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Mé dau

Ching ta ai ciing biét rang, c6 nhiéu phuong phép khic nhau dé giai mot
bai toan. Str dung phuong phap nao dé cach giai t nhién va qua d6 cé thé nhin
thdy cach xay dung bai todn moi khdng qua tim thudng. Pic biét trong Hinh
hoc so cap, khi str dung hinh vé& dé trinh bay 151 giai mot bai hinh ta kho c6 thé
van dung mot sé két qua cua Dai sb va Giai tich. Hon nita, c6 mot sd bai toan
hinh ma ta khong thé vé duoc két qua, chang han mot vai bai quy tich. Rat tir
nhién xuat hién ciu hoi: Chon phwong phap nao dé trinh bay mot bai hinh, mo
rong bai hinh, xdy dung bai hinh méi. Vi nhitng 1li do ¢ trén nén chung t6i da
chon “ Phuong phép toa d6 trong mit phang” dé trinh bay mot s6 két qua hinh
hoc so cap.

Lién quan dén cach chon phuong phap toa do 1a hai cau hoi trong linh vuc
Toan so cap.

(1) Tai sao chi can st dung mot mat phéng va mot mat non du tao ra mot duong
conic? N6i mot cach khac: Ta can hé hai phuong trinh da thic f(X,Y,2)

=g(x,y,2)=0 da du mo ta tat ca cac diém thudc dudng conic. Cau hoi ndy gén
lién v6i van dé ndi tiéng do Perron dit ra: S6 cuc tiéu cac da thie du mo ta mot
duong cong phang.

(2) X4c dinh tit ca cac diém hitu ty trén mot dudng cong phing thé nao? Noi
mot cach khac: Giai phuong trinh Diophante f (x,y)=0 trén Q.

Dic biét, phuong phap toa dd cho phép ching ta sir dung mot vai két qua
cta Pai s6, Giai tich va S6 hoc vao xay dung mdt bai hinh so cip. Tham sé hoa
mot vai dudng cong phiang qua cic ham hitu ty dé chung ta biéu dién duong
cong d6 qua khéng diém tong qudat. Viéc dua phan tir  vao R dé ta cd thé vét
hét cac diém thudc mot dudng conic. Viée st dung ma tran va dinh thirc dé
ching ta phat hién két qua hinh hoc khong qua ké vé.

Céu tric cia luan van: Ngoai phin md dau va két ludn, luan vin dugc chia ra

lam hai chuong
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Chuong 1: Trinh bay vé& phuong phap toa do trong mit phang. Bao gdm Muc 1
dugc trinh bay phuong phép toa do trong mat phang. Muc 2 tap trung trinh bay
phuong trinh mot vai dudng, chiang han: Pudng thang va dudng bac hai; tham
s6 hoa mot s6 duong. Con Muc 3 trinh bay viéc sir dung phuong phép toa do dé
ching minh mot s6 dinh 1y ndi tiéng trong hinh hoc.

Chuong 2: Xay dung mot sd bai toan Pai s6 va Hinh hoc so cép. Bao gdm Muc
1 st dung toa do dé ung dung Bai toan con buém cho cac duong conic. Muc 2
xay dyung mot sd bai toan Pai s6 va Hinh hoc. Muc 3 1a mot vai phuong trinh
duong c6 chira tham s6 . Muc 4 néu bai toan véc to lién quan dén tam gidc.

Mic du d4 cd rat nhiéu ¢d gang cho luan van nhung chic chan noi dung
trinh bay trong luan vian khong trach khoi nhitng han ché va thiéu sot nhat dinh
va em rit mong nhan duoc sy chi bao, hudng dan cua cac thay gido, co gido va
su déng gop y kién cua ban bé ddng nghiép dé luan vin cua em duoc hoan chinh
va cd y nghia thiét thuc hon.

Qua day em xin bay to 10ng biét on dén PGS.TS Pam Vin Nhi, ngudi da
tan tinh gilp d&, dong vién va an can hudng dan, chi bao em hoan thanh luan
vin nay. Pong thoi em ciing xin chan thanh cam on cac thay gio, ¢ gido trong
hoi dong khoa hoc thudc Pai hoc Thai Nguyén, cac thdy gido, ¢ gido truc tiép
giang day 16p Cao hoc toan K5B, cam on truong Pai hoc Khoa hoc- Pai hoc
Thai Nguyén noi em d& duogc hoc tap, tiép nhan mot hoc vén sau dai hoc cdn ban
va cubdi cing, xin cam on gia dinh, ban bé, dong nghiép d4 dong vién, ung ho,
tao diéu kién va gitip d& toi trong sudt thoi gian 6n thi, hoc Cao hoc va viét luan
van.

Trén trong cam on!

Hai Phong, ngay 02 thang 5 nam 2013

Hoc vién

Nguyén Dinh Xuén
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Chwong 1
Phwong phap toa d trong mit phiang

1.1 Phwong phap toa do
1.1.1 So hrge vé phwong phép toa dd miit phing

Bﬁng cach dua vao mat phéng mot hé truc toa do, mdi véc to, mdi diém
trén mat phéng d6 déu duge xac dinh boi mét toa dd xac dinh. Van dung cac k¥
thuat hodc cong thirc, quy tic da hoc véi nhitng k¥ ning, thao tac va kha ning
thuc hién truc tiép cac phép tinh, nhitng don gian hod va céc loi giai tuong ty.
Khi d6 chung ta c6 thé chuyén nhiéu bai toan hinh hoc sang bai toan dai sé va
nguoc lai, tir két qua cua dai sb suy ra duoc vai tinh chat va méi quan hé giira
cac hinh hinh hoc.
1.1.2 Hé toa d trén mit phang.
Dinh nghia: Hé truc toa do (O;i, j) gdm hai truc (O;T) vé(O;]) vudng goc véi
nhau. Piém gbc O chung cua hai truc goi 1a gbc toa do. Truc (O;T) duoc goi 1a
truc hoanh va ky hiéu 1a Ox, truc (o;]) duoc goi 14 truc tung va ky hidu 1a Oy .
=1. H¢ truc toa do

Cac vécto 1 va | 1a cac véc to don vi trénOx, Oy va M: ]

(O;1, J) con duogce ky hiéu 1 Oxy .
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Cac dinh nghia:

1. M(x;y)<OM =xe, + ye,.

2. a=(a;8,) =a=ae +a,e,.

3. x=OM cosc .

4. y=OM sina (0°<ar<180°).

Két qua quan trong:

1. Trong mit phang (Oxy) cho a(a;a,),b(b;b,), tacé a va b
‘a1 a,
b b

2. Trong mat phang (Oxy) cho a(a;a,),b(b;b,)

Tacé: a.b=(a,a,).(b,b,)=ab +a,b,.

1.2 Phwong trinh dwong thing va dwong béc hai va tham sé hoa cac dwong

= a1b2 - a2bl :

Phuong trinh dwong thing
Céc dang phuong trinh duong thang: Vi a,beR va a®> +b*#0, taco

(i) d:ax+by+c=0.

L X=X, Y-V,
t: 0 — 9,
(||) " 5

(iii) Duong thcfng AB: (yz - yl)x_(XZ - Xl)y+X2y1_ XY, =0 voi A(X1’ yl) '
B(X,,Y,)

Xyl
(iv) Puong thang AB: |x, y, 1/=0 vé&i A(X;Y,), B(X,Y,)
X, Y, 1

(v) Gid sir d,: a,x+by+c,=0vad,:ax+b,y+c,=0. Khido toa dd giao diém

b ¢ b ¢
b, c b, c
A-d Xd, VO X, =121y, =21
Ylab]t o a
a2b2 C2a2
5
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2 b

p . \ \ . — a b
Goc gitra d, va d, la o voi tana:|aib2 a2b1|: 2 2
‘aiaz +byb, ‘ a,a, +bb,

: b,—a
va sina = 2\31 = 221‘ —, cosa = 2\a1a1+blb§\ —.
V@ +h?) (@, +h,?) (@l b)) (@, +h?)
Gia st tam giac ABC ¢6 A(X; Yy), B(X,;Y,),C (X, Y, ). Khi d6 dién tich
1 Xl yl l
S asc :E gttd |x, y, 1.
X3 y3l

Phuong trinh céc dudng thang chira cc dinh :
4 =Y,—Y;
BC: ax+by+c =0véi <b =x,-X,
CL=XYs = XY,

GH=Y;—Y
CA: a,x+b,y+c,=0 védi 1b, =% — X,
C, =Xy, = XY,
GB=Y.—Y,
AB: a,x+by+c,=0 véi <b,=x,-X
C;=XY, = XY

Neéu giai h¢ phuong trinh, nguoi lai d€ tinh x;,y, qua cac a;,b;,c; taco

— bzcs _ b3C2 = a,C, — a,Cq
azbs - a3b2 azbs - a3b2

, = b3cl _ blc3 y, = 8,03 — a6
1Y2
a3b1 a a1b3 a3b1 a a1b3

X, = blc2 — bzcl L= 8,6, —,Cy
a1b2 - azbl aibz - azbl
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Phwong trinh dwong bac hai
Ménh dé 1.2.1: Néu 3 dinh tam giac ABC 1 nhitng giao diém cua cac cap thudc
ba duong thang ax+by+c =0 véi i=1,2,3, thi dién tich va ban kinh dudng

tron ngoai tiép cia AABC dugc tinh theo cac cong thic

2

2, b ¢

a‘2 b2 CZ

a‘3 b3 C3

a, 85|18 da3)|a 8,
b, by [, by [lby by
a b ¢

(ii) R = gurd (ii) R=gttd|a, b, c,
a‘3 b3 C3

(iii) Néu ki hiéu a =BC, b = CA, ¢ = AB thi

) 1
(') SABC :E gttd

J(@2+b?) (@, +b,?) (3, +b?)
) |

3

a b c
a, b, ¢,| /(a2 +b?)(aZ+b?)(aZ+b?)

abc = gttd % b, G

a, &
b, b,

a, a,
b, b,

Chitng minh: (i) Thay x,y, vao cong thirc tinh dién tich tam giac ABC ta nhan

a &
b, b,

duoc:

b2C3 — b3cz 830y —8,C4

azbs o asbz azbs o asbz

SABC — lgttd b3cl _b1C3 8,03 — a0 1]
2 a3b1 o a1b3 a3b1 o a1b3

blc2 — bZCl 8,6, —aC, 1

a1b2 o aZbl a1b2 o a2b1
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bzcs — bscz a;C, —a,Cy
azbs - aebz azbs - asbz

1

S e :1 gttd b3cl _blc3 8,C; — a0y 1

2 aSbl - albs a3b1 - albs
blcz — bz C, a,C, —a.,
aibz - azbl a1b2 - azbl

b,c,—b,c, a,c,—a,c, ab,—a,b,
b3cl_blc3 8,C3 —a,C; a3b1_a1b3
:lgttd b1C2 _bzcl a,C, —a,C, a1b2_a2b1 .
2 q 13 &3 &
b, by[|by byl b,

a a, &,
Xétmatrancipba M =| b b, b, | vama tran phu hop ctia M 1a
G C, G
bzcs _bscz a;C, —a,Cy azbs - asbz
Mad: b3cl_blc3 a,C;—a,C asbl_a1b3
blcz - bzcl a,C,—aC, albz - azbl
Vi MM, =|M|E nén |M||M,|=M[ hay |M,|=|M[". Do vay ta c6

2

a b ¢
a2 b2 CZ
b, ¢
S e zlgttd % % G :
2 a2 a3 al a3 al a2
b, by|o b;|lb, b,
(i) Vi R27—=— %8¢ nan ta 6 cong thire xéc dinh R qua
2sin AsinBsinC
8
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2

al bl Cl
a2 b2 CZ
a3 b3 C3
Q 4 a1 q,
R‘?:%gttd - bzbb3 b1 b3 bl bz .
ai 2_a2 1 azbs_asbz asbl_a1b3
(af +b7) (a7 +b;7) (a; +b3)
ai bl C1 2 2 2 2 2 2
Do vy R= gt |a, b, o LGB, 2+b2 )(a" +b%)
aS b3 C3
a b oc|
8, b, ¢,| (@’ +h?)(a,>+b?)(a;? +b?)
(iii) Ta c6 abe = gttar 122 G
a2 aS al a3 a1 a2
b, by||b, byjfb, b,

vi abc=4RS,;..

Biéu dién ban kinh dwong tron ngoai tiép qua toa d dinh

Ménh d& 1.2.2. Gia st ba diém A(X.;Y,), B(X,;Y,) va C(X,;y,) trong mat phang

toa d0 Oxy véi do dai ba canh a = BC, b = CA, ¢ = AB. Goi R la ban kinh

abc

duong trdn ngoai tiép tam gidc ABC. Khi d6 ta c6 R=

X Yl

2gttd |x, Y,
X3 ¥s 1

Chirng minh: Ta biét ban kinh dudng trdn ngoai tiép tam giac ABC khong thay

d6i qua mot phép tinh tién. Do d6 ¢6 thé coi tim dudng tron ngoai tiép tam giac

ABC la O(0;0) vataco
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24+ (V. — v.)?
. Rz—xlxz—ylyzz(xl 2) 2(y1 Y,)
Xl +y1 :R 2 2
x,>+Y,” =R? vasuy ra Rz—x2x3—y2y3:(xz_x3) ;(yz—y3) .
X, +Yy, =R’ OV (V- V)
RZ—X1X3—y1y3:(X1 3) 2(y1 y3)
¥ 1
Tir 2S=gttd|x, y, 1 va tich hai dinh thirc
X3 Ys 1

X1y1R _Xl_le X1y1R =X X T X
X, Y, R =X =Y, R =X Y, R Y1 =Y, Y
X3 y3R_X3_y3R X3 ysR R R R

ta cO biéu thi mbi

quan h¢ gitra toa d6 dinh, dién tich va ban kinh R qua

0 _)(1)(2_)/1)/2+R2 —XX3=Y1Ys +R°
0 —X,Xy =,V +R*
0

4S°R*=gttd |-xx,—y,y, + R’
_)(1)(3_3/13/3+R2 XX Yo Y R?

— ) 2 .= : 2
(% =%) +(Yi—Y;) v6imoi i, j=12,3,i#j, suy ra

Y
VI R =XxX; Yy, = >
o B¢
2 2
2 2 21n2 A2
a7 =gital’ 0 & |_3PC \aypo WC .
2 2 X Y1
¢ a’ 0 2.0ttd|x, y, 1
2 2 X ¥; 1

Vi du 1.2.3. [Rumania 2004] Gia sir diém M ¢ trong tam giac ABC. Ky hi¢u
R,R,,R,,R; la ban kinh duong tron ngoai tiép cac tam gidc ABC, MBC, MCA,
MAB. Céac dudng thang AM, BM, CM cit BC, CA, AB tai A,B,,C,. Pit

_MA O MB: L _ME g minh ring KR, +k,R, +k,R, 2R
AA BB ® CC,

kl
Bai giai: Tir Ménh dé 1.2.2 suy ra dong nhit thirc 4SR=abc. Do d6 ta co

10
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4S ;R =abc
4S, R, =a.MB.MC
4S,,:,R,=b.MC.MA

48, ,,5R,=C.MAMB
klRl+k2R2 +k3R3 — SMBC Rl +SMCAR2 +SMABRS

Tu suy ra quan hé
R SR yraq &
kR +k,R, +k;R, _aMBMC +b.MCMA+CMAMB
R B abc T

Vi du 1.2.4. Goi diém G 1a trong tAm tam gidc ABC. Ki hiéu R,R,R,, R, 1a ban
kinh duong trdn ngoai tiép cac tam giac ABC, GBC, GCA, GAB. Ching minh
rang: R +R,+R,>3R..

Bai giai: Vi klzkzzkf% nén R.+R,+R,>3R .

Vi du 1.2.5. Goi diém I 1a tim duong tron noi tiép tam giac ABC. Ki hiéu
R,R,,R,,R; 1a ban kinh dudng tron ngoai tiép cac tam giac ABC, IBC, ICA,

IAB. Ching minh rang: &+&+%ZB..
a b C r
Bai giai:
k=" k=" vak="nen B R RLR -
ha hb hc ha b hc r

Phwong trinh dwong parabol
Puong parabol (P) véi dudng chuén d: X:—g va tiéu diém F (g; 0) ¢6 phuong
trinh chinh tic va phwong trinh tiép tuyén (t) tai diém M (X0 Yo):

(P):y*=2px;(d): p(X+%,) =YY,
Gia sir Mtcat duong thing Ox tai T va cit duong thang Oy tai S. Khi d6

T(xi0) va PN~ 027 47 0~ 242 =+ 2.

Do vday TS=SM va FT=FM. Néu qua M ké duong thang mM //Ox thi
ZmMt=ZtMF .

Ménh dé 1.2.6. Puong thang d :ax+by+c=0 tiép xuc vdi (P):y*=2px khi va

chi khi pb®=2ac. Dic biét, khib=1taco p=2ac.
11
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Chirng minh: Pudng thang d:ax+by+c=0 tiép xuc voi (p):y?=2px khi va
chi khi c6 M (x,;Yy,)e(P) dé d trung tiép tuyén Mt=px—y,y+ px,=0cta (P)

hay E:L:L:zu #0. Piéu nay twong duong a=up,b=-uy,,c=upx,. Hién

P =Yy PX
nhién y;=2px, twong duong pu’y=2up.upx, hay pb*=2ac, vi u=0

Vidu 1.2.7. Gia str duong thang d,di qua tiéu diém F cta (P) c6 phwong trinh
d, :y:a(X—g),a;tO, cit (P) & A va B. Khi d6

(i)AAOB>%.
(ii) AB>2p va ABnhé nhat bang 2pkhi AB_LOX.

(iii) Tim tdp hop cdc trung diém I ciia doan AB.

(iv) Puong tron dwong kinh AB luén ludn tiép xiic véi mot dwong thang co dinh.

o y=ax- D)
Bai giai: (i) Toa d0 cua A va B la nghiém cua hé 2°.
y*=2px
y2
hay hé phuong trinh ay®—2py—ap®=0, x :2—p.

2

Goi y,,y, 1a hai nghiém cia ay?—2py—ap?=0. Khi d6 A(xlzg—;,yl) va
2
B(Xzzg_ij’yz)-
2 2 2 Ve Vi 2 1 2
Tacod AB*=(y,—V,) +($—Z—L)=[(yl+y2) —4y1y2]{1+4—p2(y1+y2) }

2 2 2
Viy ABZ:Fag +4p2}{1+4t2 4;; }:4p2{1+$} .

Tinh

4 4 4p2 1 4p2
T=OA21+0B?:T=y2+y2+d2 4 N1 2P Lon2, 12p?)?-2p*
R i L (z +2p)—2p

12
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Tinhra OA2+0B?=p?| 413 2| p2| 4, 8 4| AB? Dods £AOBST.
a’ a° 2 a’ a 2
(i) Hién nhién.
p

(i) Gia str 1(x,,Yy,) la trung diém cia doan thang AB. Pit u=-—. Toa do diém
a

4p 2
L Yiry: g2 PP awteop?
lla <" 4p  4p 4p
Yi+Y, P
= 2"y
Y 2 a

. u> p u’? p AB p p AB . . .
Iv) Th X,=—+—=—+ p——=——— suy ra x,+—=——. Vay, dudng tron
(iv) T x, 027D P—Z =7 sWra x+o=—r. Vay g

dudmg kinh AB ludn ludn tiép xtc véi duong chudn d :x:—g. 5

Vi du 1.2.8. Trong mat phiang (Oxy) cho parabol (P) :y:%x2 gia st n duong

thang di qua 1(0;1) cit (P) & A,B;A,,B,;...;A ,B,, tuong tng.
Ching minh bat dang thirc
L + L <1.
YIALIA,. 1A, |/IB.IB,..IB,

Bai giai: Gia str (d):y=kx+1di qua I cit (P) tai A, B. Khi d6 toa do cua hai

y o y=tctl o [y=kx+1
diém A, B 1a nghiém cua hé 1 , - Xét h¢ phuong trinh , .
y:Zx X" —4kx—4=0

Goi X, X, 1a hai nghiém ctia x*—4kx—4=0 va A(x,,kx, +1),B(x,,kx,+1). Ta co

thé gia thiét x <0<Xx,.

13
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1 1 | 1
+E—\/xf+k2xl2 +\/x‘;_2+k2x‘;_2 _—xlw/1+k2 +X2\/l+k2
B X, P R
— XX \/1+k2 — XX 14k 4\/1+k2
:\/(x2+x1) —4X.X, :\/16k2+16
4J1+K? NS

Bién doi

=1

Nhu vay d4 bién d6i dugc hé thirc hang %+%= 1. Tir @6 suy ra bat dang thirc

1 1
_H( B, \/IAIAZ 1A \/IB IB,.. )

Phwong trinh dwong tron
Puong tron (C) tdm 1(a,b) ban kinh R ¢6 phuong trinh chinh tic va phuong
trinh tiép tuyén (d) tai diém M (X,,Y,):

(C):(x—a)°+(y —b)*=R*;(d) :(x — a)(x, ~a) +(y—b)(y, ~b) ~R*=0
Vi du 1.2.9. Cho tam giac déu ABC va hinh vuéng MNPQ néi tiép trong cling
mot duong tron (E) ban kinh 1. Khi d6 IA*+IB*+IC*=18R* va
IM*+IN*+1P*+1Q*=24R* voi bat ky | €(E). Tong T=IM®+IN®+IP°+1Q°
6 phu thudc vao vi tri cua diém I hay khong?

J3R R, B3R R

Bai giai: Dung hé (Oxy)sao cho A(O;R), B(_T ——) (— ——) Gia su

1(x;y) voi x*+y®=R?. Khi d6 ta c6 tong I1A* + IB* + IC? =
y y

[x2+(y—R)2]2+[(x+@)%(y+§)‘z} +{(x—@)2+(y+g)2} ~18R".

Tuong tw c6 IM* + IN* + IP* + 1Q* = 24R*. D& dang kiém tra T phu thudc vao |
Vi du 1.2.10. Cho duong tron (C) va mot diém M. Pudng thang qua M cat (C)

& A va B.Khi d6 MA. MB khdng phu thudc vao vi tri duong thing (MAB) .

14
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Bai giai: Dung hé (Oxy) sao cho dudng tron (C):x*+y*=R*. Gia st M(a;b).
Goi I 1a trung diém doan thing AB. Khi d6:
MAMB =(MI +1A) (MI - 1A)=MI 2 — |AZ
Vay MAMB = (MO?-012)—(0A2-01?)=MO?-R? va chlng ta c6 hé thirc
MA.MB=a?+b*-R?.
Vi du 1.2.11. Cho tam gidc ABC noi tiép dudng tron (C) tam O bén kinh R,
Khi @6 hay
(i) Xéc dinh tap tat ca cac diém M thoa man MB?+MC?=2MA?
(ii) Xac dinh nhimg diém P,Qe(C) dé T,=PA*+PB’+PC? la Ién nhat va
T,=QA?+QB*+QC? la nho nhat.
Bai giai: (i) Khoéng han ché c¢6 thé coi R=1. Dung hé (Oxy)sao cho dudng tron
(C):x*+y?=1. Gia st A(;0),B(cosa;sina),C(cosp;sin B) va M(X,y).
Phuong trinh MA?+MC?=2MA’ tuong duong (Xx—cosa)’+(y—sina)®+
+(x=c0sB)* +(y—sin B)=2(x-1)*+2y>.
Tir day suy ra d :x(cosa +cosf —1)+y(sina +sin 8)=0. Nhu vay, tap cac diém
M la duong thang d di qua O va d L AK , & @6 K 1a trung diém cta BC.
(i) Gia st N(cost;sint). Khi d6 ta c6
T=NA?+NB?+NC?=(cost-sina )’ +(sint-sine)’
+(cost—cos B)” +(sint—sin )" +(cost-1)° +sin*t?
=6—2[cost(cosa +cos S+1)+sint(sin f+sina )]
=6—20H .ON =6—20H .ON cosp=6—20H cos¢
trong d6 ¢=2/NOH . Tur day suy ra T,=6+2.0H khi p=7x va T,=6-2.0H khi
¢=0. Hién nhién P va Q 1a giao diém gitra OH v&i (C). O
Chiy 1.2.12. Néu A(cosa;sina),B(cos B;sin ) va C(cosy;siny)

15
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sing +sin g +siny

thi phuong trinh OH @y =
COSa +COS B +COSy

X va hoanh do cua P,Q la

+1

\/(sina +sin B +sin ;/)2 +(cosa +cos 8 +cos;/)2 |

Phwong trinh dwong ellip

Puong ellip (E) voi tiéu diém F,(—c;0),F,(c;0) c6 phwong trinh chinh tic va
phuong trinh tiép tuyén (d) tai diém M (x,;Y,):

XZ 2

(E):2+2 =1, S(E) =rab; (d): 20 + o1
a’ b? a b

Puong thang () :mx+ny+ p=0 tiép xtc voi (E) khi va chi khi
a’m’+b’n’=p>.
Hai duong kinh lién hop ctiia dudng ellip (E) véi hé sb goc K k™ thoa mén

. b2
kk =7

Ménh @& 1.2.13. Trong (Oxy), anh xa ¢:(Oxy) — (Oxy),

M (X;y)>M (X =xY =ky) véi |k|0,1, duge goi 12 anh Xa co hé s6 k. Khi d6
(i) ¢ bién duong tron thanh ellip va nguoc lai, vai mdi ellip ¢6 anh xa co bién
no6 thanh duong tron.

(ii) ¢ bién ba diém thang hang A, A,, A, thanh ba diém thang hang A, A, A, va
AR AR

AA - AA

(iii) Gia st A, A, A, dugc bién thanh A, A, A, qua ¢. Khi d6 cong thirc tinh

dién tich S ‘k‘SAlA2A3.

(iv) Anh xa co bién tiép tuyén ciia dudng tron (C)thanh maot tiép tuyén cua ellip

(©)

16
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Chirng minh: (i) Chi cin chting minh cho duong tron (C):x* +y?=R’. Gia st

M(x;y) 1a diém tuy ¥ thudc (C) va M (X;Y)=¢(M). Khi d6 x*+y?’=R’ va

2

X =x,Y =ky. Vay X2+1—2:R2.

Do d6 anh caa (C) la ellip (E):k°x*+y?=k?R?. Nguoc lai chi can chtrng minh
cho ellip (E):b*x*+a*y*=a’h’.
Xét anh xa ¢ bién M (x;y) thanh M (X =x;Y :%). Khi d6 b*X? +b%Y?=a’b’

hay X*+Y?=a’. Do d6 anh cua (E) qua ¢ la dudng tron.
(i) Gia sit A(X,Y) A(X,,Y,), A(X,Y,) 1a ba diém thang hang, chiang han
ching cung thugc duong thang ax+by+c=0. Goi A(X,=x;Y,=ky,),i=12,3,

la anh ciia A qua ¢. Vi ax +by,+c=0 nén aXi+b%+c:0,i:1,2,3. Viy ba

.2 ' ' ' N N 2 b hY
diem A, A,, A, cung nam trén duong thang aX+E y+c=0 va tu do suy ra chiing

thang hang. Dé chimg minh sy bao todn ty sb, chi can xét ba diém thudc duong
thang y=ax+b l1a A(X;y,=ax +b),A (X,;y, =ax,+b), A,(X,;y,=ax, +b) va ba
diém anh A (x;Y,=k(ax,+b)), A (x,;Y,=k(ax, +b)), A (x,;Y, =k (ax, +b)). Ta c6
ngay ty sb cac do dai:

AA, _ JOu %)’ +ka’ (x, %)’ _ [, =] _AA

AA, \/(xz—x3)2+k2a2(x2—x3)2 ‘Xz_x3‘ AA,
(iii) Gia st A(X;Y,), A (%, Y,), A(X,;Y,) 1a ba diém tuy y khong thang hang.
Goi A(X,=x;Y,=ky,),i=12,3, laanh cia A qua ¢.

X, ky, 1 X, Y, 1
Khi d6 dién tich 25, =|x, ky, L=|k|[x, y, 1|=2]k|S
X; ky, 1 X; Y, 1

ARA

17
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(iv) Gia st d :xx, +yy,=R? 1a tiép tuyén cta (C) tai diém M (x,;y,). Qua phép
XO 0 0 0

2 2

co-dan hé s k, duong tron (C):x2+y2=R? bién thanh ellip (E) :%+ ngz 1,

diém M (x,;y,) bién thanh M '(x,;ky,) va duong thang d:xx,+Yyy,=R* bién
2

thanh duong thang d :xx0+y%:R2. Vi x2+y.=R? nén R2x§+R2k2%:R2.
Vay d’ tiép xuc véi (E). O
Vi du 1.2.14. Gia sir mot duong ellip ndi tiép trong tam gidc ABC va tiép xtc
voi canh BC, CA, AB tai M, N, P, twong ung. Chung minh AN.BP.CM =
AP.BM.CN va AM, BN, CP ddng quy.

Bai giai: Dung hé toa do (Oxy) sao cho ellip noi tiép noi tiép trong tam giac

2 2 2

ABC c¢6 phuong trinh (E) :X—2+§:1 hay (E) :x2+y2%:a2. Thuc hién phép
a

co-dan hé sb k:%, tir (Oxy) I&n (Oxy) bién M (x;y) thanh M'(X =x; y':%y).

Khi d6 tam gidc ABC bién thanh tam gidc ABC', duong ellip (E) bién thanh
duong tron (C):x*+y?=a’ noi tiép trong tam gidc ABC' tiép xuc cac canh tam
giac ABC'. Gia sir phép co-dan hé s6 k bién thanh M',N',P" ciing 1a nhiing tiép
diém do (C) tiép xuc cac canh AABC .

BM _CN AP

MC AN BP

Vi AN =AP,BP=BM vaCM =CN nén

BM CN AP

Tur day suy ra .————=1. Nhuvay AN.CM.BP=AP.BM.CN.
CM AN BP

Vi AM',BN',CP ddng quy tai K’ nén anh cia K 13 K qua phép co-dan véi hé
6 2 thudc dong thoi ca ba dudng AM, BN, CP. Diéu d6 chimg t6 AM,
a
BN, CP dong quy.
Vi du 1.2.15. Gia sir mot dudng ellip ndi tiép trong tir gidac ABCD va tiép xuc
V6i cac canh AB, BC, CD, DA tai M, N, P, Q tuong ung.
18
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Chuang minh bén doan AC,BD, MP,NQ dong quy.

Bai giai: Dyung hé toa do (Oxy) sao cho ellip ndi tiép trong tir giac ABCD c6

2 2 2

phuong trinh (E) :X_2+§:1 hay (E):x*+ yz%:az. Thuc hién phép co-dan hé
a

s k:%, tir (Oxy) I&n (Oxy) bién M (x;y) thanh M (X =x; y':%y). Khi d6 tir

giac ABCD bién thanh tr giac ABC'D', dudng ellip (E) bién thanh duong tron
(C):x*+y®=a® noi tiép tir gihc ABC'D' tiép xuc cac canh tir gisc ABC'D'.
Gia sir phép co-dan hé sé k bién M, N, P, Q thanh M',N',P’, Q' ciing 1a nhirng
tiép diém do (E) tiép xtic cac canh AB,BC,C'D,D'A.Vi AC,BD ,M P ,NQ
dong quy tai diém 1 theo Vi du 1.3.24 nén anh I cia n6 qua phép co-dan hé sb

b thudc ca bén doan AC, BD, MP, NQ. Do d6 bdn doan AC, BD, MP, NP
a

dong quy. O
Vi du 1.2.16. Gia st tam gidc ABC c¢6 dién tich S. Phép co-dan hé s6 k bién tam
giac ABC thanh tam gidc ABC . Tinh dién tich tam gidc ABC .

Bai gidi: Dung hé toa do (Oxy). Gia st A(X,,Y,), B(X,,Y,) va C(X,,Ys,).

Khi do A (x,ky;),B (X,,ky,) va C'(x;,ky,) . Khi do ta ¢ cong thic S, =|k|S

X ky, 1 Xy 1
1 |
Vi S e :Egttd x, ky, 1:Egttd X, v, U=[k|S. O
X; Ky; 1 X3 Ys 1

Phwong trinh dwong hyperbol
Duodng hyperbél (H) véi tiéu diem F (—c;0),F,(c;0) c6 phuong trinh chinh tic
va phuong trinh tiép tuyén (d) tai diém M (XO; yo):

22

(H) :%_g_zﬂ;(d ) :%_%:1.
Duong (¢):mx+ny+ p=0 tiép xtic véi hyperbdl (H) khi va chi khi
a’m’—b’n’=p?
19
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Hai duong kinh lién hop cua hyperbdl (H) v6i hé s goc k,k thao mén
. b?

a2

kk

Tham s6 hoa db thi

Dinh nghia 1.2.17. D6 thi phing V ( f) duoc goi 1a do thi phang hitu ty néu co
hai ham hitu ty ¢(t),y (t)eR(t)cua bién t va ca hai khong dong thoi thude R
thod man f (go(t),l//(t)):O.

Do thi phing hitu ty c6 quan hé t6i viéc tim cdc nghiém (a,b)eR*cia phuong
trinh f (x,y)=0hodc tim cc diém thudc dd thi phang véi toa do 1a nhiing so
hitu ty hay xac dinh nhitng diém khong tdm thuong voi toa dd nguyén thudc da
tap Fermat V :x"+y"—2"=0, n>3.

Khi biéu dién d6 thi phang V (f)qua x=¢(t),y=y (t)eR(t), ta ndi ring da
tham s6 hod duoc V(f).Viéc tham s0 hoa d6 thi phang qua cac ham hitu ty nhu
sau: Chon diém PeV va viét phuong trinh tham sb cua duong thang (d) qua P
sao cho (d) cit V tai ding mot diém thir hai khac P.

Cho (¢):f(x,y)=0véi f(x,y) la da thirc bat kha quy. Khi c6 hai ham hitu ty
o(t).w(t) cua bién t va ca hai khong dong thoi thoi thugc R thio mén
f (go(t),y/(t))zo thi diém ¢(t),y (t) duoc goi 1a khong diém tong quat ciia (1)
Ta thém oo vao R va coi né nhu mot phan tu.

Ta dinh nghia ¢(0)= !I_)rggo(t) va l//(OO):!i_)r[]Ol//(t). Khi d6 toa do cac diém cia
(£)véi toa dd thuge RuU{oo}sE co dang (go(t);l//(t)),te RuU{o} .Viéc tim khong

diém téng quat ciia (¢) gan lién v6i van dé gidi phuong trinh f(x,y)=0 trén

Q hay phuong trinh z° f (ﬁ,lj:o trén Z, & d6 d =deg f (x,y).
Z Z
Pinh nghia 1.2.18. Cho d thi phing bét kha quy (¢). Nhitng diém thudc (/)

Véi toa d¢ thude Q dugc goi 1a nhitng diém hitu ty cla ()
20
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Phwong trinh tham so6 dwong thing

X=X, +bt
Puong thang d :ax+by+c=0 c6 phuong trinh tham s6 d :{ y=y, —at
teR
Véi ax,+by,+c=0.
Phuong trinh tham sé dwong parabol
\ , N X X = 2 pt2
Puong parabol (P) c6 phuong trinh tham so
y=2pt,
Phwong trinh tham s6 dwong tron

Ménh dé 1.2.19. Pudng tron (C):x*+y®=1 la d6 thi phang hitu ty dugc tham

: 2t 1-t°
s6 hoa qua x(t)=——, y(t)=
qua () 1+t2 v 1+t2
V6i quy udc x(0)=lim 2 o y(oo)—liml_tz——l Véi diem A(X,;Y,)e(C)
quy t—>ool+t2 ’ X—)ool+t2 ' 170 '

phuong trinh tiép tuyén At ciia (C)1a xx;, +yy, =1.
Chirng minh: Puong thing (d) di qua diém (0;1)e(C) véi hé sb goc -t ¢b
phuong trinh (d):y=—tx+1. (d) cit (C) tai diém diém (0;1) va diém

2t 1-t? 2 2t 1-t?

A — ). Dlem —_— Chay qua tét Cé Céc dlém thuéc ( , khéc
(1+t2 l+t2) (1+t2 l+t2) ' e (©)
diém (0;-1). Voi quy X(o0)=lim t =0 y(oo)—lillll t =-1 thi A cling chay

qua ca diém (0;-1).

Vi A(X,:¥,)€(C) nén x; +y; =1. Vay At:2x,(X—X%,)+2Y,(y-Y,)=0. O
Phwong trinh tham s6 dwong Ellip

2 2
Ménh dé 1.2.20. Puong Ellip (E) %*E,/_z:l 12 db thi phing hitu ty duoc tham
. 2a’bt b* —a’bt? _ 2a’bt
s6 hod qua x(t)=—2 y1)==2 2 6 quy wie x(eo)=lim—22__q,
qua XO =7 YO = e VOl awy )=

21
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b®—a’bt?

y(e)=lim=—z=—b. Vei diém A(X,; Y, )€ (E), phuong trinh tiép tuyén At
q XX . Yo
cua la —-+-=-=1.
( ) a b2

Chirng minh: Pudng thing (d) di qua diém (0;b)e(E) véi hé s goc —t ¢6
phuong trinh (d):y=—tx+b. (d) cit (E) tai diém diém (O;b) va diém

2a’bt  b®—a’bt? ). m A ( 2a2bt b®—a’bt?
b? +a%?’ b%*+a’t? " b2 +a’t?

) chay qua tit ca cac

Al

diém thudc (E), khac diém (0;—b).

242
Vi quy uéc X(oo)—llmza—bt 0, y(o0 )—Ilmm:—b thi A ciing chay
= ® +a’t 2 +a’t?

X—00

qua ca diém (0;—b). Vi A(X,;Y,)e(E) nén a—+g—g:1.

~o At 2% 2y XX Yy
VayAt.?(X—XO) bzo(y Y, ) =0hay At: a—+b°:1 O

Cha y: Tham s6 hoa duong tron va ellip qua cac ham luong giac:

(i) Buong tron(C): x* +y* =1 con duoc tham s6 hoa qua x=cost,y =sint;

2
con Ellip (E): —2+Z—2—1 tham s6 hoa qua X = cost, y =sint
a

(i) Gia s A(acost,bsint)e(E). Dat r=0A £xOA=t,. Khi d6 ta co

: . récos’t, r?sin®t
A(rcost,,rsint, ) e (E)va ~ 1, - )

=1. Tur day suy ra do dai

ab

OA=r= va nhan dugc quan hé sau:
Jb?cos?t, +a’sin’t,
bcost
cost = -~
Jb?cos?t, +a?sin’t,
. asin
sint = — b
Jb7 cos?t, +a’sin’t,

22
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X 1» . : . a
D¢ dang suy ra cost = 0 khi va chi khi cost, # 0Ova tant :Btantl.

: a’b?
(iii) Tir a® cos®t +b?sin’t =0A* =r* = _ ta suy ra quan hé
2 2 2 2
bcos“t +a“sin“t,

(a% cos® t+b?sin®t)(b? cos’t, +a”sin’t, ) = a’h”.
(iv) Gia st A(acost,bsint),B(acosu,bsinu)e(E). Khido co hé thuc

AB? = 4sin? —— 21~ 1 b2 cos? t+u+a snzt— .
2 2 2

2
Vidu 1.2.21. Buong (E): —2 E)/_Z_S 1a @6 thi phang hiru ty trén Q.
a

Bai gidi: Duong thing (d) di qua diém (4;10) € (E) véi hé s6 gdc -t c6 phuong

trinh (d):y=-t(x—4)+10. Duong thing (d) cit (E) tai diém (4;10) va diém

. 64t + 320t —100  —160t* + 200t + 250
thr hai A ,
16t° + 25 16t° + 25
2 _ _ 2 , )
Didm A 64t +I§20t 100; 160t +2200t+250 chay qua tht ca chc didm
16t° + 25 16t° + 25

2 —
thudc (E), khac diém (4;-10) véi quy ude x(0) = ! 64t 1gt§20t25 100 _ A
S +

~160t? + 200t + 250

=lim =—10 thi A chay qua cac diém (4;-10).
V) = e 1 25 Achay g (4-10)
A Xy
Vay (E) 5t P =5 1a d6 thi phang hitu ty trén Q.
a
Phuong trinh tham sé dwong Hypecbél
2 y2

Ménh d& 1.2.22. Buong Hypecbol (H) X—Z—Fﬂ 12 dd thi phing hitu ty duoc
a

. a+ab?? 2b%t
tham s0 hoa a Xt)=——m, y(t) =——— Vi u udc
qua - X(O)="—57YO="ae quy
23
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a+ab?? 2b%

X (o0 )—IImW— a,y(wo )—Ilm b0 =0. Tu day suy ra nghiém hitu ty cta

x?—dy?=1, trong d6 d 14 s6 nguyén va khong la s6 chinh phuong. Vi diém

A(Xy;Y,) € (H), Phuong trinh tiép tuyén At ctia (H) 13);—)(20 - % =1

Chirng minh: Puong thang (d) di qua diém (a;0)e(H) véi hé sb goc at co
phuong trinh  (d):x=a(ty+1). (d) cat (H) tai diém (a;0) va diém

a+abt? 2b% iy a+ab’? 2b%
, . biém ,
1-b%t? 1—b2t2) Al 1-b%? '1-b*?

thugc (H), khac diém (-a;0).

) chay qua tit ca cac diém

Al

2 2
Véi quy uée x(oe)=lim al“zt;tﬁ = -a,y(=)=lim Zzt —0 thi A ciing chay qua
ca diém (-a;0).
2
Nghiém tong quat cua x°—dy’=1 la X:;H:z,y:dZttz. Véi t="0 ¢6
— —~ n

2 2
:j:imz ,y:dnzzm_n 7> trong d6 m,ne Z, (m,n)=1.

2

2%, 2Y,

- X

Vi A(X,;Y,) €(H )nena—g—g—o 1. Vay At: a—(x Xo) — o7 —2(y-Y,)=0
XX, VY

hay At: a——b—zozl. O

2 2

Vi du 1.2.23. Puong Hypecbol (H):%—Z—9:3 la mot dd thi phing hitu ty
trén Q

Bai giai: Duong thing (d) di qua diém (6;7) e (H)véi hé sé gbe 3t c6 phuong
trinh (d):x=3t(y—7)+6. Duong thang (d) cit (H) tai diém (6;7) va diém thir

: —294t%* + 42t —6 343t* 196t +7
hai A
49t% -1 49t% -1

24
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—294t% + 42t —6 343t> —196t +7
49t2 -1 ' 49t -1

Diém A(

jchay qua tit ca cac diém thudc

— 2 —
(H), khac diém (-6;7) véi quy udc X(0) = !im 29‘29; 421t 6 =-6

 343t2 —196t + 7
X = e 1

=7 thi A chay qua cac diém (-6;7).
W yz . q
Vidu 1.2.24. Buong Hypecbdl(H ): e 2 1a d6 thi phang hiru ty trén Q.

Bai gidi: Buong thang (d) di qua diém (%,Ej € (H )V('n hé s6 goc 3t c6 phuong

trinh (d):x=3t (y - 9 + g Puong thang (d) cat (H) tai diém (29 va diém

Sehd e
thir hai ;
A po Ll oL
49 49
7 e 3 T g, 1 , q
biem A 2 / 1 98 . : 2 1 14 chay qua tat ca cac diém thudc (H),
t?— = t*—
49 49
9 7 el 9
khac diém (— —j Vo1 quy ude X(oo) = lim 2 r_98__ 7
2 2 toee tz—i 2
49
LAC 7 9 7
y(o0) = imd 14 _ thl A chay qua cac diém (— —j. i
tow tz—i 22

49
Vi du 1.2.25. Trong mit phang, d6 thi phang Lemniscat cho bai

(L):(+y*)*=b*(x*~y%)
la mot d6 thi phang hitu ty.

Bai giai: Dit x*+y”=t(x—Y) va thay vao phuong trinh,

25
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ta co t2(x—y)?’=b*(x*—y?). Néu x=ythi xX*+y?=0 tr x=yva x*+y*=0 ta
suy ra x=y=0. Ta c6 diém O(0;0)e(L).

2 2

Néu x=y, taco t?(x—y)=b*(x+y). Taco y:% khi t*+b*#0.

t>+b
t2_b2 t2_b2
Vay X2 +| ——— |[x?=xt| 1-——— |.
i [t2+b2j [ t* +b?

b*t(t*+b%)  _bt(t"-b°)

Khi x=0, tacod x= . Chi y rang, khi cho t = 0 ta nhan

t* +b* t*+b*
duoc diém O(0;0).
Tom lai (L) 1a mot d6 thi phang hitu ty . O
. . , X2 y2 X2y
Vi du 1.2.26. Ching minh rang do thi phang (/) :(_2+F ?="2 voi abc=0 13
a c

d6 thi phang hitu ty.

a’bt

Bai giai: Néu x=0 thi y=0. Khi x=0, dat y:Etx. Khi d6 X=——— va
a co(t°+1)

a’b’t? o an e 12 (x* y° ‘ Xy . ek i
y:w- Vay, d6 thi phang (|).[¥+F = véi abc=0 1a do thi
phang hitu ty. m

Vi du 1.2.27. Trong mit phiang, do thi phiang Cartes Folium cho bai
(F):x3+y®—3axy=0,a =0, 1a mot dd thi phang hitu ty.

Bai giai: Hién nhién, khi x=0 thi y=0va diém (0;0) thuoc (F).

Xét x=0. Dit y=tx va thay vao phuong trinh, ta c6 x(t°+1)=3at.

3at?
t4+1°

3a

Néu t=-1thi 0=—3a=0: mau thuin. Vay t=-1 va x:t3 tl,y:
+

Tom lai (F) la mot do thi phang hitu ty. o
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2 2 2
z

Vi du 1.2.28. Tham sé ho4 Ellipsoid (E) :X—2+§+—2:1.
a C

Bai giai: Trudc tién, tham sb hoa (E) qua x=acosucosv,y=bcosusinv va

. . 1-t* . 2t . 1-t? . 2t
z=asinu. Thé cosu=—,sinu=— va cosv=—-,sinv=—-.
1+t 1+t 1+t 1+t

1-t? 1-t?
a.—z.—.2
1+t° 1+t
1-t* 2t
Khi d6 =b . :
y 1+t 1+t2

2t

1+t?2

1.3 Sir dung toa dd dé chirng minh mét s6 dinh Iy hinh hoc.
Mot s6 két qua trong Hinh hoc so cap duoc ching minh lai bang phwong
phap toa do. Trudc tién ta khai thac Pinh Iy Stewart.
1.3.1 Dinh ly Stewart.
Ménh dé 1.3.1 [Stewart] Vi ba diém tuy y M, N, P thang hang va mot diém I

c6 ddng nhat thic:

T=IM2NP+IN%PM +IP2 .MN =—MN.NP.PM .
Ching minh: Dung hé toa do (Oxy) sao cho M (0;0),N(b;0),P(c;0). Gia su
(y). Khi do, T=(x" +y°)(c=b)+| (x=b)"+y* |(-¢)+| (x—¢)*+y* |b.
D& dang suy ra T =bc(c—b)=—MN.NP.PM. O

Cha y 1.3.2. Cho tam gi&c ABC véi BC = a, CA= b, Ab = ¢ va
I=AM=B,P=C.

2 2 2
(i) Khi N Ia trung diém ciia BC va AN=m_ta c6 m’ =22 +ic 2 theo Ménh

dé1.3.1.
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(ii) Khi AN =1, I3 phan gidc trong ciia goc A thi BN =—2S va CN=—2_.
b+c b+c

bc[(b+c)2—a2]

Theo Ménh @€ 1.3.1¢6 I’ = .
(b+c)

A
2bccos—
Khi ta thay hi¢u b®+c* —a’=2bccos A thi |_ =
b+c
(iif) Khi AABC khong can tai dinh A va AN =1, la phan giac ngoai cua goc A thi
bc| a2 —(c-b)’
BN =—2 va cN=-22 Theo Ménh dé 1.3.1 c6 I2= = . ]
c-b c-b (c—b)

Vi du 1.3.3. Cho AABC vdi @6 dai cac canh a, b, ¢ va do dai ba duong trung

tuyén 1a m,,m,,m_. Chiing minh rang:

(i) %mazﬁcos?.

(if) m,m,m_ >abc cosécosEcosE .
2 2 2

2b® +2c?—a* b’ +c®+2bccos A
4 4

Bai giai: (i) Tu m’= , ta suy ra mjzbccoszg

hay mazx/Ecosg.

b? +cz+2bccosA<b2+cz+2bc . b+c

A
Lai cO m’= Vay ——>m._ >+/bc cos—.
' a 4 4 SRR 2

(i) Vi m, Z\/ECOS%, mbzx/acosg, mczx/Ecos% nén m,m,m_ >

A B C
abccos—cos—cos—.
2 2 2

Vi du 1.3.4. Cho tam giac ABC v6i BC =a,CA=b,AB=c. Gidasu 7_,/,,/. la

d6 dai cac duong phan gic trong ctia tam giac ABC. Néu ¢, = ¢, thi AABC can.
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bc[(b +c) - az}

ca[(a +c) —bz]

Bai giai: Ta biét /2 = va /2 = néu (¢ =/
gal c a (b+C)2 b (a+C)2 cu a b
be| (b+c) —a®| cal(a+c) =b?

thi [( )2 }: [( )2 ]Tirdéysuyra a=Dh.

(b+c) (a+c)
Vidu 1.3.5. Cho AABC véi BC=a, CA=b, AB=c.Giast h,h,h,I,L,I va

b? 'c?
m,,m, ,m, 1a do dai cadc duong cao, cdc duong phan gidc trong va ciac duong
trung tuyén cia AABC . Khi d6 ta c6 bat dang thuc sau:
(i) h,<I,<m,.Dau“="xéayrakhib=c.

L (fffj

(||) c<2
b+c c+a a+b

= xay ra khi vachi khia=b
mb “m

a C

=C.

2 22
Bai gid: (i) Hién nhien h,< 1, vi Ja - 400 (b+0) —a° _ e ),
m:  (b+c)’ 2(b*+c*)-a> " (b+c)

Chay 1.3.2 nén I <m_. Hién nhién, dau “ =" x4y ra khi va chikhia=b =c.

Joo I, __Jea I, __+Jab

(i) Béi ¢o I—<2— L <2~ <2
m b+c m, c+a m,2 a+b

IA

a

Jbe Jea  Jab

b+c c+a a+b

| |
nén —&- 4+ 4 C <2
m, m m

a

] Hién nhién, ddu “ =" xay ra khi va
chikhia=b=c.

1.3.2 Pwong tron Appolonus
Ménh dé 1.3.6. [Apollonius] Cho hai diém A va B cb dinh. Tap hop tat ca

nhitng diém M thoa man %:k >0 véi k=1 la mot duong tron.
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Chéng minh: Dyung hé toa do (Oxy) sao cho A(-a;0),B(b;0) vsi a,b>0 va

%:k. Gia st M(xy). Ta thdy ngay MA=MB khi va chi khi

2 2 2 2
(x+a) *+y’=k*((x=b)*+y?*) hay [Halit:; ) + z:% |

2 22
Vi a=kb nén [x+ﬁj +y2:(1k i)z . Do vay, tap hop tit ca nhitng diém M

thoa man A 5.0,k £1, 1a duong tron tam 1| —2—:0 | va ban kinh R=—_.
MB k-1 k-1

Vi du 1.3.7. Trén duong tron liy n>3 diém. T trong tim ctia hé n — 2 diém
trong s6 d6 ha duong vudng goc véi day cung ndi 2 diém con lai. Chimg minh

rang tat ca cac dudng vudng goc nay dong quy tai mot diém.

Bai giai: CO thé gia thiét R=1. Ki hi¢u n diém A, A, A,,..,A ,, A thudc dudng

tron (O;1) voi tao do A (X,; yk),xf+yk2 =1,k =1,2,...,n. Gia st trong tdm cia hé

n-2 n-2
I

2%,

n-2diém A,A A .. A 1A 1(x;y,) véi x =<2 > Jy="=
1 2 3 n-2 — n_

va {il,i?_,...,in}:{l,Z,...,n}. Ky hiéu G(x;;Y.) la trong tdm cua hé n diém trén.

=1
=1

Phuong trinh dudng thing di qua I vudng goc véi A A la
(d)):(x =% )x=x)+(y, -y, )Ny-y,)=0
Bai toan chuyén thanh: Tim diém c6 dinh cua (d,) khihoan vi (i;) thay doi.

Giai quyét van dé nay, ta chon diém cb dinh dang C(x_ =aXs;ay,).
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. n . .. Ay
ta s€ chon « :—2 va nhan duoc hé thic:
n_

06, =%, ) 06 +%)+(y, =y, )0y, +y; ) =1-1=0.
Nhu vy, tat ca (d,) déu di qua diém cb dinh C [xc :ﬁ xG;ﬁ Ve j . .
1.2.3 Bai toan con buém

Tiép theo sau day 1a viéc xét Bai toan con budm.

Ménh dé 1.3.8. [Bai toan con bwém] Cho day cung MN cta mét dudng tron va
diém O thudc doan thing MN. Gia sir hai day cung bat ky AB va CD, déu khac
MN, di qua diém O cua MN. Goi giao diém giita AC va BD véi MN 1a P va Q
twong tng. Khi d6 hdy ching minh OP = OQ khi O 14 trung diém doan MN.
Chirng minh: Ta chi cn xét duong trdn ¢6 ban kinh bang 1.
Dung hé toa d6 (Oxy)sao cho phuong trinh duong tron (¢):x* +(y—a)’=1 va
phuong trinh (MN):y=0,0<a<l. Gia sir (AB):y=kx va (CD):y=hx. Khi do

taco:

ak +./k?+1-a?

A(Xl;ylzk)ﬁ)’B(Xz;yzzkxz) voi X o=

k*+1
C Oy 1=0),D0Gv; =i voi 5, =T 2
Tur (AC):x=X, +(X1I_h))((11.)fi);kxi) suy ra X, =X,X, h)Z:llixl
Vi Xl'x?z%'xixf% nen XP:h(lfleZ);:)—(l?(IgZ)x;
Tuong tu XQ:h(1+(|?22);11)—(:(1-t)h2)x; Vi x1+x2:%, ' ;Z%
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nén h(1+k?)x, —k(@+h?)x, +h(@+k*)x, —k(@1+h?)x =0.
Do vay X, +X,=0 hay OP = OQ. O

1.2.4 Pwong thang Newton

Ménh dé 1.3.9. [Newton] Cho t&r giac ABCD ngoai tiép duong tron thm O. Goi
l, J 1a trung diém cua AC va BD tuong Gmg. Khi @6 I, O, J thang hang theo thi
tu.

Chirng minh: Dyng hé toa d6 (Oxy)dé dudng tron noi tiép tar giac ABCD la

(¢) :x*+y*=1. Khi d6 phuong trinh c4c canh va toa do cac dinh:

a—o . a—0
cos—— sin—_—
o Rt —r

COS—— cos

2
cos?* P sina;ﬂ
(AB):xcosa + ysina=1 |B XB:—cosa+ﬂ ;yB:—cosOHﬂ
(BC):xcos g—ysin g=1

CD):xcos siny=1 - Y=
S o
:XC0SS—Yysing = _ v —
' Clre=—ip Ve~ 54p
Cos—— CoS——
2
cosy;5 sin@
Dl Xo=——7S5Yo=— "=
cos? 0 T cos? O
2
Béi vi Y _YatYe _sint=5)=sin(t—a)+sin(t—p)-sin(t-y)
X, X,+X. Cos(t—a)+cos(t—pB)+cos(t—y)+cos(t—o)
va Y, _YgtYp _sin(t=6)—sin(t—a)+sin(t—B)—sin(t—y)
X; Xg+Xp cos(t—a)+cos(t—p)+cos(t—y)+cos(t—o)
v6i t=ZPETHO e badiém 1, O, J thing hang,

32

So hoa bdi Trung tam Hoc lieu http://Irc.tnu.edu.vn/



Chay 1.3.10. Véi cdch chitng minh trén, dé dang chi ra O khéng phdi luén luén

la trung diém cia 1J.

2 2

Ménh dé 1.3.11. Cho ti¢ gidc ABCD ngoai tiép dwong Ellip (E):X—2+ Y 1

b
Goi 1, J la trung diém ciia AC va BD twong immg. Khi dé I, O, J thang hang theo
thir tu.

Chiérng minh: Phuong trinh cac canh va toa do cac dinh cua tir giac ABCD:

(AB):xC05a+yS'na:1,(BC):xCOSﬂ—yS'nﬂ:1

b a b
(CD):xCOS}/+yS'n7’:1,(DA):xCOS5—yS'n5:1
a b a b
a—o . A—0
acosT bsin 5
A= =—ts
COoS cos
acosﬂ bsina_ﬂ
B XB: ;yB:
cosM cos(“ﬂ
2
acosd bsiny_ﬂ
ClXe=——"F Ve =75
cos/ B cos/ B
2
acosy; bsiny_2
D XD: lyD_
cos” cos7/+25

vi Y YatYe b[sin(t—&)—sin(t—a)+sin(t-B)-sin(t—y)]
X, Xo+Xc afcos(t—a)+cos(t—pB)+cos(t—y)+cos(t—5) ]

vi Jo_Yet¥o _ b[sin(t—&)—sin(t—a)+sin(t—B)-sin(t—y)]
X, Xg+Xp a[cos(t—a)+cos(t—B)+cos(t—y)+cos(t—5)]

v6i t=2T PV HO i badiém 1, O, J thing hang. o
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1.2.5 Pinh ly Pithot

Ménh dé 1.3.12 [Pithot] T gidc ABCD ngoai tiép mot dudng tron khi va chi
khi AB+CD =AD+BC.

Chirng minh: Khi ti giac ABCD ngoai tiép mot duong tron thi hién nhién
AB+CD =AD+BC. Nguoc lai, gia sttt AB+CD=AD+BC. Phan giac goc A
va B cét nhau & O. Dung dudng tron (¢) tdm O tiép xuac voi AB, BC va AD. Ké
DC' tiép xtc véi (¢), trong 6 C' €BC va C' nam giita B va C, chang han.

Tu BC +AD =AB + DC, BC +AD=AB+DC

suy ra DC=BC-BC +DC =CC +DC . Nhu vay C=C . 0
Cha y 1.3.13. Trinh bay cach chitng minh dinh 1y ndy bang phwong phdp toa
do.

Vi du 1.3.14. Gia st hinh thanh ABCD, AB //CD, ngoai tiép mot duong tron
V6i hai duong chéo cat nhau ¢ 1. Goi r,,1,,r,,r, 1a ban kinh dudng tron ngi tiép

trong cac tam giac 1AB, IBC, ICD, IDA, tuong tng.

Ching minh déng nhat thirc ?11+r—13:%+r—14.

Bai giai: Ky hiéu s,s,,S,,5, va p,, p,, P, P, la dién tich va chu vi cua cac tam
gi4c 1AB, IBC, ICD, IDA, twong tng. Vi hinh thang ABCD ngoai tiép mot duong
tron nén p,+ p,=p, + p, theo Ménh dé 1.3.12. Tir S,,. =S,s, SUY ra S,=5,:=S5.

Do boi AIBC ddng dang voi AICD

nén E:&.Tac() S_ % _ID_Ps va 2= 1D_p, . Nhu vay s= s&va
1B p, s s, IB p s, s, IB p P,
S= s& T p+p,= p2+p43uyrap Ps_Po Py hayp P _Bs By
P, ssss 32343331
Dods 1+ 1=t 1,
L r r r
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1.2.6 Dinh ly Ptolemy

Ménh dé 1.3.15. [Plotemy] Véi bdn diém A, B, C, D ta ludn co
AB.CD+AD.BC>AC.BD. Tt giac 10i ABCD noi tiép trong mot dudng tron khi
va chi khi AB.CD+AD.BC=AC.BD.

Chirng minh: Khong han ché co thé coi A, B, C nim trén dudng tron
x> +y?=1. Gia st toa d6 bén diém A(cosea;sina), B(cos 8;sin 8),C(cosy:siny)

va D(a;0) voi 0<a<p<y<2x. Taphai chirng minh

sinﬁ_a\/1+a2—2acos;/+sin%\/l+a2—2acowZSin%\/Haz—Zacosﬁ
hay
S= sm ,/u +4sin’ +sm ‘/u +4sin®* = >sm—\/(1 a)>+4asin’ ﬁ

v6i u®=(1-a)%. Chl y rang, voi x= sm

: sm— ta co
y 2

2
S= \/u X +4ax’ sm”z/ \/uzyz+4ayzsin2%2\/u2(x+y)2+a(2xsin%+23in%)

4 y_ﬂ_a—cosy+ﬂ_a sinﬁ
2 2 2

Do 2xsin5+2ysin%:cos _ogin/ =%

va sin u:sin(
2

7= B«
2 2

js X+ Y nén ta c6 ngay bat dang thirc

SZSin%\/u2+4asin2§ va dugc AB.CD+AD.BC>AC.BD. Gia thiét

ABCD nbi tiép trong duong tron x* + y*=1véi toa do cac dinh
A(x,=cosa; y,=sina)

B(Xg=C0S3; Y5 =sin 3 )
C(Xc =C0Sy;Ys =siny)
(%

D(X,=1Y,=0),0<a<pf<y<2z
bat T=AB.CD+AD.BC—-AC.BD. Khi d6 ta co

T =\/2—Zcos(ﬂ —a){/2—-2cosy +\/2—Zcos(y — B)N2—-2cosa
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—\/2 —2cos(y —a)2—2cos

=4sin—— - sm 4 +4sin+—— r = ﬂ —4sint— r-«a sinﬁ
2 2 2 2
2 cosy_ﬁ+a—cosy+ﬁ_a+cosy p-a
2 2 2
—cosm+cosy+ﬂ_a 05’ = p-a ]=0
2 2 2

Nguoc lai, gia thiét AABC noi tiép trong duong tron x*+y?=1
Vi toa d6 bdn diém A(cosa;sina), B(cos B;sin 8),C(cosy;siny) va D(a;0) véi

O0<a<f<y<2r vathoa mén AB.CD + AD.BC = AC.BD. Khi d9, voi cac ki

2 )

- A ” A , . a
hiéu o trén ta co \/u x? +4ax’ sin 5 \/u2y2+4ay25|n25

:\/ u?(x+y)’ +a(2xsm2+2m j *)

hay hé thitc trong duong \/( 2 +4asin? gj(uz +4asin2%j:u2 +4asin%sin%

Vi x,y=0 va a=0 khong thoa man (*) nén u=0 hay a=1. Vay D(a;0) va ta

giac ABCD ndi tiép trong duong tron x*+y? =1,

2 2

VAn & 1.3.16. Cho ti gidc 16i ABCD ni tiép trong Ellip %+g—2:1. X&t quan
hé giita AB.CD + AD.BC va AC.BD.

Vi du 1.3.17. Cho tir giac 161 AAAA,. Ta giac AAAA, noi tiép dugc trong
mot duong tron khi va chi khi ¢ thé gan cho mdi dinh A clia nd6 mét cap s6
thye (a;b;),i=12,3,4, thoa man AA =ab,—ab véimoi i, j,1<i< j<4.

Bai giai: Gia sir d gan dugc mdi dinh A cia tir giac 161 AA AA, Mot cip sb
thuc (a;b) thoa man AA;=ab;—ab véi moi i, j,1<i<j<4. Ta chi ra tr gidc
16i AA, A A, ndi tiép trong dudng trdn ngoai tiép AAAA,.

That vay, AA AA, +AAAA - AAAA =(ab,—ab)(ab, —ab,)+
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+(a1b4 - a4b1)(a2b3 - asbz)_(albs - a3b1)(a2b4 - a4b2) =0.

Vay, tir giac AA,AA, Ndi tiép trong mot duong trdn theo Ménh dé 1.3.15.
Nguoc lai, gia thiét to giac 10i AAAA, noi tiép trong mot duong tron.

bit a=AA,,-a,=AA,-a,=AA, va bj:AiAj
Ah,

voi j=2,3,4.

Tuong img A <>(a;0), A, <>(0;1), A,<>(a;b,) va A <>(a,;b,).

Nhu vay AA =AAb,=ab,-a,.0 véi j=2,3,4

va AA=-a,=0b,—a,1,AA=-a,=0b,~a,.1. Ta kiém tra A,A,. Vi ta gidc
AAAA, Noi tiép mot duong tron nén AA A A, +AA,.AA=AA,.AA, (theo
Ménh dé 1.3.14) hay a.AA, +b,.a.(-a,)=b,a,(-3a,).

Vi a #0 nén AA, =ah, —a,b,. Nhu viy, tit ca cac yéu cau déu thoa man.

2 2

Vi du 1.3.18. Trong mit phing (Oxy) cho Ellip: X—2+Z—2:1. Gia st dudng kinh
a

bat ky AB: y=kx véi k=0va A, Be(E) . Mot cat tuyén thay d6i song song hoic
trang AB cit (E) tai M, N . Khi d6

(i) Tap cac trung diém I cia MN 13 mot dudng kinh CD cua (E). Hai dudng kinh
AB, CD duoc goi 1a hai duong kinh 1ién hop.

(ii) [Apollonius] AB®+CD’=4(a’+b’)

(i) S,.pp=2ab

Bai giai: (i) Gia s (d):y=Kkx+d song song hogc triing véi (AB). Khi do6 toa
y=kx+d

2,2

d6 giao diém M, N la nghiém cua hé phuong trinh s 5 o
b*x“+a‘y“=ab

] y=kx+d .
a Goi X, X, la hai nghiém cua (*
y (bz +k2a2)x2+2ka2dx+a2d2—a2b2:0,(*) 01 X, X, gnicm cua( )

A _ . X, +X ka’d b%d
Vay |<X|,y|)V01 X|: 5 2:_b2+k2a2,y|:kxl+d:m.
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2
Nhu vy, diém | chay trén dudng thing (CD) :y:—%X:hX
a

b2
ta cO ngay hk:—g.

y=kx+d

b22

(ii) Toa do6 cua A, B 1a nghiém ctua hé phuong trinh NP
X“+a‘y“=ah

Ta c6 ngay A( ab kab ]

Jb? +k?a’ ; Jb?+kZa’

Tuong tu co C( ab hab ]

Jb?+ha? ;\/bz +kh%a’

Tom lai AB? +CD2:4(OA2+OC2):4(a2+b2).

0 0 1
(i) Ta c6 dién tich S, =2|——> kab__ ) . -
JbZ+kZ%a? \[b?+k?a’
ab hab
1
Jb?+h?a? Jb?+ha?
, XZ y2
Vi du 1.3.19. Trong mat phang (Oxy) cho Ellip (E):¥+le. Gia str duong

thang qua tiéu diém F cit (E) 6 M, N; gia sir I, J thudc (E) sao cho Ol LOJ . Khi
do

S
FM FN b?’
1 1 1 1

W oo w o
(iii) Ha OH L1J . Tim tap hop tit ca cac diém H khi O LOJ va 1,J chay trén
(E).
Bai giai: (i) Khong han ché co thé coi a>b>0. Khi do F(c:m;o).
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bat ZAFM =a, ¢ d6 A(a;0). Ha MP_LOA,P(x;0). Ta c6 x—c=FM cosa.

2 2
Dé dang suy ra FM I va FN :b—. Vay L+i:2—?.
a+ccosa a—ccosa FM FN b
2In2
(i) Gia sir I (acosa;bsina). Khi do OIZ:%.
a“—c°sin“«a
a’b? 1 1 1 1

Tuong ty 0J*= . Tu day suy ra

- =
a’?-c?sin’a Ol? 0J* a® b?

(iii) Hién nhién OH = . Vay tap hop tit ca cac diém H khi Ol LOJ va |,

ab
\JaZ+b?
ab

J chay trén (E) 1a duong tron tdm O(0;0) ban kinh —. O
a’+b?

Vi du 1.3.20. Cho duodng tron (O) voi tim O duong kinh AB = 2. Qua diém M
thudc duong tron (O) ha MP LAB,PeAB. Dyng duong tron tim M béan kinh
MP cit duong tron (O) tai E va D. Goi giao diém | =DExMP . Khi M chay trén
dong tron (O), hdy chi ra:

(i) I chay trén duong tron (£) nao?

(i) Néu goc vudng £ zJt c6 hai canh goc vudng tiép xuc véi (¢) thi J chay trén
duong cong (6) nao?

Bai giai: (i) Puong thang MP cit hai duong tron (O) va (M) & M va P'. Vi DE
la truc dang phuong cia hai duong trdon nén IP.IP =IM.IM". Vay
IP.MP'=IM.PM". Vi PM'=PM =MP nén IP=IM . Dung h¢ toa d6 (Oxy) Vi
A(1,0),0(0;0). Khi do (O):x*+y*=1. Gia sir I(u;v). Khi d6 M(u;2v). Vi

u? +4v*=1 nén M chay trén Ellip (¢):x*+4y*=1.
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(i) Vi goc vudng £ zJt c6 hai canh géc vudng tiép xtic véi (£) nén J chay trén

- 5
dudng tron (¢ ):x°+yi==. m]
g ton (¢):x 4y =

1.2.7 Dinh ly Pascal
Pinh ly 1.3.21.[Pascal] Gia sir 6 diém A, A,,..., A, nim trén dudng cong bac hai

khdng suy bién (¢). Khi d6 ba diém giao A=(AA)x(AA,),B=(AA)x(AA)
va C=(AA)x(AA,) thing hang.

Chimg minh: Qua phép bién doi tuyén tinh c6 thé coi (£):x=y?.

Ki hi¢u d; (x, y)=01a phuong trinh duong thang AA, .

Dat p(x, y)=d24(X, y)d16<x’ y)d35<xi y)—ad34(x, y)d.zs(X’ Y)d15<xl Y)-
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Day 1a mot da thiic bac ba d6i v6i xva y. Toa do 6 diém A, A,,..., A thao man
phuong trinh p(x;y)=0. Lay mot diem bat ky A thudc (¢), khac 6 diém trén.
Tachon a dé toa do diém A thoa man phuong trinh p(x;y)=0. Néu thé x qua
y’® ta dugc da thirc p(yz; y) bac <6. Phuong trinh p(yz; y):0 cho tung d¢ cua
7 diém khéc nhau, c6 nghia: p(y?;y)=0 c6 7 nghi¢m y khéac nhau.
Vay p(yz; y)EO hay moi diém thudc (¢) déu co toa d thoa man p(x;y)=0.
Coi p(x;y) nhu la mot da thirc ciia x. Vi phép chia da thie, ta nhan dugc
p(x.y)=(x=y*)a(x.y)+r(y)
trong d6 q(x,y) l1a thwong va r(y) Ia phan du. Vi moi diém thudc (¢):x=y?
déu thoda man p(x,y)=0 nén r(y)=0. Vay p(xy)=(x-y*)a(x,y). Vi
p(x,y) 1a da thic bac 3 nén q(x,y) phai 1a da thtc bac nhit hay
p(x y)=(x-y*)(ax+by+c).
Do 9 diém A,A,,..,A va AB,C déu thuoc duong cong p(X,y)=0, nhung
A, B,C khong thuoc (¢):x=y* nén A,B,C thudc duong thang (d):ax+by+c=0
hay A B,C thang hang. O

Hé qua 1.3.22. [Pappus] Gid sir 3 dim A, A,, A, ndm trén dudng thang (d,) va
3 diém A, A, A nim trén dudng thing (d,) khac (d,). Khi d6 ba diém giao

A=(AA)x(AA,),B=(AA)x(AA) va C=(AA )x(AA) thang hang.
Chirng minh: Két qua nay duogc suy ra tir Dinh ly 1.3.21.

Vi du 1.3.23. Cho tam gi4c ABC ndi tiép trong dudng tron (C).Tai cac dinh A,
B, C ta ké céc tiép tuyén Aa,Bb,Cccua dudng tron (C) va cac tiép tuyén cit cac

canh E=AaxBC,F=BbxCA,G=CcxAB. Khi dé ba diém E,F,G thing hang.
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Bai giai: Coi ba dinh tam gidc ABC nhu 1a 6 diém A, A,B,B,C,C niam trén mot

duong cong bac hai. Do vay, ba diém E,F,G thiang hang theo Dinh Iy 1.3.21. 0

Vi du 1.3.24. Cho tir giac ABCD ngoai tiép duong tron (O). Goi cac diém tiép
xuc gitta AB,BC,CD, DA véi (O) la E,F,G,H .
Khi d6 bdn dudng thing AC,BD,EG, FH dong quy.

Bai giai:

» C

Goi |=EGxFH,J=EHxFG. Coi bén diém E,F,G,H nhu la 6 diém
E,E,F,F,G,Hnam trén mot duong cong bac hai. Do vay, ba diém J,1,B
thang hang theo Pinh 1y 1.3.21. Tuong tu, xét 6 diém E,F,G,G,H,H ta con c6
J,D, 1 thang hang. Vay BD di qua | . Biéu ndy ching t6 EG,FH,BD ddng quy
& I. Hoan toan tuong ty, ba duong thang AC,EG,FH ciing dong quy ¢ |.

T6m lai, bén dudng thang AC,BD,EG,FH dong quy. O
Vi du 1.3.25. Gia sit AABC c6 ba dinh thudc mot Parabol. Qua mdi dinh A, B,
C ta dyng tiép tuyén voi parabol va gia thiét mdi tiép tuyén ndy cit canh dodi
dién & A,B,,C, trong timg. Khi d6 A,B,,C, thang hang.
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Bai giai: Xét 6 diém A AB,B,C,C thudc parabol. Khi d6 ba diém
A ,B,,C, thang hang theo Dinh 1y Pascal.

Vi du 1.3.26. Gid st (¢):y=ax’+bx*+cx+d,a=0 la mot duong cong phing
bac ba trong mit phang (Oxy). Qua diém I tuy y trong (Oxy) dung hai duong

thang ct (¢) tai cac diem A, A,,A,va B,,B,, B,, twong img. Khi d6 ty s

AWM 1A khong phu thudc vao viéc chon diém .
1B,.1B,.IB,

Bai gidi: Gia st 1(u,v) trong mét phang (Oxy). Doi hé truc dé I 1a goc toa do
qua X =x-uY=y-v. Khi do 1(0;0)va (¢):Y=pX>+gX*+rX+s trong mat
phing toa do (IXY). Gia sir hai dudng thing qua goc I véi phuong trinh Y =tX
va Y=tX cit (¢) tai cac diém A,A, Ava B,B,,B,, tuong tmg. Hién nhién,
hoanh d¢ ciia cac diém A, A,,Ava X, X,, X, la nghiém ciia phuong trinh

PX°+gX % +rX +s=tX .

Khi do X, X,X,=—— V& 1A 1A, 1A, =X +1°X2 X2 +1X2 (X2 +1°X2 |
p

Nhu viy 1A 1A JA=]X,X, X, |y/(L1+t2) :‘%‘./(1“2)3 .
(l+t'2)3 .

~ . S
Tuong tu, ta cling c6 IB..1B,.1B,=|—

2 3
Vay A 1A 1+_t2 _
IB.1B,.1B, \| 1+t

Vi du 1.3.27. Gia st (¢):y=ax’+bx*+cx+d,a=0, 1a mot dudong cong phang
béc ba trong mit phing (OXy). Qua hai diém I va J tuy ¥ trong (Oxy)dung hai

duong thang song song cét (¢) tai cac diem A, A, A, va B,,B,,B,, tuong tng.
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Khi d6 ty sb % khong phu thudc vao viéc chon hé s goc cua hai

duong song song trén.

Bai gidi: Gid sir hai duong thing song song qua 1(u;,v;) va J(u,,V,) c6 hé s
goc t . Khi d6 phuong trinh tuong Gng cua chung 1a (1d,):y=t(x—u,)+v, va
(3d,):y=t(x-u,)+v,. Gid sir hoanh d¢ cua cac diém A, A, A & X,X%,,X,.

Ching la nghiém cua ax® +bx® +(c—t)x+d+tu, —v,=a(x—x,)(X=X, )(x—X,) va

A (6 = )V, ) A (X5t (X, =y ) +v, ), Ay (st (X, — 1y ) +V, ) V6 X=U, duoc

a(u,—x)(u,—x,)(u,—x;)=au’+bu; +cu, +d -v, = f (u,)
Taco 1A 1A, 1A =|(x —u,) (%, ;) (% —u, )|y (1+t2)

) ,/(1+t2)3.

f
va nhu vay IA.IA,. |A3:‘ﬁ

f(u,)

Hoan toan tuwong tu c6 JB,.JB,.JB,=
a

(1+t2)3 :

Vay AR 1A | 1)|kh6ngphuthu©ct. o
Y IAIAIA, [T ()]

Vi du 1.3.28. Cho dudng tron (O) véi tim O dudng kinh AB ¢b dinh. Qua O
dung duong thing d LAB. Qua diém M thuéc dudng tron (O) ta ha
MP_1d,Ped . Goi giao diém N=APxOM . Khi M chay trén (O), hdy chi ra:

(i) N chay trén duong (¢) nao?

(i) Néu goc vudng £zIt c6 hai canh géc vudng tiép xtic voi (¢) thi | thude tiép

tuyén AT caa dudng tron (O).
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Bai giai: Ha NE Ld,NT L AT . Vay NO=NT. Piéu nay chimg t6 N chay trén
Parabol (/) véi tiéu diém O va dudng chuan AT. Vi goc vudng £zItco hai canh

g6c vudng tiép xuc véi (6) nén | thuoc duong chuan AT cia (6)

Vi dy 1.3.29. Cho duong tron (£) tam O va duong thang d tiép xuc voi () tai
Ae(ﬁ). Gia st M 1a diém bién thién trén d va qua M dung tiép tuyén MB, trong
do B la tiép diém, vai (¢). Dudng thang OB cat dudng thing Mm//OA tai P.
Xéc dinh tip hop cac diém P.

Bai giai: K¢ OELMm. Khi d6 OE=AM =MB. Tu d6 suy ra hai tam giac
vudng OPE va PMB bang nhau. Vay PE = PB va suy ra PO = PM. Nhu vy, tip

hop céc diém P 1a parabol véi tiéu diém O va dudng chuan d. O

Vi du 1.3.30. Xac dinh tap hop tdm cua tit ca cac duong tron tiép xtc voi dudng

thang d va tiép xic ngoai véi dudng tron (¢) tam O ban kinh R cho trudc.

Bai giai: Gia st I 1a tim duong tron tiép xtc véi d tai A va tiép xac ngoai voi
(¢) tai B. Khi d6 10=IB+R. Kéo dai IA vé phia A va lay A, sao cho
IA,=1A+R. Qua A, ké d'//d. Khi d¢6 d'cd dinh va 1A,=10. Nhu vy, tap cac
diém 1 14 Parabol véi tiéu diém O va dudng chudn d . O
Vi du 1.3.31. Cho tam gidc ABC véi a=BC,b=CA,c=AB. Ching minh ring,
Vv6i diém M eBC ta ludn c6 dong nhét thic

a’AM?=b’BM* +c*CM*+(b” +¢’~a’ ) BM.CM .

Bai gii: Dung hé toa do (Oxy) d¢ M (0;0),B(u;0),C(v;0)va A(x;Y,)

V6i u<0<v,v—u=a va thao man c®=(x —u)’ +y2=AM2—2ux, +u’,
b2=(x V) +y?=AM?-2vx +Vv? thay v—-u=a

dé dang cd b’+c*—a*2AM? —2ux, —2vx, +2uv

Pit T =b?’BM?+¢’CM? +(b2 +c? —aZ)BM .CM . Khi d6 ta c6 duoc
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T :[AM ? —2vx1+v2]u2 +[AM 2 —2ux, +u2]v2 —uv[ZAM ? —2ux1—2vx1+2uv]
=(v—u)’AM?=a’AM?,

Viay a’AM?=b’BM?+c’CM? +(b* +¢* —a’ )BM.CM. O
Vi du 1.3.32. Trong mot mit phang, cho hai hinh vuéng ABCD va ABC'D’ véi
thir tu cac dinh cung theo mot hudng.

Ching minh dong nhat thic AA’+C C*=B'B*+D'D’.

Bai gidi: Dung hé toa do (Oxy) dé A(a;0),B(0;a),C(-a;0),D(0;—a). Gia st
tdm hinh vudng ABCD' la 1(u;v) va A(x,Y;). Vi hinh vubng ABCD la
cung hudng hinh vuéng ABCD nén st dung phép quay tam | (u;v) véi goc

/Y . X A
quay > biéu dién qua ma tran:

X —u) (0 -1)(x -u
VI
ta duoc B (u+v-y;x-u+v). D& dang c6 C(2u-x;2v-y,), va
D(U—V+y;u+v—x).
Khi d6 taco AA*+CC?=(a-x ) +y2+(-a—2u+x) +(2v-y,)’
BB2+DD*=(u+v-y,)+(a+u—v—x) +(u-v+y,) +(-a-u-v+x)’
D& dang kiém tra dong nhat thie AA?+C'C*=B'B*+D'D? vi ca hai déu bang
2a% +4U% +4v2 + 2%} + 2y} +4au—4ax, —4ux, —4vy,.o
Vi du 1.3.33. Cho hai duong thang (Ox) va (Oy)vuudng géc voi nhau tai O.
Tir diém P ¢6 dinh thuoc(Ox) ké dudng thing bat ky cit (Oy) tai A. Dung
duong thang qua A vudng goc voi (PA) cit (OX) & B. Tur B dung duong thang
vudng goc véi (Ox) cit (PA) & M. Tim tap hop tat ca cac diem M khi A chay
trén (Oy).
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Bai giai: Dung hé toa do (Oxy) va P(a;0)trong mit phang (Oxy). Dudng

thang qua P voi phuong trinh y=t(x—a) cat (Oy)tai diém A(0;—ta). Hién
nhién, phuong trinh (BA):y:—%—ta vatoa do B(-t*a;0).

Khi d6 M c6 toa do M (x, =—t’a;y, =—t’a-t’a).

Vay ta suy ra quan h¢ sau:

3 2

3 2
y;, =a’ (t6+2t4+t2):a2 (—X—M+2X—M—X—Mj.
a a® a

Do d¢, tap hop tat ca cac diem M khi A chay trén (Oy) la dudng cong bac ba
v6i phuong trinh x°+a’x=a(2x* +y*).

Vi du 1.3.34. Gia st AABC c6 d6 dai ba canh a, b, c. Khi d6 c6 dung 2 diém E
thoa mén aEA=bEB=cEC.

Bai giai: Dung hé toa do (Oxy). Khéng 1am mat tinh téng quat co thé gia thiét
ban kinh duong tron ngoai tiép AABC béng 1. Gia sir  A(1,0),B(cosu;sinu)
voi O<u<v<2z va C(cosv;sinv)va E(x;y). T d:=aEA=bEB=cEC>0 suy
ra hé

2 2 d2
(X—l) +Y :?
2

(x—cosu)2+(y—sinu)2:(i—2 . Do vay
2

x—cosv)’ + y-sinv =
CZ

2
X2 +y’-2x+l=—
a

2
x> +y®—2xcosu—_2ysinu +1:(;|—2 hay hé twong duong

2
X% + y2 —2Xcosv—2ysin v+1:(i_2
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2
X*+y?—2x+1=—x
a
) d? d?
x(cosu-1)+ysinu=————
( )+ 2a’ 2b?
2 d2
x(cosv-1)+ysinv=—s———
( )+ 2a®> 2c?

Vi D=(cosu—1)sinv—(cosv—1)sinu=sin(v—u)—(sinv—sinu)

hay D=2sin v ;u (COSV;u —Cosvzuj;«tO nén hé phuong trinh tuyén tinh

d? d?

x(cosu—-1)+ ySinUZF_Z_bZ
E: ) c6 dung mdt nghi¢m (XO; yO)_

x(cosv-1)+ysinV=—s- ———

( )+ 2a® 2c?

2
Vay h¢ da cho cd ding hai nghiém, vi phuong trinh d—2: X+ Yy — 2%, +1
a

=d*(...)-2d?(...)+1 c6 hai nghiém d?.
Vi du 1.3.35. C6 dang hai diém F nhin cac canh tam gidc ABC dudi mot goc

zhoélc —_—

3

Bai giai: Dyng cung chira goc %trén BC va trén CA. Hai cung nay cat nhau &
y N e, 2T L, 2, N

F.. Khidé F nhin AB duéi goc 3 Dung cung chira géc 3 trén BC va trén

CA, hai cung nay cit nhau & F,. Khi d6 F, nhin AB duéi goc 2?7[ Vay ¢

o gi2 s . . , . 2
dang hai diém F nhin cac canh tam giac ABC dudi mot géc % hoac ?ﬂ i

1.2.8 Puwong tron 9 diém va dwong tron Euler
Khong han ché, ta chi can xét tam giac noi tiép trong duong tron ban kinh
R=1. Dung h¢ toa do (Oxy) sao cho duong tron (£):x*+y® =1 va AABC véi
A(L,0),B(cosa;sina) va C(cosy;siny), trong d6 O<a,B<m va y=a+f. Ha
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cac duong cao AA,,BB,,CC,. Toa do trong tam

G(HCOSO;%OS;/;S'M‘;S'W) va tryc tdm H (1+cosa+cosy;sina+siny).

Duong thing (OH ) dugc goi la duong thang Euler ciia AABC va dugc ky hiéu
qua (d). Phuong trinh tham s6 duong thang Euler

[ x=(1+cosa+cosy)t

'{y(sina+sin y)t.teR
Ménh d@é 1.3.36. [Euler] Gia st AABC Véi cic duong cao AA,BB,,CC, va
trec tim H. Goi A,B,,C, 1a trung diém doan HA, HB, HC va goi A,,B,C, la
trung diém canh BC, CA, AB, twong tUng. Khi d6 9 diém
A,A,A,B,B,B,,C,C,C,cing nam trén mot dudng tron. Pudng tron nay

duoc goi 1a duong tron Euler. Tam dudng tron Euler 12 trung diém doan OH va

2 . . 2
phuong trinh (X—1+ COSOZHCOS}/j +(y—@j :%; con duong thang

sina+sin g
1+COSa+C0Sy

Euler OH c6 phuong trinh OH :y=

Bai giai: Goi E 1a trung diém doan OH. Khi d6 toa do cac diém

2 2
1+1+cosa +Cosy _sina+sin yj

E(1+c05a+cos;/ _sina+sinyj

A 2 ’ 2

g [ Cosa +1+cosa +cos;/_sina+sinyj
1 ’
2 2

oS B+1+C0oSa +CoSy _sina+sinyj

C ;
! 2 2
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A c05a+cos;/_sina+sinyj
2 ’ 2
1+cosy siny
B, X
2 2
c, 1+COSa;SIna
2 2

2 i i )
Xét duong tron (g){x_1+00806+003;/j +[y_wj

1
2 4’

Hién nhién A, A, e(¢). Vi ZAAA, :% nén ba diém A, A, A nam trén dudng

. A — 1 2 . - n . R
tron (¢) tam E bén kinh r:E. Tuong tu 6 diém coOn lai ciling thudc dudng tron

(£)-

Chii ¥ 1.3.37. Ta c6 OF? :3+ZCOSa+ZCOSj/+ZCOS(j/—a)

4
d6 1 1a tam duong trdn ndi tiép trong AABC. Vay OE>OI khi va chi khi

va Ol*=1-2r, ¢&

8r+2cosa+2cosy+2cos5>1.

Ménh dé 1.3.38. [Dw tuyén IMO 1986] Gia st AABC véi tim dudng tron
ngoai tiép O, truc tm H va trong tam G. Dat f (X )=XA%+XB?+XC? véi diém
X thudc dudng trdn ngoai tiép tam gidc. Goi P va Q 1a hai diém thudc duong
tron ngoai tiép sao cho f (P), f (Q) dat gia tri 16n nhat, nho nhit twong tng.
Khi d6 5 diém O, H, G, P, Q thing hang.

Bai giai: Khong lam mat tinh téng quat, co thé gia thiét R=1. Dung h¢ toa do
(Oxy)sao cho tam giac ABC ngi tiép trong dudng tron x*+y?=1 va AABC Vvéi

A(1;0),B(cosa;sina)va C(cosy;siny), trong d6 O<a,B <7 va y=a+f3.
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1+ + ina +sin
TOad(f)trQngtémG( cosa cos;/;s a+siny

3 3

j va truc tam

H (1+cosa+cosy;sina+siny). Gia st X (X;y) voi x*+y®=1. Khi do ta co

f(X)=(x=1)"+y*+(x—cosa) +(y-sina)’ +(x—cosy)’ +(y-siny)’
=6—2X—2XC0Sa —2YySino —2Xcosy —2ysiny
=6-2(1+cosa+cosy)x—2(sina+siny)y
=6-20H.0OX =6-20H cost
V6i t 1a goc gira OX va OH . Hién nhién f(X) =6+20H khi t=x va
f(X) =6-20H khi t=0. Do vy 5 diém O, H, G, P, Q thing hang. D
Vi du 1.3.39. Gia st AABC noi tiép trong duong tron ban kinh R = 1 ¢6 bén

kinh dudng tron ndi tiép rvéi cac duong cao AA,,BB,,CC,. Goi s la ban kinh

(Ler)”
3

dudng tron noi tiép trong tam giac A B,C,. Khi d6 s<1-

Bai giai: Dat £ A=a, ZB=8,/C=y.Khi d6 r:4sin%sin§sin%.
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Vi béan kinh duong tron ngoai tiép AAB,C, bang %theo Ménh @& 1.2.31 nén

s=2sin -2 sin T—2p sin T2

Y —2cosa COS 3 COSy .

2 2 2
(1”)2 (1+4s.ingsinﬁsinz)2
Nhu vy s+ =2C0Sa Cos S cosy + 3 2 2 . Tt day suy ra
1 2
1+= 2

1er)’ ( j 1+r
s+( +r) 32.1+ 2 =1 hay ssl—u : O

3 8 3 3

Vién dé 1.3.40. Mot cau hoi dat ra: Puong trong 9 diém Euler va duong tron noi
tiép trong AABC c0 tiép xtc voi nhau khong? Van dé nidy dugc coi nhu mot bai
tap.
Ménh dé 1.3.41. Vi tam giac ABC ta ludn ¢ cac dong nhét thirc sau day:
a’=BC*=2-2cos 3 HA®+a’=4
(i)1b?=CA*=2-2cosy va <HB”+b*=4
c’=AB*=2-2cosa HC?+c?=4

OH?*=9-a’-b*-c’.

sin® A+sin® B+sin®C >2 khi AABC nhon
sin® A+sin’ B +sin®C =2khi AABC vuong
sin® A+sin® B+sin®C =2khi AABCtu

(i)

20H.HAcos ZOHA =12—-2a* —b*-c?
(iii) 1 20H.HBcos ZOHB =12—-a* - 2b* —c’
20H.HCcos ZOHC =12—a*—b*—2¢°
(iv) Tinh T=HAHA, vd P=HA.-HB theo a, b, c.
Chirng minh: (i) 12 hién nhién.
(i) Tacé OH?=(1+cosa +cos ;/)2 +(sina +sin ;/)2 =9—a®-b*-c?

2
9-OH s%. Khi AABC nhon

Tur day suy ra sin® A+sin’ B+sin’C =

thi OH?<1va nhu vay sin® A+sin® B+sin*C>2. Khi AABC vuong
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thi OH?=1va nhu vay sin® A+sin’ B+sin>C=2; con khi AABC tu

thi OH?>1va nhu vay sin® A+sin’ B+sin*C<2.

(iii) Vi 20H.HAcos ZOHA=0OH?+HA* -OA’=12-2a’-b*-c*  nén
20H.HAcos ZOHA=12-2a*-b* —c*. Tuong tu c6 hé thirc khac.

(iv) Kéo dai AA, cit duong tron (¢) tai A" Khi d6 ta c6

_HAHA _OH’-R® _, a’+b’+c]
2 2 2

T

2 2 2
P=HAHB=(—cosa—Cosy;—sinar—siny)(~1- cosy;—siny)=4-2"2 ° +b2 +C

2 2 2
T6m lai T=p=4_2 0" +C° o

Ménh dé 1.3.42. Gia sit AABC v&i d6 dai canh a, b, ¢ ndi tiép trong duong tron
tdm O voi tryc tim H. Néu diém M thudc duong thang Euler (OH) thi ton tai
mot s6 keRdé MA? +ka’=MB2 +kb’>=MC?+kc®. Nguoc lai, véi mdi sé keR
déu co6 mot diém N duy nhat thoa man NA? +ka’=NB?+kb?=NC?+kc?.

Chirng minh: Khong han ché co thé gia thiét ban kinh duong trdn ngoai tiép
AABC bang 1. Vi bat ky diém M thudc duong thang (OH), ching han M
thudc tia (HO), s& c6 MA?=MH? +HA’>—2HM .HAcos ZOHA hay

MAA:MH2+HA?~g%nZM+HAaBLOHA

=MH 2+4—a2—ﬂ(12—2a2 ~b%-c?)
OH
=MH? +4—12ﬂ+ﬂ(a2 +b? +cz)+(ﬂ—lja2
OH OH OH

Nhu vy MA® + 1—ﬂ aZ:MH2+4—1Zﬂ+m(a2+b2+cz)
OH OH OH

Vi kzl—g—l\l_/: co MA®+ka’=MH?+(1-k)(a’+b*+¢*)+4(3k-2).
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Tuong ty MB?+kb?=MH?+(1-k)(a’ +b®+c?)+4(3k —2)=MC’ +kc’.

Nguoc lai, giai thit cho s keR. Néu k = 0 thi
NA® +0.a°=NB? +0b?=NC?+0.c’ trong duong N=0. Gia thiét k=0. Gia sir
N (x;y). Hé phuong trinh NA® +ka”=NB?+kb*=NC?+kc* twong dwong vi hé

x(1-cosa)-ysina=k(cosy—cos )
x(1-cosy)-ysiny=k(cosa —cos )

Vi dinh thirc D:4sin%sinlsin 7—% 0 nén hé c6 ding 1 nghiém. o

Pinh ly 1.3.43. Gia st AABC voéi d6 dai céc canh a, b, ¢ ndi tiép trong dudng
tron tdm O ban kinh 1 véi tryc tim H. Piém M thudc dudng thang Euler (OH)
khi va chi khi c6 s6 keR dé MA?+ka’=MB?+kb?=MC?+kc?. Tur day suy ra
két qua saw: Gid st A(X;Y;),B(X,;Y,) V& C(XyY,;). Piem M(x;y)thue
duong thang Euler cia AABC khi va chi khi c6 s6 keRdé

XX, + Yy, +ka® = xx, + yy, + kb? = xx, + yy, +kc’.

Chimg minh: Theo Ménh dé 1.3.42 ta thiy ring, néu M e(OH ) thi ton tai k dé
MA? +ka?=MB? +kb*=MC?+kc? va nguoc lai, véi mdi keR co diém N duy
nhat thoa man NA®+ka®=NB?+kb*=NC?+kc?.

Véi M e(OH) ¢ MA? +ka® =MH 2 + HA? ~2MH.HA.cos /MHA + ka
hay MAZ+ka? :MH2+4—a2+ka2ig—l\l_/:(12—2a2—b2 -c?).

X6t MA? +ka? =MH? +(4_12%j+ HM (a2 +b7 +Cz)+(k_1+ HM jaz
OH OH OH

HM

Chon M e(HO) Vo1 =1-k
OH

ta sé co MA? +ka*=MH? +(4—12%j+ﬂ(a2 +b? +cz)+[k—1+ﬂja2
OH /) OH OH
hay MA? +ka® =MH? +(1-k)(a’ +b” +¢?)+4(3k-2)
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Khi d6 MB?+kb” =MH? +(1-k)(a* +b° +¢? ) +4(3k —2)=MC? +kc*.

Tuong ty xét MA?+ka? =MH?2+4—a?+ka? + g—l\l_/:(12—2a2—b2 ~¢’). ViN Ia

diém duy nhat thoa man NA?+ka’=NB?+kb?=NC?+kc? nén M=N.

Chu y 1.3.44. Véi tryc tam H c6 HA?+1.a>=HB?+1b?=HC? +1.c%; Vi tim

ngoai O c6 OA’+0.a°=0B”+0b*=0C*+0.c*; V6i trong thm G ¢o
1 1

GA2+§a2:GBZ+§b2:GC2+%CZ; Véi E 1a trung diém cia doan OH co

EA? +%a2:EBZ +%b2 :EC2+%CZ va chiing déu bang %(l+a2 +b? +c2).

Chay 1.3.45. Hé thitc EBZ+1(4—C2)=EC2 +1(4—b2)=EH 2,1
2 2 2

twong duong EBZ+%b2:EC2+%02:EH2+%(a2+b2+02)—2
A2 22 2 | h2 ., (2
_S-a-b-c +1(a2+b2+02)—2:1+a Hh+e _EA+1a?
4 2 2

Nhu vdy Eed, va E<(d)cung tmg voi k:%.

55

So hoa bdi Trung tam Hoc lieu http://Irc.tnu.edu.vn/



Chwong 2

Xay dung mdt sé bai toan Pai s6 va Hinh hoc so cip

2.1 Bai toan con buwém cho cac dwong conic

Vién dé 2.1.1. Thay duong tron bang mot dudng conic khac, két qua vé Bai toan
con budm c6 con dting khong?

Céc vi dy dudi day s& chi ra rang, bai toan con budm ding cho tit ca cac duong
conic

Vi du 2.1.2. Cho day cung MN cua mot dudng Parabol. Gia sir hai day cung bét
ky AB va CD, déu khac MN, di qua trung diém I cua MN. Goi giao diém giita
AC va BD véi MN 1a P va Q tuong trng. Khi d6 1P = 1Q.

Chiéng minh: Dyng hé toa d6 (Oxy) sao cho phuong trinh dudng Parabol

(¢):y=v(x*+ax+b) va M (m,v(m2+am+b)),N (n,v(n2+an+b)) V6i trung
diém I cia MN chinh 14 diém 0(0;0). Do vy n=—m va b=-—m?’.
Phuong trinh ciia dudng thing (MN) 14 (MN):y=ux. Khi d6 u=av.

Gia str (AB):y=kx va (CD):y=hx.Khi d6 ta c6 toa do 4 diém giao:

k—av+./(k —av)’ —4bv?
A(X1;y1:kX1)IB(X2;yzzkxz)’ X = \/( oV )

h—avi\/(k—av)z—4bv2
2V

Cxi¥i=hx ), D(xi¥,=hx,)., % ,=

Xi—X1)<y—kX1)
hx, —kx,
h—k

X —(k—u)x,

Tir(AC):x:x1+< va (MN):y=ux tasuy ra

XP:X1IX1(h_u)

b(h—k) - . Hoan toan tuong tu

Vi xx,=b,xx,=b nén XP:(h—u)x ~(k—u)x
2 2

= bth=k) x1+x2:ﬂ,xi+x;:

(h—u)x —(k—u)x, v v
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nén (h—u)x2—(k—u)x;+(h—u)x1—(k—u)xl':(h_k)\(/u_av):O

do boi u=av. Vay X, +x,=0 hay IP=1Q. o
Vi du 2.1.3. Cho day cung MN ctia mot duong ellip hoac hyperbol hodc duong
tron. Gia st hai day cung bat ky AB va CD, déu khac MN, di qua trung diém |
cia MN. Goi giao diém giita AC va BD v6i MN 1a P va Q twong tng. Khi d6
IP=1Q.
Chiéng minh: Dyng hé toa do (Oxy) sao cho phuong trinh dudng ellip hoac
hyperbol c6 dang (¢):ax*+By?=1 va (MN):y=ax+b. Khi d¢6 toa do diem M
va N la nghiém cua h¢ phuong trinh
y=ax+b y=ax+b

{ax2+ﬂy2 =1 {ocx2 +B(ax+b)’ =1

Goi m, n la hai nghiém cta phuong trinh (a+ﬂa2)X2 +2Babx+ fb*-1=0

Toa d¢ hai diém M (m;y, am+b),N(n;y,=an+b). Goi I(X,;Y,) la trung diém

men__ ﬂabz va y,=ax,+b.
2 a+pa

cua MN. Ta co X,=
Gia stt (AB):y=Kk(x—%,)+Y, va (CD):y=h(x—x,)+Y,. Khi do ta c6 toa do
giao diém A(X; Y, =K (X =X;)+ Y, ) B(Xy; ¥, =K (X, =X, )+Y,) Vi X va x, 1 hai
nghiém cua phuong trinh

(a+ﬂk2)x2—Zﬂk(kxo—yo)x+ﬂ(kx0—y0)2—1:0;
Toa d6 giao diém C(xi;yl':h(xl'—xo)+y0), D(x;;y;:h(x;—x0)+y0) VGi X va
X, 1a hai nghi¢m cua phuong trinh

(a+ph?)x* =2 (hx,—y, ) x+ B (hx,— Y, ) ~1=0;

U =X —X, V61 i=1,2, Taco u,—u,=Xx—X va y,—y,=ku,—hu,.

bat u, =x,—X,, U,

Tu (AC): X._Xl = y._ il suy ra phuong trinh dudng thang
X=X V1= %
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ui_ul)(y_kul_ yo)
hu, —ku,

(AC):x:x1+<
Do (MN):y=a(x—X,)+Y, tasuy ra toa do diém P 1a nghiém cua hé

y:a(X—X0)+yO

(ull_ul)(y_kul_ yo)
hu, — ku,

X=X+

(h—k)uu,
(h-a)u,—(k—a)u,

Tur h¢ nay suy ra duge X, —X,=

(h—k)u,u,

Hoan toan tuong ty XQ_XOZ(h—a)u' ~(k—a)u :
2 2

(h—k)uu, .\ (h—k)u,u,
h—a)u,—(k—a)u, (h-a)u,—(k-a)u,

Xét tong (XP—XO)+<XQ—XO):(
Dé ching minh X, —Xo+Xq—X%,=0 hay IP = 1Q ta chi ra dang thirc
(h=a)uu, (u,+u, ) =(k—a)uu, (uy+uy ), ().

, 2k (kx,—y 2Bky, +2a
Tacod u, +U, =X +X,—2X, = a(+ﬂk2 0)_2X0:_ﬂai—ﬂkzxo

Va U, =(X =X ) (X, = Xo ) =X %, — (X + X, ) %o + X

k= Yo ) —1 28k (kxo— 2 L ax?-
hay uluzzﬂ( %oYo) 125k (% yO)X0+X§:M.Tu:0ngu_rtacé

a+ pk? a+ fk? a+ pk?
U U :_Zﬂhy0+2axo VA UL = ﬂy0+axg—1.
R a + ph? o a + ph?

Qua viéc thay U,+U,,U,U,,U, +U,,UU, Va0 (*) va bién doi, chirng minh
(*) twong duong v&i chimg minh h(afy, +ax,)=k(afy,+ax,)
hay afy,+ax,=0.

Vi xO:—ﬂLb2 va y, =ax,+bnéntaco Ba’x,+ax,+pab=0.
a+ pa
Do vay aBy,+ax,=af(ax,+b)+ax,=pa’x,+ax,+pab=0. O
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2.2 Chitrng minh mét s6 bai toan Pai s6 va hinh hoc so cip

Phan Hinh hoc rat dugc chi trong nhat 14 trong cac Ky thi Pai hoc, cao
dang. C6 nhiéu cach giai bai toan hinh hoc, viéc tng dung phwong phéap toa do
Va0 giai cac bai toan hinh hoc giup cho nguoi 1am toén ¢ thé giai quyét van dé
mot cach rat don gian. Dé giai quyét dugc bai toan hinh hoc theo phuong phép
nay nguoi lam toédn can phai biét chon hé truc toa d6 Descartes va don vj truc,
biét dua vao cac diéu kién bai toan dé xac dinh toa d6 diém, phuong trinh cac
duong, diéu kién rang budc véi nhau giita toa do cac diém, phuwong trinh cac
duong; dong thoi thanh thao trong viée sir dung cac kién thire can thiét dé giai
bai toan. Mit khac, mot vai bai toan hinh rat dang dugc quan tdm do6 12 bai toan
tim tap hop diém ma khong ké vé duoc bang thude ké hodc compa.
Vi du 2.2.1. Cho géc vudng xOy mdt hinh chit nhat OABC c¢6 chu vi khong doi,
A, C 1a diém thay d6i thuoc Ox,Oy . Ching minh ring duong vudng goc ké tir B
vudng goc voi dudng chéo AC ludn di qua mot diém cd dinh:
Bai giai: Dung hé toa do (Oxy)vesi O(0;0) triing véi dinh O cta hinh chi nhat
OABC. Ta goi A(a;0),c(0;c) dé dang nhén thdy B(a;c),(a,c>0). Dit
a+c=b(b=const) vi chu vi OABC khéng d6i.

Ta c6 ngay phuong trinh duong thang AC :y=— Cxte
a

Goi (A) la dudng thang di qua B vudng goc véi dudng thang AC, duong thang

2.2
(A) c6 dang: y:EX+y0:>y0:C—E.a:C a :b(l—ij.
c c c c

Do d6 phuong trinh cua (A) la y:%X+b(1_%j

Gid sir (A) qua diém cb dinh M (x;; Y, ) véi moi %, ta co:

%(xl—b)—(yl—b):o véi moi % hay {31’)
Vay (A) luén di qua diém c6 dinh D(b;b).
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Vi du 2.2.2. Tir giac IAJB ¢6 cac goc A va b vudng, IA>IB. Ching to rang véi
moi diém M trén dudng thang 1J ta lud co:

JA MA I|A
Il gt i

JB MB IB
Bai giai: Dung hé toa d6 (Oxy) sao cho O 1a trung diém cua IJ va 1 12 truc
hoanh Ox. Khi d6 A, B thudc dudng tron (O;R) véi R=0I, khong mét tinh
tong quat ta chon ‘CTI)HCTJ)‘: R=1.
Goi hoanh d¢ cua A 1a cosa(ae[0;])thi ta dé dang suy ra  A(cosa;sina).
Tuong tu, goi hoanh d6 cua B 1a COSb(be[O;ﬂ]) thi ta co B(COSb;Sin b) va

1(-10), J(L0).

Tir giai thiét 1A > IB, ta c6 \/(—1—cosa)2+sin2a>\/(—1—cosb)2+sin2b hay
cosa>coshb.

MA? x*®-2xcosa-+1

B2 x2—_2xcosb+1

Mat khac, goi M (X;0)ta s& c6

K -2xcosarl (cosa—cosb)(x* 1)

oy= =0
x?—2xcosh+1 y

Xét ham s y= . 5
(x* —2xcosb+1)

khi x=+1. Xét bang bién thién

X | -00 -1 1 +00

y’ + 0 - 0 +

y(-1) 1
y / \
1

y(1)

60

So hoa bdi Trung tam Hoc lieu http://Irc.tnu.edu.vn/



IA> 1l+cosa JA* 1-cosa

Ta da cé = =y(-1)>1vaco = = <1.
IB> 1+cosb y(-1) JB?> 1-cosh y(®)
MA?2 A MA 1A
Tardo yv(1)< 22 <y(-1) hay “2<MA_A 4
do y(1)spez<y(-1) hay So<ios o (deem) o

Vi du 2.2.3: Chitng minh rang v&i moi gia tri cta X, y ta déu co:

\/40052 xcos’ y+sin?(x—) +\/4sin2 xsin?y+sin®(x—y)>2. (1)

Bai gidi: Dung hé toa do (Oxy)lay cac diém A(2cosx.cosy;sin(x—y)) va

B(2sn.siny;sin(x—y)). Ta co ngay OA:\/4cos2 xcos’ y+sin®(x—y)

OB:\/4sin2 x.sin® y+sin? (x—y).
A

BN = = === === = —

siny)f- =< === = ;

Zcosxcosy 3 Zsinxsiny b

Dyng hinh binh hanh OBCA, d& théy C(2(cosxcosy+sinxsiny);2sin(x-y)).

Taco OA+OB=0A+CA>0C, do d6 \/40052 xcos’ y+sin®(x—y) +

+\/4sin2 xsin? y+sin2(x—y)2\/4cosz(x—y)+4sin2(x—y):2, 0

Vi du 2.2.4. Tim gia tri nh6 nhit cta biéu thic sau:

T=/2%° —2x+1+\/2x2 +<\/§+1)x+1+\/2x2 ~(V3-1)x+1.

Bai giai: Viét lai biéu thirc d4 cho nhu sau

2 2

1 (. 3 1Y (. 3

T = +(x=1)" + || x+= | +| x+2= | +,[| x+= | +] x=~=
Bt o[y o(xo ] o3
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V3 1} va

Dung hé toa d6 (Oxy), lay cac diem M(x;x), A(0;1), B(——;——

2 2
59

2 2

D@ thay: MA:\/(O—)()Z+(1_X)2:\/X2+(X_1)2
MB\/ x+§ 2 {H%)Z
[ (e 4]

Taco: T=MA+ MB+ MC

Lai co:
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Suy ra AABC déu va T nho nhat khi M =0 va minT =3 khi x=0.

Vidy 2.2.5. Chimg minh ring néu x*+y?=u’ +v’=1 (*) va xu+yv=0 (**)
thi x*+u®=y*+v*=1va xy+uv=0.

Bai gidi: Dung hé truc toa do (Oxy), dédang nhan thdy phuong trinh x* +y*=1
la phuong trinh duong tron co tdm O(O;O) ban kinh R=1. Néu dong nhat mit
phing toa d6 do (Oxy)véi mit phing toa do (Ouv) thi dudng trdn d6 ciing 1a
duong tron c6 phuong trinh u®+v? =1. Trén duong tron d6 liy hai diém

M(x;y) va N(u;v).

Y

A 4

Tac6: OM =(x;y),ON=(u;v). Suy ra: OM.ON =xy+uv
Theo giai thiét xu+yv=0 nén tacé xy+uv=OM.ON =0<>OM LON
Néu M thudc cung vudng (I) thi N hodc ndm trong cung vudng (IV). D& nhan

thay |X|=|v|,|u|=|y]. suy ra:
X* =V’ 2 0222 2 A e £ B . \
u2:y2 =X +U"=v°+y =1 vatr xu+yv=0 ncu thay u=y hodc u = -y ta déu

duoc xy+uv=0.
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Vi du 2.2.6. Cho AABC vubng tai A, cac canh goc vudéng la b va ¢, M la mot
diém trén canh BC sao cho /BAM=q .

bc

Chirng minh rang: AM = .
ccosa+bsina

Bai gidi: Chon hé truc (Oxy) sao cho A=0. D& dang nhén thdy
A(0;0),b(b;0), C(0;c). Goi M(x;y)eBC.

Tac6: x=AM cosa, y=AMsina nén M (AM cosa; AMsina). Do M eBC suy
ra m,@cﬁng phuong, ta co:

AM cosa AMsina-—

" 3 W:O = AM (ccosa+bsina)=hc

bc

Suyra AM = —.
ccosa+bsina

Vi du 2.2.7. Cho AABC can tai A. Goi H 14 trung diém cua BC, D 1a hinh chiéu
cta H trén AC, M 1a trung diém ctia HD. Chimg minh AM L BD.

Bai gidi: Dung hé truc (Oxy) sao cho H=0. D& dang nhan thay
H (0;0), A(c;a),B(-c;0),C(c;0). Goi D(x;y) Ia hinh chiéu ctia H trén AC.
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R

Tacé: DH L AC va AD cung phuong AC

ac
_X;_y C,—a :0 X=
( )( ) cx—ay=0 a’ +c?
<1qlx y-a = < 2
- ax+cy=ac c’a
c -a =2 2
a +cC
2 2
acC ca
Vay D , :
ay [az 2 a2+02j
. a’c c’a
M la trung diém ctia HD nén M AR T
z(a +C ) Z(a +C )

— —— (2a’c+c¢® cla a’c —c’a-2at
Suy ra BD.AM = X X
Y ( a? +c? a2+czj[2(a2+c2) 2(a’+¢?)

_2a‘c’+a’c’ . —c*a®-2a'c®
2(a’ +c2)2 2(a’ +c2)2
Vay AM LBD. o,

Vidu 2.2.8. Cho AABC vudng tai A. Tim tap hop céc diém M sao cho:
(i) MB*+MC?=MA®.

0.Do d6 BD L AM .

(i) AM =(t+1).AC+(2t-1).AB.
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Bai giai: Dyng hé tryuc (Oxy) sao cho A=0, véc to don vi i,j. Khi d6 ta c6
B(b;0), C(0;c).
(i) Goi M(x;y), taco: MB?+MC*=MA”.

[l eo-ef -y

& (x=b) +(y—c)'=0e {);ii suy ra M (a;c).

Vay tip hop cac diém M céan tim |4 dinh cta hinh chit nhat BACM.
(if) AB=bi, AC=c <> AM =(t+1)AC +(2t-1) AB

X, =(2t-1)b (1)

@m’=<t+1>ci+<2t—1>b7@{m ~(t+1)c (2)

Tu (1) suyra t= X+ , thay vao (2), ta co v, :(XM2;b+1jc
=Y _LX +§C
M2

Vay tap hop cac diém M 1a duong thang yzzibx+gc .

Vi du 2.2.9. Cho dudng tron (¢)duong kinh AB = 2R c6 dinh. Diém M chay
trén (¢). Mot dudmg tron (¢')tAm M thay ddi luén tiép xuc véi AB. Gia sir
(¢')cét (¢)tai C va D. Duong théng CD cit dwong MH, 6 d6 MH L AB tai P.

Tim tap hop cac diém P.

Bai giai:
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w O

Goi M 1a diém ddi xtng ctia M qua AB va H 1a giao diém gitta HM voi (6)
Khi d MH=HM =MH . Vi PC.PD=PM.PM =PH.PH va
PM.[PH+HM'|=PH|PM +MH|, nén PM.HM =PH.MH hay PM =PH .
Do vy P 14 trung diém doan MH. Vay tép cac diém P 1a dudng ellip véi truc 16n
AB va ti s6 cho %

Vi du 2.2.10. Cho hai duong tron, mot duong tron tam A ban kinh 3R, duong
tron kia tam B ban kinh R, voi AB=6R

(i) Xét tat ca cac duong tron thm C tiép xuc ngoai v4i hai dudng tron trén. Tim
tap hop cac tam C cua hd duong tron nay.

(if) Goi y la ban kinh ctia mét trong cac duong tron tam C. bat /BAC =«

tanﬁ
2 theo o va xét chang Khi y — oo.

tan &
2

ZABC = . Tinh tan%,tanﬁ,
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Bai giai:

(i) Ta c6 CE=CF, CA-3R=CB-R. Viy CA-CB=2R. Do vay C nim trén duong
Hyperbol véi tiéu diém A va B.

cosu =cos ZOAl :ﬂ— R_1

AO 3R 3
(ii) Vi CB? = AB? + AC? — 2AB.AC coSct

nén (R+y) =36R?+(3R+r) —12R(3R +r)cosa

:COSa:}/+11R:>tan2g:i hay tang: i
3y +9R 2 2y+10R 2 2y +10R
B
tan —
Tuangtutanﬁz 2y 2R suy ra 2:\/5:2.
2 ¥y +5R tan &
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Khi y — +o0 6 tan%a\/%,tang—h/z

Vidu 2.2.11 [P thi vd dich Anh- nim 1983]. Cho tam giac ABC. Goi | 1a tdm
duong trdn ngoai tiép tam giac ABC, D 1a trung diém canh AB, E 4 trong tim
ciia AACD . Chirmg minh ring néu AB=CD thi |IE vuéng goc véi CD.

Bai giai: Chon hé truc Oxynhu hinh v& 2.1.18. Goi I(X;y) tdm dudng tron

ngoai tiép tam giac ABC.

A
D E
|
TTTTTT Bco) P ceo T T T T T T ’
Hinh vé 2.1.18
. ar : : : : c.a c.a A .
Khi do 0(0;0), A(0;a), B(~¢;0),C(c:0), D(—E,Ej, E(E,Ej (Theo cong thire

toa dJ trong tam tam giac)

_— — C a =
, [DILBA (x+—;y——j.(c;a):0 x=0
Taco: q__. = 2 2 = a?—c?

Ol L BC (X;y).(ZC;O):O y= oa

2 2 . 2
vay 1] 0:2 =5 | suyra 1E| <5 |. Mt khac Dc(ﬁ;—ij.
2a 6 2

2a 2
2 2 2
Ta nhan duoc IE.DC =| 2: & (S—C;—Ejzc—c—:O:lEJ_DC. o
6'2a)\2"2) 44

Vi du 2.2.12 [ Pé thi vé dich Bungari- nim 1991]. Duong phan giac trong va
ngoai cia goc C cua tam giac ABC cit duong thang AB & L va M. Chimg minh
rang néu CL=CM thi AC?+ BC?=4R?( R 1a ban kinh duong tron ngoai tiép

tam giac ABC)
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Bai giai: Néu CL=CM thi ACMLvuéng can ( do CL L CM theo tinh chit hai
dudng phan giac cta goc).

Chon hé truc (Oxy ) nhu hinh v& (O 14 trung diém ctia ML)

M) AGOLGO BbO)

Khi d6: O(0;0),A(a;0),B(b;0),C(0;c),M(—c;0)

AL AC AL> AC?
= g 2 2
LB CB LB*> CB

Theo tinh chat dudng phan giac ta co:

2 2, A2 2
c-a
( )2:a2+02<:>ab2+acz—a2b—czb:0<:>bzc—
(b-c)” b"+c a

e

2 4 2 2
Vay B| ;0| nén AC? +BC? =(at+¢?)+| +— |=| 225 | ()
a a’ a

Goi 1(x;y) 1a tim dudng trong ngoai tiép AABC. Ta co:
2 2 2 2
x—a) +y?=x*+(y-c
Al=Cl |AI’=CI? (x=a) +y (y=¢)
— < 2 _ 2<:> 2 2 X—C ? 2
AL=BI  |AIZ=BI? T |(x—a)+y?=[X=C] 4y
a

2ax—2cy =a* —¢? X_a2+c2

S0 @t +c < 2a
~ 2a y=¢
2, 2 2, 2 2 2)2
Vay 1| 225 ¢ | nén 4r? =4ci2 =4/ 2 1° || 2 FC 1 (g
2a 2a a
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Tu (1) va (2) suy ra AC? + BC* =4R?. O

2.3 Mot vai phwong trinh dwong c¢é chira tham sb

Khi giai cac bai toan hinh hoc ta thuong hay gap cac bai toan lién quan
dén tham s6. C6 1& day l1a dang toan ma nhiéu hoc sinh ling ting nhét. Trong
phan ndy ching ta nghién ciru mot sé bai todn ma ching ta hay thudng gip.
Vi du 2.3.1. Trong mét phiang (Oxy)cho ho hai duong thing:
(A,):(1-m)x+my+m+2=0 va duong thang (d):x+3y—-6=0
(i) Véi vi tri ndo ctia m thi dudng thang (d) cat duong thang A _?
(ii) Chimng t6 rang duong thang (d) khong phu thudc ho dudng thing (A,).

Bai giai: (i) Puong thang (d) cit duong thing (A, )khi va chi khi hé phuong

1-m)x+my+m+2=0
trinh {( ) Fy+m c6 nghiém.

X+3y—-1=0

1-m m

Mudn vay D:‘ L

:—4m+3¢0<:>m¢%

Vay m# %th‘l duong thang (d) cit duong thing (A,).

(i) Chimg minh bang phuong phap phan chimg. Gia st (d) thudc ho duong

1 5 1-m _m
thing (A,), dong nghia phai co: _Tm:%:m+ =7 1

3
-1 1-m=—(m+2)

4

m=— . n )
& 5 hé nay v6 nghiém.
1=-2
Viy (d) khong thudc ho dudng thing (Am ) m

Vi du 2.3.2. Trong mét phing (Oxy)cho ho duong thing
A(m):mx+3(1-m)y+1-2m=0
(i) Chiing t6 rang moi dudng thing A(m) di qua mot diém cb dinh S.
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x=1-2t

(ii) Cho duong thang (d): { t tim dudng thang A(m)vudng goc véi (d)

Bai giai: (i) Ta c6 the viét A(m):m(x-3y—2)+3y+1=0 (¥
Ping thire (*) dang véi moi gia tri cia m nén ta co:

x=1
Xx—=3y—-2=0
y & 1:>S(1;—lj
3y+1=0 y=—— 3

3
(if) Ta c6 vécto chi phuong cua (d) 1a u= (=2;1), vécto chi phuong cua dudng
thang A(m) la 5(3(1— m);—m). Puong thing A(m)cﬁn tim vudng goc vai (d)

nén nhan vécto U = (—2;1)1a phép vécto. Ta phai tim m dé ua=0

<:>[3(1—m)(—2)+(—m).1]:0<:>m:g
. 2 66 3 7 ) ]
Ta suy ra duong thang A(gj.gx—gy—gzo hay 6x—3y—7=0 vubng géc

v6i duong thang (d).
Vi du 2.3.3. Trong mt phang (Oxy) cho hai duong thing A, va A, c6 phuong
trinh cting chirc tham sé m:

A, MPx+2(2m—-3)y -2(3m* -2m+3)=0

A, :(m® =3m+3)x+2(m-2)y-4(m-1)° =0
(i) Ching minh rang khi m thay doi thi dudng thang A,, ludn di qua mot diém
c6 dinh A va duong thang A_ luén di qua mot diém cd dinh B.
(ii) Chting t6 rang khi m thay d6i thi giao diém M cia hai duong thang A_ va
A, di dong trén mot dudng cong cb dinh. Viét phuong trinh dwong cong Ay.
Bai gidi: (i) Ta co the viét: A, :m*(x—6)+4m(y+1)-6y—6=0 (**)

Ding thire (**) dGng v6i moi gia tri ciia m nén ta co:

72

So hoa bdi Trung tam Hoc lieu http://Irc.tnu.edu.vn/



X-6=0
y+1=0 < {X =0 = A(6;-1). Vay duong thang A, ludn di qua A(6;1).
ey-6-0 =7t
Tuong tu, duong thang A luon di qua diém B(4;2)
(ii) Toa @6 giao diém M 1a nghiém cua hé phuong trinh:
m’x +2(2m-3) y2(3m2 —2m+ 3) =0
(m? —3m+3)x+2(m-2)y—4(m-1)° =0
m? 2(2m-3)

m?-3m+3 2(m-2) =-2(m-1)(m-3)

Taco: D=

2(3m?-2m+3) 2(2m-3
D, = ( ) ) & ):—4m(m—3)2
4(m—1) 2(m—2)
m? 2(3m?-2m+3
D, = ( ):2 m-3)°(-m’+m-1)
2 2
m°—-3m+3 4(m—1)

Hé phuong trinh ¢é nghiém khi va chi khi D #0 < m=1,m = 3, ta c6 nghiém

A ... D 2m_ D m-m+l1
ctia hé phuong trinh la: x=—*=——;y=—=———
D m-1 D m-1

y

2m m’-m+1
m-1" m-1 )

Suyra: M (

L. 2m X c e, \ .2 , )
Véi x :—1:> m = thay gié tri ctia m vao biéu thirc cta y ta duoc:
m-— X—

x? X

- +1
(x—2)2 X—2 . X2 -2x—4
x2_1 y= 2(x-2)
X_

y:

x*—2x—-4

Viy giao diém M di dong trén duong cong: y = .
2(x-2)

Vi du 2.3.4. Trong mt phiang (Oxy) cho dudng thang A, di qua diem A(1;-1)

73

So hoa bdi Trung tam Hoc lieu http://Irc.tnu.edu.vn/



C6 hé s6 goc m va elip(E):x* +3y* —3=0.
(i) Viét phuong trinh dudng thang A_ va bién luan theo m sé giao diém cua
duong thang A_ va elip (E).
(ii) Tim tap hop cac trung diém cua cac day tao bai (E) va cac duong thang song
song véi dudng thang x—y =0
Bai gidi: (i) Phuong trinh dudng thang A, 12 y+1=m(x-1)< y=mx-m-1
Toa d giao diém cua dudng thang A _ va elip (E) (néu c6) 1a nghiém cua hé
phuong trinh:

y=mx-m-1 y=mx-m-1
{xz +3y° —30:>{x2 +3(mx-m-1)" —3=0

y=mx-m-1 (1)

- {(l+3m2)x2 —6m(1+m)x+3m(2+m)=0 (2)
S6 nghiém cua hé phuong trinh (1), (2) 12 s6 nghiém cta phuong trinh (2)
Giai phuong trinh (2), ¢6 A" =9m?(1+m)’ - 3m(1+3m?)(2+m)=6m(m-1)
Néu A' <0< 0<m<1:khong cé giao diém.
Néu A’ =0< m=0 hodc m=1: c6 1 giao diém kép.
Néu A" >0< m<0hoic m<1:co 2 giao diém .
(ii) Cac dudng thang song song voi cac duong thang x—y =0 cé phuong trinh

dang x—y+C =0 ( Hinh vg).

le

CD%E
N
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Toa do giao diém cua cac dudng thing d6 véi ellip (E) 1a nghiém cua hé phuong
trinh:

X—y+C=0 y=x+C y=x+C (3)
- -
x*+3y*=3=0  |xX*+3(x+C)" ~3=0  |4x*+6Cx+3C*-3=0 (4)

Phuong trinh (4) 12 phuong trinh hoanh d6 giao diém. Phuong trinh (4) ¢6
nghiém khi va chi khi A’ >0« -3C*+1220<|C|<2
Goi hai giao diém cua duong thing x-y+C=0va elip (E) Ia

M, (X:¥,), M, (%,;Y,), goi M (x;y)la trung diém ctia M,M, . Ta c6

X:X1+X2 itV

2 2
Theo dinh ly Viet ta co: X + X, :—gz—gz 5F% _3C.
4 2 2 4
Tuwdoy, +y,=X+C+x,+C=x +x,+2C

Suy ra NtYe _%*% o Nt _=€ +C:9.Vaytacé M(ﬁgj
2 2 2 4 4 4 4

Nhu vay tu x:% va y:%,tadu:qc: X=-3y < x+3y=0.

Puong thang X+ 3y =0 cit elip (E) tai hai diém B (g —%) va C (—g%j .

Vay tap hop céc trung diém M la doan thang BC.

Vi du 2.3.5. Trong mt phang (Oxy) cho diém F(1;0) va mot diém di dong
M(-1;m) véi meR.

(i) V6i moi gia tri cia m, hdy viét phuong trinh duong trung truc A cia MF.

(i) Tim nhimng diém trén mat phang (Oxy)khong thudc mot duong thang A nao
(i) Chtng minh rang dudng thang A ludn lud tiép xic vdi mot parabol ¢b dinh.

Bai giai: (i) Goi H 1a trung diém cua doan MF. D& thiy diém H nam trén truc

tung va H (O;gj. Phuong trinh dudng thang MF hay duong thang HF 1a:
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+2 =1=mx+2y-m=0. Puong trung truc Adi qua diém H va vubng goc

|
N3 <

v6i duong thang HF ¢ phuong trinh Ia:
A:Z(X—O)—m(y—gj:O<:>4x—2my+m2 =0

(i) Goi M, (XO; yo) la mot diém nao d6 khong nam trén mot duong thing A ndo
d6. Ta co: 4%, —2my, + M’ =0 v&i moi m.

Vay phuong trinh sau day khong c6 nghiém: m? —2my, +4x, =0, nghia 1a:

A =y —4x, <0< y. < 4x,. Vay cac diém trén mat phang ma khong thudc mot

duong thang A nA0 nam trong mién trong clia parabol (P): y® = 4x.

(iii) Ta s& chirng minh rang dudng thang A ludn tiép xuc voi parabol (P).

Ta biét dié kién can va du dé duong thang Ax+ By +C =0 tiép xtc voi parabol

y? =2pxla B’p=4m*.2=2AC. Vay A tiép xuc véi (P).

76

So hoa bdi Trung tam Hoc lieu http://Irc.tnu.edu.vn/



2.4. Bai toan vécto lién quan téi tam giac
Bai toan vé vécto lién quan dén tam giac duoc sir dung trong hinh hoc duoc
phat biéu nhu sau:
Ménh dé 2.4.1. Cho AABC véi d6 dai canh a=BC, b=CA, c=AB va diém I
thudc mat phang (ABC). Khi d6
(i) Néu I thudc mién AABC thi ¢ dong nhat thirc
IAS,. +IBS,, +1CS,,, =0

(i) Néu I thuoc mién ngodi tam giac ABC va nam trong goc ZA thi

~IAS,,. +IBS,, +1CS,,, =0
(iii) Véi tam duong tron ndi tiép I va tim dudng tron bang tiép J ¢ trong goc A
ta c6 ddng nhét thic alA+bIB+cIC =0 va —aJA+bJB +¢cJC =0.
Chirng minh: (i) Dung hé toa do Ixy sao cho 1(0;0), A(x;y,).B(X,;y,) va
C (X3; y3) . Dién tich cac tam giac IBC, ICA, IAB duoc quy udc baoi

X Y
5 Y

X5 Y5
X%

X W
X Y

'ZSICA = ’ZSIAB =

Do vay: ﬁ.ZsIBC = (x2y3 — XY, )(X1 yl)
1B.2S = (%Y1 — %, Y3 ) (%1 ¥,)

R

IC.25 5 = (leQ R (XS’ Ys ))

X X X Yi Y2 Y3
Bai vi hai dinh thitc sau trigt tieu |X, X, X;| va [X, X, Xs| nén

Yi Yo Vs Yi Yo Ys
IAS,. +1BS,, +1CS,, =0.
(ii) Néu | thuoc mién ngoai tam gidc ABC va nam trong goc ZA thi
Siec = —S,cs- DO Vay —IAS. +IB.S, +1C.S,, =0.

(iiii) 12 hién nhién.
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H¢ qua 2.4.2. Cho AABC vai d¢ dai canh a=BC, b=CA, c=AB. Goi G, H, O va
| 1a trong tAm, truc tim, tAm duong trdn ngoai tiép va tim duong trdn noi tiép
trong tam giac ABC. Khi do

(i) GA+GB+GC =0

(i) OA+OB+0OC =OH.

(iii) (a+b+c)Ol =aOA+bOB +cOC.

Chirng minh: (i) Suy ra tir Ménh dé 2.4.1.

(ii) Tr 0=-30G +OA+OB +0C suy ra OH =0A+OB +0C.

(i) Tir 0=—(a+b+¢)Ol +a0A+hbOB +cOC, theo Ménh dé 2.4.1, ta suy ra
ddng nhit thire (a+b +¢)Ol =aOA+bOB +cOC.

Vidu 2.4.3. Gia str tam giac ABC c¢6 BC=a, CA=b, AB=c va I, J 1a tdam duong
trong ndi tiép va bang tiép trong goc LA cia tam giac. Khi d6 co bat dang thirc
sau day:

(i) aEA? + bEB? +cEC? > abc véi diém E tly .

(i) alA? +DbIB? +cIC? = abc.

(iii) —aJA? +bJB? +cJC* = abc.

(iv)a( AH? + AK? — AJ?) +b(BK? + BJ? ~BH?) +¢(CJ? + CH? —-CK?)

= 3abc khi J, H, K 1 tAm duong tron bang tiép va o trong goc ZA, ZB, ZC,
tuong rng cua tam giac.

Bai giai: (i) Tir bt déng thuc (aﬁ+ bEB + c?C)Z >0 tasuy ra

0<a’EA’ +b’EB? + c*EC? + 2abEA.EB + 2bcEB.EC + 2caEC.EA = a’EA’ + b?EB?

+C’EC’ +ab(EA’ + EB® — ¢’ )+ bc(EB® + EC* -a’ )+ ca(EC’ + EA* - b?)
Gian u6c cho a +b + c duoc bat dang thirc aEA? + bEB? +cEC? > abc .

(ii) Tir alA+bIB +cIC =0 theo Ménh dé 2.4.1 ta suy ra

0=a?lA? +b?IB? + c?IC? + 2ablAIB + 2bcIB.IC + 2calC.IA = a’IA? + b*IB?
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+C?IC? +ab(IA® + 1B —c?) + be(IB? + 1C* —a® ) +ca(IC* + IA* —b?)
Gian u6c cho a+b + ¢ dugce dong nhit thirc alA? +bIB? +cIC? = abc .
(iii) Tr —aJA+bJB +cJC =0 theo Ménh dé 2.4.1 ta suy ra
0 =a%JA? +b?JB? +c2JC? + 2abJA.JB + 2bcJB.JC + 2caJC.JA = a?JA? + b JB?
+¢?JC? +ab(JA® + JB? —c? )+ be(JB? + IC? —a’ ) +ca(JC? + JA? —b?)
Gian u6c cho —a + b + ¢ dwgc dong nhit thirc —aJA? +bJB? +¢JC? = abc.
(iv) Nhu cic déng nhat thac  —aJA? +bJB? +cJC? = abc,
aHA? —bHB? + cHC? = abc va aKA? + bKB? —cKC? =3abc.
Viy a( AH? + AK? — AJ?) +b(BJ? = BH® + BK® )+ c(CJ? +CH? —-CK?)
= 3abc.
Cha y 2.4.4 Véi Ménh dé ndy thi nguoi ta c6 thé suy ra nhiéu két qua khac
trong Hinh hoc nhu mot s6 tic gia da trinh bay trén bao toan hoc tudi tré hoic
ching minh Dinh 1y Euler vé tam giac Pedal.
Khai thac mot bai toan vécto trong mit phing
Phan tiép theo cac két qua dugc suy ra tir bai toan sau day:
Ménh dé 2.4.5 Cho AABC voéi do dai canh a=BC, b=CA, c=AB va diém I thudc
mit phang (ABC). Khi d6
(i) Néu I thudc mién AABC thi ¢ dong nhat thirc
IAS,. +IBS, +1CS,,, =0
(ii) Néu I thudc mién ngoai tam gidc ABC va nam trong goc ZA thi
—IAS ;. + IB.Sc, + IC.S, =0
Vi tam giac ABC d4 c6, xem vi du 2.4.1, bat dang thirc va dong nhat thirc sau:
Vi du 2.4.6 Gia str tam giac ABC c6 BC =a,CA=b, AB=c vallatam duong
tron ndi tiép trong tam giac. Khi d6 c6 bat dang thirc sau day:
(i) aJA? +bJB? +cJC? > abcvéi diém J tuy .
(i) alA’ +bIB? +cIC? =abc.
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Vi du 2.4.7 Cho tam gidc ABC v4i BC =a,CA=Db, AB =c. Gia sir G la trong
tdm tam gi4c; 1,r 1a tdm va ban kinh duong tron ndi tiép tam giac ABC; O,R Ia
tAm va ban kinh dudng trdn ngoai tiép tam giac ABC va J 1a diém tuy ¥ trong
mat phang (ABC). Khi do:

a?+b%+c?

(i) T =JA?+JB* +JC? =3JG* + . Khi ldy J =08 nhan dugc

3R? =30G? +M

(i) S=aA’+bJB* +cJC? =(a+b+c)JI* +alA* +bIB* +cIC?.
(iii) S =aA’ +bJB’cIC® =(a+b+c)(J1% +2Rr). Dac biét c6 alA® +bIB? +
cIC*=2Rr(a+b+c).

abc
a+b+c

(iv) (Euler) Ol =R? - 2Rr =R’ - (10M1962).

abe JO? +a_bc' bac biét co
2R

R3

(v) P=sin(2A)JA’ +sin(2B)JB? +sin(2C)JC* =

alA%cos A+ blIB?cosB +clC?cosC :abc(l—%j.
N - - ”, g —\2 -~ ——\2 -~ —\2
Baigiai: (i) Taco T :<JG +GA) +<JG +GB) +<JG +GC) :
2 2 2 ) , a’+b*+c? .
Vay T=3JG"+GA°+GB°+GC* =3IG +T theo Chiy 1.3.2.
(ii), (iii) Vi alA+bIB +cIC =0 theo Ménh dé 2.4.1 nén duoc hé thie:
S :a<ﬁ+ﬁ)z +b<ﬁ+@)z +c<ﬁ+l75)2
=(a+b+c)JI* +alA’ +bIB* +cIC?. Mat khéc, ta con c6

Q=alA*+bIB? +cIC* = 4Rr2(cot§+ cotgﬂzot%j

A B C
COS—COS—CO0S—
C 2 2

=4Rr? cotécotEcot— =4Rr?
2 2 2

: . B_. C
sin—sin—_sin—

2 2 2
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a+b+c
:4rr2%:(a+b+c)2Rr.

4R
Do d6 S =aJA’ +bJB? +¢JC® =(a+b+c)(JI*+2Rr). Khi J =1 nhn duoc
dong nhat thirc alA” +blB® +cIC* =2Rr(a+b+c).
(iv) T (ii) 6 (a+b+c)R* =(a+b+c)(O1% + 2Rr) hay OI> =R* - 2Rr .

(V) Vi sin(2A)OA +5sin(2B)OB +sin(2C)OC =0 theo Ménh d& 2.4.1 va

$in(2A) +sin(2B) +sin(2C) = 4sin Asin B.sinC = a?;; nén nhan duoc
P= :E(; 10? +E;—b;. Khi J = I dugc sin(2A) 1A% +5sin(2B)IB? +sin(2C)IC* =
_ ab(; 102 4 2P¢ _ ab(; (Rz —2Rr)+ abc _abc rabzc. Tit day suy ra

2R 2R 2R 2R R R

alA%cos A+ blIB?cosB +clC?cosC = abc(l—%) .

Vidu 2.4.8. Cho tam giac ABC voi BC =a,CA=b,AB=c. Giasu I,K,r,r, la

tam , ban kinh dudng tron néi tiép, bang tiép, thudc goc ZA;0,R la tdm, ban

kinh dudng trdn ngoai tiép tam giac va J 1a diém tuy ¥ trong mat phiang (ABC).

Khi do:

(i) —aJA? +bJB? +¢JC? = (-a+b+c)(JK* - 2Rr, ). Dic bigt c6

B —aKA? + bKB? + cKC?
—a+b+c

(i) OK? =R+ 2Rr,.

2Rr

ar

(iii) 1A1B.IC = 4Rr*, KAKB.KC = 4Rl’a‘2.

Bai giai: (i) Vi —aKA +bKB +cKC =0 theo Ménh dé 2.4.1 nén ta co:
—a(J_K' + @l)z + b(J—K + @)Z + c(J—K + K—C)2 =
=(—a+b+c)JIK? —aKA? + bKB? + cKC?. Mt khéc, bién doi
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—aKA? + bKB? + cKC? = 4Rr? (—cotg + cotg + cot%)

A.B.C a-b-c
—cos.EsmEsmE . R
_ ARy2 _ _8R (s ph_
= 4Rr; ——E——E— = 4Ry ) (a—b—c)2Rr,.
sin—-cos— coS— -2
2 2 2 ar

Vi ra(b+c—a):2—b; hay r, :4Rsin§cosgcos%. Do vay ta nhan dugc

—aJA? +bJB’ +¢JC? = (-a+b+c)(JK* - 2R, ).
(if) Tur (i), voi J =0, tasuy ra (-a+b+c)R* =(-a+hb+c)(OK*-2Rr,)

hay OK?=R?+2Rr,.

r3 3

(iii) Ta c6 dong nhit thirc IAIB.IC = A B C° L _4Rr?
sin—sin—sin— ——
22 2

r3 3

! _ a _ ra _ 2
va KAKB.KC = —A B C- ] =4Rr;.
siIn—sIin—SsIn—  ——

2 2 2 4R
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Két luan

Trong ludn van d4 trinh bay dugc mot sb két qua sau :

1. Phuong trinh duong bac hai va tham sé hoa mot sé dudng.

2. Sir dung phuong phap toa d6 dé ching minh mét s6 dinh 1y hinh hoc:
2.1 Pinh ly Stewart.
2.2 Duong tron APPOIONUS.......c.oiviiieiee it
2.3 Bai toan con budm cho duong troN...........cccevvrireiieneniecine e,
2.4 PuOng thAng NEWLOI...........oveveeeeeeeeeee oo eeeeen e
2.5 PDInh 1Y PIthOt..c.eeiiiiieece e e
2.6 Pinh 1Y POlemY......occviiiiiiiiie e
2.7 Dinh 1Y Pascal.......cccoviieiiiiieiieeie e e
2.8 Puong tron 9 diém va duong thang Euler............co.ovoeveeveeeeeersnens

3. Su dung phuong phap toa do dé xay dung mot s6 bai toan Pai sb va Hinh hoc

SO Cap

4. Ménh dé 2.4.1 d4 chi ra bai toan véc to lién quan dén tam giac ma ta c6 thé st

dung dé ching minh Pinh 1y Euler vé tam giac Pedal va nhiéu két qua khac

nira./.

Huéng nghién ciru tiép theo cua ludn vin 12 tiép tuc nghién ciru, tim hiéu thém

vé phuong phap toa do trong mat phang, dong thoi nghién ctu vé phuong phap

toa d6 trong khéng gian va phat trién mot sd bai todn méi.
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