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L.OI CAM ON

Luan van nay dugce hoan thanh dudi sy huéng dan khoa hoc cia PGS.TS
Nong Quéc Chinh. Em xin dudc t6 long cdm on chan thanh nhat t6i thay
ve si gitip d6 nhiét tinh tir khi xay dung dé cuong, viét va hoan thanh luan
van. Tiép theo em xin chan thanh cadm on cac thay co gido phan bién da doc
va gép ¥ dé em hoan thién luan vin ctia minh. Em xin dudc cAm on chan
thanh nhéat tdéi khoa Toan - Tin, phong DT — KH — QHQT, Truong Dai hoc
Khoa hoc — Dai hoc Thai Nguyén, noi em da duge mot hoc van cian ban. Xin
cam on gia dinh, dong nghiép da cadm thong chia sé, ing ho va gitp dé trong
thoi gian em hoc cao hoc va viét luan van.
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MG DAU

Ly do chon dé tai

Ly thuyét to hop duge hinh thanh nhu mot nganh toan hoc méi, nita dau
thé ki 17 mot loat cac cong trinh nghién citu vé van dé nay da dugc cong bo
bdi cdc nha toan hoc xuat sic nhu Pascal, Fermat, Leibnitz, Euler... Mac
du vay, trong suét hai thé ky rudi to hgp khong c6 vai tro nhiéu trong linh
vuc nghién citu tu nhien. Dén nay, v6i su ho trg dic luc clia may tinh, to
hop da chuyen sang linh vyc toan tng dung véi sy phat trién manh mé, c6
nhiéu két qua c6 ich cho con ngudi. Do tam quan trong va dudc tng dung
rong rai trong doi song hien tai, I thuyét t6 hop da duge dua vao chuong
trinh hoc pho thong va da cé rat nhiéu bai thi hoc sinh gidi toan quéc té va
cac ky thi toan quéc gia c6 ting dung 1y thuyét to hop. Luan van “Mot s6
tng dung ciia 1y thuyét to hgp trong toan so cap” sé la mot tai lieu cho hoc
sinh pho thong; dac biét 1a danh cho nhitng em hoc sinh ¢6 nang khiéu mon
toan. Chung t6i hy vong luan van nay sé phan ndo dap ung dudc long yéu
thich kham pha toan hoc ctia cac em.

Muc dich cua luan van

Tim hiéu mot sé ting dung cia 1y thuyét to hop thong qua céc bai toan
SG cap clia toan trung hoc pho thong.

Nhiém vu

He théng cac khai niem co ban vé 1y thuyét t6 hop. Suu tam va trinh bay
cac bai toan c6 tng dung ctia 1y thuyét t6 hop dé giai trong dai s6 va hinh
hoc & pho thong.
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Pb6i tuong va pham vi nghién ciu

Nghién cttu cac bai toan dai sé va hinh hoc dung 1y thuyét to hop dé giai

Cau tric cta luan van
Ngoai phan md dau va két luan noi dung ctia luan van gom bon chuong:
Chuong 1: Kién thiic co ban
Chuong 2: Ung dung ciia 1y thuyét t6 hop trong dai sé so cap
Chuong 3: Ung dung ciia Iy thuyét t6 hop trong hinh hoc
Chuong 4: Ung dung ctia nguyeén 1y Dirichlet

Du da rat cé gang, nhung chic chan noi dung dugce trinh bay trong luan
van khong tranh khoéi thiéu sét nhat dinh, em rat mong nhan dudc su gép ¥
clia cac thay co gido va cac ban dong nghiép dé em tiép tuc hoan thién luan
van.

Thai Nguyén, nam 2013
Neuoi thyc hien
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Chuong 1

KIEN THUC CO BAN

Ly thuyét t6 hop la mot phan quan trong ctia toan hoc roi rac, chuyén
nghién citu sy phan bd cic phan ti vao cac tap hop. Thong thuong sd cac
phan t nay 1a hitu han va viéc phan b ching phai thod man nhitng dieu
kien nhat dinh nao d6, tly theo yéu cau ctia bai toan can nghién citu. Moi
cach phan bd nhu vay goi 14 mot cau hinh t6 hop. Chii dé nay da dugce nghién
cttu tit thé ky 17, khi nhitng cau héi vé t6 hop dude néu ra trong nhitng cong
trinh nghién citu cac tro choi may rui. Liet ke, dém cac ddi tuong c6 nhiing
tinh chat nao d6 la mot phan quan trong ctia Iy thuyét t6 hgp. Ching ta can
phai dém céac doi tuong dé giai nhiéu bai toan khac nhau. Hon nita cac ki
thuat dém dugce dung rat nhiéu khi tinh xac suat ctia cac bién cb.

1.1 Nhing nguyén ly dém co ban:

1) Quy tac cong:

Gia stt c6 k cong viec 11, Ty, ..., Tj. Cac viéc nay co6 thé lam tuong ting
bang ni, no, ..., Ny cach va gid st khong c6 hai viec nao cé thé lam dong thoi.
Khi d6 s6 cach lam mot trong k viec do6 1a ng + ng + ... + ny.

Thi du 1: Mot sinh vién c¢6 thé chon bai thyec hanh may tinh tit mot trong
ba danh sach tuong ttng c6 23, 15 va 19 bai. Vi vay, theo quy tac cong c6 23
+ 15 + 19 = 57 cach chon bai thuc hanh.

Quy tic cong cé thé phat bieu dusi dang ctia ngon ngit tap hop nhu sau:
Néu Aj, A, ..., A;. 1a cac tap hop doi mot rdi nhau, khi d6 s6 phan ti clia
hop céc tap hop nay bing tong sé cac phan t clia cac tap thanh phan. Gia
stt T; 1a viec chon mot phan ti ti tap A; véii = 1,2, ..., k. C6 |A;] cach lam
T; va khong c6 hai viec nao c¢6 the duge lam cliing mot ldc. S6 cach chon mot



So hoa b6i trung tam hoc lieu http://Irc.tnu.edu.vn/

phan ti clia hop cac tap hop nay, mot mat bang sd phan ti clia nd, mit
khéac theo quy tac cong n6 bang |A1| + |As| + ... + | Ag|. Do do ta co:

‘Al UAsU...U Ak| = ‘A1| + ‘A2| + ...+ ‘Ak|

2) Quy tac nhan:

Gia st mot nhiém vu ndo dé dude tach ra thanh k viec T, Tb, ..., T).. Néu
viec T} c¢6 thé lam bang n,; cach sau khi cac viec T3, Ty, ...T;_; da duge lam,
khi d6 ¢6 ni.ns....n; cach thi hanh nhiém vu da cho.

Vi du 1.1.1. Ngusi ta c¢6 thé ghi nhan cho nhing chiéc ghé trong mot giang
duong bang mot chit cai va mot s6 nguyén duong khong vuot qua 100. Bang
cach nhu vay, nhiéu nhat c¢6 bao nhiéu chiéc ghé c6 thé duge ghi nhan khéc
nhau?

Viéc ghi nhan cho mot chiéc ghé gom hai viéc, gan mot trong 26 chit cai
va sau dé gan mot trong 100 s6 nguyén duong. Quy tiac nhan chi ra rang c6
26.100=2600 cach khac nhau dé gan nhan cho mot chiéc ghé. Nhu vay nhiéu
nhat ta c6 thé gan nhan cho 2600 chiéc ghé.

Vi du 1.1.2. C6 bao nhiéu xau nhi phan c6 do dai n.

Mbi mot trong n bit ctia xau nhi phan c6 thé chon bang hai cach vi méi
bit hosic bang 0 hoic bing 1. Bdi vay theo quy tic nhan c6 tong cong 2n xau
nhi phan khac nhau c6 do dai bang n.

Vi du 1.1.3. C6 thé tao dudc bao nhiéu anh xa tit tap A c6 m phan ti vao
tap B c6 n phan tu?

Theo dinh nghia, mot anh xa xac dinh trén A c6 gia tri trén B la mot
phép tuong ting mdi phan ti cia A v6i mot phan ti nao dé ctia B. Ro rang
sau khi da chon dugc anh ctia ¢ — 1 phan t@ dau, dé chon anh ctia phan ti
thi 7 clia A ta c6 n cach. Vi vay theo quy tac nhan, ta c6 n.n...n = nm anh
xa xac dinh trén A nhan gia tri trén B.

Vi du 1.1.4. C6 bao nhiéu don anh xac dinh trén tap A c6 m phan ti va
nhan gia tri trén tap B c6 n phan ti?

Néu m > n thi v6i moi anh xa, it nhat c6 hai phan tit cia A ¢6 cting mot
anh, dieu do6 c6 nghia 1a khong c6 don anh tit A dén B. Bay gio gid sttm > n
va goi cac phan tl cia A 1a aq,aq, ..., ay,. RO rang c¢6 n cach chon anh cho
phan ti a;. Vi anh xa 1a don a4nh nén anh clia phan tit as phai khac anh ctia
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a; nén chi ¢c6 n — 1 cach chon anh cho phan tit as. N6i chung, dé chon anh
clia aj ta c6 n — k + 1 cach. Theo quy tac nhan, ta c6
n!

nn—1)(n—-2)...n—m+1)= m

don anh tir tap A dén tap B. Nguyén ly nhan thuong dudc phét bicu bing
ngon ngit tap hop nhu sau. Néu A;, As, ..., Ay 1 cac tap hitu han, khi d6 s6
phan tit clia tich Descartes clia cac tap nay bang tich ctia sd cac phan ti clia
moi tap thanh phan. Ta biét rang viéc chon mot phan ti ctia tich Descartes
A1z Asx...x A, duge tién hanh bang cach chon lan lugt mot phan tit clia Ay,
mot phan tit clia As, ..., mot phan ti ctia Aj. Theo quy tac nhan ta co:

3) Nguyén ly bu tru:

Khi hai cong viéc c6 thé duge lam dong thai, ta khong thé ding quy tic
cong dé tinh s6 cach thuc hién nhiém vu gom ca hai viec. Dé tinh diang s6
cach thyc hién nhiém vu nay ta cong so6 cach lam mdi mot trong hai viéc roi
trit di s6 cach lam dong thai ca hai viée. Ta ¢ thé phat bieu nguyen 1y dém
nay bang ngon ngit tap hop. Cho Aj, A, 13 hai tap hitu han, khi dé6

| Ay U Ag| = |Ax] + |Ag| — |A1 N Ayl
T d6 véi ba tap hop hitu han Ay, As, A3, ta co:
|AJUAUAs| = |Ay|+|Ag|+|As|—|A1NAs|—| AsNAs|— | AsN AL |4+ A1N AN A3,
va bang quy nap, véi k tap hitu han Ay, Ao, ..., A, ta co:
AU Ay U .. UAL = Ny — No+ N3 — ..+ (—=1) 1N,

trong d6 N,,,(1 < m < k) la tong phan t clia tat ci cac giao m tap lay tit
k tap da cho, nghia la

N,, = > 1A, NA, N .. NA,; |

1<ii<io<... <ty <k

Bay gio ta dong nhat tap A,,(1 < m < k) véi tinh chat A,, cho trén tap
vii tru httu han U ndo d6 va dém xem c6 bao nhiéu phan tit cia U sao cho
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khong théa méan bat ky mot tinh chat A, ndo. Goi N la s6 can dém, N la

sO phan tit ctia U. Ta co:
N=N-|AJUAU. . UA|=N—-N +Ny— ..+ (=1)FN,,

trong d6 N,, la tong cac phan ti ctia U théa man m tinh chat lay tit k tinh
chat da cho. Cong thitc nay dude goi 1a nguyén 1y bt trit. N6 cho phép tinh
N qua cac N, trong truong hop cac sé nay dé tinh toan hon.

Vi du 1.1.5. C6 n 14 thu va n phong bi ghi sdn dia chi. B6 ngau nhién cac
14 thu vao cac phong bi. Hoi x4c suat dée xay ra khong mot 1a thu nao ding
dia chi.

Mbi phong bi ¢6 n cach bé thu vao, nén co6 tat ca n! cach bo thu. Van dé
con lai 1a dém s6 cach bé thu sao cho khong 14 thu nao diung dia chi. Goi U
1a tap hop cac cach bd thu va A, 1a tinh chat 14 thu thi m bd dung dia chi.
Khi d6 theo cong thitc vé nguyén 1y bu trit ta co:

N=nl—N + Ny — ..+ (=1)"N,,

trong d6 N,,(1 < m < n) la s6 tat ca cac cach bd thu sao cho c6 m 1a thu
ding dia chi. Nhan xét rang, N, 1a tong theo moi cach lay m 14 thu tit n 14,
v6i mdi cach 1ay m 14 thu, c6 (n — m)! cach bé dé m 14 thu nay ding dia
chi, ta nhan dugc:

m !
Nm:cn.(n—m).zﬁ
va 11 1
N=nl(l—-——4+—-— —1)"=
N =n!(1 TR ..+ (-1 n!),
|
trong do c)' e 14 t6 hgp chap m clia tap n phan tit (s6 cach chon
m!(n —m)!

m ddi tugng trong n d6i tugng duge cho). Tu dé xac suat can tim la: 1 —

1 1 1 . ) N ez
1 + o + (—1)”—'. Mot dieu 1y tha la xac suat nay dan dén e — 1 (nghia

la con > %) khi n kh& lén.
1.2 Nguyén ly Dirichlet

Nguyén 1y Dirichlet — & dang don gidn nhat — duge phat bicu dau tien
béi G.Lejeune Dirichlet (1805 - 1859), mot nha toan hoc Diic goe Phap, nhu

10
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sau: “Néu nhoét n + 1 con thd vao n cai chuong n € N thi luon c6 (it nhat 1a)
hai con thé bi nhét trong cting mot chuong”.

Mot cach tong quat, ta c6 nguyen 1y Dirichlet mé rong:

“Néu nhot m con thdé vao n cai chuong m,n € N thi luon ton tai mot

] con thd”.

chuong chita it nhat 1a 1 + {m
n

Ménh dé 1.2.1. (Nguyén lgj): Néu cé k+1 (hodc nhiéu hon) do vat duge
dat vao trong k hop thi ton tai mot hop cé it nhat hai do vit.

Chatng minh. Gia st khong c6 hop nao trong k hop chita nhiéu hon mot do
vat. Khi d6 tong s6 vat dude chita trong cac hop nhiéu nhat 1a bang k. Diéu
nay trai gid thiét 1a c6 it nhat k& + 1 vat. O

Nguyén 1y nay thuong duge goi la nguyén 1y Dirichlet, mang tén nha toan
hoc ngudi Ditc ¢ thé ky 19. Ong thuong xuyén sit dung nguyeén 1y nay trong
cong viéc cua minh.

Meénh dé 1.2.2. (Nguyén ly Dirichlet cho dién tich) Néu K la mot
hinh phang, con K1, Ko, ..., K, la cic hinh phing sao cho vdii=1,2,...,n
va

K| < | K1 + [ K| + ... + | K,

O day, |K| la dién tich ciia hinh phang K, con | K;| la dién tich ciia hinh phdng
Ki, i =1,2,...,n, thi ton tai it nhat hai hinh phang H;, H;, (1 <i < j <n)
sao cho H; va H; co diém trong chung. (O day, ta r6i rang P la diém trong
ctia tap hop A trén mdt phang, néu nhu ton tai hinh tron tam P bdn kinh di
bé sao cho hinh tron nay nam trong A).

Meénh dé 1.2.3. (Nguyén ly Dirichlet v6 han): Néu chia mot tap hop
v6 han cdc qud tdo vao hiu han cdc ngan kéo, thi phdi cé it nhat mot ngan
kéo chita vo han quad tdo.

Vi du 1.2.4. 1) Trong 100 ngudi, c6 it nhat 9 ngudi sinh ciing mot thang.
Xép nhitng nguoi sinh cting thang vao mot nhém. C6 12 thang tat ca. Vay
theo nguyén 1y Dirichlet, ton tai mot nhéom c6 it nhat 100,712 = 9 ngudi.
2) C6 nam loai hoc bong khac nhau. Hoi rang phai c6 it nhat bao nhiéu
sinh vien dé chic chin ring cé it ra 1a 6 ngusi cting nhan hoc bong nhu nhau.
Goi N 1a s6 sinh vien, khi d6 N5 = 6 khi va chi khi 5 < N5 < 6 hay
25 < N < 30. Vay s6 N can tim 1 26.

11
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3) S6 ma ving can thiét nhé nhat phai 14 bao nhiéu dé ddm bio 25 trieu
may dién thoai trong nuéc c6 s6 dieén thoai khac nhau, méi s6 ¢6 9 chit s6 (gia
stt s6 dien thoai c6 dang 0 XX —8X XX X X v6i X nhan cac gia tri tit 0 dén
9). C6 107 = 10.000.000 s6 dien thoai khac nhau ¢6 dang 0 X X —8X X X X X.
Vi vay theo nguyeén 1y Dirichlet tong quat, trong s6 25 triéu may dién thoai
it nhat c6 25.000.000,,10.000.000 = 3 c6 cing mot s6. Dé dam bao mdi may
c6 mot s6 can c6 it nhat 3 ma ving.

Nguyén 1y Dirichlet tong quat:

Meénh dé 1.2.5. Néu c6 N do vat duge dat vao trong k hop thi sé ton tai
mot hop chita it nhat |N/k[ do vat.

(O day, x| la gid tri ciia ham tran tai s6 thic z, d6 la s6 nguyén nhé nhat
c6 gid tri l6n hon hodc bang x. Khdi niém nay doi ngau vdi [x]- gid tri cia
ham san hay ham phan nguyén tai x- la so nguyén lon nhat cé gid tri nhé
hon hodc bang x.)

Chaing minh. Gia st moi hop déu chita it hon |N/k[ vat. Khi d6 tong s6 do

vat la N N
0<k(l—|-1) <k—=N.
< k(1) <k
Diéu nay mau thuan véi gia thiét 1a c¢6 N do vat can xép. ]

Vi du 1.2.6. 1) Trong 100 ngudi, ¢6 it nhat 9 ngusi sinh cing mot thang.

Xép nhiing ngudi sinh cling thang vao mot nhom. C6 12 thang tat ci. Vay
theo nguyén ly Dirichlet, ton tai mot nhoém c¢6 it nhat [100/12[= 9 nguoi.

2) C6 nam loai hoc bong khac nhau. Héi rang phai c6 it nhat bao nhiéu
sinh vién dé chic chan rang c6 it ra la 6 ngudi cting nhan hoc bong nhu nhau.

Goi N la s6 sinh vien, khi d6 |N/5[= 6 khi va chi khi 5 < N/5 < 6 hay
25 < N < 30. Vay s6 N can tim 13 26.

3) S6 ma ving can thiét nhé nhat phai 14 bao nhieu dé ddm bio 25 trieu
may dién thoai trong nuéc c6 s6 dién thoai khac nhau, méi s6 c¢6 9 chit s6
(gia st 86 dien thoai c¢6 dang 0XX - 8XXXXX vdi X nhan céc gia tri ti 0
dén 9).

C6 107 = 10.000.000 s6 dién thoai khac nhau c6 dang 0XX - 8XXXXX.
Vi vay theo nguyeén 1y Dirichlet tong quat, trong s6 25 triéu may dién thoai
it nhat c¢6 ]25.000.000/10.000.000[= 3 c6 ciing mot s6. Dé ddm bao mdi may
c6 mot s6 can c6 it nhat 3 ma ving.

12
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1.3 Hoan vi:

Dinh nghia 1.3.1. Cho mot tap hop gom n(n > 1) phan ti. Mdi cach sap
xép n phan ti nay theo mot thit ty nao d6 (mdi phan ti ¢6 mit dung mot
lan) dugce goi 1a mot hoan vi clia n phan tit da cho. Ki hiéu s6 hoan vi clia
n phan ti bang P,.
Ta c6 cong thic:

P, =n!

Vi du 1.3.2. Véi nam chit s6 1, 2, 3, 4, 5, c6 thé lap dugc bao nhiéu s6 gom
nam chit s6 khong tring nhau?

Loi gidi: Vi mdi s6 can lap gom nam chit s6 khong tring nhau, moi chit
s6 xuat hien trong ting s6 can lap ding mot lan, nén mdi s6 can lap 14 mot
hoan vi clia nam s6 da cho. Béi vay, s6 c6 theé lap bing ding sé hoan vi clia
nam phan ti, tic 1a Py = 5! = 120

9!

Hoan vi ctia tap hdp cé cac phan ti giong nhau.

Trong bai toan dém, mot s6 phan ti c6 thé giéng nhau. Khi d6 can phai
can than, tranh dém ching hon mot lan. Ta xét thi du sau.

Vi du 1.3.3. C6 thé nhan dugc bao nhiéu xau khac nhau bang cach sip xép
lai cac chit cai ctia tt SUCCESS?

Vi mot s6 chit cai ctia tit SUCCESS 1a nhu nhau nén cau tra 16i khong
phai 14 s6 hoan vi ciia 7 chit cai duge. Tt nay chita 3 chit S, 2 chit C, 1 chit U
va 1 chit E. Dé xac dinh s6 xau khac nhau c6 thé tao ra dudc ta nhan thay
c6 C2 cach chon 3 chd cho 3 chit S, con lai 4 chd trong. C6 C3 cach chon 2
chd cho 2 chit C, con lai 2 chd trong. C6 thé dat chit U bang C1 cach va Cf
cach dit chit E vao xau. Theo nguyén 1y nhan, s6 cac xau khac nhau c6 thé
tao dugc la:

) 71412111 7!

S gl s

cs.ci.cy.c

Meénh dé 1.3.4. S6 hodn vi ciia n phan ti trong dé cé ny phan t& nhu nhau
thuoc loai 1, na phan tii nhu nhau thuoc loai 2, ..., va ny phan ti nhu nhau

13
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thuoc loai k, bang
n!

Chitng minh. Dé xac dinh s6 hoan vi trudc tien ching ta nhan thay co C'y*
cach gitt n; chd cho ny phan ti loai 1, con lai m — ny chd trong. Sau dé c6

]]\\;2: w, cach dat ny phan tit loai 2 vao hoan vi, con lai n — n; — ng chd tréng.
Tiép tuc dat cic phan ti loai 3, loai 4, ..., loai k — 1 vao chd trong trong hoan
_, cach dat ny; phan tit loai k& vao hoan vi. Theo

vi. Cudi cing ¢6 Cp*,, ..

quy tac nhan tat cd cac hoan vi c¢6 the la:

n!

ni n1 ng —

Cot O Oty =
1: M2 .1

1.4 Chinh hop:

1.4.1 Chinh hop:

Dinh nghia 1.4.1. Cho tap hgp X gom n phan ti. Mdi bo gom phan ti
ducc sap thit tu ctia tap hop X dudc goi 1a mot chinh hop chap k ctia n phan
tt thuoc X. Ki hieu s6 chinh hgp chap k ctia n phan tit bang A%,

S6 chinh hop chap k ctia n phan tit duge tinh béi cong thic:

n!

Ay =n(n—1)..(n—k+1) = (n—k)!

n

Vi du 1.4.2. Mot cude khiéu via ¢6 10 nam va 6 nit tham gia. Dao dién chon
c6 thtt tu 4 nam va 4 nit dé ghép thanh 4 cap. Hdi c6 bao nhiéu cach chon?
La&i giai: Chon c6 thi tu 4 nam trong 10 nam la chinh hgp chap 4 ctia 10.

10!
m = 5040. Vay c6 5040 cach chon nam.
! "

Chon ¢6 thit tu 4 nit 1a chinh hgp chap 4 cta 6, nén c6 Aé = m = 360

S6 chinh hgp nay 1a A, =

cach chon.

M&bi cach chon nam lai tuong ing véi tat cd cac cach chon nit, nén sé cach
chon c6 thit tir 4 nam, 4 nit trong s6 nam, nit tham gia hoi dién sé 1a 5040 x
360 = 1814400 cach chon.
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1.4.2 Chinh hgp c6 lap:

Dinh nghia 1.4.3. Cho X 1a tap c6 n phan tit. Mdi day c6 do dai k sap xép
theo mot thit ti nhat dinh cac “ban sao” cac phan tit ciia tap hop X, trong
d6 méi ban sao c6 thé dude lip lai nhiéu lan duge goi 1a mot chinh hop lap
chap k clia n phan t thuoc tap X. S6 chinh hop lap chap k ctia n phan tt,
ki hieu 1a A%, bing s6 anh xa tir tap k phan tit dén tap n phan ti& va bing
nk
Ap=n"

Vidu 1.4.4. T4 chitsé 1, 2, 3, 5 ¢6 the thanh lap duge bao nhiéu s6 chin
gom 4 chit s67

Loi giai: Vi tap {1,2,3,5} chi ¢6 duy nhat mot chit s6 chén 1a 2, nén
x = abed v6i a,b,c,d € {1,2,3,5} 1a 86 chiin khi va chi khi d = 2. Mt khac
a,b, ¢ c6 thé bing nhau, nén y = abe 13 mot chinh hop lap chap 3 clia 4 phan
ti 1,2, 3, 5.

Dé thanh lap s6 x ta chi can lay mot s6 y nao do roi them 2 vao cubi. Bai
vay, cac sb © = abc2 bing céac s6 y = abe va bang A_f’l = 43 = 64.

Ching han: 1112, 1122, 1132, 1152, ..., 5532, 5552.

Vi du 1.4.5. C6 thé lap duge bao nhiéu bién sb xe véi hai chit s6 dau thuoc
tap A, B, C, D, E, tiép theo 1a mot s6 nguyén duong gom nam chit sé chia
hét cho 57

L&i giai: Gia st mot bién s6 xe nao dé c6 dang XYabedf. Vi X,Y ¢6 thé
tring nhau nén X, Y 1a chinh hop ldp chap 2 cia 5 phan ti A, B,C, D, E,
nén s6 cach chon XY bang A_g = 5% = 25.

Do a # 0, nén c6 9 cach chon a 1a cic chit s6 thap phan khac 0.

Vi abedfi5 < f = 0 hodc f = 5 nén ¢6 2 cach chon chit s6 f.

Do b,c¢,d ¢6 thé trung nhau, nén méi sé bed 1a mot chinh hop chap 3
cia 10 chit s6 0, 1, 2, 3, 4, 5, 6, 7, 8, 9. Bdi vay, sd cach chon sb bed 1a
A3, =10% = 1000.

Vay s6 bién s6 xe c¢6 thée thanh lap theo yéu cau la: 25 x 2 x 1000 = 50000

1.5 To hagp

1.5.1 To hop :

Dinh nghia 1.5.1. Cho tap X gom n phan tit. Mdi tap con gom k
(0 < k < n) phan tit thuoc X duge goi 1a mot t6 hop chap k ctia n phan tit

15
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da cho. S6 t6 hop chap k(0 < k < n) ctia n phan tit, dugc ki hieu la C* va
dugce tinh theo cong thiec:

n!
CF = ——
"kl (n—k)!
Vi du 1.5.2. C6 bao nhiéu cach chia mot 16p 40 hoc sinh thanh 4 t6, sao
cho mdi to c6 ding 10 hoc sinh?
Ldi giai: dau tién lap t0 1 bang cach chon tity ¥ 10 hoc sinh trong 40 hoc
sinh ctia 16p, nén sé cach chon bang ding to hop chap 10 ciia 40 phan ti,

titc bang:
0 40!

07101301
T6 2 c6 thé chon tiy ¥ 10 em trong 30 em con lai, nén s6 cach chon bing
ding t6 hop chap 10 ctia 30 phan ti, ttic bang:

10 _ 30!

307710120
T6 3 c6 thé chon tiy ¥ 10 em trong 20 em con lai, nén s6 céch chon bing
ding t6 hop chap 10 ctia 20 phan ti, ttic bang:

0 _ 20!

20710110
T6 4 gom 10 em con lai nén chi ¢6 1 cach chon. Vay s6 cach chia 16p sé la:

40! x 30! x 20! 40!

10 10 10 10 __ —
Cio > Cs0 X O X Clo = 550010010 (1on*

1.5.2 To hop lap:

Mot t6 hop lap chap k ctia mot tap hop 1a mot cach chon khong cé thi
tu k phan tit c6 thé lip lai ciia tap da cho. Nhu vay mot t6 hop lap kiéu nay
13 mot day khong ké thi tu gdm & thanh phan lay tit tap n phan ti. Do do6
c6 thé 1a k > n.

Pinh nghia 1.5.3. Cho X 14 mot tap hop c¢6 n phan tit. Mdi t6 hop lap
chap m cia tap X 14 mot bo gom m “ky hieu” cac phan tit ciia tap hop X
(mdi ky hiéu c6 thé lap lai nhiéu lan).

16
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(Nhan xét: m nhat thiét phai nhé hon n). Ta st dung C_g‘ dé ki hiéu sb t0
hop 1ap chap m ctia n phan ti. Khi do:

m — m
On _C +m—1

n
Meénh dé 1.5.4. S6 to hop lap chap k tic tap n phan té bing C§+k_1.

Chiing minh. Mbi t6 hop lip chap k tit tap n phan ti c¢6 thé biéu dién bing
mot day n — 1 thanh diing va k ngoéi sao. Ta diing n — 1 thanh ding dé phan
cach cac ngan. Ngan thit ¢ chita thém mot ngoi sao mdi lan khi phan ti thi
i clia tap xuat hieén trong to hgp. Ching han, t6 hop lip chap 6 ctia 4 phan
tit dugce bicu thi béi:

mo ta to hop chia ding 2 phan t& tht nhat, 1 phan ti thi hai, khong c6
phan t thi 3 va 3 phan t thd tu ctia tap hop.

Moéi day n — 1 thanh va k ngoi sao tng v6i mot xau nhi phan do dai
n+k—1v6i ksd 1. Do dé so cac diy n — 1 thanh ding va k ngoi sao chinh
14 s6 t6 hop chap k tit tap n+ k& — 1 phan ti. D6 1a diéu can ching minh. O

Vi du 1.5.5. Gia st ¢6 4 loai béng mau: Xanh, D6, Tim, Vang, vé6i s6 luong
moi loai khong han ché. Hai bo bong duge xem 13 khac nhau, néu c6 it nhat
mot mau véi s6 luong thude hai bo khac nhau.

Liéu c¢6 bao nhiéu céch chon ra cac bd 6 (qué béng) khac nhau?

Loi giai: Vi trong mdi bo sau c¢6 thé co cac qua bong ciing mau va khong
phan biét thi tu chon, nén s6 cach chon khac nhau bing s6 t6 hop lap chap
6 ctia 4 phan ti (tap hop béng ciing mau duge coi 1a mot phan ti) va duge
tinh bang cong thic:

9l

CE - 02+6—1 - @ -

84
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Chuong 2

UNG DUNG CUA LY THUYET
TO HOP TRONG DAI SO SO CAP

2.1 Baitoan 1

Bai toan 1. (IMO-197}) Véi moi s6 nguyén khong am n, ching minh
n
rang Y. C3it1.2%% khong chia hét cho 5.
k=0
Hudéng dan:
Dit = = v/8 diing khai trién nhi thic Newton dé bién déi:
(1+2)"=A+Bx (2.1)

n
Trong d6 B = 3 C3+1.2%% Tuong tu:
k=0

(1—x)*"*'= A — Bx (2.2)

Nhan vé theo vé (2.1) va (2.2) ta duge: 72"+!= 8B? — A?

Mit khac, 72" = £ 2 (mod 5).

Do vay, néu B 1a boi ctia 5 thi A2 = 42 (mod 5), diéu nay khong thé xay
ra.

2.2 Bai toan 2

Bai toan 2. (VMO 2001- bing A) Cho s6 nguyén n > 1. Xét hodn vi
(a1, as, ..., as,) cia2n so6 nguyén duong dau tién sao cho cdc so laj1 — a;| , i =
1,2,...,2n — 1, doi mot khdc nhau. Ching minh rang:

a1 —asy, =n<l1<agy. <n,Vek=1,2,...,n
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Ching minh. a) Diéu kien du:
Vil<ag <n,Vk=1,2,...,n nén:

2n—1
T= 5 laip—a|=a1—as+ag—as+ ...+ agm_1 — asy

i=1
2(a1 +as+ ...+ ag1) —2(as+ag+ ...+ azy) + asn — aq
2ln+ 1)+ n+2)+...+2n| —2(14+2+...4+n) +as, — a1

= 2n? + aon — G

(2.3)
Mat khac, dé thay 1 < a1 —a;| <2n—1,Vi=1,2,...,2n — 1. Va do
la;41 — a;| , doi mot khac nhau nén:

T=1+2+...+2n—1)=2n*—n (2.4)

Tir (2.3) va (2.4) ta duge: a1 — ag, = n.
b) Diéu kién can:
T cac gia thiét ta co:
2n—1
Ty = Z laip1 — ai| + ay — agp, = n(2n — 1) + n = 2n? (2.5)
i=1
Mat khac, sau khi khai trién dau gia tri tuyet doi 6 cac sé6 hang ctia T ta
2n
c6 thé viét Ty dudi dang: Ty = > d;a; , trong do6 §; € {—2;0; 2}, Vi =
=1
1,2.....2n.
Dé thay day: d1, 09, ..., 02, €O cac tinh chat:
i) 01+ 09+ ...+, =0

ii) Néu trong day ta xo6a di tat ca cac so6 0 va dong thoi gitt nguyén vi
tri clia cac s6 khac 0 thi sé nhan dude mot day ma & d6 cac s6.—2 va 2
xen ké nhau.

Ki hieu by, by, ..., b, (tuong ting t1,ts, ..., t,) lan lugt, theo thit tu xuat hién
trong hoan vi (ay,as, ..., a,), la cac s6 khong vuot qua n (tuong ting, vugt
quéa n) trong hoan vi ay.

T i) ta dugce:

2n n n n n
1=1 1=1 i=1 i=1 1=1
=2n* =T, (theo(2.5))
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Tit d6 suy ra ta phai c6 §; = 2 v6i moi ¢ ma a; > n va dong thoi d; = —2 v6i
moi ¢ ma

a; <n (2.6)
Do a; — as, = n nén as, < n. Suy ra 49, = —2
Vi thé, theo ii) ta c6 6y, = =2, Vk =1,2,...,n
Dovay,theo,taphéicé:1§a2k§n,Vk:1,2,...,n ]

2.3 Bai toan 3

Bai toan 3. (VMO 2002-bang B)

Cho tap S gom tat cd cdc sé6 nguyén trong doan [1;2002]. Goi T la tap hop
gom tat cd cdc tap con khong rong cia S. Vi moi tap X thuoe T, ki hiéu
i) |
o / \ d

day tong lay theo tat ca cac phan tu X thuoc T'. Hay tinh gid tri cia m.

m(X) la trung binh cong cia tat cd cic so thuoe X. Dat m =

Loi gidi:

Véi mdi k € {1,2,...,2002} dat my = > m(X) & day tong lay theo tat ca
cac tap hop X thuoe T ma | X| = k.

Xét s6 a bat ki thuoc tap S. Dé thay a c6 mit trong 05&)11 tap X thuoc T ma
| X| = k.

Suy ra: k.my = (1+2+ ... +2002).Cht = 1001.2003.C5501 . Do dé:

2002 2002 k-1
> m(X) =) my =1001.2003.) %
k=1 k=1
2002
2003 2003(22002 — 1)
= (57) X ot = "5
L X 2003
Dé thay: |T'| = 22092 — 1. Vi vay: m = (ZT;(‘ )) =—

2.4 Bai toan 4

Bai toan 4. Hay tim tat cd cic so6 nguyén duong n théa man dieu kién:

Cl = (2n)*, trong dé k la s6 cic wdc nguyén té cia CY,.
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Loi giai:
Gia st p 1a mot u6e nguyen t6 ciia C3 . Goi m la s6 mi clia p trong phan

tich chuan cua C4 . ta sé ching minh p™ < 2n.
2n

Gia st ngugc lai, p™ > 2n. Khi dé [—m} = 0. Suy ra:
p

(- BB B (2 )

(2.7)

V6i Vo € R ta c6: 2 |z| +2 > 2z > |2z| = [22] — 2. |z < 1.

Do do, tu suy ra m < m — 1. Mau thuan. Suy ra dpcm

Tir két qua vita chiing minh & trén ta duge O3, = 2n)* & k = 1 va
NN[l;n] 3k # j;

2.5 Bai toan 5

Bai toan 5. (VMO 2003- Bdang B)
Xét s6 nguyén n > 1. Nguoi ta muon to mau tat cd cic so tw nhién bdi hai
mau xanh, dé sao cho cdc dieu kién sau duge dong thoi théa man:

i/ Moi so duge to bdi 1 mau, va moi mau deu duge dé dung t6 vo so so.
i/ Tong ciia n s6 doi mot khdc nhau ciung mau la s6 cé cung mau do.

Hdéi ¢6 thé thuc hién duge phép to mau noi trén hay khong, néu:

1/ n = 20027
2/ n = 20037
Loi giai:

1/ Xét n = 2002, ta sé chiing minh rang cau tra 10i trong truong hop nay
la “khong”.
That vay: Giad st nguoc lai, ta c6 thé to tat ca cac sb6 tu nhién bing 2 mau
xanh, doé sao cho méi s6 dude t6 bsi mot mau, mdi mau déu duge dung de
t6 vo s6 s0, va tong cia 2002 s6 doi mot khac nhau cling mau 13 s6 ¢6 ciing
mau d6. Khi do6, do cé vo s6 s6 dude t6 béi mau xanh va cé vo s6 sd dude to
béi mau doé nén:
+ Ton tai s6 a; ma a; dude t6 béi mau xanh va s6 by = a; + 1 dude t6 béi
mau do.
+ Ton tai s6 by > b; ma by dude t6 béi mau do va s6 ay = by + 1 dudc t6 béi
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mau xanh.

+ Ton tai s6 az > as ma as dude t6 béi mau xanh va sé by = az + 1 dudce t6
bdi mau do.

+ Ton tai s6 by > bs ma by dudce t6 bdi mau ddé va s6 ay = by + 1 duce t6 bdi
mau xanh.

+ Ton tai s6 asggr > a2000 MA Agp; dude t6 bdi mau xanh va s

baoo1 = 2001 + 1 dude td6 béi mau do.
+ Ton tai sO baoo2 > bogor ma bogge dude to béi mau do va sO

a9002 = bagoe + 1 dugce td6 bdi mau xanh.
Tém lai, ton tai 2002 s6 a1, as, . . . , G001, 2002 d6i Mot khac nhau va 2002 s6
b1,ba, ..., bago1, bagoe doi mot khac nhau thoa man dong thoi cac dieu kien
sau:

(i) 2002 s6 aq,as, ..., a1, asgoz duge to6 bdi mau xanh; va 2002 s6
bl, bz, ey 62001, 62002 dugc to bdi mau do.

(ii) bop_1 = aop_1+1vaby =agp —1v6imoi k=1,2,...,1001

A

- Tt dieu kién (i) suy ra s6 a = aj +as + ... + aspo1 + az002 dude t6 bdi mau
xanh va s6 b = by + by + ... + bagor + baog2 dudc t6 bdi mau do.

- Tu diéu kien (ii) dé dang suy ra a = b. Do d6 a va b phai duge to clng
mau, mau thuan véi diéu vita nhan duge 6 trén. Tu dé suy ra dpem.

2/ V6i n = 2003, xét cach t6 mau sau: To tat ca cac sd chdn bdi mau xanh
va t0 tat ca cac s6 1é bi mau d6. Dé thay cach to mau vita néu thda man
tat ca cac yéu cau bai toan. Vay, trong truong hop nay, cau tra 1oi cho cau
hoi bai ra la “co”.

2.6 Bai toan 6

Bai toan 6. (VMO 2003 — Bing A)
Vdi moi s6 nguyén n > 1, ki hiéu S, la so cac hodn vi (ay,as, ..., a,) déu cé
tinh chat: 1 < |ay — k| <2 ,Vk=1,2,...,n.
Chitng minh rang: 1,75.5, 1 < S, < 2.5,_1.
Loi gidi:
Truée hét ta sé xay dung mot hé thic truy hoi cho S,,.
V6i moi s6 tur nhien n khac 0, ki hieu S,, 1a tap hop tat ca cac hoan vi
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A = (a,as,...,a,) théa man cac diéu kien clia dé bai.
Giad st n > 4. Xét hoan vi A = (a1, as, ..., a,, aye1) bat ki thude S,4q. Tu
cac gia thiét suy ra a,_1 = n + 1 hodic a, = n + 1.

e Truong hgp 1: a,_1 = n+1, khi dé phai ¢6 a,, = n—1 hoéc a,, = n— 2.
- Néu a, = n — 1 thi phai c6 a,+1 = n. Do d6 trong TH nay A c6 dang:

Ay = (ay,a9,...,a4p-2,n+1,n—1,n)

voi (ay, a9, ..., ay_2) € Sp_o.
- Néu a,, = n — 2 thi phai ¢6 a,.1 =n — 1 hodc a,.1 =n

+ Néu a,41 = n — 1 thi phai ¢6 a,—2 = n. Do d6 trong TH nay A c6
dang:

As = (ay,a9,...,ap_3,n+1,n—2n—1) vdi(as,as,...,a,-3) € Sp_3 (2.8)
+ Néu a,+1 = n thi A c6 dang:

A3= (al,aQ,...,an,g,n—l—1,n—2,n)

{al,ag,...,an_g}:{1,2,...,n}\ {n—2,n} (29)
e Truong hop 2: a,, = n+ 1. Khi d6 ta ¢6: a, + 1 =n hodc a, 1 =n—1
- Néu a,1 = n thi A c¢6 dang:

Ay = (CLl, as,...,Qp—-1,N + l,n) vl (al, as, ... ,an_l) € S,-1 (210)
- Néu a,.1 =n — 1 thi A c6 dang:

As = (a1, a9, ..., ap_1,n+1,n—1) vdi {ai,as,...,a,1} ={1,2,...,n}\ {n—1}
(2.11)

Tu — suy ra phép dit tuong tng f :

f : Al € Sn—l—l = (@1,@2, c -7an—2) € Sn—2

fi1As€ Sy = (ar, a9, ... ,a,-3) € Sy_3
f:As€ S, (a1,a9,...,ap9,n,n—2) €S,
frAL€ S = (ar1,a9,...,an-1) € Syt

f : A5 € STH—l = (a17a27"'7an—17n_ 1) € Sn

Xac 1lap mot don anh: f: S, — S, US, 1US, 2US, 3

Dé thay B §é f( n+1) & B = (bl,bg,...,bnfl,n — 2) €S, voi b,_1 75 n
& B = (bl,bg,...,bn_4,n— 1,71,71—3,71—2) € S, vii (bl,bg,...,bn_4) c
Sh_4.
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- T d6 suy ra f 1a mot song anh tir S, dén

(SpUS1US,2US, 3)\(Sp—gz{(n—1,n,n—3,n—2)})

Vi thé:
Spi1 =8, +S, 1+ S92+ S,3— 54, Vn >4 (2.12)

Suy ra:
Sn—i—l — Sn = Sn—l + Sn_2 + Sn_g — Sn_4, Vn >4 (2.13)

Do doé:
Sn+2 — Sn—H =S,+S,-1+ 5,9 — Sn_g, Vn >4 (2.14)

- Lay (2.14) — (2.13)) vé theo vé, ta c6: Spio—2.5p41 = Sp_y—2.5,_3, Vn > 4
Hay:

Sn — 2.Sn_1 = Sn_(; — 2.Sn_5 , Vn > 6 (2.15)
- Dé ching minh: S,,_5 > S,,_¢, Yn > 6

Vi thé tit ta co:

Sy, <2.5,-1, Vn>6 (2.16)
Hon nita, tit (2.12) ta co:
Sn > Snfl + San + SnfS ’ Vn > 5 (217)

Tﬁfva suy ra Vn > 8 ta co:
S, > Snfl—F(Snfl/Q)—l—(Snfg/Q) > Snfl—F(Snfl/Q)—l—(Snfl/ﬁl) =1, 75.5,_1

Bang cach dém tryc tiép, ta duge: S; = 0; 55 = 1; S35 = 2: S, = 4. T do,
dva V%Lo ta tinh dugc: S5 = 6; S = 13; 57 = 24; Sy = 45. Cac két qua
nay cho thay S; > 1,75.55 va Sg > 1, 75.57.

Vi thé, ta c¢6: S, > 1,75.5,_1, Vn > 6

Vay t6m lai: 1,75.5, 1 < S, < 2.8, 1, ¥n > 6

2.7 Baitoan 7

Bai toan 7. (VMO 2009):

Cho s6 nguyén duong n. Ki hieu T la tap hop gom 2n s6 nguyén duong dau
tién. Héi c6 tat cd bao nhiéu tap con S ciia T c6 tinh chat trong S khong ton
tai cic s6 a,b ma |a — bl € {1;n}?
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(Luu y: Tap rong dugc coi 1a tap con c6 tinh chat néu trén)
Loi giai:

V6i moi n € N, ki hieu d,, 14 s6 can tim theo yéu cau ctia dé bai. Xét bang
o vuong kich thude 2 x n. Dién vio cac 6 vudng con clia bang, lan lugt tu
trén xuoéng dudi, tir trai qua phai, cac s6 tit 1 dén 2n.

1 2 | m—11n
n+1[n+2]...]2n—1|2n
Bang 1

Goi 0 thit n ctia hang 1 va 6 thit 1 ctia hang 2 1a hai 6 dac biét. Khi do, hai
s6 a,b € T thoa man |a — b| € {1;n} khi va chi khi ching ndm ¢ hai 6 ké
nhau hoac ¢ hai 6 dac biét.
Vi thé, d,, chinh bang s6 cach chon 1 s6 6 clia bang (ké ca s6 6 ducc chon
bang 0) ma 6 mdi cach khong ¢6 2 6 ké nhau hodc 2 6 dic bigt duge chon.
V6i moi n € N, ki hiéu:
+ k, 1& s6 cach chon ma & méi cach khong c6 2 6 ké nhau dude chon.
+ s, 1a s6 cach chon ma trong cac 6 duge chon & mdi cach c6 2 6 dac
biet va khong c6 2 6 ké nhau.

Ta c6: d,, = k,, — s,
e Tinh k,:
Dé thay, tat ca cac cach chon 6 théa man diéu kién (*) bao gom:

+ k,.1 cach chon ma 6 moi cach khong ¢6 6 nao thudc cot tha lcua
bang dugc chon.

+ 2.t,_1 cach chon ma & mdi cach déu c6 6 thuodc cot thi lctia bang
duge chon; trong d6 ¢, 1a s6 cach chon 6 thoa man diéu kien (*) tir bang
khuyét don 2 x n (Béng 2)

Xoba
T

Bang 2

Do do,
k, =kp_1+2.t,-1 (2.18)

Lai ¢6, tat ca cac cach chon 6 thoa man diéu kien (*) tut bang khuyét don
2 X n bao gom:
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+ k,_1 cach chon ma & mdi 6 danh dau “4” khong dugce chon.
+ t,,_1 cach chon ma & méi 6 danh dau “x” déu duge chon.
Vi thé, ¢, = k1 +t,_1.

Tit d6 va (2.18)) suy ra:

k, = k,_1+ 2.(]6”*2 -+ tnf2> =2k,_1+ kp_o, VYn>3 (2.19)
Bang cach dém truec tiép, ta co:
k=3 vaks =T (2.20)

He thtic truy hoi (2.18) c¢6 PT dic trung: 22 — 20 —1 =10
Suy ra:

k= Ci(1+V2)" + Co(1 —V2)" , Yn>1 (2.21)
1 2 1—+v2
Theo ([2.20)) ta tim duge: C = +2\/_ c Oy = 2\/—
n+l n+1
1 2 1 -2
Vay:kz( +\/_) ;—( \/_)
e Tinh S,:

Dé thay, s; = 0,50 = s3 = 1 va v6i n > 4 ta c6: s, = h,_o, trong d6 h,, 1a
s6 cach chon 0 thoa man dicu kien (*) tit bang khuyét kép 2 x n (Béng 3)
A Xoa
Xba 6 B
Bang 3

0

Do s3 = 1, dit hy = 1. Bang cach dém tryc tiép, ta c6 hy = 4.
Xét n > 3, dé thay, tat ca cac cach chon 6 thoa man dieu kien (*) tit bang
khuyét kép 2 X n bao gom:

+ ky_o cach chon ma & mdi cach cd 2 6 A va B déu khong dude chon;

+ 2.t,_o cach chon ma 6 mdi cach c¢6 ding 1 trong 2 6 A va B dudgc
chon;

+ h,,_o cach chon ma & moéi cach cd 2 6 A va B cung duge chon;

Do do:
h, =k, o+2t, o+ h,o=k,_1+h,—o ,Vn>3 (2.22)

Tit v suy ra: 2., — ky = 2.hy0 — ko ,¥n >3

Dén t6i: 2.hy, — ky = (=1) ,¥n > 1
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. kjni _1 n—2
Vi thé: s, = h,,—9 = 2+§ ) ,Vn >3
2.k — kpo+ (—1)"°
Vay: di = 3,dy, =6 va d, = 22+( ) , Vn > 3 (k, tinh theo

2-22))
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Chuong 3

UNG DUNG CUA LY THUYET
TO HOP TRONG HINH HOC

3.1 Baitoan 1

Bai toan 8. (IMO-1964): Cho 5 diém trong mot mdt phang sao cho trong
s6 tat cd nhitng duong thang noi hai diém bat ki, khong c¢é hai duong thing
nao trung nhau. Qua moi diém, vé cic duong thang vuong géc vdi cic duong
thing zdc dinh hai trong so 4 diém con lai. Hay xdc dinh sé ldn nhat cdc giao
diém ma nhing duong vuong géc nay cé thé giao nhau.

Hudéng dan:
Goi 5 diém thoa man yéu cau ctia dé toan 1a A, B, C, D, E. Xét ¢6 dinh mot
diém, thé thi 4 diém con lai sé cho ta 6 duong thing. Do d6 c6 ca thay 6
dusng vuong goc di qua diém c6 dinh dé. Nhu thé, tong cong c6 30 dusng
thang vuong goc.

Tinh nom na, ¢ hai duong thi cit nhau tai mot diém, do vay nhiéu 1&m
30.29

la c6 ca thay C3) = —5 = 435 giao diém.

Thé nhung, lai c6 mot sb giao diém trung nhau.

C6 ba nhém diém trung nhau.

Dau tién, 6 duong thang qua A (chang han) giao nhau tai mot diém (d6
la diém A), trong khi tinh theo kiéu trén 1a C3 = 7 = 15 giao diéem. Nhu
vay ta mat di 5.14 = 70 diém.

Tiép dén, cac duong thing qua C, D vi E ciing vuong géc véi AB sé
song song véi nhau, diéu nay loai thém 3 giao diém. Nhu thé ta mat thém

5.4.3 .
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Thit ba, dudng thang qua A vuong géc véi BC 1a dusng cao trong AABC;
ciing thé véi duong thing qua B vuong goc véi AC, duong thang qua C vuong
goc v6i AB, ching dong quy tai tryc tam cia AABC. Véi AABC nay ta
phai loai di 2 giao diém. Nhu thé phai loai them tat cad C2 x 2 = 10.2 = 20
giao diém.

R0 rang, cic giao diém tring 1ap noi trén déu phan biét nhau (do ba mién
diém vita xét rdi nhau), do vay, gia tri 16n nhat c6 thé ¢ clia sd cac giao
diém 1a 435 — 120 = 315,

Bai toan dén day van chua thuc sy duge gidi quyét néu ching ta khong
chi ra duge mot trat tu dac biet vé cach sip xép 5 diém da cho sao cho s6
giao diém thuc su 1a 315, nghia 1a cach sip xép cac diém dé bao dam duge
rang khong con mot giao diém triing lip ndo ngoai cac tring lap ké tren.

3.2 DBai toan 2

Bai toan 9. (IMO-1969): Cho n diém trong mdt phdng, vdi n > 4,
trong s6 do khong c¢é 3 diém nao thang hang. Ching minh rang cé it nhat
(n—3)(n—4)
2
Huéng dan:
Trudc tien, ta xét 5 diém bat ki, khong c6 3 diém nao thang hang. Ta vach

tt gidc 107 tao thanh cé dinh ndm trong so n diém do.

mot bao 16i tit 5 diém d6. Néu bao 16i nay c6 hon 3 diém thi hién nhién c6 it
nhat mot ti giac 16i. Néu chi gom 3 diém, chang han A, B, C, thi hai diém
D, E, con lai a4t phai nam trong AABC. Khi d6, c¢6 hai dinh cia AABC
nim ciing phia déi véi duong thang DE, va ciing v6i D, E, hai dinh d6 tao
thanh mot t1t gidc 16i. Nhu vay, ménh dé can chiing minh ding véi n = 5 (dé
_(6-3)(5-4)
¥ 5 =1).

Xét n diém v6i n > 5. Vi khong c6 3 diém nao thing hang nén sé tat ca

cac cach chon n diém nhu trén la:

5 nn—1)(n—2)(n—3)(n—4)
Cn = 120

Mbi cach chon nay cho ta it nhat 1 ti gidc 16i; tuy nhién, bat ki ti giac
16i nao trong s6 do ciing c6 thé dude lap tit (n — 4) tap hop khac nhau gom
5 diém noéi tren, do vay, co it nhat s6 tat cd cac ti giac 16i duge thanh lap
tit n diem da cho.
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Dé két thic chiing minh, ta sé chiing té ring:

n(n—1)(n —2)(n — 3) S (n—3)(n—4)

>
120 = 2 ;Y25

. Diéu phai chiing minh nay tuong duong vdi:
nn—1)(n—-2)>60(n—4) < nn—1)(n—2)—-60n—4) >0

Dé dang thay ring cac s6 n = 5 va n = 6 la nghiém cta phuong trinh
n(n —1)(n —2) — 60(n —4) = 0, do d6 ta c6 thé phan tich thanh nhan ti
nhu sau: n(n —1)(n —2) — 60(n —4) = (n — 5)(n — 6)(n + 8).

V6i moi n nguyén duong va n > 5, lap bang xét dau, dé thiay dau ctia
biéu thic (n — 5)(n — 6)(n + 8) ciing 1a dau cta (n — 5)(n — 6), tit d6 ta
duge (n —5)(n —6) = 0 khi n = 5,6; (n —5)(n —6) > 0 khi n > 6, suy ra
diéu phai ching minh

3.3 Bai toan 3

Bai toan 10. (VMO 2001 — Bang B): Cho bang 6 vuong kich thudc 2000
x 2001 (hang x cot). Hay tim s6 duong k 16n nhdt sao cho ta cé thé to mau
k 0 vuong con cia bdang théa mdn diéu kién: hai 6 vuong con nao dugc to
mau cung khong co dinh chung.

Loi giai:

Qui ude: Thit tu clia cac hang dude tinh tir trén xudng dudi va thi tu clia
cac cot duge tinh tir trai qua phai. Ki hieu (4; j) 13 6 vudng nam & giao hang
thit ¢ va cot thtt j. Ki hieu k(T 1a s6 6 duge t6 mau & cach t6 mau 7'

Xét mot cach t6 mau T' thoa man diéu kién dé bai. Dé thay néu o (7; )
duge t6 mau (1 <4 < 1999) thi 6 (i + 1;4) va cac 0 ké v6i nd trong clng
hang déu khong dudce t6 mau. Diéu nay cho phép ta thuc hien phép bién déi
sau doi v6i T: Xoa mau & tat cd cic 0 (¢;7) ma i = 1 (mod 2) va dong thoi
t0 mau céc o (i + 1;7).

R6 rang sau khi thuc hién phép bién ddi néi trén véi T, ta sé dude mot
cach t6 mau théa man diéu kién dé bai va:

+k(T") = k(T)

+ Tét ca cdc 6 nim & cac hang tht 2i—1; i =1,2,3...,103, déu khong
cO mau.
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Tt diéu kién ctia dé suy ra s6 6 duge to6 mau trong mot hang khong vuot
qua 1001. Do d6, k(T") < 1001.10°

Vi vay: k(T) < 1001.10%, v6i moi cach t6 mau T théa man dicu kien
de bai. Xét cach t6 mau sau: To mau tat ca cac o (2i;25 — 1), véi @ =
1,2,3...,10% j=1,2,..., 1001.

Dé thiy, cach to mau vita néu thoa man diéu kien dé bai va c6 s6 6 dugce to
mau bang 1001.103.

Vay, s6 nguyen duong k 16n nhat can tim 1a k = 1001.103

3.4 DBai toan 4

Bai toan 11. (IMO-1979): Cho hinh lang tru cé ddy trén va ddy dudi la
cac ngt gidc A1 AsA3AyAs va B1ByBsByBs. Moi canh cia hai ngt gidc nay
cting nhu moi canh trong 25 canh A;B;(i,j = 1,...,5) déu dugc to mau do
hodc xanh. Biét rang bat ky tam gidc nao tao thanh tu 3 dinh cia ling tru
ma cd 3 canh déw duge to mau thi phdi cé 2 canh c6 mau khdc nhau. Chitng
minh rang tat ca 10 canh cia 2 ngi gidc (6 day trén va ddy dudi) déu cé
cung mot mau.

Huéng dan:

* Trudc tién, ta ching minh rang tat cd 5 canh clia ngii gidc A; As Az A4 As
déu c6 cling mau.

That vay, gia st diéu nguoc lai xay ra, khi d6, ton tai hai canh, chang han
A1 Ay, A1 As, c6 mau khac nhau. Ta xét 5 canh A;B;,5 = 1,2,...,5. Vi chi
c6 2 mau xanh va dé nén it nhat trong ching cé 3 canh cling mau, ta gia st
3 canh nay cuing mau xanh, va A; Ay cling ¢6 mau xanh. Gia sit d6 1a 3 canh
A1B;, A1Bj, A1 By,. Lac d6, xét cac tam giac A1 AsB;, AyAsB;, A1Ay By, ta
c6 3 canh Ay B;, A2 Bj, A2 By, phai cing mau dé. Hai trong 3 dinh B;, B;, By,
phéi ké nhau, néu hai dinh nay tao thanh canh son mau dé thi cling véi As,
ta dude tam gidc c6 ca ba canh cting mau do, con néu 2 dinh dé tao thanh
canh son mau xanh thi ching sé cing v6i A; tao thanh tam giac c6 ca 3 canh
mau xanh diéu ndy mau thuan véi gid thiét ban dau.

Nhu vay, tat cd 5 canh clia ngil gidc A1 As A3 A4 A5 déu c6 ciing mau.

e Tuong tu nhu trén, ta ciing chiing minh dudc tat cid 5 canh clia ngil
giac B1ByB3ByBs ciing dé c6 cing mau.

e Van de con lai la chting minh mau cac canh ctia hai ngti giac trén giong
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nhau. Gia st nguge lai, chang han, 5 canh ctia ngii gidc A; A Az A A5
¢6 mau xanh va 5 canh ctia ngt gidc B1ByB3B,yB5 ¢6 mau do. Ro rang
3 trong 5 canh A;B;,7 = 1,2,...,5, phai c6 cung mau. Gid st do6 la
mau dé, thé thi li luan nhu trén, 2 trong 3 dinh B; d6 phai 1& hai dinh
ké nhau, tit d6, hai dinh nay tao véi A; thanh tam giac c¢6 ci 3 canh
mau dé, mau thuan! Nhu thé, 3 trong 5 canh A1 B;,i = 1,2,...,5, phai
¢6 cung mau xanh.

Li luan hoan toan tuong ty, 3 trong 5 canh A;B;,7 = 1,2,...,5, phai co6
cling mau xanh.

Trong s6 3 canh Ay B; (tap hop 1) va 3 canh Ay B; (tap hgp 2) vira chi ra
4 trén, chiac chan phai c6 cing mot By, ndo d6 chung 6 2 tap hop 1 va 2. Khi
dé, By nay sé tao v6i Ay va Ay thanh mot tam giac ¢6 cad 3 canh mau xanh,
diéu nay mau thuin véi gid thiét ban dau.

Ta c6 diéu phai chiing minh.

3.5 Bai toan 5

Bai toan 12. (IMO-1972): Cho n la so tu nhién I6n hon 4, ching minh
rang moi ti gide noi tiép déu cé thé dude phan chia lam n ti gidc noi tiép.

Hudéng dan: Truée hét, ta nhan xét rang t1i giac noi tiép ABCD luon luon
c6 thé dugce phan chia thanh 4 ti giac noi tiép. That vay, ta lay P tity ¥ bén
trong tit giac ABCD, goi K 13 mot diém trén canh AB. N6i PK. Tiép dén, ta
lay trén canh BC mot diém L sao cho KPL = 180" — E(diéu nay ching to ti
giac KPLB noi tiép). Ta lai lay diem M trén CD sao cho LPM = 180° — 6’;
sau d6, 1ay N tren AD sao cho MPN = 180° — D. Liic d6, d& dang chimg
minh dudc ring NPEK = 180° — A.

Tuy nhién, ta con phai ching minh rang cac diém P, L, M lay nhu trén
théa man y dinh clia ching ta, nghia 1a n6é phai nam trén cic canh nhu ta
da néi. Diéu nay tuy thuodc vao cach lay cac diem K va P ma phan trinh bay
sau day sé ro.

RO rang 1a, néu t giac noi tiép ABCD c6 hai canh song song véi nhau
(AB // CD) thi bai todn xem nhu dugc gidi quyét, bdi vi lac d6, ta c¢6 thé
chia nho tt giac ABCD thanh n tuy y t gidc (cting noi tiép) bang n dudng
thang song song AB // CD. Vi vay, bai toan sé dudc gidi xong néu ta chon
cac diem K va P thé nao cho mot tit gidc noi tiép mdéi thanh lap c6 hai canh
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song song nhau. Diéu nay thi dé, bdéi K tuy ¥, do do6, ta lay PK // AD, lac
nay chic chin PL // CD vi: K PL = 180° — B = D.

Van dé con lai 1a xem xét sao cho cac diem K, L, M, N tuong tng nam
trén cac canh AB, BC, CD, AD.

Trude hét, xét K va L. K khong thé nam trén AD vi ta c6 PK // AD.
Nhu thé, chi can lay P di gan diém D thi K sé nam trén canh AB (tranh
tinh trang duong PK cat BC). Tuong tu nhu thé, ta ciing lay P du gan D
dé dam bao cho L nim trén canh BC. Lic dé, ta gid st ca M 1an N déu nam
trén AD, thé thi bang cich git cho K ¢6 dinh, ta kéo P tién vé gan sat véi
CD, N sé dich chuyén len CD, dé lai M nam trén AD.

Bai toan da dugc chiing minh
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Chuong 4

UNG DUNG NGUYEN LY
DIRICHLET

Nguyeén 1y Dirichlet ¢6 rat nhiéu ng dung: sit dung né, ta cé thé ching
minh duge nhiéu két qua sau sic clia toan hoc. Chinh vi vay, tai cac cudc thi
hoc sinh gidi toan (qubc gia va qudc t€), nguyen 1y Dirichlet thudng xuyén
dugce khai thac. Dé minh hoa, duéi day ta xét mot sd bai toan cu thé

4.1 Baitoan 1

Bai toan 13.  Trong mdt phing cho sdau diém, trong dé khong co ba diém
nao tho“zng hang. Moi doan thc”zng noi tung cdip diéem duoc boi mau dé hodc
zanh. Chiing minh rang ton tai ba diém trong so siu diém da cho, sao cho
ching la ba dinh cia mot tam gidc ma cdac canh ciua no dugc boi cung mot
mau.

Loi gidi: Xét A 1a mot trong s6 sau diem da cho. Khi d6 xét 5 doan
thang (mdi doan thang ndi diém A vé6i 5 diém con lai). Vi mdi doan thang
dugc boi chi mau dé hosic xanh, nén theo nguyen 1y Dirichlet ¢6 it nhat 3
trong 5 doan néi trén cuing mau. Gia sit 1a cac doan ABy, ABy, AB3, va ¢6
thé cho ring chiing cting mau xanh. Chi c6 hai kha nang sau xay ra:

1. Néu it nhat mot trong ba doan B Bs, By Bs, B3B; mau xanh thi ton
tal mot tam gidc véi ba canh mau xanh va két luan ctia bai toan dung
trong truong hgp nay.

2. Néu khong phai nhu vay, tic 1a BBy, BoBs, B3B; mau dé, thi ba
diém phai tim 1& By, By, B3, vi B1ByBs 1a tam giac v6i ba canh do
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Es

Es

Hinh 4.1: Bang minh hoa cho 6 diém

4.2 Bai toan 2

Bai toan 14. Trén mdt phang cho 25 diém. Biét rang trong 3 diém bat ki
trong s6 do luon luon ton tai hai diém cich nhau nhé hon 1. Ching minh
rang: Ton tai hinh tron ban kinh 1 chita khong it hon 13 diém da cho.

Loi giai:
Lay A 1a mot trong s6 25 diém da cho. Xét hinh tron 2;(4;1) tam A, ban
kinh 1. Chi c¢6 hai kha nang sau c6 thé xay ra:

1. Néu tat ca cac diém da cho ndm trong ; thi két luan ctia bai toan
hién nhién dang.

2. Ton tai diem B # A (B thuoc trong s6 25 diém da cho), sao cho
B%Ql,ViB¢Ql,nénAB>1.

Xét hinh tron Qy(B;1) tam B, ban kinh 1. Lay C I3 diém bat ki trong
s6 25 diém da cho sao cho C' # A, C' # B. Theo gia thiét (va dua vao
AB > 1), nén min{CA,CB} < 1. Vi thé C' € O hodc C € Q.

Diéu khing dinh nay chiing té rang cac hinh tron € va 0y chia tat ca
25 diém da cho. Vi thé theo nguyén 1i Dirichlet, it nhat mot trong hai
hinh tron néi trén chua khong it hon 13 diem da cho.
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Chu y

Bai toan tong quat Cho 2n + 1 diém trén mit phing (n > 3). Biét ring
trong 3 diem bat ki trong s6 dé luon ton tai hai diem cach nhau nhé hon 1.
Khi dé, ton tai hinh tron ban kinh 1 chita khong it hon n + 1 diém da cho.

4.3 Bai toan 3

Bai toan 15. Cho mét bang kich thudc 2n x 2n 6 vuong. Nqguoi ta danh dau
vao 3n 0 bat ki ciia bing. Ching minh ring cé thé chon ra n hang va n cot
ctia bdng sao cho cic 6 duge danh dau déu nam trén n hang va n cot nay.

Loi gidi:
Chon ra n hang c6 chita s6 6 duge danh dau nhiéu trén cac hang d6 nhat.
Ta ching minh rang cac 6 dudge danh dau con lai nho hon hodc bang n.
Gia st trai lai khong phai nhu vay, tic 1a s6 6 dudge danh dau 16n hon hoac
bing n + 1. S6 cac hang con lai chua chon 14 n. Vay theo nguyeén 1i Dirichlet
sé ¢6 1t nhat mot hang (trong s6 n hang con lai) chita it nhat hai 6 da danh
dau.

X

Chu ¥ rang theo cach chon thi n hang da chon cé chita s6 6 dude danh dau
nhiéu trén cac hang d6 nhat. Cé mot hang con lai chua chon c6 it nhat hai
0 danh dau, nén suy ra moi hang trong sdé n hang da chon déu c6 it nhat hai
0 dugc chon, tic la trén n hang da chon c6 khéng it hon 2n 6 da duge danh
dau.

Nhu vay, s6 6 duge danh dau 16n hon hoac bang 2n+ (n+1) > 3n. D6 1a
dieu vo 1i (vi chi c6 3n 6 duge danh dau). Vay nhan xét dugce chiing minh.

Nhu vay, sau khi da chon ta n hang (v6i cach chon nhu trén), theo nhan
xét con lai c6 khong qua n 6 dude danh dau. Vi thé cung lam 1a c6 n cot
chita chiing. Vi 18 do sé khong thay con 6 danh dau ndo nam ngoai cac hang
hay cot duge chon.
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4.4 Bai toan 4

Bai toan 16. Trong mdat phdng, cho tap hop A gom n diém (n > 2). Mot
s6 cap diém dudc noi vdi nhau bang doan thd?ng. Chatng minh rang tap hop A
da cho, co it nhat hai diém duoc noi vdi cung so luong cic diém khac thudce
A.

Loi giai:
Gid st a € A. Ta ki hieu S(a) 1a s6 lugng cac diém ctia A ndi v6i a thanh
doan thing, ta co:

S(a) = 2,S(b) = 3,5(c) = 1, 5(d) = 2, S(e) = 2

Bai toan trd thanh: Ching minh rang ton tai aj,as € A (a1 # az), ma

e

a /\ d

-

Hinh 4.2: Bang minh hoa cho 5 diém
S(ay) = S(az). Ro rang véi moi a € A ta co:
0<S(a)<n-—1 (4.1)
Mit khéc, dé thay khong ton tai hai diém @ € A, b € A ma:
S@=n-1, Sb)=0 (4.2)

That vay, néu c6 (4.2), thi tit S(@) = n — 1, suy ra @ ndi véi tit ca n — 1
diém con lai, n6i rieng @ phai n6i véi b. Dieu dé c6 nghia la S(b) > 1, va dan
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dén mau thudn véi 4.2 (vi S(b) = 0).
Goi S 1a tap hgp céac gia tri ma dai lugng S(a) nhan, a € A, tic la:

S ={m|lm = S5(a), a € A}

Nhu vay, tit (4.1)) suy ra tap S 6 téi da n gia tri. Tuy nhien, tit (4.2) suy ra
(n — 1) va 0 khong dong thoi thuoce S, vi thé tap S t6i da nhan (n — 1) gia
tri. Theo nguyén 1i Dirichlet suy ra ton tai it nhat ay,as € A (a1 # as), ma

S(al) = S(ag).

4.5 Bai toan 5

Bai toan 17. Chitng minh rang trong moi khoi da dién 1o ton tai it nhat
hai mdt cé cung so canh.

Loi giai:

Ki hieu M 1a s6 méat c6 s6 canh 16n nhat ctia khéi da dien. Gia st mat M
c6 k canh. Khi d6 vi c¢6 k mat c¢6 canh chung véi M, nén da dién c6 it nhat
k+1 mat. Vila mit c¢6 s6 canh nhiéu nhat bang &k, nén moi mat cia da dién
¢6 s6 canh nhan mot trong cac gia tri {3,4,...,k}.

Da dién c6 it nhat k& + 1 mat, ma moi mat sé6 canh ciia n6 nhan mot trong
hai gi4 tri. Vi thé theo nguyén li Dirichlet suy ra c6 it nhat hai mat ctia da
dién c6 cuing s6 canh.

4.6 Bai toan 6

Bai toan 18. Mot hinh lap phuong cé canh bang 15 chita 11000 diém. Ching
minh rdng cé mot hinh cau ban kinh 1 chia it nhat 6 diém trong sé6 11000
diém da cho.

Loi giai:

Chia mdi canh ctia hinh lap phuong thanh 13 phan bang nhau. Nhu thé,
hinh lap phuong da cho dugc chia thanh 13% = 2197 hinh lap phuong nhé.
Do 111000 > 5.2197 = 10985, nén ton tai it nhat mot hinh lap phuong nho,
ma hinh lap phuong nay chia it nhat 6 diém. Nhu da biét, néu goi canh
ctia hinh lap phuong nay 1a a, thi hinh cau ngoai tiép c6 ban kinh 1a R, véi
R = %.a\/g. Vi thé, hinh cau ngoai tiép hinh lap phuong nhé (canh ctia né
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15
13

115 / 225 /67
=1
T 2713 V3= 16 169 \/—
Hinh cau nay di nhién chita it nhat 6 diém trong s6 11000 diem da cho.

4.7 Bai toan 7

Bai toan 19. Bén trong duong tron ban kinh n dat 4n doan thang cé do dai
1. Chitng manh ring cé thé ké mot duong thang song song hodc vuong géc vdi
duong thang | cho trudc va cdt it nhat 2 doan thang da cho.

Loi giai: Gia st [; 1a duong thang bat ki vuong goc véi . Ki hieu do dai
cac hinh chiéu ctia doan thing tht 7 1én cac duong thing [ va l; 1a a; va b;
tuong tng. Béi do dai mdi doan thang bing 1 nén a; + b; > 1. Do dé:

(@ 4+as+...+agm)+ (b1 +by+ ...+ by,) > 4n
Khong mat tinh tong quat, gia st
(a1+a2+...+a4n) > (b1+bg+...+b4n)

Khi d6é a; +as+. ..+ as, > 2n. Tat ca cac doan thang da cho déu dugc chiéu
xubng doan théng c6 do dai 2n, béi vi ching déu nam trong dudng tron ban
kinh n. Néu nhu cac hinh chiéu ctia cac doan thing da cho lén duong thing
[ khong c6 diem chung, thi sé c6 bat dang thic a; + as + ... + as, < 2n.
Do dé6 trén [ phai c6 bi cac diém ctia it nhat hai trong sé cac doan thing da
cho chiéu lén né. Dudng vuong goéc véi [ tai diem dé sé cit it nhat hai doan
thang da cho.

4.8 Bai toan 8
Bai toan 20. Ching minh rang trong moi da gidc loi vdi s6 canh chdn, ton
tar duong chéo khong song song vdi mot canh nao cua da gidc.

Loi giai:

Ta biét rang néu mot da gidc c6 n canh, thi co duong chéo.

n(n — 3)
2
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Xét mot da gidc 161 bat ki véi s6 canh 1a chén (da gidc 16i 2k canh k > 2).
, 2k(k —3
Khi d6 s6 duong chéo cua no la: s = %
Ta c¢6: s = k(2k — 3) = 2k(k — 2) + k, hay suy ra:

s> (k—2).2k (4.3)

Gia st trai lai da giac nay cé tinh chat: Mdi duong chéo ctia né déu song
song v6i mot canh ndo d6 clia da giac. Da giac nay c6 2k canh, vi thé tu
suy ra ton tai it nhat £”1 duong chéo dy, do, ..., dj_1 ma cac duong chéo
nay cung song song v6i mot canh a nao dé ctia tam gidc da cho (that vay,
néu ngudc lai moi canh tdi da 1a song song k — 2 duong chéo, thé thi ti da
ta chi ¢6 (k — 2)2k dudng chéo va s > (k — 2) .2k. Diéu nay mau thuan véi
E3).

Nhu thé ta c6 k duong thing song song véi nhau di, ds, ..., dj_1, a.

Chi ¥ ring do da giac 1a 161, nén cac duong chéo di, ds, ..., dj_1 cling ndm
tréen mot nita mat phang bo xac dinh canh a.

Khong giam tinh tong quét c6 thé cho d; la dudng chéo xa nhat doéi véi
a. (vi néu khong thi danh s6 lai cac duong chéo trén). Ta co tat ca k doan
thang phan biét, nén moi dinh clia da giac déu 1 dau mut ciia mot doan nao
d6 trong s6 k doan treén.

T do6 suy ra toan bo da gidc ndm hin vé mot nita mat phing xac dinh
bdi di. Do d; 1a duong chéo, nén dieu nay mau thuan vdéi tinh 16i ctia da giac.
Vay gia thiét phan ching 13 sai.

4.9 Bai toan 9

Bai toan 21. Ching minh rang trong moi khoi da dién loi ton tai it nhat
hai mdt cé cung so canh.

Loi gidi:

Ki hieu M 1a mat c6 s6 canh 16n nhat ctia khéi da dién. Gia st mat M
c6 k canh. Khi d6, vi c¢6 k mit c6 canh chung véi M, nén da dién c6 it nhat
kE + 1 mat. Vi M 1a mat c6 s6 canh 16n nhat bang k, nén moi mit cia da
dién ¢6 s6 canh nhan mot trong cac gia tri {3,4, ..., k}. Da dién ¢6 it nhat
k + 1 mat, sd canh ctia n6 nhan mot trong k& — 2 gia tri. Vi thé theo nguyén
Ii Dirichlet suy ra c6 it nhat hai mat ctia da dién c6 cling s6 canh.
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4.10 Bai toan 10

Bai toan 22. Moéi diém trong mat phang dude boi mot trong hai mau zanh
hodc do. Ching minh rang ta luon tao ra dugc mot hinh ch@ nhat cé bon dinh
cung mau.

Loi giai:

Vé ba dudng thang song song Aq, As, Az, (A1 || Ay || Asz). Lay trén Ay
bat ki bay diém. Vi mdi diém chi duge boi mot trong hai mau xanh hoic
do, nén theo nguyen li Dirichlet trén A; luon ton tai bén diém ciing mau.
Khong giam tinh tong quat c6 thé cho dé 1a cac diem Py, P, Ps, Py (va ciing
mau do).

Goi 1, @2, @3, @4, 1a hinh chiéu vuong goc ctia Py, P, P3, P; xudéng As
va Ri, R, R3, Ry 1a hinh chiéu cua Py, Py, P3, Py xudéng chi c¢6 cac kha nang
sau xay ra:

1. Néu ton tai hai trong s6 bén diém Qq, Qs, Q3, Q4, mau dé (gid st
Qi, Q;). Khi d6 P, P;(),;Q; 1a hinh chi nhat ¢6 bon dinh cing mau dé.

3. Néu ton tai hai trong s6 bén diem R;, Ry, R3, Ry mau dé (gia st
R;, R;). Khi d6 P,P;R;R; 1a hinh ch@ nhat c6 bén dinh cting mau dé.

4. Bén diém Q;, Qa, Q3, Q4 va bon diém Ry, R, R3, Ry trong d6 tbi da
chi c6 mot diém dé. Khi dé ré rang theo nguyeén i Dirichlet ton tai i, j
ma QZ‘, Qj, RZ‘, Rj Cﬁng xanh.

Vay Q;Q;R;R; 1a hinh chit nhat c6 bon dinh cting xanh.

4.11 Bai toan 11

Bai toan 23. (Putnam 1993) Cho mot diy so gom 19 s6 nguyén duong
khong vugt qud 93 va mot day s6 gom 93 so nguyén duong khong vuot qud
19. Chiing minh rang tu hai day so dé ta cé thé lan lugt trich ra hai day con
¢6 tong cdc so hang bang nhau.

Loi giai:

Ta xét bai todn tong quat: Cho hai day (hitu han) cac s6 nguyén duong:

1< a9 < - <, <, N<yyp<---<y, <m
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Khi d6, ton tai cac “chi s6” 1 < 41 < 49 < m, 1 <71 <79 < nsao cho
io Jo
> T =) Lj
=11 J=n
Giai bai toan tong quat:

p q
Détapzzzlxi (pEP,lgpgm)vébq::Zlyj (qe€Z,1<qg<n).
1= j=

Thay doi vai tro ctia cac “ky tu” x, a, m, i, p tuong tng véi cac ky tuy, b, n, 7, q
néu can, ta c6 thé xem ring a,, < b,. Khi do, véi mdi p € ZN[1, m], ton tai
f(p) :==q € ZnN][1, n]la chi s6 bé nhat ma a, < b, . Xét m hiéu:

bf(l) — aq; bf(2) — as; ..., bf(m) — Qm (4.4)

Truéc hét ta c6 nhan xét rang moi hieu déu bé hon m. That vay, néu c6
mot chi s6 p € Z N [1, m] nao d6 sao cho m < by, — a, thi (m < by, nén
f(p) >1) va

m < brp)-1 T Yrp) —ap = 0<m —ypp) < brpy-1 — ap
= ap < bf(p)*l

Mau thuén véi dinh nghia ctia f(p). Mau thudn d6 ching t6 rang: qué thue,
mdi higu & 1a bé hon m.

Bay gig, néu mot trong cac hieu dé triét tieu: by — a, = 0, thi o rang
ta ¢6 ngay dpem véi cach chon iy := 1 =: ji,i9 := p,Jo := f(p). Trong
truong hop con lai, theo nhan xét trén, toan bo m hieu 6 (1) déu thuoc
Z N [1, m—1], mot tap hop chi ¢c6 m — “1 phan tit, nén theo nguyen ly
Dirichlet, c6 hai hi¢u bing nhau; tic 13, ton tai v, s € ZN[1, m], r > s deé

biry = ar = bp(s) — s
= by = bys) = ar — as

Va ta ciing ¢6 dpem, v6i i1 := s+ 1,i9 :=1,j1 := f(s) + 1, j2 := f(r).

4.12 Bai toan 12

Bai toan 24. (V6 dich cong hoa Czech 1998) Cho X la mot tap hop
gom 14 so6 nguyén duong phan biét. Chiing minh rang cé mot so6 nguyén duong
k <7 wa cé hai tap con k— phan ti: {ay; as; ...;ag}, {b1; be; ...; b} roi nhau
cia X sao cho

1+1+ +1 1+1+ +1 <1
aq as ag bl b2 bk 1000
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Loi gidi: Xét Cf, = 3432 tap con 7— phan t1t cia X. Tong cac nghich

ddo clia cac phan ti trong méi tap con nay ro rang la khong vugt qua
1 1 .
1 + 5 + ..+ - < 2,6 nén phai thudéc vao mot trong s6 2600 nira khoang :

0 1 12 2599 2600
1000° 1000 * \ 1000” 1000] * " \ 1000’ 1000

Theo nguyeén Iy Dirichlet, ton tai hai tap con khac nhau cé tong nghich dao
cic phan t1t thuoc vao cling mot ntia khoang. Loai bo khoi hai tap con dé cac
phan t1t chung (hai tap con 7— phan t1it khac nhau thi ¢6 t6i da sau phan ti
chung), ta sé thu dugc hai tap con k— phan ti (v6i k nguyén duong, k < 7),
théa man yéu cau clia bai toan: hieu hai tong nghich dao céc phan tit trong

hai tap con nay sé sai khac nhau it hon

1000°

4.13 Bai toan 13

Bai toan 25. (HSGQG 2005)

Trong mat phdang, cho bdt gide 107 AjAyAsAyAs AgA7As ma khong co ba
duong chéo nao cia né cdit nhau tai mot diém. Ta goi moi giao diém cia hai
duong chéo ciua bat gidc la mot nit. Xét cac ti gidc 101 ma moi ti gidc déu
c6 cd bon dinh la dinh cia bat giac da cho. Ta goi maéi @ gide nhu vay la ti
giac con.

Hay tim s6 nguyén m nhé nhat c¢é tinh chat: cé thé to mau nit sao cho
vdi moi i,k € {1,2,3,4,5,6,7,8} va i # k, néu ki hieu s(i,k) la s6 ti gidc
con nhan A;, A, lam dinh va dong thoi cé giao diém hai duong chéo la mot
mait da duge to mau thi tat cd cac gia tri s(i, k) déeu bang nhau.

Loi giai:

Goi n 1a s6 nguyén nhé nhat théa man bai toan. Ta c¢6 s(i, k) = s(1,2)
v6i moi i,k € {1,2,3,4,5,6,7,8} v& i # k . Do mot niit tuong ting véi C}
cap dinh nén:

n.C;=> s(i,k) = C3.5(1,2) & 3n = 145(1,2)
i<k
Suy ra, n chia hét cho 14. Tu d6: n > 14
Cach t6 mau 14 nat thoa man bai toan sau:

{1,2,3,4}:{1,2,5,6}; {1,2,7,8};{2,3,5,8}:{2,3,7,6}:
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{3,4,7,8}:{3,4,5,6}; {1,4,8,5}; {1,4,7,6}; {5,6,7,8}

. * Nhan xét:

- V6i mot hinh lap phuong c6 thé ghi lai méi dinh mot sé chon trong
tap {1,2,3,4,5,6,7,8}, hai dinh khac nhau ghi hai s6 khac nhau.

- M&i canh hinh lap phuong c6 thé tng véi ding 3 canh song song vdi
no.

- Mdi dudng chéo clia mat hinh lap phuong c6 thé tuong tng ding véi
3 duong chéo clia mit cing nam trong mit chita né hosic trong mat doi
dién véi no.

- Mdi duong chéo (chinh) cfia hinh lap phuong cé thé tuong tng véi
ding 3 duong chéo (chinh) con lai.

V6i ¥ tudng trén c6 thé hiéu 1y do tai sao lai chi ra dugce cach t6 mau nhu

trén.

4.14 Bai toan 14

Bai toan 26. (USAMO 2001) C6 8 cdi hop, moi hop chita 6 trdi banh.
Tim 56 nhé nhat sao cho moi banh tuy 1ij déu duoc té6 mot trong n mauv théa
mdan dong thoi hai dieu kién sau:

1. Trong moi hop, khong cé hai banh nao duge to cung mot mau
2. Hai hop bat ki c6 chung khong qud mot mau.
Loi giai:
+) Goi x; 1a s6 mau xuat hién 7 lan. 1 = 1,2, ..., k, (kK <n). Ta co:
n=x1+xo+ ..+ x) (4.5)

+) Goi y la s6 cach chon hai hop khong ¢6 chung mau nao. Do hai hop bat
ki c6 chung khong qua mot mau nén:

Cg = Ciwg+ Ciaz + ...+ Clap +y (4.7)
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+) V6i ¢ > 1 ta co:

2 1
1—Zi+-C? =
3z—|—3 i

(i —2)(i —3)
6

R 1
.(4.6|) roi cong véGi 3 4.7) ta dudc:

68 1 (i —2)(i — 3) 1
— = snt+ Yy i+ -y >0
Ty T 6 tit gy

=
<
.
(@]
—+
=
Q/
Wl Do

i>2
Tu dé: n > 23
Céach t6 sau ctia 23 mau théa man bai toan (goi tén mau la 1, 2, ..., 23)

Hopl |[1]3[4]5]6]7
HopIl |1]8 |9 101112
Hop I | 11314 |15]16] 17
HopIV |2] 3 |8 [13]18]19
HopV | 2| 4 | 9 |14]20] 21
Hop VI | 2] 5 [10] 152223
Hop VII | 6| 11|16 | 18] 20 | 22
Hop VIII | 7 |12 [ 17 |19 | 21 23

Nhan xét:

+) O hinh duéi, mdi duong tuong trung cho méi hop, cac giao diém &
trén duong tuong trung cho cac banh.

+) C6 diing 8 duong, mdi dudng chita diing 6 giao diém va c6 tat ca 23
giao diém. Hai duong bat ki ¢6 t6i da mot diém chung.

+) M&i cach danh s6 23 giao diém, tit 1 dén 23, cho ta mot cach t6 mau
trén cac banh ¢ 8 hop théa man cac diéu kién ctia bai toan.

4.15 Bai toan 15

Bai toan 27. (IMO 2005)

Trong mot ky thi hoc sinh gidi, cdc thi sinh phdi gidi 6 bai todn. Biét rang
vdi hai bai todn bat ky luon cé nhiéu hon so thi sinh du thi, gidi dudc cd hai
bar todn nay. Ngoai ra khong co thi sinh nao giai duge ca 6 bai toan. Ching
minh rang cé it nhat hai thi sinh sao cho moéi nguoi trong ho gidi dugc ding
5 bai toan.
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[ S8
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Hinh 4.3: Bang minh hoa cho 23 diém

Loi giai:
+) Goi n 1a s6 thi sinh tham gia ky thi va xj 1a s thi sinh giai duge dung
k bai toan (k=0,1,2,3,4,5,6). Ta co:

xg = 0; n==x9+ T+ a9+ 23+ T4+ 5 (4.8)
Ta can ching minh: x5 > 2
+) V6i i,j va i # j, goi s(i,7) = s(j, 1) 1a s6 thi sinh gidi dugc ca bai i va
bai j, (,§ = 1,2,3,4,5,6).
Theo giad thiét luon c6: 5s(i, ) > 2n. Do d6: 5s (i,7) > 2n + 1
C6 tat ca CF = 15 cap (i,5) ma i < j nén:
> 5s(i,j) > 15(2n + 1)
i<j
Do do:
S=Y s(i,j) >3(2n+1) (4.9)

1<j
+) Ta cling co:
S = 6’22332 + C§x3 + CZM + C52:1:5 = 9 + 3x3 + 624 + 1025 (4.10)

46



So hoa b6i trung tam hoc lieu http://Irc.tnu.edu.vn/

Tir (4.8)), (4.9), (4.10):

To + 3w3 + 624 + 1025 > 6(x9 + 21 + 22 + 23+ x4 + 5) + 3

Hay
dxs > 629+ 621 + 519 + 323 +3 > 3 (4.11)
T do:
i > 1
+) Ta chiing minh thém x5 khong thé bang 1.

Gia sit x5 = 1. Ltc dé tir (4.11)) va tir (4.10) cho :
S =6n+4 (4.12)

Truong hgp nay c6 duy nhat mot thi sinh A lam duge ding 5 bai, con lai tat
ca deu lam dugce ding 4 bai.

+) Goi bai duy nhat ma thi sinh A khong lam dugc 1a bai r va k 1a s6 thi
sinh giai dugc bai r. Moi thi sinh trong k£ thi sinh nay ngoai viéc gidi dugc
bai r con gidi 1a s6 nguyen duge diung 3 bai nita trong sé cac bai toan con
lai nén:

6
Bk= Y _ s(rj) (4.13)
j=Lj#r
+) bat 2n + 1 = ba. Ta c6:5(i,j) > a
Néu a khong phai 1a s6 nguyeén thi:

s(i,j) > a < 5s(i,j) > 2n+ 2

Suy ra:

> 5s(i,j) > 15(2n+2) < S > 6n+ 6

1<)
Trai véi ([@.12).
+) Néu a 1a s6 nguyen thi hieu s(4, j) — a 1a s6 nguyén khong am. Tu S =
6n+4 viet lai Y, _; (s(i,7) — a) = 1, suy ra trong 15 s6 hang s(i, j) véii < j,
phéi c6 14 s6 hang c6 cung gia tri 1a a va ding mot s6 hang c6 gia tri 1a
a+1. Goi s(p,q) = a+ 1. Do d6 gia tri ctia chi c6 thé 1a 5a hodc 5a + 1 tiy
theo r khong thudc hodc thuoc {p, q}.
Két hop véi 1) ta c6 hodc Ha chia hét cho 3 hoac Ha + 1 chia hét cho 3
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+) Vi thi sinh A giai dugc 5 bai, nén ton tai mot bai ¢ khac bai p, ¢, ma
thi sinh A gidi dugc. Goi h 1a s6 thi sinh giai duge bai ¢. Trong s6 h thi sinh
nay, thi thi sinh A giai dugc bai t va thém dang 4 bai nita, va h — 1 thi sinh
con lai ciing giai duge bai £ va thém dang 3 bai nita.

Vi vay:
6 6
4+3(h—1)= > s(t,j) hay Y s(t,j) =3h+1
Jj=Lj#t j=1,j#t
Do t ¢ {p,q} neén:
6
Z s(t,7) = ba
=14t

Suy ra ba =3h+1vada+1=3h+2
Diéu nay mau thuan véi (¥*).
4.15.1 Bai toan tuong tu

Bai toan 28. Cho n la so nguyén lon hon hodc bing 3. Trén moi canh
va moi duong chéo cia n— gidc deu AyA,... A, nguoi ta muon ghi mot so
nguyén duong nhé hon hodc bang p, sao cho cdc diéu kién sau déu dugc thoa
man:

i) Moi so nguyén tu 1 dén p deu dugc ghi.

i) Vi moi tam gide A;Aj Ay tuy § déu cé hai canh duge ghi hai so giong
nhau va s6 nay lon hon so6 dude ghi trén canh con lai.

Hay zdc dinh s6 nguyén p lon nhat dé co thé ghi cdc s6 théa man cdc
dieu kién ddt ra.

Vai gid tri nay ciua p, hoi co bao nhiéu cich ghi thoa man dieu kién bai
toan.

Bai toan 29. C6 m 4+ 2 cdi hop, moi hop chia m trdi banh. Tim s6 n nhé
nhat sao cho moi banh dudge té mot trong n mau théa man dong thoi hai diéu
kién sau:

1. Trong moi hop, khong cé hai banh nao duge to cung mot mau

2. Hai hop bat ki c6 chung khong qud mot mau.
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4.16 Bai toan 16

Bai toan 30. (Iberoamerica 1998)

Cac dai dien n quoc gia (n € N*\{1}) ngoi quanh mot ban tron theo cdich
sao cho hai nguoi ngoi sat bén phdi hai dai dién bat ki cé cung quoc tich thi
phdi c6 quoc tich khdac nhau. Hay zdc dinh (theo n) s6 lon nhat cé thé cé cdc
dai dién ngoi quanh ban tron do.

Loi giai:

Ta sé dung X, Xs, ..., X,, dé ki hieu n qudc gia c¢6 dai dién ngoi tai ban
tron; cac dai dien c6 qudc tich X;(N*z > i < n) sé duge danh s6 1a x}, 27, ...
(i) Trudc tien néu c6 nhiéu hon n? dai dién ngudi tai ban tron, thi theo

nguyén 1f Dirichlet ton tai i(N*x 3 ¢ < n) dé qubc gia X; c6 it nhat la n+ 1

2 gpnth
TR R )
theo nguyén i Dirichlet, trong s6 n + 1 nguoi ngodi sat bén phai cac dai dién

1 ,.2 n+1
Ty Xy, .y Xy ,

dai dién, ma ta ki hiéu la x}, x nhung chi c6 n quoc tich, nén van
phai c¢6 hai ngudi c6 ciing quoéc tich; mau thuan véi yéu cau
ctia bai toan. Mau thuén dé ching t6 ring c¢6 khong qua n? dai dién ngoi tai
ban tron.
(i) Tiép theo, gia st moéi quoc gia c6 dung n dai dién: cidc dai dien cia
X;(N'z 34 < n)lax}h 2? ..., 2" ta sé chi ra bing quy nap theo n ring c6
mot cach sap xép toan bo ng dai dién d6 vao ban tron sao cho moi yéu cau
cua bai toan déu duge théa man.

Mobi cach sap xép toan bo no dai dien dé vao ban tron thuc chat 1a mot
hoan vi

(al, ag, ..., Ap2_1, anz) (414)

ctia tap hop {xf i,7 € N*;d,7 < n} v6i quy ude rang trong cach sap xép nay:

1. agyq 1a dai dién ngoi sat bén phai ag (v6i moi k nguyén duong ma
k < 712)

2. a; ngoi sat bén phai a2

(ta dong nhat cac hoan vi c6 thé thu ducc tit nhau qua mot phép hoan vi
vong quanh).

Khi n = 2 dé thay cach sip xép (z1, 2}, 23, z3) théa man moi yéu cau cla
bai toan. Gia sit voi n € N*\ {1} ndo d6 da c6 mot cach sap xép, ma ta van
gitt ki hiéu , thoa man moi yéu cau clia bai toan. Khi dé, c6 thé chiing
minh rang:
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V6i mdi i € NN [1,n] ton tai duy nhat j € NN [1,n] sao cho ngusi ngoi
sat ben phai x] cling c6 qubc tich X;.
a2 ol déu

c6 quoc tich khac X; (chi c6 n — 1 qudc tich nhu thé), thi theo nguyen 1i

That vay, néu n ngudi ngoi sat bén phai cac dai dién x

Dirichlet, it nhat hai ngudi trong s6 ho phai c6 ciing quoc tich; mau thuan
v6i yéu cau cua bai toan. Mau thuan nay ching té sy ton tai clia j = j; .
Hon nita, néu NN [1;n] 3 k # jj;, thi theo yéu cau ciia bai toan, ngudi ngoi
sat ben phai ¥ s& khong ciing qubc tich X; véi ngudi ngoi sat ben phai :UZ
Dicu d6 cho thay tinh duy nhat ctia j; va (ii) da dugce chiing minh.

Do (ii), bang cach hoan vi vong quanh néu can, trong (i) ta c6 thé xem
a; va as c6 ciing quoc tich; tit dé6 a; khac qudc tich véi a,2. Vay, van theo
(i), v6i méi i € N N [1;n), ton tai duy nhat k; € NN [1;n? — 1] sao cho ay,
VA ag,41 €6 cing quoc tich X,

Bay gio, gid sit méi quoc gia X;(N* 5 ¢ < n) c¢6 them dai dien thi
n + 1 la 2/t Ngoai ra, c6 them quéc gia X,,; v6i n + 1 dai dien la
xl 22,2t Khi d6, tit bo (4.14), bang céch:

+) Thay cap (ax,, ar,+1) bdi bo nam (ag,, xL 1, 2271, 27 ag, +1);

+) Thay cip (a,, ag,41) bdi bo bon (a,, z 1, 2 ay, 1); voi mbi

i € NN [2;n], ta sé¢ thu dugc mot cach sap xép théa man moi yéu cau clia
bai toan cho truong hop n + 1 quoc gia.

Vay (ii) da dugc ching minh theo nguyén li quy nap.

Tit (i) va (ii) ta thay: s6 16n nhat c6 thé co cac dai dién ngdi quanh ban
tron da cho la n?.
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Két luan

Luan van da hoan thanh véi cac két qua sau:

1.Da trinh bay céc khai niem co ban cia 1y thuyét to hop

2. Ung dung ctia Iy thuyét t6 hop thong qua cac vi du va cac bai toan dai
s6, hinh hoc & phd thong.

Huéng phat trién ctia dé tai la mé va vo cting hap dan, hitu ich déi véi céc
gido vien day toan ¢ truong pho thong. Ching toi hi vong day sé 14 mot tai
lieu tham khao hittu ich déi véi cdc em hoc sinh gidi va cac ban dong nghiép
& trung hoc pho thong.
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