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MG dau

Trong chuong trinh Toan hoc phd théng, chuyeén dé luong gidc déng mot vai
tro nhu 13 mot cong cu dac lyc nham giai quyét hieu qua nhiéu bai toan ctlia gidi
tich, dai s6 va hinh hoc. Trong thuc tién, luong gidc va cac dic trung co ban
ctia luong giac 1a chuyén dé can thiét trong viéc boi dudng hoc sinh giéi Toan
& bac Trung hoc pho thong, dong thai cac ing dung clia né luon la su hap dan
d6i v6i nhiéu ddi tuong hoc sinh va gido vien.

Muc tiéu ctia luan vin “Phuong phép luong giac trong bat ding thic va cac
bai toan ciic tri” nham trinh bay van dé ap dung phuong phéap luong giac hoa
dé giai quyét mot s6 bai toan vé bat ding thic v bai toan cyc tri nhim tao ra
mot deé tai phtt hop cho viée gidng day va boi dudng hoc sinh gidi cap trung hoc
pho thong.

Luan van gom phan md dau, két luan, tai lieu tham khéo va 3 chuong.

Chuong 1 trinh bay méi lien hé co ban giita mot s6 ding thic dai s6 va lugng
giadc dé stt dung lugng giac hoa trong cac phan sau.

Chuong 2 trinh bay vé mot s6 phuong trinh va bat phuong trinh dai s6 giai
dugce bang phuong phap luong giac.

Chuong 3 trinh bay mot s6 ting dung clia luong gidc trong bat dang thic va

cac bai toan cuc tri dai so.
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d6 tan tinh cia GS.TSKH Nguyén Van Mau. Toi xin dugc bay té long biét on
sau sic nhat dén thay.

T6i xin tran trong cam on ban lanh dao khoa Toan trusng Dai hoc Khoa
hoc, khoa sau dai hoc - Dai hoc Thai Nguyén, cac thay, co gidng day 16p cao
hoc khoa 5 (2011-2013) da trang bi kién thic, tao diéu kieén cho toi trong thoi
gian hoc tap tai day.

To6i xin cdm on gia dinh va cac dong nghiép da luon dong vien, gitp dé va
tao diéu kién t6t nhat cho toi khi hoc tap va nghién ciu.

Xin chan trong cam on!

H4i Phong, théng 5 nim 2013
Nguoi viét Luan van

Nguyén Thu Phuong
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Chuong 1

Mot sé6 dang thitc co ban dung
trong phuong phap lugng giac hoa

1.1 Céac ham luong giac cd ban dung dit an phu

Khi gidi mot s6 dang bai toan dai s6, nhiéu khi ta gip phai nhiing bai toan
rat khé giai do ki thuat bién déi phic tap. Trong s6 d6 cé nhiéu 16p bai toan
c6 thé chuyen vé dang toan luong gidc cho céch gidi don gidn va dé dang hon.
Viéc chuyeén tit cic bai toan dai s6 vé cac hé thiic, hay phuong trinh, bat phuong
trinh, hé phuong trinh lugng giac thuong duge goi la phuong phap “lugng giac
hoa”.

Nham luong gidc hoa cac bai todn dai s6 s cap, ta st dung cac nhan xét
sau:

1. Néu —1 < 2 < 1 thi tdn tai s6 o va 8 v6i — .0 < B < sao cho

sina = x va cos f = .

2.Néu0 <z <1thitontaisdavapveio<a<

| X

,Ogﬁggsaocho
sina = x va cos§ = x.

3. V6i mdi s6 thuc = ton tai s6 « véi —g <a< g sao cho tana = z.

4. Néu cac s thuc z va y thod méan hé thic 22 4+ y? = 1 thi ton tai s6 a véi
0 < a <27 sao cho z =cosa va y = sina.

Z 2 b_
5. Neu z € [a;b] thi ta c6 the dat : z =

b— b
¢ jLav(j —— tgghoacz—(b—a)cost+ava§t§

hoac z = tant v6i arctana < ¢t < arctanb.

b+ . _
acost+TaV010§t§7rhoac

)

to| 3

xTr =

(\V]

A

Ngoai ra con c6 mot s6 dau hiéu nhan biét mot bai todn cé thé gidi duge
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bang phuong phap luong giac hoa.
e Néu bién x tham gia bai toan thod man dieu kién |z| < a (a > 0), khi do6

ta c6 thé luong gidc hod bing cach dit = = asina véi a € [—E; E] hodc dat

2°2
r =acosa VOi a € [0;7].

e Néu hai bién z,y tham gia bai toan c6 rang buodc a?z? + b*y? = % véi
csin o CCoS
Yy =
a b

a,b,c > 0; khi d6 ta co thé luong giac hoa bang cach dat = =
V6l a € [0; 27].

e Trong mot sé bai toan, c6 su xuat hien mot biéu thic tuong tu véi mot
cong thic lugng gidc nao do, ta cé thé sit dung cong thiic luong gidc tuong ing
dé dat an phu . Chéng han nhu :

+) Biéu thitc v22 + 1 hoiic 22 + 1 tuong tu nhu cong thic 1 + tant =

cos?t
vl t € (—E' f)
272/
+) Biéu thiic 423 — 3z tuong tuy nhu cong thiic 4 cos®t — 3 cost = cos 3t.
+) Biéu thiic 222 — 1 tuong ty nhu cong thiic 2 cos?t — 1 = cos 2t.
-2 P P . 2tant
+) Bieu thrc 5 tuong tu véi cong thitc tan 2t = iQ.
1—2z 1 — tan=t
.2 . R , t t
+) Bieu thiic Lty tuong tu nhu cong thic tan(a + 5) = ana  tan .
11—y 1 —tanatan

1.2 Mot s6 dong nhat thic luong giac trong tam
giac
Tiép theo, ta nhic lai mot sé dang thiic lugng giac quen biét trong tam giac

& chuong trinh toan pho thong dé ap dung chiing minh mot sé dang bat dang

thiic dai s6 va bai toan cuc tri & Chuong 3.

Tinh chat 1.1. Véi moi tam gidc ABC ta ¢

A B C
cosA+CosB+cosC:1+4sin§singsin§. (1.1)
Tinh chat 1.2. Véi moi tam gidc ABC ta c6
sin? A + sin? B + sin® C' = 2 + 2 cos A cos B cos C. (1.2)
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Tinh chat 1.3. Véi moi tam gidc ABC ta ¢
tan 2 tan 2 4 tan B tan < 1 tan C tan 2 = 1 (13)
an - tan - + tan o tan — + tan - tan - = 1. :
Tinh chat 1.4. V6i moi tam gidgc ABC, ta c6
tan A 4 tan B 4 tan C' = tan Atan B tan C. (1.4)
Tinh chat 1.5. V6i moi tam giac ABC, ta c6
cot A cot B + cot B cot C' + cot C'cot A = 1. (1.5)

Tinh chat 1.6. V6i moi tam giac ABC ta c6

A B ¢ A B C L6

cot§+cot5+cot§—cotacotgcotg. (1.6)

1.3 Cac hé thitc lugng giac dé giai phuong trinh bac
hai va bac ba

Nho cach biéu dién cdc ham lugng gidc qua sé phiic (chi dimg dé bién ddi
hinh thiic) ta ciing c6 thé ap dung dé gidi mot s6 dang toan.
Dat a =€, ta co

3t —3t
. . et +e
cos 3it = cosi(3t) = — =

— 1
isin3it = isini(3t) = ° = ( 3——).
(3t) 3
Lai c6 cos(3it) = 4 cos® it — 3 cosit; sin(3it) = 3sinit — 4sin’it,
nén isin(3it) = 3isin it — disin’it = 3isinit + 4(i sinit)”.

Tt dé suy ra cac dang thic

TR
velp = 2 “ al’ 1 2 “ a)
Tiép theo, ta c6 thé viét phuong trinh bac hai

ar’ +br+c=0, a#0
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duéi dang 2y% — 1 = m dé st dung heé thiic cos 2t = 2cos?t — 1 dé giai va bién luan
phuong trinh bac hai.
Tuong t, doi véi phuong trinh bac ba

ar® + b’ +ex+d=0, a#0

bang cach dat z =y — % ta thu dudc phuong trinh dang v + py + ¢ = 0.
Khi p > 0 ta dit an phu y = 2\/?5, ta thu duge phuong trinh 4¢3 + 3t = m.
Khi p < 0 ta dit an phu y = 2 —gt, ta thu dugc phuong trinh 4¢3 — 3t = m.
Cac phuong trinh nay déu cé thé gidi dugc bing cac ding thic dai s6 va

lugng giac tuong ting.

Vi du 1.1. Giai cac phuong trinh sau véi nghiém thuc
a) 413 — 3z = m véi |m| < 1,
b) 423 — 32 = m véi |m| > 1.

Baz gias.
a) Vi |m| < 1, nén ta dat m = cosa = cos(a + 27) v6i v € [0; 7).
Do cos o = 4 cos? % — 3cos% nén 423 — 3r = 4 cos® % — 3 cos iy

3
Vay phuong trinh da cho c6 ba nghiém la:

o+ 27 o — 21

o
T1 = COS —; T9 = COS T3 = COS
3’ 3 3

1 1 .
b) Vi |m| > 1, néntadatmzé(a?’—i-—?)) vl a® =m £ vm?2 — 1.
a
Khi do
1 1
3 _ 3

Theo cong thic (1) ta suy ra phuong trinh da cho ¢6 nghiém thuc 1a

xo—l(a—ké)—%(i/m—i-m—l—i/m—\/ﬁ).

2
Ta chitng minh zg 14 nghiém thiic duy nhat ctia phuong trinh.
That vay, vi 2o 1a nghiém ciia phuong trinh 423 — 3z = m,
nén ta 6 4ag — 3z = m.

Suy ra 423 — 3z = 4ad — 3z9 & 4 (2% — 23) = 3(x — x0)
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& (x — x0)(4a? — dawg + 423 — 3) = 0.

Vi 42? — dazzg + 423 —3 =0 c6 A =12 — 1223 < 0 (do |zo| > 1) nén phuong
trinh khong ¢6 nghiém thuec.

Vay phuong trinh 423 — 3z = m chi c6 mot nghiém thuc duy nhat 1a

o:%(\/m+\/71+\/m )

Vi du 1.2. Giai va bién luan phuong trinh sau theo m:
423 + 3z =m

Bai gidi.

bat m =

1 .
<a3 — —3) v6i a® = m £ vm? + 1. Suy ra
a

1 1
AP 3:_(3__)
r° + 3x 5 a 3

N —

Theo cong thic (1) suy ra phuong trinh ¢6 nghiém la

o= 1 (a=2) =L (Ve i+ i)

Ta chiing minh zg 14 nghiém duy nhat ctia phuong trinh.

That vay, xét ham s6 y = 423 4+ 3z. Ta c6 ¢ = 122> +3 > 0, Vo € R.

Vi vay y la ham s6 dong bién nén z 1a nghiém duy nhét ctia phuong trinh.
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Chuong 2

Phuong phap luong giac héa trong
udc luong nghiém phuong trinh va
bat phuong trinh

2.1 Phuong phap luong giac héa trong uéc lugng
nghiém phuong trinh

Tiép theo, ta xét 16p cic bai toan vé khao sat nghiém phuong trinh bang st
dung lugng giac hoa.
Bai toan 2.1 (Xem [6]). Chting minh rang phuong trinh
6425 — 962* + 362 — 3 = 0

c6 nghiém thuc z = zo thod man bat dang thic

V2+ V242 V2+V2+V3
> 5 '

<z <

Bai giaa.
1 + cos 2«
2

o 1+ cosa
o 1+COS§ 1+ T 1
cos — = 5 = :é\/2+\/2+200304.

Tu cong thiic cos? a = (0 < a <), ta suy ra

4 2

. N , 1 2 1
Khm:%, thi ta c6 008%25\/2+\/2+2.§25\/2+\/2+\/§.

10
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. 1 / 3 1
Khm:%, thi ta c6 COS%ZE\/2+ 2+2.§:§\/2+\/2+\/§.

Lai co

cos 6t = 4 cos® 2t — 3cos2t = 4(2cos’t — 1)* = 3(2cos’t — 1)

= 32cos®t — 48 cos* t + 18 cos?t — 1

nén 64 cos®t — 96 cos* t + 36 cos®? —3 = 2 cos 6t — 1.
Tu phuong trinh 642% — 962* + 3622 — 3 = 0, ta xét x € [—1;1].
Dat x = cost, khi d6 ta c6 2cosbt —1=0 =1t = 118
Do vay xy = cos % la mot nghiém ctia phuong trinh.
Taco) — <« <L o LSS LEES 7
— < — < — = C0S — > COS — > COS —.
24 18 16 24 18 16 -
Vay phuong trinh 642% — 962* + 3622 — 3 = 0 ¢c6 mot nghiém xo = cos = thoa

\V/2+V2+2 \V/2+V2+3
2 2 '

Bai toan 2.2. Cho phuong trinh 23 — pa? + gz — p = 0 véi p, ¢ > 0. Chiing minh

man dieu kién <xp <

rang néu phuong trinh da cho c6 ba nghiém phan biét x1, o, 3 16n hon 1 thi ta

p> (}ﬁg) (q+3). (2)

c6 bat dang thic

Bazt giaz.
T1+x2+2T3=07p
Gia st 1 < 79 < x3. Theo Dinh li Viete, ta co T1T2 + X173 + T3 = ¢

12223 = P
xr1 -+ x2 + I3

T1r223
A, B,C la ba goc cia mot tam giac v

quét, gii sit A = min {4, B,C} thi % <
2442

8
(:)8—4\/52cotA+cotB+cotC’—|—3cotAcothotC’

Vi — 1 nén c6 thé dit z; = tan A, 29 = tan B,z3 = tanC v6i

’

<A B, C< g Khong gidm tinh tong
. Khi dé

(2) & tan Atan Btan C > (tan Atan B + tan B tan C' 4 tan A tan C + 3)

11
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Ta co

cot A + cot B 4+ cot C' + 3cot Acot BeotC' =
2sin A

CA 43 tAcos(B—C’—cosA
= co o
cos(B —C)+cos A cos(B—C)+cos A
< ot A + 2sin A 43 1:Al—cosAd7r<A<7T
o —_— cot A.——— do— -
- 1+cosA TtcosAd 2 =">3
1 24 1 24
—tana é —tana Qé_ 1 é_é Sé
< —= 4+ 2tan— +3———=tan = + 3tan tan
A 2 A 2 A 2 2 2
2tan — 2tan — 2tan —
2 2 2
Xét ham s6 f(t)—i+3t—§t3 VGl VYt € \/5—1-L
2t 2 "V3|
2
) 1 9, —9t+6t2—1 (1 —3t?) R .
Ta c6 f'(t) = ~53 +3 - §t = 572 = n < 0 nén f(¢) la
. W 1
ham nghich bién trén l\/i— 1; ﬁ} Suy ra f(t) < f (\/5— 1) =8 — 44/2.
Vay (2) diang. Do d6 ta c6 diéu phai chiing minh. Dang thitc xay ra khi va
Y Ll N A s 3 3
chi khi cos(B—C)zlvatanE:\/ﬁ—l, tic laA:%;Bzg;(]:%.

Bai toan 2.3. Cho phuong trinh 23 —3z+1 = 0. Chiing minh ring phuong trinh

¢6 ba nghiém z1 < x5 < x3 thoa man hé thuc SL'?)) = 2—1—3:‘2;3:% = 2—1—:1:1;95% = 2+ 3.

Bai gids.
Dit f(z) =2% =3z + 1. Tacé f(—2) <0, f(—1) >0, f(1) <0, f(2) > 0.

Do tinh lién tuc ctia f(x) nén f(z) =0 c¢6 ba nghiém z1, z2, r3 thod man
2<r<-l<r<l<a3<2=|r] <2 Vi=123.

Dat z =2cosa, 0 < a < w. Khi d6 8cos®a —6cosa+ 1 =0, tiic 1a
3a=—-.
cos 3« 5 1
Vi 0 < a <7 nén phuong trinh cos3a = —3 c¢6 ba nghiém
2m 47 8T

CY?,:?;OQ:?;CH:?-

8 2
Vi vay z1 = 2COS§;ZE2 = QCosg;xg = 2COS§.

Do d6 23 = 2+ x9;23 = 2 4 21; 2% = 2 + 3.

12
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Bai toan 2.4. Giai phuong trinh

\/1+\/1—x2:x(1+2 1—x2). (3)

Bai gidi. Dicéu kien 0 < z < 1.
. t
Dat x =sint v6i t € [—g; g] Suy ra 3 € [—Z' —].
Ta c¢6 phuong trinh
V14 cost =sint(l+ 2cost)

t t t t
& 20085 = 28111—.(3085 [1 + 2 (1 — 2sin2§)]

2
t t
Vi 5 € [—%,%] nén cos 3 # 0.
Vi vay
t t 2
(3) & Bsin . — 4sin’> = %
3t 3t 3t 3
<:>sin5:sin2<:>§:%+k27r hoac §:Zﬂ+k27r (k e Z).
Z 4t FeX N o T ™
Két hop véi dieu kién dit ra, ta duge t = G va t = 5

1
Tfrdésuyrax:§ hoac = = 1.
. , 1
Vay tap nghiém cua (3) la {5; 1}.

Bai toan 2.5. Giai phuong trinh

\/1++/1—22 l\/(1+x)3— \/(1—33)3] = 2+4+/1— 22 (4)

Bai gidi.
Dieukien 1 — 22 >0 -1 <z < 1.

) t
bat  =cost v61 0 <t < 7. Suyra§€ [O;g].

13
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Ta c¢6 phuong trinh

V1 +sint l\/(l—i-cost)?’ — \/(1 —cost)?’} =2+1+/1—cos?t

@\/ Sln + cos > (2\/§COS ——2\/_sm —):2+sint

t t t
& 2v/2 (sm§ + cos 2) (cos 5~ sin 5) (
& (6082 t sinzz) (1 + 1sint) 2\/5 =
2 2 2 N

cos? f + cos E sinE + sin2z
2 2 2 2
2+ sint

& cost(24sint).V/2 =2+ sint < (24 sint)(vV2cost — 1) =0

2 . .
& cost = \/7_(\/1 2 +sint > 0 v6i moi t).

Vay nghiém ctia phuong trinh (4) 1a z =

Bai toan 2.6. Tim x trong khoéng (0; 1

32z (2% — 1)(222
Baz gias.
Viz € (0;1) nén ta dat = = cost v6i t

Ta c¢6 phuong trinh

32cost(cos?t — 1)(2cos? t — 1)2 =1-—

& —32 cos? tsin’t cos?

%

\/[\'}

1
1) =1-

T
m
0;=).

 (:3)

1
cost
2t =cost — 1

& 8sin?2t cos® 2t = 1 — cost

& 2sin?4t = 1 — cost

& cost = cos 8t

Gi&i he ndy két hop véi didu kien ¢ € (o;
27
t1 = = to =

g) ta dugce nghiém
27T_t B 47
9’3 9
2T 2T

Do dé phuong trinh (5) ¢6 ba nghiém : z1 = cos —;z3 = cos

7’ 9

14
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2.2 Xay dung phuong trinh dai s6 dua vao hé thiic
lugng giac

T cong thic luong gidc don gidn cos3t = sint, ta c6 thé tao ra dugc nhiing
phuong trinh vo ty.

Tt cos 3t = 4cos®t — 3cost ta c6 phuong trinh vo ty 423 — 3z = V1 — 22, (6)

Néu thay x trong phuong trinh (6) boi i ta sé c6 phuong trinh vo ty kho
hon 4 — 322 = 22v/22 — 1. (7)

Néu thay z trong phuong trinh (6) béi x — 1 ta sé c6 phuong trinh vo ty kho
473 — 1222 + 92 — 1 = V22 — 22, (8)

Tuong tit nhu vay tit cac cong thiic sin3z,sin4x ... ta cling ¢6 thé xay dung
cac phuong trinh vo ty theo kiéu luong giac!
Vi du 2.1. Tt phuong trinh lugng giac & + ﬁ = 21/2 va tit ddng thtic lugng
giac sin?t + cos®t = 1 suy ra sint = v/1 — cos2 ¢ thay thé cost béi z, ta sé c6 mot
L _

V1 — a2
Vay ta c6 bai toan giai phuong trinh vo ty duge giai theo phuong phap dat

1
phuong trinh vo ty nhu sau — +
x

an phu luong gidc nhu sau.

Bai toan 2.7. Giai phuong trinh

1 1
S =2V2
T 1= 22

Nhan xét 2.1. Khi d6 phuong trinh nay dudc gidi theo phuong phap dit an
phu lugng giac.

Vi du 2.2. Tu phuong trinh cos®¢ + sin®t = v/2costsint thay thé cost bdi z ta
dugce phuong trinh vo t§ 23 + /(1 — 22)3 = 2/2(1 — 22).

Va ta c6 bai toan giai phuong trinh vo ty
Bai toan 2.8 (Xem [6]). Giai phuong trinh

2?4+ /(1 — 22)3 = 2+/2(1 — 22).

15
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Nhan xét 2.2. Phuong trinh nay dugc giai theo phuong phap dit an phu lugng
giac.
Vi du 2.3. Tit phuong trinh 5+ 3sint = 8(cos® ¢t + sin®#) thay thé cost bdi z, ta
duge phuong trinh vo ty 54 3v/1 — 22 = 8[z% + (1 — 22)3]. Va ta c6 bai toan.
Bai toan 2.9. Giai phuong trinh 5+ 3v1 — 22 = 8[2% + (1 — 22)3].
Nhan xét 2.3. Tu diéu kién |z| < 1 ta dit z = cost; t € [0;71] va ta thu dugc.

5+ 3sint = 8(sin®t + cos®t) < 3sint = 8(1 — 3sin®tcos’t) — 5

& 3sint =3 — 24sin?tcos? t

& sint=1—8sin?tcos®t = 1 — 2sin? 2t = cos 4t

T
< cos4dt = cos (5 —t).

T phuong trinh nay ta sé tim dugc ¢, sau d6 suy ra dugc x.
Bay gio ta chuyén sang xét 16p phuong trinh va bat phuong trinh vo ti xuat
phat tit dédng thic luong giac.

Vi du 2.4. T phuong trinh cos3t = sint, ¢ € [0, 7], ta thidy phuong trinh nay
tuong duong véi

4cosPt —3cost = /1 — cos?t.

Dat = = cost ta dude bai toan sau.

Bai toan 2.10. Giai phuong trinh

43 — 3z = /1 — 22.

Bai gidi. Diéu kien —1 <z < 1.
Dat x = cost, t € [0,7] = sint > 0. Phuong trinh da cho tré thanh

4cos®t — 3cost = sint < cos 3t = cos (g —t)

8. 2

t:—z—i‘kﬂ'

3 =2 ¢4 k2r t=" 4k
& 2 &

3t:—g+t+k2w

16
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T 5% 3T
Vit 0 én t Ht] = —, 1) = — = .
1t e [0,7] nén ta co t; g 12 2 T

Vay phuong trinh da cho ¢6 nghiém la:
5m 3 V2

T3 = COS — = ———-

T
T1 = COS—, T9 = COS—
8’ 8’ 4 2

Bai toan 2.11. Giai phuong trinh
423 — 1222 + 92 — 1= /22 — a2
Bai gidi. Diéu kién 0 < z < 2. Phuong trinh da cho tuong duong véi
Az —1P =3@x—1)=+/1- (z - 1) (9)
Diat  — 1 = cost, t € [0,7] = sint > 0, phuong trinh (9) tré thanh

4cos®t — 3cost = sint < cos 3t = cos (g —t)

3t=1 ¢4 k2r I
& 27T AN 871_ 2
3t=——+t+ k21 t=——+4knr
2 4
. 5 3
Vit € [0, 7] nén ta co: tlzg, tgzg, t3:f.

Vay phuong trinh da cho ¢6 nghiém la:

) 2
x1:1+cosg, .1'2:14-008%, x3:1+cosf:1—§~

t P
Vi du 2.5. Tu phuong trinh cos 3t = cos 2 t € [0, 7], ta thay phuong trinh nay
tuong duong véi

8cos®t — 6cost = 1/2(1 + cost).

Dat x = 2cost, ta duge bai toan sau.
Bai toan 2.12. Giai phuong trinh
=3 =z +2. (10)

Bai gidi. Diéu kien z > —2. Néu z > 2 thi

2 —3r=z4z(*—4)>r>V2=Vrtz>Vr+2

17
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Vay z > 2 khong thdéa man phuong trinh (10).
Xét —2 <z < 2. Dat x = 2cost, t € [0,7], phuong trinh (10) trd thanh

t

8cos’t — 6cost = 2(1+cost)<:>4cos3t—?>cost:cos§
t 4
] 3t == + k2 t=k—
& cosdt = cos = & 275 < 457r

4 4
Vit e [0,7] nén ta co t; =0, t2:77r, tgzg.

Vay phuong trinh da cho ¢6 nghiém la:
4
T =2, T9= 200877]-, T3 = QCOS%-

Vi du 2.6. Tt phuong trinh sin3t = cost, ¢ € [0, 7], ta thiy phuong trinh nay
tuong duong véi

3sint — 4sin®t = cost < sint(3 — 4sin®t) = cost.

cost
& /1 —cos2t(dcos’t — 1) = cost < /1 — cos2t =

T dcos2t—1

Dat = = cost ta dude bai toan sau

Bai toan 2.13. Giai phuong trinh

V1—2x2= x

42 — 1

. o P o o X .o~ 1
Basi giai. Dieu kién -1 <z <1,z # :|:§-
2 5 L1~
Dit © = cost, ¢ € [0,7]\ {g; gﬂ} nén sin¢ > 0. Phuong trinh da cho trd thanh
t
V1 —cos?t= LN V1 —COSQt(4COSZt— 1) = cost
4cos?t — 1

< sint (3—4sin2t) — cost < 3sint — 4sin’t = cost

& sin3t = cost < sin 3t = sin (g —t)

3t =2 —t+ ke t:%+k:g
3t:7r—g+t+k27r t:Z+k7T

18
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)
Vit € [0,7] nén ta co: t; = g, to = %, t3 = %
Vay phuong trinh da cho ¢6 nghiém la:
_ ™ B 5T _ T \/§
Ty =COS g, T =COS—o-, T3 =008 = —

Vi du 2.7. Tut phuong trinh sin 5t = cost, ¢ € [0, 7], ta thiy phuong trinh nay
tuong duong véi
16sin® t — 20sin®t + 5sint = cost
&sint(16sin t — 20sin® ¢t + 5) = cost
&sint [16(1 —sin?t)? — 12(1 — sin®¢) + 1] = cost
&sint(16cos* t — 12cos® t + 1) = cost

cost
&4/1—cos?t =

16 cost t — 12C082t+1.

Dat = = cost, ta dugc bai toan sau

Bai toan 2.14. Giai phuong trinh

V1—22= T

T 162t — 120241
Bai gidi. Dicu kien —1 < z < 1,162* — 1222 + 1 # 0.
Dit 2 = cost, t €[0,7],16cos*t — 12cos®t + 1 # 0 nén sint > 0.
Phuong trinh da cho tré thanh

cost
vV 1—cos?t=

16costt — 12cos?t + 1
&4/1 —cos?t (16 costt — 12cos?t + 1) = cost

&sint [16(1 —sin?t)? — 12(1 — sin®t) + 1} = cost

< sint (1651n4t —20sin?t + 5) = cost

16sin°t — 20sin ¢ + 5sint = cost < sin 5t = cost

t= " T
@sin5t:sm<f—t) o [ 2 3

2 t=2 kT
8+ 2
Vit € [0,7] nén ta co:
y T . T t_57r t—57T t_97T
1*127 278, 3*127 4 87 5*12
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Vay phuong trinh da cho c6 nghiém la:

T T 5T 5T 3
T1 = COS —, X9 = COS—, X3 = COS—, T4 = COS—, X5 = COS—-
12’ 8’ 127 8’ 4

Vi du 2.8. Tt phuong trinh sin5t = cos3t, ¢ € [0, 7], ta thiy phuong trinh nay
tuong duong véi
16sin° t — 20sin® ¢ + 5sint = cos 3t
& sint(16sin t — 20sin? ¢ + 5) = 4cos> t — 3cost
S sint [16(1 —sin?t)? — 12(1 — sin?¢) + 1} =4cos®t — 3cost
&sint(16cos’ t — 12cos?t + 1) = 4cos> t — 3cost

&4/1 —cos?t (16(:08415 — 12cos?t + 1) = 4cos®t — 3cost.

Dat = = cost ta dude bai toan sau

Bai toan 2.15. Giai phuong trinh

V1 -2 (160% — 1207 + 1) = 4a® — 3.
Bai gidi. Diéu kien —1 < 2 < 1.
Dat x = cost, t € [0,7] nén sint > 0. Phuong trinh da cho tré thanh
m (16(305475 —12cos?t + 1) =4cos>t — 3cost
&sint (16cos4t — 12cos’ t + 1) = 4cos®t — 3cost
& sint [16(1 — sin®¢)* — 12(1 — sin®¢) + 1] = cos 3¢
&sint (16 sin*t — 20sin ¢ + 5) = cos 3t

&16sin° t — 20sin’ ¢ + 5sint = cos 3t < sin 5t = cos 3t

s T
t=— + k=
<:>sin5t—sin(z—3t)<:> 16 4 (keZ)
2 t=—+km
4
Vit € [0,7] nén ta co:
t_7r t_7r t_57r 2f_97r t_137r
1_167 2_47 3_167 4_167 5 — 16
Vay phuong trinh da cho c¢6 nghiém la:
T s 5% 9 137
T]=CO0S—, X9 =COS—, I3 =COS—, T4 = COS—, X5 = COS—-
1 16; 2 4’ 3 167 4 167 5 16
20
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Vi du 2.9. Ttu phuong trinh sin (Bt — %) = sin (t + 2) , t € [0,7], ta thay
phuong trinh nay tuong duong véi
sin 3t — cos 3t = sint + cost
&3sint —4sin®t — 4 cos®t + 3cost = sint 4 cost
&2cost + 3sint —4sin®t = 4cos®t + sint

&2cost 4 sint(3 — 4sin®t) = 4cos> t 4 sint
&2cost+ /1 —cos?t (40082t— 1) =4cost + /1 — cos?t.

Dat x = cost ta dude bai toan sau

Bai toan 2.16. Giai phuong trinh

21 + (422 — 1)\/1 — 22 = 423 + /1 — 22.
Bai gidi. Diéu kien —1 <z < 1.
Dat © = cost, t € [0, 7] nén sint > 0. Phuong trinh da cho tré thanh
2cost + (dcos?t —1)\/1 —cos?t = 4cos> t + /1 — cos? t
&2cost +sint [4(1 — sin’t) — 1] = 4cos®t +sint
&2cost 4 sint(3 — 4sin’t) = 4cos> t 4 sint
&3sint — 4sin®t — 4cos®t + 3cost = sint + cost

& sin 3t — cos 3t =sint + cost < sin (St— %) = sin (t+ z)

4
7r 7r
t=—+k—
& sin 5t = sin (E—St) = %-6 4
2 t=—+Fkm
4
Vit € [0,n] nén ta co:
; 7rt_7rt_57rt_97rt_137r
1 167 2 47 3_167 4_167 5 — 16
Vay phuong trinh da cho ¢6 nghiém la:
B s B T B om B 9 B 137
TL=COS e, Tp=COS,, T3=COS o, T4=COSr, Tp=COS—g
21
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Vi du 2.10 (Xem [6]). Giai hé phuong trinh

20 + 2%y =y
Ut vyl =z (11)
2+ 2% =2

Bai gidi.

Néu 22 = 1 thi tit phuong trinh dau clia hé ta ¢c6 £2 =0 (vo 1y).

Vay 22 # 1.
Tuong tu ta cling c¢6 y? # 1, 22 # 1. Do d6
( 2z
y - 1 5%2
(1) ez =1 (12)
L—y
2z
xr =
\ 1 —22

Dt = — tant, ¢ e (—f, g) \ {2}, khi d6 (12) trd thanh

2
( 2tant tan 2t
= = tan
4 1 — tan?t
2tan 2t
z = 3o = an 4t
1 Q_ttan4t2t
oo 2 )
. 1 — tan“ 4t

Tt z = tant va tit (*) ta co tan8t:tant<:>8t:t+k7r<:>t:k§-

Vite (—g g) \{i%} nén ta duge k € {£3, £2,+1,0}.
Vay hé phuong trinh da cho c6 7 nghiém la

r =tan i
k727r
Yy = tanT , ke {i3, +2, il,O}.
z = tan%
7

Vidu 2.11 (Xem [6]). Giai hé phuong trinh
3< +1) 4y —5< +1>
T -\ y/) =Ty (13)
zy+yz+ze =1
Bai gidi.
Nhan xét rang néu (z, y, z) 1a mot nghiém ctia hé thi (-2, —y, —z) ciing 1a nghiém
22
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va z,y, z phai cling dau.

Gia stt rang z > 0,y > 0,2 > 0. Tu (13) ta suy ra

2 2 2
3 7+ 1 4 y“+1 _¢ 41y
2z 2y 2z

Dat 2z = tan%,y = tang, z = tan%, (v, B,v € (0,7)).

Ta co
1 22+1 1 241 1 22+

sina 2z 'sinf 2y ’'siny 22
Suy ra
3 4 )

sinaw  sinf  sinvy

(14)

Ta chiing minh rang néu tan atanb-+tanbtanc+tanctana = 1 thi tan(a+b+c)
khong xac dinh.
That vay, ta co

tan(a + b) + tanc
1 —tan(a+b)tanc
tan(a + b) + tanc
tana + tanb

~ 1—tanatanb
[tan(a + b) + tanc] (1 — tan a tan b)

1 —[tanatanb + tanatan c + tan btan c|

tan(a +b+c) =

1 tanc

Vi tanatanb + tanbtanc + tanctana = 1 nén tan(a + b + ¢) khong xac dinh.

Ap dung diéu nay ta c6 zy + yz + zz = 1 nén tan (%M) khong xac dinh.
Vi a, 5,7 € (0,7) ta suy ra a + 8+~ = 7 hay chung la 3 goc cia mot tam giac.
Theo (14) va theo dinh 1y sin ta c6 thé gia thiét 3 canh clia tam giac do 1a 3,4, 5.
Tu do

4
‘ a 1—cosa ! 5 1
r = tan — = — — .
2 sin «v 3 3
)
1 3
‘ B 1—cosf 5 1
=tan - = —-
Y 2~ sinf i 73
)

1— 1—
z:tanv— _COSW— 0—1
2 sin vy 1
23
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. /11 . 1 1
Vay hé phuong trinh da cho c6 nghiém la (5’ 7 1) va (—— —= —1> :

Vi du 2.12 (Xem [6]). Tim m dé hé phuong trinh sau c6 nghiem

{|JI| + |y| =1 (**) (15)

z? + y2 =m
Bai gidi. Tit phuong trinh (**) ta c6 || < 1, |y| < 1. Do d6 ta c6 thé dit
2| =sin’t, |y| = cos®t.

Khi d6 phuong trinh (**) tré thanh: sin®t +cos?t = 1 (luon ding véi moi ¢ € R).
T d6 ta ¢6 hé phuong trinh (15) tuong duong véi:

sin*t + cos*t =m (16)
= (sith + cos? t)2 — 2sintcos’t =m
1 .,
= 1—§.sm 2t =m
< cosdt =4m —3  (17)

Hé da cho c¢6 nghiém < Phuong trinh (17) ¢6 nghiém < —1 <4m —3 < 1.

<m <1.

DN | —

=

2.3 S dung luong giac dé khio sat bat phuong
trinh

Trong phan nay ta thuong dung cac phép dat
r =sint,z = cost,xr = tant,...

dugce thé hién qua cac vi du sau:

Cac vi du

24
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Vi du 2.13. Giai bat phuong trinh

1_1332 > \/%—1. (18)
Bai gidi. Dieukienl —22>0& -1<2<1.
bat x =sint, t e (—g, g) nén cost > 0.
Bét phuong trinh (18) tré thanh
1 3sint
Tt e
1 3sint

5 ~ 1l tan?t —3tant +2 >0
cos“t cost

™ s
tant < 1 [§<t<z

{tant>2 arctan2<t<g

Do do
sin <_g) <& <sin (%) l<a< V2
(18) & N e r

sin (arctan 2) < x < sin <§> sin (arctan 2% <r<l1

(Do ham s6 sin dong bién trén khoang (—g, g) )
t tan 2 2
Mat khéc sin (arctan2) = an(arctan 2) = .
\/1 + tan?(arctan 2) Vb
Vay bat phuong trinh (18) ¢6 nghiém la

2 2
—1<x<£ hoic — <z < 1.

2 V5
Vi du 2.14 (Xem [6]). Giai bat phuong trinh

2a?
2 2 - .
Vatta* <x+ ——— (19)

Bazt giai. Tap xac dinh D = R.
™I

Dit « = |a|tana, a € (—5, 5) . Khi d6 bét phuong trinh (19) ¢6 dang

2

lal a
—— <|a|tana + — cos
COS (v |a|

&1 <sina+2cos?a < 2sin?a —sina—1<0
25
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la|

f cr=
la|
\/§

1
<:>—§<sma<1<:>tana>—

Vay bat phuong trinh da cho c6 nghiem la: « >

Vi du 2.15 (Xem [6]). Tim m dé bat phuong trinh sau c6 nghiem
Vr+V1l—z>myx—22+1.

Bai gidi. Diéu kien 0 < z < 1.

Dit o = cos?t, t €0, g], ta thu dugc bat phuong trinh

cost +sint > msintcost + 1. (20)
u? —1
Dt u = cost +sint, u € [1,4/2] nén sintcost = 5
Khi d6 (20) tré thanh
2u > m(u® — 1) +2 < 2(u—1) > m(u® — 1), (21)

e Néu v =1 thi (21) < 2.0 >m.0 (vo1y). Suy ra bat phuong trinh khong c6

nghiém v = 1.

e Néuwe (1;v2] thitacéu—1>0,u+1>0nen

2

2y em <
(21) mn u—+1

= f(w)

Bat phuong trinh da cho ¢6 nghiém khi va chi khi bat phuong trinh (20)
c6 nghiem t € [0, ] hay 1a (21) c6 nghiem u € [1,/2].

Diéu kién can va du dé xay ra dicu dé 1la m < (m% f(u).
1
Vay bat phuong trinh da cho c6 nghiém khi va chi khi m < 1.

Bai tap tuong tu

Bai tap 2.1 (Xem [6]). Giai cac phuong trinh sau
1) /62 + 1 =823 — 4z — 1.

26
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2) (1 —m?)® + (2m)* = (1+m?)*, (0<m < 1).
3) 3+2v2)" = (v2-1)" +3.

4) 372 4 (23— 3p 4 1).3%07% = glotl,

Bai tap 2.2. Giai cac hé phuong trinh sau
(14 3y) =8
D s 1 —
z(y>—1) =6
3 =3z =y(1—32?)
2) Sy’ =3y =z(1-3y%)
2 -3z =ua(l - 322
( 1
(x* 4+ x2y)(y + 22) =3
3)<x2+y2+3xy+4xz+2yz :—Z (2 <0<y,2).
( 1
4) Sy — % =2z .
z—= =2
\ z

Bai tap 2.3 (Xem [6]). Chiing minh rang phuong trinh 162° — 2023 + 52 +2 = 0

c6 nghiém duy nhat. Tim nghiem dé6.

Bai tap 2.4 (Xem [6]). Phuong trinh 8z(1 — 22?)(82* — 822 +1) = 1 ¢6 bao nhiéu

nghiém nam trong khoang (0;1)?

27
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Chuong 3

Bat dang thic dai s6 va cac bai
toan cuc tri giai bang bién doi
lugng giac

Ta nhéc lai mot s6 bat ding thiic lugng gidc quen biét trong chuong trinh

toan phd thong.

Tinh chat 3.1. V6i moi tam gidc ABC ta co

cos A+ cos B+ cos C' < g (3.1)
Dau déng thic xay ra khi tam giac ABC déu.
Tinh chat 3.2. V6i moi tam gidc ABC ta co
COS?—I—COS?—}-COS% < ¥ (3.2)
Dau déng thic xay ra khi tam giac ABC déu.
Tinh chat 3.3. V6i moi tam giac ABC ta c6
sin A +sin B +sinC < 3—\2/§ (3.3)
Dau dang thtc xay ra khi tam giac ABC' déu.
Tinh chat 3.4. V6i moi tam giac ABC ta c6
sin%—i—sin?—%sing < ; (3.4)

Dau dang thic x4y ra khi tam gidc ABC déu.
28
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Tinh chat 3.5. Véi moi tam gidc ABC ta ¢
A B C
tan2 5 + tan2 E + tan2 E Z 1. (35)
Dau dang thic x4y ra khi tam gidac ABC déu.
Tinh chat 3.6. V6i moi tam gidac ABC nhon, ta cé
cot? A+ cot? B+ cot> C > 1. (3.6)

Dau dang thic x4y ra khi tam gidc ABC déu.

3.1 BAat dang thic dai s6 giai bang bién doi luong
giac
Trong phan nay ta chiing minh mot s6 bat dang thitc dai sé ¢6 diéu kien rang

budc ban dau.

Bai toan 3.1 (Xem [5]). Cho ba sb thuc duong a,b, ¢ thay doi thoa man diéu
kién:
a+b+c=1.
Chitng minh rang:
a . b . c_ - 9
a+bc b+ca c+ab " 4

Nhan xét 3.1. T diéu kien gia thiét va bat dang thiic can chitng minh ta nhan
thay vai tro ctia céc bién a, b, ¢ nhu nhau, nhung bat déng thiic can chiing minh
khong thuan nhat sé tao cho hoc sinh bién doi dé st dung céc bat dang thic co
dién nhu Cauchy, Bunhiacopski. .. rat kho khan. Viéc bién doi gia thiét va bat

déng thitc can chitng minh vé dang:
be |[ca ca [ab ab [be
at+bte=y/—1/7+y/\/ =+ =\ = =1
a b b c c a
a b c 1 1 1

+ - = + -
b ca b
a+bc b+ca c+ab 1+_C 1_‘_? 1+a_
a c

Va ap dung bat dang thiic (3.1), ta c6 1di giai sau.

29
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Bazt giai. Ta co

P ST Loy Y L Y LY L (22)
al\l b bV c cVoa

be
\/ —tan— ,/ —tan— \/ —tan ; A, B,C € (0;7) .

Tu gid thiét (22) va (1.3), ta c6 A+ B+ C =.
Ap dung bét déng thiic (3.1), ta c6

a N b n c 1 N 1 n 1
N A B
a+bc b4+ca c+ab Lt tan?2 14 tan2Z 1—|—tan2€
2 2 2
A B C
= 00825 + COSQE + COSQ§
1 3 3 3 9
:5((:osA—i—cosB—i—cosC’)—|—5§1-|-§:Z
Suy ra
a b c 9

< —.
a+bc+b+ca+c+ab_4

z 2 ].

Dau dang thic xay ra khi va chi khia =b=c= 3
Hoan toan tuong tu nhu bai toan 3.1 ta sé c¢6 dugce 1oi giai bai toan 3.2.
Bai toan 3.2 (Xem [5]). Cho ba s6 thuc duong a,b, ¢ thay ddi, théa man dicu
kién:
a+b+c=1
Chting minh rang:
\/§( be \/abc)+ v abc >2\/§—5.

a+bc cH4ab b+ca — 4

Bai gidi.

Ta co

a—{—b—l—cz % %‘I— % a_b_|_ a_b %:1, (23)
\/ a b b\ ¢ V c \/ a
[bc A Jeca B Jab C
E—tang, ?—tang, ?—tan§7 A,B,CE(OJT).
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Tir gid thiét (23) va (1.3), ta c6 A+ B+C =

Ta c6
5 A
tan“— tan — tan —
Q=3 2 _ 2 I 2
1+ ta 24 1+ ta 2¢ 1+tan23
n°— n-— —
2 2 2
A 1 1
-3 <sin2§ — isinC> + isinB
1
:\/75(1—COSA—sinC)+§sinB
1 V3 5 V3
_ 1 . ) v3_ o V3
2(\/§COSA smB—i—\/gsmC’)—l— 5 2 4—i— 5
Suy ra
T
. 23 -5 A=B=< a=b=2y/3-3
me——4 , khi :2_7r & =743
3

Bai toan 3.3 (Xem [5]). Cho ba sb thuc duong a,b, ¢ thay doi thoa man diéu
kién:
ab + bc + ca = abe.

Chting minh rang:

a + be b4+ca c+ab/) — 4

a +\/§< b L ¢ )>4\/§—3.

Nhan xét 3.2. Ta bién doi gia thiét va bat dang thitc can ching minh vé dang:

be ca ab bc [ca [ab
ab+bc+ca=abcs A\ —+ ]/ —+ A/ — =1 —4]/ —1/—.
a b c a b c

b 1 1 1
jb +\/§<b+ - fb>— -+ V3 R E—
a C ca C a 1+; 1+€ 14+ =

Ta co6 1oi giai sau.
Basi gidsi.
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Ta co

b b b b
ab+bc+ca:abc<:)\/—c+ %—l—\/a—:\/—c %\/a— (24)
a b c a b c

Dat
\/—C—tanA —tanB \/ —tanC ABC’E(O )
a \/
Tu gia thiét (2 ),tacd A+ B+C =m.
Ta co
a b c 1 1 1
3 = 3
a+bc+\/_(b+ca+c+ab) 1+tan2A+\/_(1+tanzB+1—|—tan20)
1 1
= cos?A + V/3(cos? B + cos*C) = 3 (cos 24 4+ V/3(cos 2B + cos 20)) +ot V3
5 4 3
> 45 L= \/_
4
Vay

a +\/§< b ¢ )24\/5—3.

a + be b+ca c+ab 4
Dau dang thic xay ra khi va chi khi

- 3+2v3
B:C:5_7T = C = \/_
12 3

Bai toan 3.4 (Xem [5]). Cho ba sb thuc duong a,b, ¢ thay doi thoa man diéu
kién:
abc = a+b+c+ 2.
Chting minh rang:
2 (x/%Jr\/EJr\/E) < 4 + abe.
Nhan xét 3.3. St dung phép bién doi

1 1 1 1
abc=a+b+c+2 —+—+—+2—=1.
bc ca ab abe

Ta nhan thay do a,b, c 14 ba s6 thuyc duong, suy ra

1 1
—, —,—€(0;1).
7b€<7)
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Ta c6 1oi giai bai toan.
Bai gidi.
T dieu kién ta co
SRR I S
bc  ca ab abc

Do a,b, c 14 ba s6 thuyc duong, suy ra

L1 € (0;1)
be’ ca’ ab ’
Dat
1 1 1 s
—— =cosA,—— =cosB,— =cos(C; A, B,C € (O; —) )
Ve Vea Vab 2

Tt diéu kién bai toan, ta co
cos? A + cos? B + cos’C + 2cos A. cos B.cos C' = 1 (25)

T gid thiét (25) va (1.2), ta c6 A+ B+ C = .
Khi dé bat dang thic can chitng minh tuong duong véi bat ding thiic

1 1 1
2 <4
(cosA * cos B * COSC> =4t cos A cos B cosC
< 2 (cos BeosC + cosC cos A+ cos Acos B) < 4cos Acos BeosC + 1

Bat dang thiic trén ding.
Dau dang thtc xay ra khi va chi khi

Bai toan 3.5. (Iran-2005). Cho ba s6 thic duong a, b, ¢ thay ddi thda man diéu
kién:
1 1 1

= 2.
a2+1+62+1+02—|—1

. N 3
Chitng minh rang: ab+ be + ca < 3

Nhan xét 3.4. * Nhin vao gid thiét clia bai toan ta rat khé hinh dung ra day
la bai toan c6 mbi quan hé véi cac dang thiic, bat dang thic luong giac.

* Nhung néu stt dung phép bién doi tir gia thiét:
(ab)? + (bc)? + (ca)? + 2(abc)? = 1.
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Va nhan thay a, b, ¢ 1a ba s6 thuc duong, suy ra

ab, be, ca € (0;1).

bc = cos A, ca = cos B,ab=cosC; A,B,C € (0; g) :
T diéu kién bai toan, ta cé
cos? A 4 cos?B + cos’C + 2 cos Acos BeosC = 1. (26)

Tu gid thiét (26) va (1.2), ta c6 A+ B+ C = .
Bai gidi.

Bat dang thic can ching minh dua vé bat dang thiic luong giac co ban trong
tam giac:

cos A+ cosB+cosC < g

Dau dang thitc x4y ra khi va chi khi tam gidac ABC déu.

Vay bat dang thiic can chiing minh ding, dau dang thic xay ra khi va chi
khi

V2

:b: = —
a C 5

Nhan xét 3.5. ¢ Hoan toan tuong tu ta cling cé thé xay dung va ching minh
dugc cac bat ding thic dai s6 c¢6 dieu kien rang buoc ban dau xuét phat tit cac

hé thic lugng giac va cac bat dang thic luong giac khéac trong tam giéc.

Bai toan 3.6. Cho a,b,c¢,d lien hée béi: a = evV1 — d?; b= dv1 — 2. (27)
Chting minh rang: |a| + |b| < 1.
Bai gidi.
Diéu kién c6 nghia: |¢| < 1;|d| < 1.
Tir (27) ta c6 |a| = |c| /1 — |d|*,]b] = |d] .A/1 — |c|*.
bat

¢l =cosa; |d| =cos 5 v6i 0 < a, 5 < g

Ta co

la| + |b] = cosay/1 — cos? B + cos B/ 1 — cos? «

= cos asin 3 4 cos B sin «

=sin(a+ f) < 1.
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Bai toan 3.7 (Xem [6]). Cho boén s6 u,v,z,y thod man diéu kien:
w4+t =2y =1

Chitng minh rang: |u(z + y) +v(z — y)| < V2.

Bai gidi.

u = sino
vV = COS &
Dat a A= — )|
a r=smg YAA= @ty +o@—y)
y = cos f3
Ta co

A = [sin« (sin 8 4 cos 8) + cos v (sin f — cos )
= |sin (o + ) — cos (o + )]

= ‘ﬁsin(a—i—ﬁ—%)‘ <V?2
Vay |u(z +vy) +v(z —y)| <2 (diéu phai chiing minh).

Bai toan 3.8. Choa > 0,b >0 va a+ b= 1. Chitng minh réing:
1
b < =
a
b, = < < 1.
’/3 - b+1+a+1 -
Dau “=" xay ra khi nao?

Baz gias.
T gia thiét a > 0,0 >0 v a+b = 1, suy ra ton tai géc a thuoc [0; 7] sao cho

a = cos? o
b = sin?a

1 s pe 1 .
a, Ta c6 ab = sina.cos?a = —sin?2a < 1 (diéu phai chitng minh).
™

) . ) S =7 1

Déu “=" x4y ra khi va chi khi sin?2a =1 < élﬂ ticlaa=0= 5
Ty
b, Ta c6
a_ . b cosfa N sin cos? a + cos? a + sin’a + sin®a
b+1 a+1 14sin’a 1+cos’a (1 + sin?a)(1 4 cos? @)

2 — 2sina cos? a
— <1

2 + sin2a cos? a
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Dau “=" x4y ra khi va chi khi sinacosa =0 tiic la a = 1; b = 0 hodc a = 0;

b=1.

Lai co
2~ Lano 2
b 2 T osea 9 2(1 — sin?2
ba1+ 1_52—% 3= ( fln @) > 0; Va € [0; 7).
t @+ 2+ ZsinZQa 3 (2 + Zsin22a)
m
7z = -
Tir d6 suy ra dau “=" x4y ra khi va chi khi sin?2a0 = 1 < 4
o = Z
.1 1
ticlaa=0b= 5
a b 2
Va >
Vil a1 3 1
Dau “=" xay ra khi a = b = 3
S e 2 ? ~ o X N a b
Bai toan 3.9. Cho a,b,z,y > 0 thoa man dieu kién: — + — = 1.
r y
. N 2
Chiing minh rang: = +y > (\/5 + \/Z_)) .
Bazt giaz.
a 2
— = cos” «
. . a b ~ T
V1a,b,:c,y>0va—+—:1nen3ae(0;—) sao cho : b _ )
Ty 2 ~ =sin%a
Yy
a
xr =
2
Suy ra copmar iy Lo gtan%z
= Yy
sin’a
Ta c6
THy= L b _ a(1 + tan?a) + b(1 + cot?a)
cos?a  sin?a

= a+ b+ atan®a + beot’a > a + b + 2V abcot?atan?a
2
hay =z +y > (\/5+\/5)

Dau “=” xay ra khi

b
atan®a = beot?ar = 5
tan“a
4 b 2 b
S tana = — & tan“a =4/ —
a a
zb \/3 T a
PR — - — = —
ya a Yy b
36
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Bai toan 3.10. Cho |a| > 1;|b] > 1.
Chiing minh rang: va2 — 1+ Vb2 — 1 < |ab].

Bas giadz.
Vi |a| > 1;|b] > 1 nén ab # 0.
+ Vb2 -1

Va2 —1
28) & <1
@) & [V
, 1 1
Vi |a| > 1;|b] > 1 nén ta co the dat a = b=
cos cos 3
L m 3T
(0] ;= ;— ).
Vla,ﬁE[O,Z)U[W, 2>
Khi do
1 1
J—— =14 ———1
a*—1+vVbs—1 cos* v coS
Nz NCE 7 T 73
ab N 1 1
cos « cos 3
t t
= anlLimﬂ = cos acos B(tan o + tan ) = sin(a + )
cos acos f3

% ‘\/aQ—I—I—\/bQ—l
Vay pr

Bai toan 3.11. Chiing minh ring:

1++v1—2a? [\/(14-:1:)3—\/(1—3:)3

< 2V2 4+ /2 — 222,

Ba: giaz.
Diéu kién c6 nghia |z| < 1.
Dat x = cosa véi a € [0; 7).

Bét dang thtc can ching minh c6 dang

V1+sina l\/(1+cosa)3 — \/(1 —cosa)’| < 2v2+ V2sina

= 2V2 (COS% + sin %) (COS3 % — Sin?’%) < V2(2+sina)

& V2cosa(2+sina) < V2(2 +sina)

< (24 sina)(cosa — 1) < 0(luon diang v6i moi « € [0, 7] ).

Bai toan dugc chiing minh.
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Bai toan 3.12. Ching minh ring v6i moi z,y ta co:

(2 — ) (L —2%?) _ 1

L+a) (149" ~ 4

IN

1
4
Bazi gias.

bat © = tana;y = tan g v6i —g <a,pf< g

Bét dang thiic can chiing minh c6 dang
< (tan?a — tan?B)(1 — tan®atan?p) < 1
B (1+ tanza)Q(l + tanzﬁ)2 K

=~ =

(tan?a — tan?B)(1 — tan?atan?p3)

That vay dat A = o) 2
(1 + tan%a)”(1 + tan?)

Ta co
sin®acos? f — sin?fB cos? a cos? o cos? B — sin’asin?3
cos? o cos? 3 ' cos? o cos? 3
A= i
cos? a cost 3
= sin(a — f) sin(a + ) cos(a + ) cos(a — )
1 .
= 3 sin[2(a = )] sin 2(a + B)]
Do do6

< (tan?a — tan?B)(1 — tan®atan?p) < 1
B (1+ tanza)Q(l + tanQB) 4

=~ =

I S sin[2(— )] =1, _ sin [2( — B)] = —1
+, A= 2 khi va chi khi hoac { sin 2+ 8)] = 1 hoac { sin [2(a + B)] = 1
z ey — B) = — &
Chéng han, Ha=p)= % @ =h) -
Aa+p)=3 Aa+p)=-3
haya::t%;ﬁzo,tl’xcla r=+ly=0
I sin 2(a — )] = g sin[2(a — p)] = —1
+, A= ~1 khi va chi khi hoac { sin [2(a + B)] = —1 hoac { sin [2(cx + B)
ST o) — T
Chéng han: (@=F) 2 . hoac (@=F) 2
Aa+p)=-3 Aa+p) =35

hayazo;ﬁzi%tﬁ’cla:xzo;y:il.

O<zy,2z2<1

Bai toan 3.13 (Xem [6]). Cho céc s6 z,y,z thod méan: { :
ry +yz+zor =1
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P . N A y
Chu h : >
ng minh rang 1—x2+1—y2+1—z2_ 5

Bai giaa.
o T Y
Dat A= .
i 1—w2+1—y2+1—z2
Vi0 < x,y,z2 < 1néntadat x =tana; y =tanf; z = tanvy, v6i 0 < o, 8,7 < %

Tt gid thiét: a2y + yz 4+ 22 = 1, ta c6 tanatan 3 + tan Stany + tanytana = 1

< tan f(tana + tany) = 1 — tan o tan .
N ™
Vi0 < a,f,7 < = nén tana, tan B, tan~y > 0 suy ra

tan f(tan « + tany) > 0

nén tan atany = 1 khong la nghiém hay 1 — tanatan~y # 0.

tan o + tan-y
tan 3
1 —tanatan~y

< tan Stan(a+ ) =1

Do do
>:1

(Vi< a,fB,7< ™ nén O<a+rvy< g do d6 tan(a + v) duge xac dinh)
2

hay sin fsin(a + ) = cos fcos(a +7) & cos(a+S+7) =0 a+ 4+ 7=

Vi vay
2z 2y 2z
2A =
1—x2+ 1—y2+1—z2
_ 2tana 2tan 3 2tany
1 —tan?8 1 —tany

1 — tan’a
= tan 2a + tan 23 + tan 2

3

— nén tan(2«a + 26) = tan(w — 27).

Mat khac a+ 8+~ =
én tan 2« tan 25 tan 2y ¢6 nghia nén

Cang do 0 < a, 8,7 <

Ao

— 1

W

tan 2o + tan 25 tam
= —tan 2y

1 —tan2atan28
& tan 2a + tan 283 + tan 2y = tan 2« tan 25. tan 27.

Do do6 2A = tan2a + tan 23 + tan 2y = tan 2« tan 2. tan 2y
2x 2y 2z 2x 2y 2z
hay 24 = = : . :
Y 1 x2+1—y2+1—22 1—a22'1—9y2'1—22
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2x 2y 2z
S 2A > 38 ) : = 3v/2A
uy ra - \/1—x21—y21—22

hay

8A3 > 27.2A.
Vay A > %37 bat dang thiic duge chiing minh.

Bai toan 3.14. Cho nhi thic az + b thod méan diéu kién

V1—22|ax + b <1,Vz € [-1;1].

Chtng minh rang :
1, o] <2.
2, laz +b| <2, Vo € [-1;1].
Ba: giaz.
1, Dat 2 = cost, tit gid thiét ta c6 |sint(acost +b)| < 1, Vt.
Do do6

voit="tacolats 2|<1
p— Cl/._ —
1 RV
) 1 b
Vélt:%%taCé —a.i—i-ﬁ < 1.
Mat khac:
1l " 1 n b 1 i b < 1<+ b n . b <9
=la=+——|—-a=-+— a.- + — —a.= + —
2 V2 2 V2] T2 V2 V2| T
Vay |a| <2 (diéu phai chiing minh).
2,Néu§<x§1th‘1
laz + ) a+ b . 1 N a b 1
= —_ —_— €T —_— —_—— — T — —
2 V2 V2 2 V2 V2
a 1
2

<|(5+%) ()| G-3a) (- 5)

1 1
<z4+-—+4r-—
T2 V2
3
hay |ax + b < 2z < 2,V € (%, 1].
C o V3
Hoan toan tuong tuy, ta cing c¢6 |ax +b| <2, Vr € | —1; 5|
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) 3 3 3
Néw -3 < o< Y3 1 22 < 3 Khi d6 ta o6
2 2 1
31
Vioa2>j1-2 =2
= 12
Suy ra |ax + b| < ! <2
ax _— .
Y T V1=z2 "

Vay |ax + b < 2, Vo € [-1;1] (diéu phai chting minh).

Bai toan 3.15. Chitng minh rang v6i moi s6 tu nhién n > 2 va véi moi a, ta

pe

CO:

—(1 + az)n < (2a)" + (1 - a2)n < (1 + aQ)n.

Bai gidi.

Bét dang thtc can chiing minh tuong duong véi:
2a \" 1—a?\"
—-1< <1.
_<1+a2) +(1+a2) -

< « Lt P
Dattangzavdl —mT<a<T7taco

2a 1 —a?

m :Sina;m = COS .
a a

Bat dang thiic can chiing minh c6 dang
—1 < sin"a + cos"a < 1.
That vay ta co
—1<sina <1= —sin’a < sin”a < sin’a, Vn > 2.

Tuong tu

—1<cosa<l= —cos’a < cos"a < COSZQ,Vn > 2.

Do d6 —1 < sin"a + cosa < 1, bai toan duge chiing minh.
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3.2 S dung luong giac héa trong bai toan cuc tri

Ta thuong gip trong viéc gidi cidc bai toan vdi cac ham dai s6 nhiéu bién &
dang
"Tim gia tri 16n nhat va gia tri nhd nhat ctia ham s6 v = f(z,y) biét 22 49? = 1."

r = cost

Khi d6 ta thuong lya chon viéc dat { t €[0,2m).

y =sint’
Cac buée thuc hién:

e Luong gidc hoéa ham so.

e Thuyc hién tim gia tri 16n nhat v gia tri nhé nhat ctia ham s6 lugng giac.

e Két luan

Vi du 3.1 (Xem [5]). Cho ba s6 thuc duong a, b, ¢ thay do6i thda man diéu kien:
a+0b+c=1. Tim gia tri 16n nhat ctia biéu thc:

b Vab
a n abc

a + be b+ca+c+ab'

Q=

Nhan xét 3.6. * V6i gia thiét hoan toan tuong ti nhu bai toan 3.1, nhung viec
tim gia tri 16n nhat ctia bicu thic Q khong déi xing véi cac bién a, b, ¢ 1a mot
bai toan kho.

* Khi tiép can dudc cach gidi ciia bai todn 3.1 thi ta c6 thé bién ddi biéu
thiic Q vé dang luong gidc ma viéc tim gia tri 16n nhat ciia biéu thic luong giac

do6 khong phiic tap ta ¢6 1oi giai sau.
a+b+c:\/@ 24 ﬂ\/a—bJr\/(l—b\/b—czl (29)
al\l b b c cV oa
Dat
be A ca B ab C
\/E—tang,’/?—tang,\/?—tang,A,B,C’E(O,W).

Tu gid thiét (29) va (1.3),tac6 A+ B+C =

Bai gidi.

Ta co
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Ta co

C
tan —
1 1 1 3V3
Q= + + 2 :1+§(COSA+COSB—|—SinC)Sl—l—T\/_.

A B C
1+tan?= 1+ tan2= 1+ tan®2—
—I—an2 +an2 +an2
Suy ra

maxQ:1+3f\4/§, khia =b=2V3-3, c=7—4V3.

Vi du 3.2 (Xem [5]). Cho ba s6 thyc duong a,b, ¢ thay ddi théa man diéu kien
ab + bc + ca = abe.

Tim gi4 tri nhé nhat cia biéu thic:

a N b . c
a+bc b4+ca c+ab

Nhan xét 3.7. Ta bién doi gia thiét va bat dang thic can ching minh vé dang:
be ca ab bc [ca [ab
ab+bc+ca=abc A\ —+ 4/ —F+A— =4 —41/—1] —.
a b c a b c

a n b n c 1 n 1 n 1
= ca :
a+bc b+ca cH+ab 1+@ 1% 1+a_b

a b C

Ta c¢6 161 giai sau.

Bai gidi.

b b b b
ab+bc+ca:abc<:>\/—c+ %4—\/&—:\/—0 %Ua—. (30)
a b c a b c
Dat
be ca ab T
— =tanA, /— =tanB, {/— =tan(C; A, B,C € (O;—).
a b c 2

T gid thiét (30) va (1.4), ta c6 A+ B+ C =m. Ta c6

a N b n c 1 n 1 N 1
a+bc b+ca c+ab  1+tan?4  1+tan?B 1+ tan?C

Ta co

3
= cos’A + cos’B + cos’C > 1
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Suy ra
mian?l khi a=b=c=3.

Vi du 3.3 (Xem [5]). Cho ba s6 thuc duong a,b, ¢ thay doi théa man diéu kien
abc+a+b=c.

Tim gié tri 16n nhat ctia biéu thic:
a b c
o TR gt

2

Nhan xét 3.8. * Ta bién doi gia thiét va bicu thiic Q vé dang:
1 1
abct+a+b=c<ab+b—-+-a=1.
c ¢

a b 1

Q:1+@2+1+w" I
1+ =
C

Khi d6 thuc hién phép dat an phu dua bai toan vé tim gia tri 16n nhat ciia mot
biéu thitc lugng giac va ta co 16i gidi sau
Bai gidi.
Tu dieu kién ta co
1 1
ab+b=+-a=1 (31)
C C
bat
B
2 )

A
a:tang,b:tan —tang;A,B,CE(O;ﬂ).

1
C
Tu gid thiét (31) va (1.3), ta c6 A+ B+ C =m.

V6i cach dat trén thi
B

tan — tan — 1 1 1
Q= 2A+ QB_ :§(sinA+sinB—cosC’)—§
1+tan2§ 1+tan2§ 1+tan25
3 1 1
<Z_-==
-4 2 4

Suy ra

1 . -
maxQ:Z, khi . o
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Vi du 3.4 (Xem [5]). Cho ba s6 thuc duong a, b, ¢ thay do6i thda man diéu kien:
abc+a+0b=c.
Tim gi4 tri 16n nhat clia bicu thiic:

_ 2(1+ab) c
AN 1

Nhan xét 3.9. Tuong tu cach bién doi nhu vi du 3.3, ta c6 15i giai.
Bazt giaz.

Tu dieu kién ta co

1 1
ab+b—-—+-a=1 (32)
c ¢
Dat:
A B 1 C
= —, b= -, - = —: A B ).
a tan2,b tanQ,C tanz, ,B,C € (0;m)
Tu gia thiét (32) va (1.3),tac6 A+ B+C =7
V6i cach dat trén thi
Q< 2—|—a2+b2+071+1+c
T (1+a?)(1+b2)  1+c2 1+4+a?2 1+b02 1+
tao
1 1 ny 1 3v/3
= + + 2 :1+—(cosA+cosB+sinC’)§1+i
A 2 B 2 C 2 4
1+4+tan*— 14+tan“— 1+ tan*—
2 2 2
Suy ra
T
A=B=- a=b=2—1/3
3V3 .
maxQ:1+T\/_, khi o 6—>{ V3
C:— C= —
3 3

Vi du 3.5 (Xem [5]). Cho ba s6 thuc duong a, b, ¢ thay do6i thda man diéu kien:
ab =1+ bc + ca.

Tim gi4 tri 16n nhat cla bicu thic
2 2
a b c
©= PR R I e
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Nhan xét 3.10. * Khi thay doi gia thiét ctia cac vi du 3.3,3.4 béi cac gia thiét
khéc ta dugc cac bai toan mdi ma cach giai khong thay doi.

* Ta thuc hien phép bién doi gia thiét

11 1 1
ab=1+bc+cas ——+—-c+c—=1.
ab b a
* Ta ¢6 cach giai ctia bai toan nhu sau.
Bai giai. Tiu dieu kien ta co6

L] + ! + ! 1 (33)

- —.C cC.— = 1.

ab b a

B C
:tang, c:tang; A, B,C € (0;m).

Tit gia thiét (33) va (1.3), ta c6 A+ B+ C = .

V6i cach dat trén ta co

S =

; A
= tan —
27

IS

C
tan —
1 1 A B 1
Q= + i 2 0?2 4 cos?= 4 = sinC
A ,B ,C 2 22
1+tan"— 14+ tan*— 14 tan“—
2 2 2
1
:E(COSA+COSB+SinC)+1
3
§L§+1
4
Suy ra
V3 A=1HB T V3
3V3 : -7~ % a=b=2++v3
maxQ ===+ 1, khi o " 6%{ c=3

3
Vi du 3.6 (Xem [5]). Cho ba s6 thuc duong a, b, ¢ thay ddi thoa man diéu kien:

ab =1+ bc+ ca.

Tim gi4 tri nhé nhat ciia biéu thic:

V3 b V3.c

:a2+1+b2+1_c2+1'

Bai gidi.
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Tu dieu kién ta co

11 1 1

Dat
1 A1l B C
- —tang, 5 —tang, c-tana, A B,C € (0;7).

Tu gia thiét (34) va (1.3), taco A+ B+C=m

Ta co

A B C
\/§tan2— tan — \/gtan— A 1 \/g
P = 2 + 2 — 2 :\/gsin2§+§sin3—78in0

A B
1+ tan?= 1+tan2= 1+ tan’—
+an2 —|—an2 —|—an2

1 1

:\/—g(l—cosA)—i-—sinB—\/—gsinC’:—ﬁ(cosAﬁ—sinC)—l——sinB—i—ﬁ

2 2 2 2 2 2
> Y33
-2 4

Suy ra
\/_ A=B T \/—
mink === khi _ 6%{ =3

Vi du 3.7 (Xem [5]). Cho ba 6 thic duong a, b, ¢ thay ddi théa man diéu kién:
ab =1+ bc + ca.

Tim gia tri nhé nhat ctia biéu thiic:

1 V3 V3

T2 TRl @it

Bai gidi.
Tu dieu kién ta co

1 1
ab—=a+b+ - (35)
c c
1 s
a=tanA, b=tanB, — =tan(C; A, B,C € (0;5) )
c
T gid thiét (35) va (1.4), tac6 A+ B+C =.
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Ta co

1 V3 V3tan2C 9 9 9
= — = A 3cos”B — V/3sin“C
1+tan2A+1+tan2B 1+ tan?C cos A+ 3cos Vasin
1 1 1 .
=3 (1 4+ cos2A) + \/75(1 + cos2B) — g(l —cos2C) = 5 + §<COSQA—I— V3 (cos 2B + cos 2C)
1 5 3
> _ - __=Z
2 4 4
Suy ra
min P = ——, khi B:C:E)—W_) b—2" /3
12 c=2-+3

Vi du 3.8 (Xem [5]). Cho ba s6 thic duong a, b, ¢ thay ddi thdéa man diéu kién:
ab + be + ca + abc = 4.
Tim gi4 tri nhé nhat ciia biéu thic:
P = ab+ be + ca + Vab+ Vbe + /ca.
Nhan xét 3.11. Ta bién doi gia thiét vé dang:
b—c+ﬂ+a—b+2\/é\/§\/@:1.
4 4 4 4 4 4

Va do a,b, c 1a cac s6 thyc duong nén suy ra be, ca, ab € (0;4) .
Bai gidi.
Dat
Vbe = 2cos A, v/ea = 2cos B,Vab=2cosC; A,B,C e (O; g) .
Tt diéu kién bai toan, ta co

cos? A + cos? B + cos’C + 2 cos A. cos B.cos C = 1. (36)

Tu gid thiét (36) va (1.2), ta c6 A+ B+ C =.
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Ta co

P=4 (cos2A + cos’B + CoszC) + 2 (cos A+ cos B + cos C')

A. B . C
=4(1—-2cosAcosBcosC) + 2 (1+4sin§sin5sin§>

=6+38 (singsingsin% — cosAcosBcosC) > 6.

VayminP:6khiA:B:C:§<—>a:b:c:1.

Vi du 3.9 (Xem [5]). Cho ba s6 thuc duong a, b, ¢ thay ddi thoa man diéu kien:
a+b+c+1=4abc.

Tim gié4 tri 16n nhat cta biéu thiic:

4bc — 1 4ca — 1 1
V4be +\/ca N

Q=

bc ca ab’
Nhan xét.

* Nhin vao gia thiét clia bai toan ta rat khé hinh dung ra day 1a bai toan c6
moi quan hé véi cac dang thiic, bat dang thic luong giac.

* Nhung néu stt dung phép bién doi:

+b4+c+1=4abc & ! + L + L + 2 1 1
a c =4abc & — + — + — — =
4bc  4eca  4ab Rabe

Va nhan thay a, b, ¢ 1a ba s6 thyc duong, suy ra

1 1 1
e (0:1).
4bc’4ca’4ab€(0’ )

T dé ta co cach dat dé dua Q vé dang lugng gidc ma viéc tim gia tri 16n nhat
clia Q don gian chi diing cong thiic bién doi lugng giac.

Ta c¢6 1oi giai sau.
Basi gias.

Tu diéu kién ta co

1 1 1 1

4bc * 4dca  4ab abe

Do a,b, ¢ 14 ba s6 thic duong, suy ra

1 1 1

(1),

4bc’4ca’4ab€( 1)
49

So hoa bdi Trung tam Hoc lieu http://Irc.tnu.edu.vn/



1 1 1
— =2cosA,——= =2cos B, — =2cosC; A,B,C € (O; g) )

Vbe Vea Vab
Tt diéu kién bai toan, ta co

cos? A + cos? B + cos’C + 2 cos A. cos B.cos C = 1. (37)

T gid thiét (37) va (1.2), ta c6 A+ B+ C =

V6i cach dat trén ta co

Vabc—1  ~fdca—1 1 9 1 9 1 9
= — =4 A. —1+4 B. —1+4 C
@ be + ca + ab o8 cos?A +dcos cos?B +Acos

= 25in2A + 2sin 2B — 4sin®C + 4 (38)

Mat khac
N2 1 1
sin 24 4 sin 2B — 2sin®C' < 2sin C' — 2sin?C' = —2(sinc — §) +35<3 (39)
T (38) va (39) suy ra
1
nén
A p_ 0T Y
max ) =5 khi o~ 12 & “=0= 5
C:g c=2v/3+3

Vi du 3.10 (Dé thi Tuyén sinh DH, CD - 2008B). Cho =,y la hai s6 thuc thoa
man z2 +y? = 1. Tim gia tri 16n nhat v& gia tri nhé nhat ciia biéu thic

_ 2(z® + 6ay)
14 2zy + 242

Bai gidi. Viz?+y? =1neén dit o =sint,y = cost, t € [0,2x). Khi do6

_ 2(sin2t+6’sintcost) _1—cos2t+6sin2t
1+ 2sintcost +2cos2t  cos2t + sin 2t + 2

Goi yo 1a mot gia tri tity ¥ ctia P. Diéu d6 c6 nghia la phuong trinh sau (an la

t) c6 nghiem
1 — cos2t + 6sin 2t B

cos 2t + sin 2t + 2 W
& (6 —yo)sin2t — (yo + 1) cos 2t = 2y — 1. (40)
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Vi (40) c6 nghiém nén ta phai co:
(6 —y0)*+ (yo + 1)* > (20 — 1)°

& Y43y —18>0a —6 <y < 3.

Vay: max P = 3 va min P = —6.

Vi du 3.11 (Xem [6]). Cho 22 +y? = 1.

Tim gi4 tri 16n nhat cta biéu thic
A= xm +yV1+ 1.
Bai gidi. Viz?+y? =1nén dit o = cost,y =sint, ¢t € [0,2n). Khi do ta c6
A = costy/1+sint 4 sinty/1 + cost.

Suy ra
2
A? = (Cos tv1+sint +sintv1 + cos t)

< (cos2t+ sin? t) (1 +sint+ 14 cost)

<:>A2§2+sint+cost:2+\/§sin(t—|—£) =A< V2 V2.

Vv1+sint B V14 cost
Tacoé: A=+v/2+V2 < cost ~ sint @t:%
Sin(t—I——) =1
4
(V10§t<27r),

V2

2
tue la sintzcost:T hayx:yZT.

Vay: maxA:\/2+\/§<:>x:y:g.

Vi du 3.12. Xét cac s6 thue duong a, b, ¢ théoa man dieu kién abe + a + ¢ = b.
Tim gi4 tri 16n nhat ctia biéu thic

2 2 N 3
a2+ 1 241 2+1

Basi gidi. Ta coéabc+a+c=b< a+c=>b(1—ac).
Néuac=1thia+c=0«a=—cnén a®=—1 (v ly). Vay, ac # 1.

o1
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a+c
1—ac -
Dat a = tana,c = tan 8 nén b = tan(a + 5), v6i o, 8 >0 va a+ < =

Khi d6 ta co6 b =

2
Khi do
2 2 3
P=7 T an? T
tanca+1 tan“(a+f3)+1 tan“*f+1
=2cos’a — 2cos’(a + ) + 3cos? B
= cos2a + 1 — cos[2(a+ )] — 1 + 3cos? B
= 2sin Bsin(2a + B) + 3(1 — sin? B)
10 1 21 10
ZK—S[Sinﬁ—gsin(Qa—i—ﬂ)] —50082(20[4—5)3?.
: 1 %+ =1
Déu "=" xiy ra < sin 3 _§s1n(2oz—i-ﬁ):> %
cos(2a+ ) =0 sin 3 =3
1 2v/2 2 2
\ﬁsinﬁ:§néncosB:Tnéntanﬁ:Tvaczt:§-
Lai co tan2a:tan<z—ﬁ):cotB:Q\/ﬁnénLO;:%/ﬁ
2 1 —tan® o
2 2
:>tana:\/7—:>a:§; b:tan(a+ﬁ):tan<g—a)zcota:\/§.
10 ... 2 2
VfaymaXP:Ekhlazg, b=2, c:%-

Vi du 3.13. Trong cac nghiém (z,y) ctia bat phuong trinh
lng2+y2 (x + y) >1

Hay tim cic nghiém sao cho (z +y) dat gia tri 16n nhat.

Bazi giai. Ta xét hai truong hop
e Néu 22 +y? > 1 thi ta c6
(41) & 2z +y > 2® +9°
o (-3 +(-3) =3
w__ _ — —_—
2 Y73) =2
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1\? 2 1
Mat khac (:U— 5) + <y— 5) = 3 la phuong trinh dudng tron tam
11 L V2o ez . |
I (5, 5) , ban kinh R = -5 Vi vay tap hop cac diem M(zx;y) la nghiém
5 % N PR IR N a 11 4 ¢
clia bat phuong trinh = +y > 22 + »? 1 hinh tron tam I (5, 5) , ban kinh
2
R Y2
2
1
T — = =TCoSy
Dat f , V6ir>0va0<p<2on
Y — 5 = rsin @

Khi d6 (42) tr6é thanh: r < g va 0 < p < 2m,

dong thoi

x+y:1+r(cosgo+sing0):1+r\/§sin(g0+z).

4
suy ra
1
r+y<l4+v2.—1=2
Y NG
Ta co
1
T = —
rT+y=2%& - V2
sin<g0+z) =1
1
r = —= =1
= %/5 & *
o =-— y =1
4

e NeuO<a2?+9y2<1thi(4l)s0<z+y<2?+y2%

RG rang v6i moi cip (z,y) théa man dieu kien trén ta déu co
sty <zt y? <1
Vay max(z +y) =2khiz =1,y = 1.

Vi du 3.14 (Xem [6]). Trong tat ca cac nghiem cia he

2?2 +y> =16
2412 =9
rt+yz >12 (%)
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So hoa bdi Trung tam Hoc lieu http://Irc.tnu.edu.vn/



hay tim nghiém (z,y, z,t) sao cho (z + z) dat gia tri 16n nhat.

Bazt giai. Theo bai ra ta co

xt 4+ yz > 12
g = COS (v E :C085

Dit < 3 , v 0<a<2rval? ., VOl 0< B <2r.
Z = sin « g zsinﬁ

Khi d6 (*) tré thanh cosasin +sinacosf > 1 < sin(a+ ) > 1

. T
suy ra sin(a + ) :1<:>a+5:§.
Ta co

|x 4+ z| = |[4cosa+ 3cos 5| = |[4cosa + 3sina| = |[5sin(p + a)| < 5,

Vi sin g — = ;
sinp = =, cosp = —-
¥ 5 2 5 _ _
Tfrdéz+a::5khisin(<p+a):1:>gp+a:a@azi_%
16 12
:>m:4cosa:4sincp:3, y:4sinoz:4cosg0:€,
9 12
z:3COSB:3COSg0:g, t:3sin/6’:3sin(p:€.
16 12 9 12
VA :5kh. p—_ p—_ :—t:—.
ay max(z + 2) lr=—4Fy=—F2=y, -

Vi du 3.15. Cho |z| < 1. Tim gia tri 16n nhat ctia ham s6 y = (1 — 2)" + (1 + 2)",
v6i n € N*.
Basi gidi. Vi |z| <1 nén ta dat = cos2t, khi d6 ¢6
y = (1 —cos2t)” + (1 + cos2t)"” = 2"sin?"t + 2"cos*"t
= 2" (sin®"t 4 cos™t) < 2" (sin’t + cos’t) = 2"
Nhu vay y < 2™

Dau ” =" x4y ra khi sint.cost = 0 hay 2 = —1 hofic z = 1.

Vay gia tri 16n nhat ctia ham s6 1a 2.
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Vi du 3.16. Cho 22 + 32 = 1.
Tim gi4 tri 16n nhat clia bicu thic: P = [202% — 152 + 36y — 4843/ .

Bai gidi.

vnﬁ+y2=1naumt{ v =sint
Yy = cost
Khi do6
P = ‘QOSinSt — 15sint + 36 cost — 480083t|
= |5 (3sint — 4sin’) — 12 (4cos®t — 3cost)|
= |5sin3t + 12cos 3t| < /52 + 122 =13
hay P < 13.
) in 3¢ t
Dau ” =" x4y ra khi va chi khi s st _ 001823 & tan 3t = %

Vay max P = 13.

Vi du 3.17. Tim gia tri 16n nhat va nhé nhat cia ham s6 sau:

_ ety (A —ay)

(1+22)(1+y?)

Bai gidi. Ham s6 da cho c6 nghia véi moi z, y.
m™T

Dat x =tana; y =tan B véi o, 8 € (—5, 5) . Ham s6 da cho tré thanh

sin (a4 ) cos (o + )
(tana + tan 8) (1 — tana.tan5)  cosa.cos 3 cos a. cos 3

v (1 + tan2a) (1 + tan25) - 1 1
cos2a cos?f3

= %sin 2(a+5)]

VLJSQnD@+5ﬂ§1mn——<u§%
Ta ¢6 u = % kbi va chi khi sin [2(a + )] = 1, chiing han a + § = = do do

tana +tan 8
1 —tana.tanff

tan(a+f6)=1<

hay
=lsrstytaoy=1

1—ay
1
Suy ra maxu = 5
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Lai c6 u = —% khi v& chi khi sin [2 (e 4 8)] = —1, chang han o + 8 = —%
do dé
tan a 4 tan 3 _ 1

t =-1l< =
an (o + f) 1 —tana.tan

hay
Tty =—-lay—oz—-—y=1
1 -2y
1 1
Vay minu:—§7 maxu = 5.

Vi du 3.18. Tim gia tri 16n nhat, nhé nhat ciia biéu thic

pP— 493?/—_43/2
x2 + y2
Bai gidi. Ham s6 da cho xac dinh véi moi x, y khong dong thai bang 0.
Xét hai truong hgp sau
a, V6iy=0,x #£0taco P=0.

4Z g
b, V6i y # 0 chia ca tit s6 va mau s6 cho y? ta duge P = ‘g .
x
At
Pat £ = tant véi t € (—f; f), ta c6
Y 22
sint
_dtant—4 on
tan?t + 1 1
cos?t

=4 (sint cost — COSQt)

— 2 (sin 2t — cos 2t) — 2 = 2v/2sin (2t— %) —2.

Vi —1§sin(2t—%) <1mnéen —202-2<P<2/2-2.

Ta ¢6 P — —2/2 — 2 khi va chi khi sin (Qt _ %) — —1, chiing han ¢ =~ tiic
.z T
12 L= tan (——) .

Y 8

Va P = 22 — 2 khi va chf khi sin <2t— Z) — 1, chéng han ¢ = 3% titc 1a
T ; 3
— = tan —.
Y 8

Vay max P = 2v/2 — 2;min P = —2v/2 — 2.

26

So hoa bdi Trung tam Hoc lieu http://Irc.tnu.edu.vn/



Bai tap tuong tu

Bai tap 3.1 (Xem [6]). Cho tam thiic bac hai az? + bx + ¢ thod man diéu kién :

V1—x2 ’ax2+ba:+c <1,Vx e [-1;1].
Chting minh rang:
1, |a| < 4.
2, }ax2 + bx +c| <3, Vzre[-1;1].
Bai tap 3.2 (Xem [6]). Xét cac s6 thuc duong a, b, ¢ thda man diéu kien
2006ac + ab + bec = 2006.

Tim gi4 tri 16n nhat cta bicu thic
2 2 3
TZr1 P06 2l
Bai tap 3.3. Gia sit z,y 1a cac s6 thuc thay doi thod man dieu kien

x>0,y>0,xr+y=1.
Tim gi4 tri nhé nhat cia biéu thiic
T Y
+ )
Vi—z 11—y

Bai tap 3.4. Cho z,y, 2 1a cac s6 thuc duong thod man diéu kién zy+yz+z2z = 1.

Tim gi4 tri 16n nhat ctia bicu thic
A:x(l—yQ) (1—22) +y(1—22) (1—%2) —1—2(1—352) (1—y2).

Bai tap 3.5 (Xem [6]). Tim gia tri 16n nhat va gia tri nhd nhat clia ham s6

u = 2z + 3v/3y + 2 v6i 422 + 9y = 16.

Bai tap 3.6 (Xem [6]). Cho céc sb thuc a,b, c duong thoa man
a? 4+ 0% + ¢ + 2abc = 1.

Tinh gia tri nhé nhat ctia biéu thic

1 1 1
T =
1—a2+1—b2+1—c

5 — (a® + b? + %)

o7
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Két luan

Luan van “Phuong phap lugng gidc trong bat dang thiic va cac bai

toan cic tri” da trinh bay dugc nhitng van dé sau:

1. Luan van da trinh bay chi tiét mot s6 dang toan veé sy lién heé giita

luong gidc va mot s6 dang thiic dai sb.

2. Tiép theo, xét mot so6 16p bai toan vé phuong trinh, bat phuong
trinh giadi dugc bang phuong phap luong giac.

3. Cudi cling, trong luan van trinh bay cac ting dung ctia phuong phap

lugng giac trong bat ding thic va cac bai toan cuc tri dai sb.

o8
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