) = cost — t xac dinh trén R. Ta ¢6

f'(t)=—sint—1<0,Vt € R
nén f(t) nghich bién trén R. Do d6 f(x) = f(2y) <=> x = 2y. Thay vao
(17), ta dugc:

2tany

tan2y = 3tany < = 3Jtany

1 — tan?y
& tany(1 — 3tan’y) = O(tany # £1)
{ tany =0 { y=km
I & T (k,l € Z)
tany = £—— =x—+Iir \
Y V3 Y 6
Vay hé phuong trinh c6 nghiém

T
_ r=+—4+ 127
{x—kQW Va 7(?

y:kﬂ- y:i6+lﬂ

(k,l € Z)
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Bai toan 3.6. Gidi hé phuong trinh luong gidc bang phuong phdp ddnh
gid

Phuong phap chung
Ta danh gia mot phuong trinh nhan dugce tu hé dua trén cac dang:
Dang 1: Tinh chét ctia cac ham sb luong gidc va biéu thite luong giac.
Dang 2: Phuong trinh lugng giac Pitago.
Dang 3: Stt dung dang thic CoSi
Dang 4: Sit dung bat dang thitc Bunhiacupski.
Vi du 3.1.28. Giai hé phuong trinh:

7
tanx + coty = 2sin(y + —)

tanx + coty = 2sin(x — Z)

Loi giai:
2 km
s 1. ] sin2x #0 2x # km 75
Dleum@n‘{sinQy;«éO @{Qy%lw & In k,leZ.
Yy # b}
. 1 2
Ta c6: tana + cota = — = —
) ,sina.cosa  sin2Za
Do do6 hé dugce bien doi ve dang:
B . ™ .
r sin(y—l—z)sinzle sin(y + —) =sin2x =1

o\

sin(z — 7 ) sin 2y = 1 \as sin(y + 7) = sin 2z = —1

| [sina| <1 sin(z — Z)sinQy =1

[ (:U:E—Hmr&y:z—kﬂﬂ
47‘1’ 4—377

sin(z — %) sin2y = 1
ZEZE—Fkﬂ&y:E#—ZZW
sin k7 sin 2(1 +2r) =1

Y

3
r= -2 4 krky = — 2% 4+ 90
=9 7T4 3171r

sin(—§ + k) sin 2(_Z + 2t =1
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4 < §7T

3
= x:—%—i—kﬂ&y:——ﬁ—kﬂﬁ
k=2n y=——+2nr

Vay hé ¢6 mot ho cap nghiém.

Vi du 3.1.29. Giai hé phuong trinh:

2sin(x+y)7r — (1)
2(2* +y?) = 1(2)

Loi giai: Tu (2) ta c6 dieu kién:

IA

Sl =S -

2]
ly| <

Giai (1) ta dugc
sinfz+y)r=0< (v+yr=krke Z e x+y=kkeZ
Giai (2) ta dugc:

1=22*+y) > (v +y)’ =k < k<lek=0

Vay hé dugc bién doi thanh:

_ _ y=—x r==-&
{az+y—0 @{y— x @{:C_ N Yy

200+ =1 2(x? + 2%) =1

1 1 11
Vay hé phuong trinh ¢6 2 cap nghiém (57 _5) va (_5; 5)

Vi du 3.1.30. Giai hé phuong trinh
tanz + cot x = 2sin (y + —) (28)
tany + cot y = 2sin <x — —> (29)
Lai giai: ta co
[tan z + cot x| = |tan x| + |cot x| > 2

66

So hoa bdi Trung tam hoc lieu http://Irc.tnu.edu.vn/



( v6i tanx va cotx luon cung dau). Mat khac, ‘2 sin (y + %) ’ <2
Do dé (28)

tanx + cotx = 2 tanx + cotx = —2
A sin(erE):l hodc sin(erz):—l

4 4
v=" 4k L
& 4 o hodc - (keZ)
y_Z—i_ 4 y:—z+l27r
Thit lai, ta chon dugce nghiém ciia hé phuong trinh 1a
r=—" + km
4 (k,l € 7)

Bai toan 3.7. Gidi hé phuong trinh luong gidc bang phuwong phdp bién doi
hon hop

Phuong phap chung

Ta thuc hién theo buéc sau:

Buéc 1: Dat dieu kién c6 nghia cho hée

Buéc 2: St dung cac phép bién doi lugng giac tuong tng, bién doi he
hoac mot phuong trinh trong cac hé doé tir d6 thu duge mot phuong trinh
hé qua. Giai phuong trinh hé qui bing nhitng phuong phép:

e - Tong binh phuong
e - Ham s6
e - Danh gia. ..

Budc 3: Thay két qua & bude 2 vao hé ta sé nhan dugc nghiem.
Vi du 3.1.31. Giai hé phuong trinh:

!
2
V3

sinz +siny =

COST + Ccosy =
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Loi giai: Bién doi he vé dang:

9 g rT+y r—y 1
sin COS = =
9 9 9 T +y 1 r+y w
t = =—+k
, r+y x_y_\/géan 5 \/3@ 5 6+7T
COS 5 cos 5~ 5

@ery:g+2kw,k€Z@y:g—x+2kw,keZ. (1)

Vay hé tuong duong véi:

3 o 3
.+.(7T +2k)1 .+.(7T )1
Sin sm(— — = — sin sin(— — = —
s s
y=——x+ k27 yzg—x+k27r
And 2.:;( (7r+ )= 1 And T 1
sin —cos(— +x) = = = —
G 6 5 COS(G—I—ZC) 5
yzz—x+k27r
= 7T+3 +Z 19
=4 -
6 6
i B s
y:g—x—l—kQW y=§—|—2(k—l)7r
x = 2w r = 2w
s 9 7,
y:§—x—|—k27r < y:§+2(/€—l)7r (k.1 €Z)
m s
L7 3+ ™ R&: 3—|—2l7r

Vi du 3.1.32. Giai hé phuong trinh

tanz + tany + tanz. tany = 1(1)
3sin 2y = cos4dx + 2(2)

Loi giai:
Diéu kién: cosz.cosy # 0 < cos 2z # —1,cos2y # —1
(1) & tanx + tany = 1 — tanz tany

- Néu tanz.tany = 1 thi

tanx 4+ tany = 1
(1) = { tanx 4+ tany = 0
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Suy ra tan®z + 1 =0 (Vo 1)
- Néu tan z. tany # 1 thi

tanx + tany s
1) & =1l&t =1& =—+k
(1) 1 —tanz. tany an(z +y) PRy =g
Hay
T
y:Z—x—i-lm(keZ) (3)
Thé (3) vao (2) ta dugc

3sin(g —21) = cos4r + 2 & 3cos 2r = 2cos?2x + 1

cos2x =1
& 2c08%22 —3cos2r+1 =0 1
cos2x = 5

+ V6i cos2x = 1 thi = In(l € Z. Thé vao (3), ta dugc y = g—i— (k—Dm
1 .
+ Véi cos2z = 3 thi x = j:g + (7. Thé vao (3) ta thu dugc
y=-—+ (k-7

%2 (k,l € Z)

=4 (k-1
Y 12+ )

Vay, hé phuong trinh c¢6 cac nghiém

r=Ir x:z—|—l7r :U:—E+l7r

SN L ; 57

Yy=-—- - - _ _ _
A Yy 12+(/€ ) Yy = 12+(k

Vi du 3.1.33. Giai hé phuong trinh

tang + tan% — cosg = 0(4)
1
cos(z —y —2) = 5(5)
r+y+z=m(6)
Loi giai: Dicu kien:
r# (2m+ D)7
y7 @m+Dm (m,n,pcZ) (7)
2 # 2pm
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Khi doé

Cong (8) va (6) ta dugc

(5)(:)x—y—z::|:%+k27r

2
x:—ﬂ—l—lmr(9)
(théa man dieu kién (7))
T (6) suy ra
B (= + )<:>Z_7T rT+y
z=m—(r+y 5= 5 5
Thay vao (4) ta dugc
tanz—ktan%:cot}(g—x;y @tang+tan%:tanx;y
fan =+t z
an — an — et y
o tan s 4 tan 2 = 2 T tan2—|—tan2 0
2 2 1 —tan—tan = tan%tan%zo
2 2
tan 2 = 0
tan——I—tang:O
2 2
(Do (9) va (10) nén tang;é())
y =2l
<:>{y:—:lz—|—2l7r (leZ)

Tu d6 ta nhan dugce cac nghiém sau déu théa man dieu kién (7):

x:%”—l—/mr
y = 2m :
i )
z=——QQl+ k)7
3
xzz+k7r
2
z:g—(2l+k)7r

So hoa bdi Trung tam hoc lieu
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Vi du 3.1.34. Giai hé phuong trinh:

tanx — tany + tanz + tany = —1(1)
V3 cos 2x + cos 2y = —1(2)

Loi giai: Dieu kien:

{cosx;éo N ZE‘%%—FIWT

7.
cosy # 0 y%E—i—kﬂkE

.« Z 2. X
Bién doi (1) ve dang:
SINZ.COSY — SIN Y. coST + SINZ.SINY = — COST.COSY
& sinx. cosy — siny. cosx = —(cosx. cosy + sin x. sin y)

& sin(x — y) = —cos(z — ¥)
& tan(z —y) = —1

7
<:>$—y21+kﬂ'

@x:%+y+lm(l€€Z)(3)

Thay (3) va (2), ta dugc:
\/§cos(% + 2y 4 2k7) + cos 2y = —1 & —/3sin2y + cos 2y = —1

3 1 1 1
(z)%sin?y—écosz:§<:>sin(2y_%):5
[ )
o= 2+ (k+0m
T m s 71‘
20 — — = — 4 2« y=—+Ir y=—+Inr
S ARSI S R B}
6 2 7?1
y:§+lﬂ'

Chai 4j: Rat nhidu tai lieu bién do6i (1) nhu sau:
tanx —tany |
1 +tanz.tany

(:)tan(ac—y):—1@x—y:§+lm(k€Z)

tanx —tany = —1 — tanz. tany <

Nhung dé c6 dugce bién doi nhu vay nhat thiét phai xét hai truong hop

1+ tanz.tany =0
1+ tanx.tany # 0
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3.2 Cac bai toan chon loc

Bai toan 1. Giai hé phuong trinh

sinx + siny = V2
COST + cosy = \/5

Loi gidi: Bing cach cong theo vé hai phuong trinh ctia hé ta dugc:

(sinx + cos x) 4 (siny + cosy) = 2v2 < sin(x + %) + sin(y + z) =2

4
sin(x+z):1 vt s =1 4ok
~ i % 1 ~ % 21
Sm(yJﬁz)— Yyt =5 AT
x:z—l—le
& 4 ke Z.

Thit lai nghiém trén vao hé ta thay luon dang.
Vay hé ¢c6 mot ho cap nghiém.
Bai toan 2. Giai hé phuong trinh:

3
sinx + siny = B

5!
sin’x + sin’y = 1

v =siny
Khi d6 hé c6 dang:

Lai gidi: Dat: { TSI gidy kien: Jul, [u] < 1

3
u+v=_ u+v=— _§
25 o 2 . <z>{u+vl—2
u? + 02 = - (u+ )% — 2uv = — uv = ;5
4 4
Khi d6 u,v la nghiém ctua phuong trinh:
[ ( sinx =1
t=1 ' L
3 1 = siny = —
t'—t+-=0e4 , 1 & 7
2 2 l=c ot
2 sing = 5
| ([ siny =1
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x:g—l—Zlm
5
y:z—l—%ﬂ\/y:—ﬂ—l—%ﬁ
PN 6
T T
;U:——|—2k7r\/x:?—i—2k7r

Vay hé c¢6 bon cap ho nghiem.
Bai toan 3. Cho hé phuong trinh

3

cos T = a.cos’y (1)
SIn T = a.sin"y

a. Giai hé v6i a = 3

b. Tim a dé hé c6 nghiem.

Loi giai: Ta thuc hien phép bién déi:
cos’x = a®.cosly
sin’z = a®.siny

& 1 = a?[(sin*y + cosy)? — 3(sin*y + cos?y)siny.Cos?y]

2

= sin’z + cos’r = a?(sin®y + cosby)

3
e 1=d(1- Zsm22y) & 3a’sin?2y = 4(a® — 1)(1)

a. véi a = 3 sta dugce:
3
(1) & Zsin?2y — —3 vo nghiem
Vay v6i a = X hé v6 nghiém
b. Dé he c6 nghiem trude hét (1) c6 nghiem

a# 0
4(a* — 1)

3a?

& <1< al <2

B

Vé6i 1 < |a] <2, gid st (1) c6 nghiem yg tic la:
3a%.sin*2yy = 4(a* — 1) & a*(sinyy + cosbyy) = 1

& (a.sin’yy)? + (a.cos’yp)? = 1
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Ttc la hé (I) ludn c6 nghiem x.
Vay v6i 1 < |a| < 2 hé da cho ¢6 nghiem.
Bai toan 4. Tim a dé hé phuong trinh c6 nghiém duy nhat:

ar’+a—1=y— |sinz]
{ tan’z + 1> =1 (1)

Loi gidi:  Diéu kién can:
Nhan xét rang néu he c6 nghiem (g, y) thi cling ¢6 nghiém (—xg, yo) khi
d6 hé c6 nghiem duy nhéat 1a

ry = —xo & xp = 0(x)

Vé6i g = 0 ta dugc:

Dieu kién du

a. v6i a = 0 hé c6 dang:

Heé c6 vo s6 nghiém dang:

r=km

Vay a = 0 khong théa man.
b. V6i a = 2 hé c6 dang:

222 +1 =1y — |sinz| (1)
tan?x + 2 = 1(2)

T (1) ta cé: y > 1 va tir (2) ta co:

—1<y<l=y=1

y=1
{2x2—sinx| (:){g

Vay hé c6 dang:

0

1
tan’z = 1

La nghiém duy nhat ctia hé Vay, véi a = 2 hé c6 nghiém duy nhat.
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3.3 Bai tap

Bai 1: Giai cac hé phuong trinh sau:

: 1 : : 1
sinx.cosy = = sinz.siny = ——

a. % b.

cosT.siny = —

3
5 COSX.COSY = 1

Bai 2: Giai cac hé phuong trinh sau:

1 1
sinx.siny:—§ Sinx+siny:§
a. b.
3 3
cosx.cosyzg cosx—i—cosy:g

Bai 3: Giai cac hé phuong trinh sau:

BSin:UJrQsiny:OS siny = 5sinz
3008x+2cosy:§ b'{3cosx+cosy:2

Bai 4: Giai cac hé phuong trinh:

' COSl’—I—COS?J:\/i—a ’ tan§+tan%:2
Bai 5: Giai cac hé phuong trinh:

3(sinx — siny) = 4(sin 2z — sin 2y)
%\ 3(cosz — cosy) = 4(cos 2z — cos 2y)

tan x 4 sin 2y = sin 2x
"] 2siny.cos(x —y) =sinx

Bai 6: Giai cac hé phuong trinh sau:

1 1 .
0 J cos2y+ 5= (cosy — 5)(1 + 2sin 2z)
siny(tan z + cot y) = 2cot y

sin?x — 2sin x. cos 2y = cos ‘ ;L yCosx;y + 2
1
cos?2y + §(COS$ +cosy)—1=0
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Bai 7: Giai cac hé phuong trinh:

: 1 : : 3
q.{ SIMTTCOSTY =" 0y <9 p.{ sinmz.sinmy = 7
Jtanmr = tan y tanx. tany = 3

Bai 8: Cho hé phuong trinh:

cosx.cosy =m+ 1
sinz.siny = 4m? + 2m

1
a. Giai hé trén khi m = ~1

b. Xac dinh m dé he c6 nghiem.
Bai 9: Cho hé phuong trinh:

sinx +siny = a
cosx.cosy =b

1
a. Gidai he khia=1,b = 3
b. Tim diéu kién giita a va b dé hé c6 nghiem.
Bai 10: Cho hé phuong trinh:
tanx +tany = a
tan(x +y) =b
a. Giai hé phuong trinh khi a = v/3 4 1,0 = —(2 + V/3)
b. Tim diéu kién giita a va b dé hé c¢6 nghiem.
Bai 11: Cho hé phuong trinh:
sin 2o 4+ sin 2y = 1
sin’z + 2sin’y = m

3
a. Giai hé phuong trinh khi m = 5

b. Xac dinh m dé hé c6 nghiém.
Bai 12: Xac dinh m dé hé phuong trinh sau c6 nghiém:

cosx +mcosy = 1
sinx +msiny = 1
Bai 13: Xac dinh m dé hé c6 nghiém

{ sin2x 4+ 2y =1

cos’x + cosz =m
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Bai 14: Xac dinh m dé hé phuong trinh c6 nghiem:

sinx +sin2y = 1
cosx = m(siny + cosy)

Bai 15: Xac dinh m dé hé phuong trinh sau c6 nghiém:

cos T = mcos’y
sin x = msin®y

Bai 16: Giai hé phuong trinh
, 1
SIn & cosy = -5
tanx coty = 1.

Bai 17: Giai hé phuong trinh

tany —tanx —tanxtany = 1
cos 2y + \/gcos 20 = —1.

Bai 18: Cho hé phuong trinh

SINT cosy = a
tanx = tany.

1
a) Giai he phuong trinh khi a = —, b = 1.
b) Tim diéu kién gita a va b dé hé phuong trinh c¢6 nghiem.

Bai 19: Giai hé phuong trinh

W

V3

sinrsiny = —sina

COST COSYy = §COSCL

Bai 20: Giai hé phuong trinh

. V3

SINX COSY = T
. V3

cosxsiny = T
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Bai 21: Giai hé phuong trinh

cosT + 3sinx = 2cosy
cosy + 3siny = 2cos .

Bai 22: Giai hé phuong trinh

V2cosz =1+ cosy
V2sinz = siny.

Bai 23: Giai hé phuong trinh

cos’r — cosx +siny = 0
sin’y — siny + cosz = 0
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Két luan

V6i muc tiéu la trinh bay cac phuong phéap giai hé nita lugng gidc va hé
phuong trinh lugng gidc. Trong luan van nay, chung toi da trinh bay dugce
nhitng van dé co ban sau day:

e Kién thiic co ban vé cong thitc va ham s6 lugng giac.

e Nhitng phuong phap giai hé nita lugng giac hai an trong chuong trinh
phd thong.

e Nhitng phuong phap giai hé lugng giadc hai an trong chuong trinh phd
thong.

Mbi phuong phap dude trinh bay ciac bude gom co s 1y thuyét clia phuong
phép, cac vi du minh hoa va mot s6 bai tap ap dung phuong phap da neéu,
bén canh do6 toi da dua ra cac bai toan chon loc qua cac ky thi dé lam
phong pht hon cho luan van.

Luan van gom nhiéu thi du va bai tap dugc lira chon tit nhiéu nguon khac
nhau. T cac dé thi hoc sinh gidi toan qubc gia, ciia khu vie, cac nuée va
thi hoc sinh giéi toan quoc té. Ngoai ra con c6 mot so bai tap do tac gia
tu sang tac. Trong ting phan, tac gia da c¢d ging dé co thé dua ra mot he
thong thi du nham minh hoc cho mdi phuong phap da néu.

Ngoai ra con cé6 rat nhiéu bai toan duge gidi bang nhiéu cach khac nhau,
hay tong hop cac cach giai dé giai mot bai toan, didu nay sé gitp cho cac
em hoc sinh tré lén linh hoat hon trong viéc lira chon phuong phap giai.
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