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MG dau

Van dung ma tran va dinh thic ciing mot s6 két qua trong dai s6 tuyén
tinh vao nghién citu Toan so cap dang dugc nhicu thay, co gido quan
tam.V6i su gitup dé cta dinh thiic va ma tran ta c6 thé thu duge nhiéu két
qua méi qua viec bién doéi toa do giai he phuong trinh bac nhat nhiéu an
va dai s6 héa mot s6 bai hinh so cap. Do vay, luan van nay dat van dé van
dung dinh thitc ma tran vao xét mot s6 bai toan hinh hoc so cap. Noi dung
cua luan van dugce chia ra lam hai chuong.

Chuong I: Kién thiic chuan bi vé ma tran,cac phép toan vé ma tran, dinh
thitc vA mot s6 dong nhat thiic co dién, Vanh ma tran K[A]

Chuong II: Van dung dinh thic ma tran trong hinh hoc so cap.

Muc 2.1. Trinh bay phép bién doi toa do dac biét trong mat phang

Muc 2.2. Trinh bay dién tich , ban kinh dudng tron ngoai tiép qua toa do
dinh , do dai cac canh tam giac

Muc 2.3. St dung dinh thic tinh thé tich qua toa do dinh , do dai céc canh
Muc 2.4. Xét bai toan do thi phang 21 - diem K

Luan van nay dugc hoan thanh v6i sy huéng dan va chi bdo tan tinh
cua PGS-TS. bam Van Nhi - Dai hoc Su pham Ha Noi . Em xin dugc
bay té long biét on sau sic dbi véi sy quan tam, dong vién va sy chi
bao huéng dan ctia thay. Em xin tran trong cam on tdéi cac Thay co
trong Truong Dai Hoc Khoa Hoc - Dai Hoc Thai Nguyén, phong Dao
Tao Truong Dai Hoc Khoa Hoc. T6i xin cam on t6i Sé Giao duc - Dao
tao Tinh Ha Giang, Ban Giam hiéu Truong THPT Viét Lam - Huyén
Vi Xuyeén da tao dicu kién cho toi hoc tap va hoan thanh ké hoach hoc tap.

Thai Nguyén, ngay 08 thang 08 nam 2013
Tac gia

D6 Van Hai
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Chuong 1

Kijén thitc chuan bi

1.1. Ma tran, cic phép toan vé ma tran

1) Ma tran

Dinh nghia 1.1. Ma tran c¢é m x n : Mot bing gom m.n s6 dudc viét

thanh m dong, n cot nhu sau:

( ailr  ai2
as1 A22
a;1 Q2

\ Am1 Am?2

alj e Q1n \
agj ce Qan
aij SN (0777
amj o o . amn /

duoc goi la mot ma tran kiéu (m x n) .
Mbi s6 a;; duge goi 1a mot thanh phan ctia ma tran. N6 & dong thit i va

cot th j.

(1.1)

Ta thuong ki hiéu ma tran béi cac chit in hoa: A, B ... C6 thé viét ma
tran (1.1) mot cach don gian béi:
A= (aij)mxn
Khi da biét 16 m va n thi con c6 thé viét la: A = (ay;).
Ma tran dong: Ma tran c¢d 1 X n goi la ma tran dong

(a1 a

a; ... CLn>

Ma tran cot: Ma tran ¢cd m x 1 goi la ma tran cot

So hoa b6i trung tam hoc lieu
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Ma tran vuong: Ma tran ¢ n X n goi 1a ma tran vuong cap n (hay ma
tran cap n) va viet A = (a;;)nxn Trong ma tran vuong A = (a;j)nxn day
cic phan t1t ¢6 chi s6 hang bang chi s6 cot ajq, ao, ..., ap, g0i 1a duong chéo
chinh cua ma tran A

Dinh nghia 1.2. Ta goi ma trian

( ai; asr ... Ai1 0 ... Am1 \
a1 A2 ... Qi ... Am2
(1.4)
ar; Aaz; ... Qi ... Amj
\ Aip Aop ... QAip R Amn, )

la ma tran chuyén vi cia ma tran (1.1) va ki hiéu la *A.

Nhu vay ma tran ‘A thu duge tit A bing cach doi dong tht i cia A
thanh cot thiti clia ‘A va néu A 1a ma tran kiéu m x n thi ma tran chuyén
vi A 1& ma tran kiéu n x m.

2) Cac phép toan vé ma tran
Phép cong hai ma tran

Pinh nghia 1.3. Téng ctia hai ma tran A = (@ij)mxn V& B = (bij)mxn 1a
ma tran: A+ B = (CLZ'J' + bij)mxﬂ

Dinh nghia 1.4. V6i cac ma tran vuong cap hai dang:
A:<CL11 a12);B:<b11 b12>.
ao] 99 ba1 bao
aip + b1 a2 + b )

khi d6: A+ B =
< as1 + ba1 az + bao

Dinh nghia 1.5. V6i cac ma tran vuong cap ba dang:

a1l a2 Qi3 bi1 b2 bis
A= ag1 Q22 G23 ;B = ba1 Do bz3
as; asy ass b31 b3z bs3

ai; + b1 ap +bia a3 + bis
khi d6: A+ B = (91 + bo1 @99 + Doy a9z + bog
as; +b31 asg + b3y ags + bss

So hoa bdi trung tam hoc lieu http://www.Irc.tnu.edu.vn/
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Quy tac cong ma tran: Muon cong hai ma tran ta chi viéc cong cdc

thanh phan tuong ung (cung dong, cung cot) cia chiing:
(@ij)mxn + (0ij)mxn = (@ij + bij)mxn.

Phép nhan ma tran véi mot so

Dinh nghia 1.6. Tich cia phan tit k¥ € K v6i ma tran A = (a;;), . €
My xn[ K] 1a ma tran: kA = (kay;), .-
Ls o ~ 2 . air a2 .
V6i ma tran vuong cap hai: A = , ta co:
a21 22
aalp a1 «ans
aA = | aas «aarx «as
aazp agy ass
air a2 a3
V6i ma tran vuong cap ba: A = | a91 as asz |, ta co:
aszr az2 ass
Qapp Qa2 as
aA = | aas «azx «aas
Qazy «agz @aszs
Tich cia hai ma tran
Dinh nghia 1.7. Tich AB cta ma tran A = (a4), ., va ma tran

B = (jk),,, 1a ma tran C' = (c¢;) € M(m x p,K) v6i cac phan tit dugce

xac dinh nhu sau:

cik = > (aijbji), trong do (1<i<m, 1 <k<p)
j=1

Dinh nghia 1.8. V6i cic ma tran vuong cap hai dang:
A:<a11 a12>;3:<b11 b12>.
a1 a2 bo1 boo

_( aibir + ai2bar ai11bio + ajaba
AB =
as1b11 + ag2b21  a21b12 + axban

khi do:

So hoa bdi trung tam hoc lieu http://www.Irc.tnu.edu.vn/
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V6i ma tran cot X = ( :; ) , tich AX dugce xac dinh nhu sau:

AX — <a11 CL12) (ZL“> _ <a11x+a12y>_
21 Q29 Y 21T + a22Y

Dinh nghia 1.9. V6i cic ma tran vuong cap ba dang:

a1l G2 Qi3 b1 b2 bis
A=\ a2 axp axs |;B=| bu ba by
as; asy ass bs1 b3z b33

khi do:
3 3 3 \
( > aijbj Z a1;bj2 E a1;bjs
i=1 '

3
AB = | > agbp Z az;bjo Z az;bjs

j=1
3 3 3
K D asjbj Z azibjs Y az;bjs. )
j=1 Jj=1 J=1
x
V6i ma tran cot X = | y |, tich AX dudc xac dinh nhu sau:
z
ailp a2 a13 x a11T + a2y + a132
AX = | ax ax ax y | = | anz+ axny+ axsz
agy age ass z a31T + a3y + azsz

Nhan xét 1.1. Diéu kién dé dinh nghia duoc ma tran tich AB la s6 cot

cua ma tran A bang so hang ciua ma tran B

Ma tran don vi: Ma tran E cap n ¢6 cac duong chéo chinh bang 1,
cac phan t1if ngoai duong chéo chinh déu bang 0 goi 14 ma tran don vi:

1 0 0 \
0 1 0

E—= (1.5)
0 0 1 /

So hoa bdi trung tam hoc lieu http://www.Irc.tnu.edu.vn/
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Meénh dé 1.1. Vdi hai ma tran vuéng cap hai AB luon c6 |AB| = |A||B].

Chiing minh. Giésﬁ’A:<a b) vaB:@ th).Khidétacétich

AB = [ +hz ay+ b . Tt viéc bién doi tich hai ma tran va dinh
cr+dz cy+dt

thitc

axr + bz ay+ bt

cr+dz cy+dt

= adxt + beyz — adyz — bext = (ad — be)(xvt — yz) = |Al|B]

|AB| = = (azx + bz)(cy + dt) — (ay + bt)(cx + dz)

ching ta nhan duge két qua |[AB| = | A||B].
- Tuong ty : V6i hai ma tran vuong cap ba AB luon c6 |AB| = |A]|B|.

1.2. Dinh thic va mot sb6 dong nhét thitc cé dién

1) Dinh thic
Dinh nghia 1.10. Vdi ma tran vuong

( ay; a2 ... Qaij ce A1n \
a1 G2 ... Q2j ce A92n,
(1.6)
a1 A2 ... Qg . Qin
K Am1 Am2 ... Qmj ce Amn, )
ta goi tong
D = E sgn(s)als(l)ags(Q) Qs - Oy
SES(n)
la dinh thic cia ma tran A va ki hiéu boi
ay; a2 ... ai; ... Qip
a1 A2 ... Qi ... QA (17)
Qp1 Ap2 ... Qpj ... Qdpp

So hoa bdi trung tam hoc lieu http://www.Irc.tnu.edu.vn/



hay|A| hay det(A)

Trong cach ki hiéu nay ta ciing néi méi a;; la mot thanh phan, cdc thanh
phan a1, i, . . ., @y, tao thanh dong thit i, cac thanh phan ayj, asj, . .., ap;
tao thanh cot thi j cia dinh thiic. Khi ma tran A c6 cdp n ta cing noi | A
la mot dinh thic cap n.

Dinh thtic clia ma tran cap hai A = ( ai a2 >

ag1 Q22
ailr a2
det(A) = |A] = = a11022 — G1202]
as1 Q22
aip a1z ais
Dinh thiic ciia ma tran cap ba A = | a1 a9 a3
as;r azz ass
22 A23 ao1 Q23 as1 a22
det(A) = |A‘ = a1 —a19 “+a13
a3z Aass aszy ass a3y asz

2) Mot s6 dong nhat thitc co dién

Chiing toi néu ra dudéi day mot vai dong nhat thitc duge sit dung trong ly

thuyét sé hodc trong chiing minh bat dang thic.

Ménh dé 1.2. [Euler] V6i xy, 12, 23, T4, Y1, Y2, Y3, Y4 ta c6 dong nhat thiic
(o + a3 + a5+ D) (i + 3 +ys +ud) = 2+ 2+ 2+ A

4
21 = T1Y1 — X2Y2 — T3Y3 — T4Y4

2o = X1Y2 + ToY1 + T3Ys — T4Y3
23 = T1Y3 — T2Y4 + T3Y1 1+ T4Y2

| %4 = T1Ys + ToY3 — T3Y2 + Ty

trong do <

Ching minh: Via?+ 0>+ +d? =

a+1ib c+id
—c+1d a—ib|

T + ity x3+ix4> <y1+iy2 y3+iy4>
—x3+iry T1— w2 )\ —Yy3+iys Y1 — 1Yo
ta co (] + 3 + 25+ 29) (Y7 +v5 + 3 +yi) =
| xitixe x3+ iy y1 +1ys  ys+1ys
| —a3+imy 1 — i '—y3+7jy4 Y1 — iy

nén véi hai ma tran (

21+ 129 23+ 124

T 22 4+ 23 + 22 + 2% theo Menh dé 1.1. O

So hoa bdi trung tam hoc lieu http://www.Irc.tnu.edu.vn/
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Vi du 1.1. Phuong trinh 22 + 2 4 2% +t? = 2005" c6 nghiém nguyén vdi
moi s6 nguyén duong n.
Bai giai: Hién nhien oy =44,y = 7,2 = 4,t; = 2 1A mot nghiém nguyén
cia 22 + % + 22 + t? = 2005. St dung quy nap néu T, Y, Zn,t, 12 mot
nghiém nguyén ctia 22 + y* + 2% + 2 = 2005" thi
(xnﬂ =44z, — Ty, — 4z, — 2t,

Yni1 = (x, — 44y, + —2z, + 4t,

Zna1 = 4xy, + 2y, + 442, — Tt,
\tn_t'_]_ = 2x, — 4y, + 7z, + 441,

7\

13 mot 22 + 32 + 2% + 2 = 2005"! theo Ménh dé 1.2. ]
Meénh dé 1.3. V6i a,b,c, x,y, 2 ta luon c6 dong nhat thiic sau day:
(a® + b + ¢ — 3abe) (2® + y° + 2° — 3wyz) = A* + B* + C* — 3ABC,
A=ax+bz+cy
trong do B = ay + bx + cz
C =az+ by + cx.

Chitng minh: Vi a® + b® + ¢ — 3abe = v6i hai ma tran

S0 R
o & o

X|[Y] = |XY]| nen tir

c
b
a
a
vuong cung cap X,Y ¢6 c
b

o2 o

Q0O

IS N

8 w
I

x

z

()
ar +bz+cy ay+br+cz az+by+cx

=|az+by+cr ar+bz+cy ay+br+cz| = A*+ B>+ C?—3ABC

ay+br+cz az+by+cx ar+bz+cy
suy ra he thiic can chitng minh. O

Hé qua 1.4. Véi a,b,c,x,y, 2z ta Iuon c6 dong nhat thic sau day:
(a* +b* + & —ab — be — ca)(2* + y* + 2> — vy — yz — 27)
= A’ 4+ B>+ (C? — AB— BC — CA,

A=ax+bz+cy
trong do < B = ay + bx + cz
C =az+by+cx.

So hoa bdi trung tam hoc lieu http://www.Irc.tnu.edu.vn/
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Chitng minh: Suy ra tit ménh dé 1.3 O

Vi du 1.2. Gia sit a1, as, a3 1a ba nghiém phiic 22 = 1 va f(z) = az? +
bx + c. Ta c6 dong nhat thiic

(i) a® 4+ b + ¢ — 3abc = (a + b+ ¢)(a® + b* + 2 — ab — be — ca).
(ii) a® + 0° + ¢ — 3abe = f(a1) f(az) f(az).

o a3 ol a b clla} a3 o}
(i) Vi (@® + 0%+ —3abc)| oy ay az | =|c a b||a; az az|nén
1 1 1 b c a 1 1 1
ai a3 a3 flaa)  flaa)  flas)
(a®+ b3+ —3abe) | a1 as az | =| aif(ar) adf(as) a3f(as)
1 1 1 Ozlf(Oél) Oégf(OéQ) Ckgf(Oég)
Tt d6 suy ra a® + b + & — 3abe = f(a1) f(a2) f(az). O

Vi du 1.3. Chitng minh rang moi s6 nguyén duong n phuong trinh 2 +
y3 + 23 — 3zyz = 2600" luon c6 nghiem duong z, v, .

Bai gidi: Viz =12,y = 12,2 = 2 ta c6 23 + 3° + 2% — 3zyz = 2600. Két
qua dudc suy ra tit ménh dé 1.2 véi s6 nguyén duong n tuy . O

Vi du 1.4. Cho céc s6 thuc a, b, ¢, d thdéa man a® +b% +c® + d? # 0. Chiing
minh réng, néu cac soé thuc z,v, 2,t,p, q,r, s théoa man he

(ax + by +cz+dt =p

) —bx+ay+dz—ct=q
—cr —dy+az+bt =1
\—dx+cy—bz+at:s

thi ta c6 dong nhat thic (a® + 0+ +d*)(z +y+2+1t) =

= (ap—bg—cr—ds)+(bp+aq—dr+cs)+(cp+dg+ar—bs)+(dp—cq+br+as)

So hoa bdi trung tam hoc lieu http://www.Irc.tnu.edu.vn/
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va (a® 4+ b + & + d*) oyt =

= (ap—bq—cr —ds)(bp+aq—dr+cs)(cp+dq+ar —bs)(dp — cq+br+as).

a b ¢ d
Bai giai: Vi A = :ZC) _ad j —bc thoa man A°A = AA° = (a®>+b*+
—d ¢ —b a
Zz p xz p
c*+d?)E nén tuit A Yh1=19|eco (a®>+b*+*+d?) Yl =ae| ¢
z r z r
t S t S
((a2—|—b2+02+d2)x:ap—bq—cr—ds
@+ +E+dPy=bp+aq—dr+cs
VA
(> + 0+ 2+ d*)z=cp+dg+ar —bs
\(a2+b2+02—|—d2)t:dp—cq—i—b?“—l—as.
T day suy ra hai dong nhat thic da néu ra & tren. O
a b c d
) L .| badec PR oz "
Vidu 1.5. Tinh dinh thitc cdabl Sau do6 hay tim ra cac so nguyén
d c b a

a,b,c,d € {1,2,...,10} thda man a*+b*+ c* +d* —2a%* — 2a>c® — 2a%d? —
20%c? — 2b%d* — 2c¢%d? +8abed 13 mot s6 nguyen to.

a b c d
Bai giai: Ta c6 breda = a* + b + t + dt 207 — 2a%% —
c da b
d a b c
a b c d
2 72 2.2 2 72 2 72 |0 ocda
2a°d* — 2b*c* — 2b°d* — 2c¢*d® +8abed. Vi e da b =(a+b+c+d)
d a b c
1 b ¢ d 1 b c d
1 a d c 0 a—b d—c c—d
L doa b =(a+b+c+d) 0 debd a—c bd =(a+b+c+d)
1 ¢ b a 0O c—b b—c a—d

So hoa bdi trung tam hoc lieu http://www.Irc.tnu.edu.vn/
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a—b d—c c—d
d—b a—c b—d | = (a+bt+c+d)(a+b—c—d)(a—b+c—d) (a—b—c+d).
c—b b—c a—d

Khoéng han ché c6 thé coi 10 > a > b > c > d > 1. Khi d6 ta c6 he

(a+b—c—d:1
a—b+c—d=1

<a—b—c—i-dzl

la+b+ct+dla sO nguyén to.

Tt day suy ra b = ¢ = d,a = b+ 1 va nhu vay, 4b + 1 1a s6 nguyén to.
Tiu d6 dé dang suy ra: b = c=d = 1l,a = 2;b =c=d = 3,a = 4;
b=c=d=4,a=5b=c=d=T7,a=8vab=c=d=9,a =10. ]

1.3. Vanh ma tran K[A]

Xét vanh da thic mot bién K[x] trén truong K. Gia st da thitc thuoc
Klz] 1a f(z) = as2® + as_125 1 + -+ + a1@ + a¢ va ma tran vuong A cap
n < 3. Dinh nghia

f(A) = a,A* +a, 1A A+ agE

v6i F 13 ma tran don vi cing cap véi ma tran vuong A. T cac phép toan
vé ma tran, chang han nhu: FA” = ATE = A", A"TA® = ASA” = A™* va
A" (A’ + BAY) = a A" + BAT v6i «, B € K, suy ra ngay két qué sau:

Dinh 1y 1.5. V6i hai da thiic f va g thuoc K[z] va ma tran A ta luén cé6
(i) Néu f = g thif(A) = g(A).

(i) (f +9)(A) = f(A) + g(A).

(iti) (fg)(A) = f(A)g(A).

(iv) F(A)g(A) = g(A)f(A).

(v) (af)(A) = af(A) vdi bat ky a € K.

Ky hisu K[A] = {f(A)|f € K[z]}. Tir dinh Iy 1.5 suy ra ngay két qué:

(
)

Dinh ly 1.6. Tap K[A| cung phép cong, nhan cdc ma tran va nhan ma
tran véi mot s6 lap thanh mot vanh giao hoan cé don vi E.

So hoa bdi trung tam hoc lieu http://www.Irc.tnu.edu.vn/
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Meénh dé 1.7. Tuong iing ¢ : K[x] — K[A], f(x) — f(A), la mot toan
cau véi Ker(¢p) # (0).

Chitng minh: Do bdi ¢(f+g) = (f +9)(A) = f(A)+g(A) = é(f) +9(9)
va ¢(fg) = (f9)(A) = f(A)g(A) = ¢(f)é(g) theo Dinh Iy 1.5 nen ¢ la mot
dong cau vanh.

V6i f(A) = a,A* +as 1AL+ - + a1 A+ agFE c6 da thic f(z) = asa® +
as 125 L+ a4+ ag € Klx] dé ¢(f) = f(A). Do vay ¢ 1a mot toan
cau vanh.

Vi tap M,,,, tat ca cdc ma tran vuong cap n trén K 1a mot khong gian
vecto n? chiéu tren K véi co 86 A;; = (1;;), trong d6 tai vi tri (i,5) c6
1;; = 1, con tai cac vi tri khac deu bang 0. Nhu vay nhiéu hon n? ma tran
vuong cap n tréen K deéu 1a phu thuoc tuyén tinh. Nhu vay ton tai da thic
khac 0 1a f(z) = 2° + as12° '+ -+ a1z + ag € K|[x] v6i s > n* + 1 thoa
man f(A) = 0. Vay Ker(¢) # (0). Vi vanh K|z| 1a vanh idéan chinh nén
c6 da thiic bac thap nhatF(x) # 0 dé Ker (¢) = (F) # (0). O

Hé qua 1.8. Ta c6 K[A] = K|z]/(F).

Ching minh: Béi vi ¢ : K[z] — KI[A], f(z) — f(A), 1a mot toan cau
vii Ker(¢) = (F) # (0) theo Menh dé 1.7 nen K[A] = Klz] / Ker(¢) =
Klz]/(F).
Ch4 9: Vi Klz] 1a vanh céc ideéan chinh nén c6 duy nhat mot da thic
bac thap nhat dang m(z) = 2%+ ayz@ ' + - + a4 € K[z] dé Ker (¢) =
(F) = (m(z)). Hién nhién m(A) = 0 doi khi m(z) con duge goi la da thiic
t6i thiéu ctia ma tran A.

(]
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Chuong 2
Van dung trong hinh hoc so cap

Trong mit phang toa do (Owxy), phép bién déi toa do duge bicu dién
ua ma tran z (" by . + ¢
b ' v ) \laz by Yy b )
2.1. Phép bién doi toa doé dic biét trong mit phing

2.1.1. Phép tinh tién
Trong mit phang toa do (Owzy), phép tinh tién f duge biéu dién dudi

~ (2 (= al (10 T a
dang ma tran (y’>_(y>+<b>_<0 1) <y>+<b>
Bé dé 2.1. Tich hai phép tinh tién 13 mot phép tinh tién
Ching minh. Duyng hé toa do (Oxy). Xét hai phép tinh tién sau day:

x T ay . x” x a2 o
: = + va g : . | = + . Khi do
() =G () e ()= (0) = (02)
hgp thanh
x” x! a9 X a1 + as
g , | = + = +
o (5 )= ()= ()= () (555
14 mot phép tinh tién.

2.1.2. Phép dbi xiing truc
Trong mit phang (Ozy) cho duong thang d : ax + by = 0 di qua gbc
toa do O(0,0) véi a® + b* # 0. Phép d6i xting truc d duge biéu dién qua

b — a? 2ab
R s 212 a2+ x P 2
ma tran nhu sau : ( y > = 2ab a2 y ) Neéu ta bieu

) A2+ 2+ )
dién duong thing d : sin ax 4+ cosay = 0 thi phép doi xing truc d dugc

2 1 _ ' cos2a  —sin 2« x
bieu dien qua ma tran , | = . :
Y —sin2a — cos 2« Y

So hoa bdi trung tam hoc lieu http://www.Irc.tnu.edu.vn/
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2.1.3. Phép quay
Trong mat phang toa do (Ozy), phép quay I(a;b) véi goc quay a dugc

2 s . x cosa —sina r—a a
bieu dien qua ma tran , | = . + :
Y sina  cosa y—> b

2.1.4. Phép dbi xing tam
Trong mat phang toa do (Oxy), phép d6i xtng tam I(a;b) duge biéu

dién qua ma tran TN _ (10 r—a + “
d Ly )7 Vo 1) Ly-b b )

2.1.5. Phép vi tu
Trong mit phang (Oxy), phép vi tu tam I(a,b) ty s6 k duge biéu dién

x’ X a kE 0O T 1—k)a
() =+ ()00 (3)= (o) (5) (670):
2.1.6. Van dung
Vi du 2.1. Trong mat phang cho hai hinh binh hanh A;B,C;D;
va AyByCyDy. Goi As, Bs,Cs, Ds 1la trung diem cac doan thang
A1 Ay, B1By, C1Cy va D1D,, tuong tng. Khi d6 hoac bdn diém
As, B3, Cs, D3 thang hang hoac ching 1a 4 dinh ctia mot hinh binh hanh.

Bai giai: Trong mat phang toa do (Ozy), gid st Ay(ai1, arz), Bi(bi1, b12),
Ci(ci1,c12), Di(dir,di2) va toa do As(asr, ass), Ba(bai, b)), Ca(car,ca),
DQ(dQl, d22). Vi AlBlchl va AQBQCQDQ la hai hinh binh hanh nén cé

bi1 —ann = ci11—di
big — ajp = ci2 — di2
bt — a1 = co1 — do
by —ase = co2 — dao
b1 + b _an +ag _ +Cn dyy + do _
5 2 2 2 2 :
va SUY Ta& 9 b0 X by Q12+ a2 _ 1 + 0 dy2 + dao _ Ta lai
2 2 2 2 '
a1l + as1 aie + g bi1 + ba1 b2 + 522)

) Bl

c6 toa do cac diem Ag(

2 ’ 2 2 2
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C11 + C21 Ci2 + C22 dyy + da1 dig + doo

Cg( 5 5 ) va D3( 5 , 5 ) va ta nhan ducc
bi1 + b2 ail + ag
2 . m
bia + bas - ai2 % a22 + ( n >
2 2
C11 + €21 dyy + doy
_ 2 m
612%622 - doFdyy | T ( n >
2 2
Ta suy ra hoic bén diém As, Bz, Cs, D3 thang hang hoac ching 1a 4 dinh
cua mot hinh binh hanh. O

Vi du 2.2. Trong mit phang, cho ti giac 16i ABC'D. Dung hai hinh vuéng
cing huéng AEBF va CHDK. Chiing minh dong nhat thrc

|EH?* — FK? = 4Spcp.
Bai giai: Dung hé toa do Ozy dé A(0; —a), E(—a;0), B(0;a), F(a;0). Gia
st tam hinh vuong CHDK 1a I(u;v) va C(x1;41). Vi hinh vuong CHDK
cung huéng véi hinh vuong AEBF nén sit dung phép quay tam [ (u;v) v6i

- 2 . x - ~
goc quay - biéu dién bdi ma tran :

g —u) (0 1 T —u

y—v ) =10 y—v
ta duge H(u — v + y1;u + v — x1). Dé dang c6 D(2u — z1;2v — y1), va
K(u+v—y;v—u-+ ). Ta c6|EH? — FK? = 4|ua + uy; — vay| =
454BcD- ]
Vi du 2.3. Trong mit phang, cho hai hinh vuéng ABCD, A'B'C'D’ véi
thi tu cac dinh cting theo mot huéng. Ching minh dong nhat thic

A'A*+C'C* = B' B>+ D'D*
Bai giai: Dung hé toa do Ozy dé A(a;0), B(0;a), C(—a;0), D(0; —a).
Gia st tam hinh vuong A'B'C'D’" 1a I(u;v) va A'(xq;y1). Vi hinh vuong
A'B'C'D" cuing huéng hinh vuong ABCD nén sit dung phép quay tam

I(u;v) v6i gbc quay B bieu dién qua ma tran:
r—uy) (0 -1 r—u
vy —v ) \1 0 y—v

So hoa bdi trung tam hoc lieu http://www.Irc.tnu.edu.vn/
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ta duge B'(u +v — y1;21 — u + v). Dé dang ¢6 C'(2u — x1;2v — y1), va
D(u—v+y;;u+v— ). Khi dé ta co

AA+0C* = (a—x21)* + i+ (—a—2u+x1)* + (20 —)?
BB*+DD* = (u+v—y)*+(a+u—v—x)
+ (u—v+y)+(—a—u—v+x)
Dé dang kiém tra dong nhat thic A’A? + C'C? = B'B? + D'D? vi ca hai
déu bang 2a® + 4u? + 4v° + 2x% + Zy% + 4dau — 4ax, — dux — 4vy,. O
Gia st diém I, M, N tuong tng cac so phtc zr, zar, zv. Phép quay tam [
géc quay a bién diém M thanh diém N dudce biéu dién duéi dang phiic:

2y = z1 + (2 — z])em.

Bay gio ta van dung phép quay vao viéc xét mot s6 bai hinh duéi day.

Vi du 2.4. Trong mat phang cho da giac don bat ky A, A, ... A, va coi
H
A1 = Ap. Xét he vecto €; sao cho €;LA;A; 1, € huéng ra ngoai mieén da

n
gidc va 6| = AjAipq v6ii=1,2,...,n. Khido 3. & = 0.
=1

Bai giai: Dinh huéng da giac, chang han huéng thuan, €; c6 duge do quay
Vis ™

— T n —i— n — -1 —
AiAi géc—g- Vay ei=e 2 (Z AiAi—i—l) =e 2 (6) = 0. [
=1 1=1

7

Vi du 2.5. Cho tam giac ABC' véi do dai canh BC' = a,CA=0b,AB = c.
Dung ra phia ngoai ba tam giac deu BC A, CAB;, ABC,. Dung tiép ra
phia ngoai tam gidc A;B1C] ba tam giac deu B1C; Ay, C1A1 By va A1 B1Cs.
Chiing minh

(1) AA1 = BBl = CCl va AOlOQOS déu, trong do 01,02703 lam cac
tam giac deu BCA,, CAB;, ABC,.

(i) A, A, Ay thang hang. Khi b, ¢ ¢6 dinh con a thay doi, hiy tim a dé
AlAQ 16n Hhét.

(111) Tlép tuC qué trinh nhu trén dé c6 tam giéC A2010B201002010- Khi do6
A, Al, . ,A2010 théng hang va tim glé tI’i 16n Ilhét cua A2010A2009 khi
b, ¢ c6 dinh, con a thay doi.
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Bai giai: (i) Tuong ting A, B, C ba s6 phiic 24, 25, zc. Khi d6 ta c6
szl = 2¢ + € (2B — 2¢)
zp, = 24+ € (20 — 24)
20, = %B + ei“(zA — ZB)

ZA, = 20, T ew(ZBl - ch)
m
U = —.

\ 3

o\

T 2o + (2, — 2¢) = 2o + €™(24 + €™(2¢ — z4) — 2z¢) ta suy ra he
thitc 2o + e™(2p, — 2¢) = 20(1 — €™ + ™) + z4(e™ — €*) = 24 Vi ™ #
—1,e% +1 = 0 nén 1 — e + 2™ = 0,e — e** = 1. Nhu vay ta c6
24, — 24 = €"(zp — zp,) va suy ra AA; = BBy. Tuong tu BB, = CCy. Dé
dang kiém tra 3[2’02 + e"(20, — 202)] = 320,. Vay AO10,05 déu.

(i) D& dang chi ra z4, + 24, = 224. Vay A la trung diém cta A;Ay. Tit
A1A2 = 2AA1 = QBBl < (b + C). Vﬁy A1A2 16n Ilhét b%ﬂlg 2(b + C) khi
A= 2% Tt d6 ¢6 a dé Ay A, 16n nhit.

(iii) duge suy ra tir (ii). O
Vidu 2.6. Cho tam giac ABC Véi do dai canh BC' = a,CA =b,AB = c.
Dung ra phia ngoai tam gidc déeu BCA;, CAB;, ABC,. Dyng tiép ra phia
ngoai tam giac A;B1C; ba tam giac déu sau day: BiC1 Ay, C1 A1 By, A1 B Co.
Goi M, N, P la trung diem BC,CA, AB; M;, Ny, P, 1a trung diém B,C},
ClAl,AlBl, va MQ,NQ,PQ 1a trung dlém BQCQ,CQAQ,AQBQ, tuong ljfng
Chting minh rang :

(1) AA1H2MM1,B31H2NN1,CCIH2PP1 va MMl,NNl,Ppl déng quy.
(ii) AsMs||AM;||M My, trong d6 My 1a trung diem ctia AA;.

(iii) Ha MMyl BiC1, NNy LCi Ay, PPyl A, By. Khi d6 MMy, NNa, PPy
dong quy tai mot diém.
Bai giai: (i) Ta c6 22y = 2B + 20,220, = 2B, + 2¢,. Vit ]—j = 25— 2.
Khi do
— .
2MM, = 2zy, — 22y = 2, + 20, — 2B — 20 = 24 — 20 + € (2¢ — zB)

N
= AlA Vay AAlHMMl,AAl :2MM1
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Ba doan M M;, NNy, PP, dong quy dudc suy ra tit viec xét AMNP va
phép quay e™.

(ii) Tu AA;||2M M, suy ra AMq||MM,. Ta lai c6 AM;||AsMs. Do vay
Ao My || AMy || M M.

(iii) Stt dung két qua AA; = BBy = CC} = d va cong thitc dudng trung
2 2
tuyén ta c6 2M B2 = d2+62—%, OMC? = d2+02—%. Vay MB2— MC? =

b2 — 2 b2 — 2 )
“ hay MuB? — MyC? = =% Tuong tu c6 NoC? — NoA? = & ¢

2 9

2 b2
P,A? — P,B? = ¢ . Khi @6 MyB? — MyC? + NoC? — Ny A? + Py A? —
PQB% = 0. Do d6 MMy, NN,, PP, ddng quy tai mot diem. ]

Vi du 2.7. Trong mat phing cho tit giac AgA;AsAs va dinh nghia Ay, =
A;v6ii=0,1,2,3 va k € Z. V6i diem P, ta thuc hién phép quay tam A,
T 2 . m ?
gbc quay 5 dé dugc Pp; thuc hién phép quay tam A; gbc quay 5 de ducc
T 2
Ps; thuc hién phép quay tam A, goc quay 5 de dugc Ps; thuc hién phép
quay tam Az géc quay g dé duge Py va ctt tiép tuc nhu vay. Chitng minh
rang dieu kién can va di dé c6 Py sao cho Pyo = Py 1aAdgAs = A A5 va

AgAy L A As.

Bai giai: Tuong ting Ay, A1, A, A3 13 bd s6 phiic zg, 21, 22, 23 VA tuong tng
véi Py, 14 s6 phitc oy, k = 0,1,2,.... Khi d6 ta biéu dién

2

Dé dang chi ra ay = (1 —4)(23 — 21) + (1 + @) (22 — 2z0) + ap. Vay qua 4 lan
quay ta dugec mot phép tinh tién ay = ag+(1—1i)(23—21) +i(1—1) (22 — 20).
Vi 2012 = 503.4 nén 9012 = Qo + 503[(1 — Z)(Zg — Zl> + 2(1 — Z)(ZQ — 2’0)]
dé g = ap can va di (1 —4)(z3 — 21) + (1 — i) (22 — 20) = 0 hay (23 —
Zl) + 2(22 — Z()) = (. dieu nay tuong ﬁng AOA2 = A1A3 va AoAQJ_AlAg. []

Vi du 2.8. Trong mat phang cho ti gidc ABCD noi tiép trong dudng
tron tam O, ban kinh R. Duyng ra phia ngoai bén hinh vuong sau day:
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ABBlAQ, BCClBQ, CDchQ va DAA1D2 GOI A3, B3, 03, D3 1a trung dlém
cac doan A1 Ay, B1Bsy, C1Cy va DD, tuong ting. Ching minh

BD
(i) AA3 = CCy = —~ va AA3 1 BD,CC3 1L BD. Tu dé suy ra ting cap

A3Cs va AC; BsDs va BD, cat nhau tai trung diém méi doan khi AC
va BD khong vuong gbéc v6i nhau

(i) T giac A3B3C3D3 ¢6 noi tiép trong mot duong tron khong? (coi nhu
mot bai tap).

Bai giai: (i) Ta chi can xét R = 1. Tuong ting A, B, C, D 1a bon s6 phiic

Zas 2, Zey 24 VOL|Za| = 2| = [2¢| = [za| = 1 v tuong tng Ay, By, Cy, Dy, la
céc s phic 24, 2p,, Zes 24, VOi k= 1,2,3. Khi d6 c6 bieu dién

rz Zay, 1 Zay
f ( = —_—
= 24 — (24 — 24) =2, + (2 — 24) 4 2 E 2
=z — (24 — 2p) =2y + (2. — 2p) Zpy =
=z — — < — — < _ *a % ey
=z — i(2p — 2¢) = 2.+ i(zq — 2¢) Zey =
= 2zq — (2. — 24) | 2d, = 24+ i(zq — 24) 2 ?F 2d,
2g, = ———.
\
Ry — Zd BD

Dé dang c6 z4, — 2, = 1 5 T e T e Vay AAs; = CC5 = 5 va,

AAs1 BD,CCs31BD. Tt day suy ra AsCs va AC' cat nhau tai trung diém
. AC

moi doan. Tuong ty ¢6 BBy = DD3 = - va BB31 AC,DDs1 AC. Tu

day suy ra B3D; v BD cit nhau tai trung diém méi doan.

(11) Gia sua I, J, H, K 1a tam cac hinh Vuéng ABBlAQ, BCClBQ, CDD102

va DAA, D ting v6i s6 phic 27, 27, 21, 2Kk - O

Vi du 2.9. Cho AABC. Dung ra phia ngoai ba hinh vuéng BC A;As,
CAB:1 By, ABC1C5. Goi cac tam hinh vuong nay la I, J, K va M la trung
diém BC. Chiing minh réng Al = JK,AI1LJKvaMJ = MK MJ1LMK.

Bai giai: Tuong ting A, B, C ba s6 phiic 24, 25, 2c. khi d6 c¢6 biéu dién

za, = 2c + (2 — 20)
zZB, = 24 + i(ZC — ZA)
2o, = zp +i(za — 2B).
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Tuwong tng I, J, K, M 1a bon sd phtic 21, 27, 2k, za. Tt cac quan hé sau:

zp+z4, 2B+ zo+i(zB — 20)

T T 2
2o+ 2B, zo+za+i(ze — 2a)
ZJ —= —=
2 2
za+ 20,  za+zp+i(za — 2B)
T Ty T 2

— —
cO 2AI = zp+ zo +i(zp — 20) — 224,20 K = 2 — 20 + (224 — 2B — 20).
B6i vi zp + 2o + i(2p — 20) — 224 = i(zB —z0+1i(224 — 25 — zc)) nén co
dugc Al = JK,AI1JK.

— —
Tu 2y = ZB;_ZC suy ra ngay 2MJ = z4 — zp + i(zc — z4) va 2MK =
ZA—Zc+i(ZA—ZB). Bdéi vi ZA—Zc+i(ZA—ZB) :i(ZA—ZB—i—i(ZC—ZA))
nén c6 duwgec MJ = MK MJ1LMK. ]

2.2. Dién tich, ban kinh dudng tron ngoai tiép

2.2.1. Dién tich, ban kinh dudng tron ngoai tiép
Gié st tam gidc ABC ¢6 A(x1;91), B(we;y2), C(x3;y3). Khi d6 dién tich

r1 Y 1
1 ,
Sapc = || %2 v 1 | |. Phuong trinh cac duong thang chita cac dinh
r3 ys 1

ra1=y2—y3
BC a1x+b1y+q:0vc’ii<b1:x3—x2
(€1 = XT2Y3 — T3Y2
(a2:y3_y1
CA : asx+boy+co=0vG6l ¢ by =21 — 23
(€2 = X3Y1 — T1Y3
'a3:y1—y2
AB : azx +byy+c3=0vVG6i by = 29 — 14

L C3 = T1Y2 — T2Y1.
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Néu giai hée phuong trinh, ngugc lai dé tinh x;,y; qua cac a;,bj,cj, ta co

b263 — b302 a3Cy — A9C3
T =——" 1 =—"F
CLng - ang’ CLng - a3b2
bgCl - b103 a1C3 — asCq
agbl — CL1b3’ CL3b1 — albg
b162 — b261 ao2C1 — a1C9
xg = — e

Cleg — a261 » 43 CL1b2 — CLle.

Meénh dé 2.2. Cho tam gidgc ABC véi do dai ba canh a,b,c véi do dai
cac duong cao hy, hy, h.; do dai cac ban kinh duong tron ngoai, noi va bang
tiép Ia R, 7, 11,79, 75. Khi d6 dién tich S cia tam gidc ABC ducgc xac dinh
qua:

ahg  bhy  che
0 S=5 =53
o 5ot
(ii) S:(“H’Q“)T: pr.

(iv) S=p@—-a)ri={p—->bry=(p—)rs.

x1 1
1 e N
(v) S=§ xo Y2 1 ||, trong do A(xy;11), B(xa;y2) vaC(xs;ys) trong
r3 y3 1

mat phing toa do Oxy.

Meénh dé 2.3. Néu 3 dinh tam giac ABC' la nhitng diém giao ctia cac cap
thuoc ba duong thang a;x + by +c¢; = 0 véi i = 1,2, 3, thi dien tich va ban
kinh duong tron ngoai tiép ctia dugce tinh theo céc cong thic

2

aq bl C1
az by ¢
: 1 as bs c3
() Sanc =5 |
az as a; as ay ag
b2 b3 bl b3 b1 b2

a; by c
i) B |0y 1y oy | VT BB T B
S |

as bz c3
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(iii) Néu ky hiéu a = BC,b = CA,c = AB thi

3
a; by

as by co

as bz c3

V(a3 + b3)(a3 + b3)(a3 + b3)

abc = ‘
as

b3

as
by

ay as

by b3

ap @y
by

by

Ching minh: (i) Thay z;,y; vao cong thiic tinh dién tich tam gidc ABC

ta nhan dugc:

b203 — bgCQ a3Co — A9C3 1
agbg — agbg a2b3 — a3b2
11| b3cy — bies  ajes — aszey
Sapc = = 1
2 CL3b1 — albg a3b1 — CL1b3
bico — bocy  ascy — ajco ]
albg — a2b1 a1b2 — a2b1
bac3 — b3ca azcy — ascy asbz — agbs
bsci — bics ajcs3 — ascy asby — arbs
1 b162 — bQCl asC1 — a1C9 a1b2 — CLgbl ‘
2 az ag a; ag ap az
by b3 || b1 bg || D1 b9
ap az as
Xét ma tran cap ba M = | b by b3 | va ma tran phu hop cia M 1a
i G C3

bacg — bzca azcy — agcs  agbs — asby
b3C1 — blcg a1C3 — asCy a3b1 — a1b3
bicy — bacy ascy — ajca arby — aghy

Mad -

Vi MM, = |M|E nén |M||M,g| = |M|? hay |M,4| = |M|?. Do vay c6

aq b1 C1 2
a9 b2 (6)
1 az by c3
SABC:_‘ ‘
2 s Q3 a; as ap a9
b2 bS bl bg b1 bg
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(i) Vi R? =

Do vay

(iii) Ta c6 abc = ‘

24

SaBc
2sin Asin Bsin C'

ap b1 ¢
a9 bg Co
as bz c3

nén ta co6 cong thic xac dinh R qua

2

as as ai asg
by b3 || by b

al az

1

R =
2|CL1[)2 — azbluagbg — as

b2 |CL3b1 — CL1[)3| ‘

(a1 + b%)(az + b%

)(a3 + bg)

ap by ¢

AGH

+ b7) (a3 + b5) (a3 + b3)

as by ¢

R:‘
as bs c3
3

a; b ¢

2 4-

az by
as bs

C2
C3

V(a3 + b})(a3 + b3)(a3 + b3)

aiy as

o Qg
by b3

by b

vi abc = 4RS spc.

ap a9
b by

]

Vi du 2.10. Trong mit phang (P) cho dudng thang d va cac tam giac
ABC. Goi A, B',C" 1a nhitng diém déi xting v6i A, B, C, tuong tng d. Qua
A’ B’ C" ké dudng thang A'a, B'b, C'c song song véi BC,C A, AB, tuong
ting. Chitng minh rang ba dudng song song vita dung dong quy tai mot

diém.

Bai giai: Dung hé Oxy v6i d = Oy. Toa do A(x1,11), B(x2,vy2), C(x3,y3)

va A'(xy,

Aa

C'c
Vi (Ala) +

—y1), B'(x2, —y2), C' (w3,
(y3 — yo)x — (w3 — 22)y — (Y3
(y1 —y3)x — (21 — x3)y — (1
(92 - y1)l‘ - (xz - xl) (yz -
(B'b) = (C'c) va A'a x B'b nén

dong quy tai mot diém.

So hoa b6i trung tam hoc lieu

—y3). Ta ¢6 phuong trinh A’a, B'b,C'c :

— o)1 — (23 — 22)y1 =0
—y3)xy — (21 — 3)y2 = 0
y1)x3 — (z2 — 1)y = 0.

ba dusng thing A'a, B'b,C'c
]
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Vi du 2.11. Cho ti giac 16i ABCD vé6i hai duong chéo cat nhau 6 O.

Goi L, M, N la trung diém ctia DB, BC, C A, tuong tng. Chting minh ring

néu ba dudng thing AL,OM, DN déng quy tai mot diém thi ta c6 hoac
ADHBC hoac Sapcp = 2SoBc.

Bai giai: Dung hé Ozxy véi toa do A(a,0), B(b,d),C(c,0) va D(ub,ud)

l+u, 14+u b+c d

b d), M —

2 72 ), M( 2 72

voi u < 0,a < 0 < ¢,d > 0. Toa do L( ) va

a-+c

N(2

,0). Phuong trinh duong thang:

AL @ (14+uw)dr+ (2a— (1+u)b)y — (1 +u)ad =0
OM : dex—(b+c)y=0
DN : 2udxr — (2ub—a — ¢)y — ud(a + ¢) = 0.

Ta thay, néu ba duong thang AL, OM, DN dong quy tai mot diem thi

d —b—c 0
(1+u)d 2a—(14+u)b —(14+u)ad | =0.Vid > 0 nén ta nhan dugc
2ud a+c—2ub —ula+c)d

1 —b—c 0
l+u 2a—(14+u)b (14+u)a|=0.
20 a+c—2ub ula+c)

1 —cC 0
Khai trien 0 = | 1+u  2a (1+wu)a | = (a — cu)(au —a — cu — c).
20 a+c ula+c)
a—+c

Néu a = cu thi AD||BC. Néu au—a—cu—c=0thiu= . Khi d6 ta
a—c
a+c
d(c—a)(1 - )
. c—a)ld—ud _ 2dc
COSABCD:( )(2 ): 5 a—c — 5 =2Sopc. U

Vi du 2.12. Cho tam gidc ABC va lay diem D, E, F thuoc cac canh
BD _ BF . AE  AF

B A AB ] hé in — < — < 1va — < ——. Chu
C,CA, ,tu’dng;’ngt 0a man 0 S FA va, 7C S Tg Ching
minh rang Sprr < A4BC.

Bai giai: Dung hé Ozy. Gia st A(x1,y1), B(xs,y2), C(x3,y3) vA véi u €
[0,1),v € (0,1],¢ € (0,1) c6 bicudién D = (1—u)B+uC, E = vA+(1—v)C,
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BD BF AE AF U 1—1t
F=(1-A+B.ViZ2= < 28 c1w iz < 5 < <1
1( )+tVIDC FA1 VWECSTFBMM TS T
va _Uél 75.Tasuyra§<1§<1,15+u<1<t+v.Tauthéy

v PR
SDEF: 0 1—u U

0 1—v|=tl—-t)—(1—u—t)(v+t—1). Nhu vay
Sapc gy 0

S 1 S
PEE < t(1 — 1) < = hay Sper < 222<
Sapc 4 4

Vi du 2.13. Gi4 stt tam giac ABC véi duong tron noi tiép tam I va no
tiép xtc véi cac cach BO,C A, AB tai D, E, F, tuong ting. GoiL, M, N la
trung diém cac canh BC, C'A, AB, tuong tng. Chiing minh ring, cac dusng
thang [, m,n, di qua D, E, F va song song v6i I L, IM, I N, tuong tng, dong
quy ta_i> mot gém Gia st diem do6 1a P. Xac dinh gia tri 16n nhat cia do
dai |[AP — 4AI|.

[]

Bai giai: Dat :A,v AC’ Data—BCb—CAc—ABQp—
a+b+cvaoz—i,5 —, v = —. Khi d6 ta c6 két qua sau:
2p 2p
Al = ﬁaﬂﬁ,?:ﬁ;”,ﬁ:(5—%)%(7—%)5
— v 1 — U 1
AM = o1 ]:Bﬁ+(7—§)U,A =5 NI = 5—§)u+w
@ _ a+b—cﬁ+a+c—bU,A—E>:b+c—a5’—}>W:b+c—aa.
2a 2a 2b 2c
Phuong trinh [, m,n, qua D, E, F' song song v6i LI, MI, NI, tuong tng:
— — _
AD +sLI = (3(5—%)+12a27)u+( (7—%)+12a25)z7

— — 1 1 -2«

AFE MI = T — = U
+ 7 rBu + (r(fy 2) + 25 )v

— — 1 1—-2

AF +pNI = (p(ﬁ - 5) + 2 a)ﬁ+p7v

— —
Voi s = 4 ta nhan dugce biéu dién AD +4LI = (48 — 1)@ + (4y — 1)T +
1 — —
((ﬁ——) (7—5) ). Dat AP = (48 — 1)d + (47 — 1)0. Ta c6 AP =

1 ) 2
AD + (4 — Q—)LI. Nhu vay, duong thang [ di qua diem P. V6i r = 4 ta
o
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P A q 1, 1-2a
nhan duge bicu dién AE +4AMI = 45i + (4(y - 5) + 25

— - 1 — 2 2
duge AP = AE + (4 — B)M[ Nhu vay, duong thang m di qua diem P.

)17 va nhan

Tuong tu, dudng thang n ciing di qua P. ]

Meénh dé 2.4. Gia sit ba diem A(x1;y1), B(z9;y2) va C(x3;y3) trong mat
phang toa do Oxy vdi do dai ba canh a = BC,b= CA,c= AB. Goi R la

. b
ban kinh dudng tron ngoai tiep AABC. Khi d6 c6 R = e !
1 Y
2. T2 Yo 1
r3 Y3 1

Chitng minh: Ta biét ban kinh dudng tron ngoai tiép tam giac ABC
khong thay doi qua mot phép tinh tién. Do d6 c¢é thé coi tam dudng tron
ngoai tiép tam giac ABC 1a O(0;0) va ta co6

(

r1— x2)* + (1 — y2)?
Ry — g1 = .
o = R Sy
1BHyd =R Vasuyra R — aamy — gy = o 2 o
2, .2 _ p2 9 2
r3+y; =R r1—x3)"+ (1 — 3
32—96'1363—913/3:( )+ ) -
\ 2
1y 1
Tt 25 = ‘ Zs 1y 1 || va tich hai dinh thiec
x3 y3 1
r1 1 R —x1 —y1 R 1 1 R —T1 —T2 —I3
To Yo R||—x2 —y2 R|=|22 2o R|| —y1 —Y2 —y3 | taco

r3 Ys R —T3 —Ys R r3 Ys R R R R

bieu thi quan hé gitta toa do dinh, dién tich va ban kinh R qua 45?R?

0 —21T9 — Y1yo + B2 —x123 — 193 + R?
= ‘ —x122 — Y12 + R 0 —xoy — Yoys + R
—1173 — Y13 + B2 —wow3 — yoy3 + R 0

(zi — ;) + (yi — y;)°
2

Vi R2 —I‘i.’ﬁj _yiyj == s Z,] = 1,2,3,’é 7é j, nen
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0 b2 2
2 3
2 2622 b
4S2R2:‘ oy & ‘:a © Vay R = ane | 0
% ) 9 4 X1 Y1 1
c a 0 2.(| w2 yo 1
2 2 r3 yz 1

Vi du 2.14. [Rumania 2004] Gia st diém M & trong tam gidc ABC. Ky
hiéu R, Ry, Ry, R3 1a ban kinh dudng tron ngoai tiép cic tam giac ABC,
MBC, MCA, MAB. Cac dusng thang AM, BM,CM cit BC,CA, AB

MA,  MB MCy

tai Ay, B1,Ci. Dat ki = —— ko = —— k3 =
al 1, P21, VY1 a 1 AA17 2 BBla 3 001

kiR, + koRs + ksRs > R.
Bai giai: Tt Menh dé 2.3 suy ra dong nhat thic 4SR = abe. Do d6

4S4pcR = abc
4SypcR1 = aMB.MC
4SycaRy = bMC.MA
1Sy apRs = cMADMDB.
N k1R + koRo + k3R _ Supcli + SycaRy + Syvap s

. Chitng minh rang

T

suy ra quan hé

R SapcR
kiRy + koRs + k3R3 _ aMBMC+bMCMA+cMAMB S 0
R N abc -

Vidu 2.15. Goi diém G 1a trong tam tam giac ABC. Ky hieu R, Ry, Ry, R3
13 ban kinh dudng tron ngoai tiép cac tam gidac ABC, GBC, GCA, GAB.
Chitng minh rang R; + Ry + R3 > 3R.

1
Bai giai: Vi k1:k2:k3:§nén Ry + Ry + Rs > 3R. []

Vi du 2.16. Goi diém I 1a tam duong tron ndi tiép trong tam giac ABC.

Ky hiéu R, R;, Ry, R3 1a ban kinh duong tron ngoai tiép cac tam giac ABC,
. R R R
IBC, ICA, IAB. Chitng minh ring — + —2 4+ =3 > -,
he, hy  he r
R R R R
Béigié’li:Viklzh%,kgzh%vékgzh%nénh—:—l—h—j h_j>? []

Vi du 2.17. Cho AA;A5A;. Ching minh rang, véi bat ky diém O trong
? 1@
mat phang A;AsAs ta ludn c¢6 Sy 4,4, < 3 [T VOA? +1.
i=1
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Bai giai: Dung hé toa do Oxy. Gid st A;(x;;y:),i = 1,2,3. Theo Ménh

2
ry yr 1 3
dé 22 ta c6 45?2 = |xy yo 1| < [[(@? + ¢y? + 1). Tt day suy
i=1
3 y3 1
13 . N
ra SA, 4,4, < 3 [] VOA? + 1. Dau bang xdy ra khi ba vecto(zy;ys; 1),
i=1
(x2;992; 1) va (z3;y3; 1) doi mot vudng goc v6i nhau. O

Meénh dé 2.5. ChoAABC. Lay diém M, N, P thuoc canh BC,CA, AB,
MB —th—PA Khi dé ta c6 ty so6 dién tich
MC’U_NA’ =55 i do ta co ty so dién tic

SMNP_ 14+ uvt

Sape (T4+u) (1 +v)(14+1)

tuong tng. Pat u =

Chu’ng minh: Giad thiét A(z1,y1), B(z2,y2), C(x3,y3).
Ty + ury Yo + uys

Vi BM = uMC nen M( , ).
Lt g +trs g+t
Tuong tu ta cling c6 N(gg3 w;l, Y3 vyl) Vi p(xl 9327 1 3/2).
l+o 14w 1+t " 1+t
Diat a = (1 +u)(1 4+ v)(1+t) va bién doi
1 1 1
To +ury x3+vry T+ tr
I = 1+u 14w 1+t

Yo +uys ys+oyr Y1+ tyo
1+4+wu 1+wv 1+t

1+u 1+ 1+t

1
= (1—|—u)(1—|—v)(1—|—t) To +urs x3+vry X1+ 1T

Y2 +uys ys+oyr Y1+ tyo

1 1 1 1 0 v 1 |+ wot 1 1 1

= —| T T9 T3 1 0 ¢t]|= r1 To T3
o o

yi Y2 y3||uw 1 0 Y1 Y2 Y3
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Nhu vay:
1 1 1
To +urs x3+vr1 T+ 1T
’ 14+ u 14+wv 14+t ‘
Yo+ uys Ys+ouyr Y1+ ly
Sunp 1+u 1+ 1+t _ 1 + uvt
Sapc 1 1 1 T A+uw)(d+o)(1+0)
Iy T2 I3
Y1 Y2 Y3
hay SMNP _ 14+ uvt 0

Sapc  (1+u)(1+v)(1+1t)

Vi du 2.18. [Olympic Toan hoc lan thit 6 VN] Cho AABC véi dién

tich bang 1. Lay diém M, N, P thuoc canh BC,CA, AB, tuong dng sao

MB NC PA Lo o
cho k; = M—O,kg = m,kg = ﬁ vii Ky, ko, k3 < 1. Xac dinh dién tich
tam giac véi cac dinh la giao diem gitaAM, BN, C'P.

£ —_—
Bai giai: Gia thict A(z1, 1), B(x2,92), C(x3,y3). Vi BM = klm nen

).

M(z,, = To + k173 _ Yt k1ys

Tuong ty ta ciing co

x3 + kot y3 + ko
N(zp,=——F— Y= ———
(z 1+ ko 1+ ks )
x1 + k3w y1 + k3o
Pla, = 200802, - U1 82y
= % T T
AE BM NC
Goi: F = ileX BN. Theo Dinh ly Menélauyt TV BONA - 1.
+ K1
Vay: AFE = EM
ay o1y
kik 1+ k)x,, ki1k 1+ kv,
v Bz, = 1howy + (1 + Ky e = 1hoyn + (1 + k)y )
1+k1+k’1]€2 1+l€1+k1]€2
Tu day suy ra
Bz, = ki1koxy + 2o + k123 ’e — k1k2y1+y2+k1y3)
‘ 1+k1+k’1]€2 7 e 1+k1+l{?1]€2 .
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Goi: F=BN xCPvaG=CP x AM.
Tuwong tu nhu trén chung ta nhan duge

Floy = koksxo + 23 + kaxq _ koksys + y3 + k2y1)
! 1+ ko + koks Y1 1 4 ko + koks

Gla, = kskixs + x1 + ksxo _ kskiys +y1 + k:ng)
ST T Skt haky T 1t ks sk

Dat: § = (14 ki + krko) (1 + ko + koks) (1 + k3 + ksk;y) va thuc hién bién déi
1 1 1

kikox1 + xo + k1x3  koksxo + x5 + koxy  kskixs + x1 + k3o

T = 1+ ki + kiks 1+ ko + koks 1+ k3 + ksk:

Eikoyr +yo + kiys  koksye + ys + Koyt k3kiys + y1 + kayo
14+ ki + k1Ko 1+ ko + koks 1+ ks + ksky

14+ k1 + kiko 1+ ko + koks 1+ kg + ksky

kikox1 + o + k13 koksxo + T3 + koxy kskixs + x1 + ksxs

|

Fikoyr +yo + k1ys  koksys +y3 + Koy kskiys + y1 + k3ye

1 1 1 kiks ko 1 o 1 1 1
1 — kikok
= T1 To X3 1 kgkg k’g = ( (15 2 3) r1 X9 I3

Y1 Y2 Y3 kq 1 ksky v Y2 Y3

S| =

o (1 — kykaks)?
T d g _ .
U day suy ra Sgra (1 + ko + Kiko) (L + ko + koks) (1 + ks + kski)

Meénh dé 2.6. Cho tam giac ABC. Lay diém M, N, P thudc canh BC,
CA va AB, tuong iing. Khi do

(i) (Ceva) Diéu kién can va di dé AM, BN,CP dong qui tai mot diém

MB NC PA

layieNape b

R 1
(11) Khi AM, BN, CP d@ﬂg quy thi SMNP < ZSABO.
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Chitng minh: (i) Gid thiét AM, BN,CP dong qui tai diém 7. Dat
BTM =Ty, MTC = Ty, CTN = Ty. Khi d6

MB NC PA . SMBT SNC’T SPAT SiIlTl SiIng SiIlTQ

MCNAPB N SMCT.SNAT.SPBT - SinTQ.SinTl.SinTg -

. MB NC PA .
Ngugce lai, ogié thiet MO NA PB = 1. Ta chi ra AM,BN,CP d?ng qui
tai mot diem. Goi T la giao diem gitta BN va C'P. Goi giao diem gitta
M'B NC PA
1;\14TBV(’51 ]\B;?'Blé M’. Theo ching minh trén c6 O NAPE 1. Do vay
YT e va tu day ?uy ra M' = M.
(ii) Khi AM, BN,CP dong quy thi u,v,t > 0 va wot = 1. Vi (1 +u)(1+
S 141 2 1
0)(1+1) > 8 nen MNP _ T <= u

Sape (T+uw)(1+0v)(1+t) 8 4

Vi du 2.19. Cho tit gidc 10i ABCD v6i AB = a,BC =b,CD =c, DA =d
noi tiép trong duong tron tam O ban kinh R. Ky hiéu ry, 9, r3, r4 lan luot
14 ban kinh cac duong tron noi tiép trong cac tam giac ABC, BCD, CDA
va DAB. Chitng minh rang

ab be cd da (a+b)(b+c)(c+d)(d+ a)
G VG PRI YC PR . : .
2R7”1 QRT‘Q 2R7‘3 2R7‘4 (CLC + bd)
e eme o . abx
Bai giai: bat x = AC,y = BD. Tu (a+ b+ZL‘>7“1 =5 suy ra xr =
a—+b Tu ; _c+d b+ _ d+a B
Tab R T T Y T e Y T a0
2Rr 2Rr; 2Rry 2Rry

ac + bd = ry nén ta nhan dugc

e = () () () ()

-1 1 —1 —1
2Rr 2Rre 2Rrs 2Rry
Bién doi duge dong nhat thic
ab be cd da (a+b)(b+c)(c+d)(d+a)
-y g ey ddta)
2R7“1 QRTQ 2R7“3 2R7°4 (CLC + bd)

]
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Vi du 2.20. Cho diém O § trong tam giac ABC. Mot duong thang d qua
O cat AB va AC. Ky hieu khoang cach tit A, B, C dén d 1a d,, dy, d.., tuong
ting. Chitng minh ring d,Sopc = dypSoca + d.Soan.

Bai giai: Duyng hé toa do Oxy sao cho O(0,0), d : y = 0 va A(x1,y1),
B(x2,y2), C(x3,y3) va dy = y1 > 0, dy = —y» > 0,d. = —y3 > 0. Quy wéc
dién tich tam giac dugc tinh qua dinh theo quy tic ban tay phai:

0O 0 1 Ty
doSopc = | @ o 1= w| > 7
r3 Y3
r3 y3 1
0O 0 1 .
dySoca = —wp|xs ys 1| = | ' -
I3 Ys
1 oy 1
0O 0 1 oy
deSoap = —ys| @ g 1| =—y3| = 7
T2 Y2
T2 Y2 1
T ba hé thuc trén co:
1 Y1
doSopc — dySoca — deSoap = | 2 Y2 Y2 | = 0.
I3 Ys Ys

[]

Vi du 2.21. Cho AABC. Goi M, N va P lan lugt 13 trung diém ciia céc
canh BC,CA va AB. Ching minh ring, v6i bat ky diem O & bén ngoai
AABC c6 mot trong cac dien tich Spaur, Sosn, Socp bing tong cla hai
dién tich con lai.

Bai giai: Dung hé toa do Oxy sao cho O(0,0) vaA(xy,y1), B(wa,ys),

C(z3,y3). Toa do trung diém M(x2+x3 y2+yg)’ N(x3+~’51 Ys + U

ot n 2 72 2 72 )
P( L 5 2’y1 5 y2). Xét truong hop O thuoc AGN, (G la trong tam

AABC). Quy udc dién tich tam gidc duge tinh qua dinh thitc theo quy tac
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ban tay phai, ta co:

0 0 1
25 = 2 Z1 (1 1] x1 (71
2 2
0 0 1
25 = 2 L2 Y2 1] . Y2
oo T3+ 21 Ys+ U 1 r3+x1 Ys+
2 2
0 0 1
2So0p = 2 TiAET Yty || @h 2 ity
T3 Y3 1
Nhu vay 2Soam +2Sosn = T Y '+‘ r1 U T2 Y2 Ty Y2 | _
T2 Y2 T3 Y3 r1 r3 Y3
2Socp vi déu bang R T2 2
L3 Y3 r3 Y3
Tuong tu xét cac truong hop khac. M

Vi du 2.22. Cho AABC. Lay diém M, N, P thudc canh BC,CA, AB,
tuong @ Dat —MB —NCt—PA Khi dé hay:
ng ung. au-BC,U—CA, = 1B 1 do hay:

SMNP

(i) Tinh ty s6 dién tich

ABC .
.. ) ) 1
(ii) Ching minh: SynpSppyScoun < 6—453’130.

Ch@gginh: (i) Gia thiét A(z1,y1), B(xe,y2), C(x3,y3).
Vi BM = uBC nén M((1 —w)zy + uxs, (1 — u)ys + uys).
Tuong ty ta cliing co:

N((1 —v)zs + vy, (1 —v)ys + vy v P((1 — t)xy + tza, (1 — t)yy + tys).
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Ta co:
1 1 1
T = | (1 —uw)xs+urs (1 —v)xs+ovry (1—1t)z) + tas
(I—w)yz +uys (1—=v)yz+ovyr (1 =1y +tye
1 1 1 0 v 1—1t
= | x1 T9 X3 1—u 0 t
Y1 Y2 Y3 vu l1—-v 0
S
Nhu vay: o2 — 1 —w— v — ¢ + wv + vt + tul.
ABC
S S S,
(i) vi 2ANEZ2BPM PCMN (1 — w)o(1 — v)t(1 — t) < — neén ching ta
Sapc Sapc Sapc 64
c6 ngay bat dang thic SunpSepuScun < 64SABC O

2.2.2. Bai toan véc to lién quan té&i tam giac
Bai toan vé véc to lién quan tdi tam giac thuong duge st dung trong
hinh hoc duge phat biéu nhu sau:

Meénh dé 2.7. Cho AABC véi do dai canh a = BC,b = CA,c = AB va
diem I thuoc mat phang (ABC). Khi dé

(i) Néu I thuoc mien AABC thi cé dong nhat thic
— — — —
TA.Sipe+ IB.Sica+ IC.Stap = 0.

(ii) Néu I thuoc mién ngoai AABC va nam trong goc A thi

—

— — —
—ITA.Sipc+ IB.Sicga+ IC.Srap = 0.

(iii) Vdi tam duong tron noi tiép I va tam duang tron bcmg tzep J o trong
goc A ta co cac dong nhat thic aIA + bIB + c]C’ = 0 va —aJA -
bJB + CJC = O

Ching minh: (i) Dung hé toa do Izy sao cho 1(0.0), A(x1,y1), B(xe,y0)

va C(z3,y3). Dién tich cac tam giac IBC, IC A, IAB dugc quy udc tinh

béi
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2S1Bc = Y2 2 ,QSICA:‘:C?) 2l 2571 = o
T3 Y3 T T2 2
Do vay :
H
IA2S5gc = (37293_333y2)(37layl)
_>
IB2S1c4 = ($3y1 —5E1y3)(fE2,y2)
H
1C 2514 = ($1y2—$2y1)($3,y3)-
Ty To T3 Yyr Y2 Y3
Bdi vi hai dinh thtc sau triét tieu | 1 z9 23 | va | 21 22 23 | nén
Yi Y2 Y3 Y1 Y2 Y3

— — — -
TA.Sigc+1IB.Sica+ 1C.Srap = 0.

(ii) Néu I thudc mién ngoai tam gidc ABC va nim trong géc A thi
— — — —
SIBO = _SICB- Do Vay —]A.S[BO + [B.SIC’A + IC.S[AB = 0.
(iii) 13 hién nhién. O
Vi du 2.23. Gia st tam giacABC ¢6 BC = a,CA = b, AB = ¢ va I, J
lam tam duong tron noi tiép va tam duong tron bang tiép trong goc A clia
tam giac. Khi dé c6 bat dang thitc sau day:
(i) aEA%2 + bEB? + cEC? > abe v6i diem E tuy ¥.
(ii) al A* + bIB? + cIC* = abe.
(iii) aJA? — bJB* — c¢JC? = abc.
(iv) a(AH?+ AK? — AJ2) 4+ b(BK?+ BJ%— BH2)+c(C.]2+CH? — CK?)

—3abc khi J, H, K 1 tam dudng tron bang tiép va é trong géc A, B, C,
tuong Ung, ctia tam giac.
— —

_>
Bai giai: (i) Tt bat déng thitc (aEA+ bEB + ¢EC)” > 0 ta suy ra

— —

QEA® + VEB? + AEC? + 2abEA.EB + 2bcEB.EC
QCCLE‘—é'.ET)‘l

a’EA* + VEB* + EC® + ab(EA® + EB® — ¢*)
be(EB® + EC? — @) + ca(EC* + EA® — 1?).

0

+ /A

_|_
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Gian uée cho a+ b+c du’dc bat dang thic aEA% + bEB? + cEC? > abe.
(i) Tw al A + bIB + cIC = 0 theo Menh dé 2.7 ta suy ra

— — — — — —
0 = a*TA> +b*IB*+ AIC?* +2abIA.IB + 2bcI B.IC + 2calC.IA
= AP ITA*+VIB* + IC? + ab(IA* + 1 B* — &)
+ be(IB* +IC? — a®) + ca(IC* + TA* = 1?).

Gian uéc cho a + b + ¢ duge dong nhat thic al A2 + bIB? + cIC? = abe.
— — — . R
(iii) T —aJA 4+ bJB + ¢JC = 0 theo Ménh de 2.7 ta suy ra

— — — — — —
0 = a®JA* +V*IB* + *JC? — 2abJA.JB + 2bcJB.JC — 2caJC.JA
= @’ JA*+ V' JB* 4+ *JC? — ab(JA® + JB* — &)
+ be(JB*+JC? —a?) —ca(JC? + JA® = 1?).
Gidn wéc —a + b+ ¢ duge dong nhat thic —aJA? 4 bJB? 4 c¢JC? = —abe.
(iv) Nhu trén c6 cac dong nhéat thic —aJA? + bJB? + ¢JC? = —abe,
aHA? —bHB? + cHC? = —abc va aKA? + bKB? — cKC? = —abe. Vay
a(AH? + AK? — AJ?*) +b(BJ* — BH*> + BK?) +¢(CJ* + CH? — CK?) =
—3abc. []

2.3. Thé tich, ban kinh mit cau ngoai tiép qua dinh thic

2.3.1. Tich vo6 huéng, tich c6 huéng cua hai véc to
1) Biéu thic toa do ctia cac phép toan vectd
Dinh 1y 2.8. Trong khong gian Oxyz cho hai vecto d(aj;as;as) va
b(bl; bg; b3) Ta co:
a) a+g: Cll;bl +a2;b2;a3+bg.

b) @—b

— bi;az — be;az — b3.
c) kd = k(ay; as; +az) = (kay; kas; +kas)., vdi k Ia mot s6 thuc.

Chitng minh. Theo gia thiét : @ = a1 + agj'—k agl;; b= bii+ b23+ bsk
suy ra: d + b= (ar+b)i+ (as+bo)j + (as + bs)k

Vay: @+ b = (a1 + by; as + bo; az + b3).

Chiing minh tuong ty cho trusng hop b) va c)

Hé qua 2.9.
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a) Trong khong gian Oxyz, néu cho cac diém A(x4;ya;24) ; B(xp;yp; 2B)
va C(zc; yo; zc) thi:

— — —
e AB=0B —OA= (25— TA;Yp — Ya; 2B — 24)
e M chia doan thing AB theo ti s6 k

]\TA = kM—E% = M <mA —k.xp ya—kyp za— k.zB>

11—k 5 1—-k = 1—k

— —_— > —
e GG la trong tam cua AABC < OG = <w>

TA+ITp+Tc Ya+yYsB+yYc 24+ 2B+ 2Zc
G 3 ! 3 ; 3

2) Tich v6 hudng ctia hai vecto

Dinh nghia 2.1. Trong khong gian cho hai vecto a va b déu khac vecto
- khong. Tich vo huéng clia hai vecto @ va b 1a mot so, ki hieu 1a a@.b xac
dinh bdi cong thic: a@.b = |dl.|b|.cos(d,b)

Dinh ly 2.10. Trong khong gian Oxyz tich vo hudng ctia hai vecto
d(aq; ag; ag) va b(by; by; bs) duge xac dinh bdi cong thiic:

C_L’g = a1b1 + CLQbQ + CL3b3.
Chatng minh. @.b = (a1i + asj + ask).(byi + baj + bsk)

:alblF + albzf.er albgf.lg + ang.Z—F ang? + 0@[)3}.%‘4‘

3)Tich c6 hudng cta hai vectao.

Dinh nghia 2.2. Trong khong gian Ozyz cho a(xi;y1;21) va b(xg, Y23 29).
Tich c6 huéng cua a va b, ki hieu: a. b] la mot vecto c6 toa do xac dinh

bai:
) (2.1)

= (?le2 — Y221, 21T — 22X1; X1Y2 — xzyl)

21 I 1 hn

T2 Yo

- (| 2

Yo 22

Z9 X9

So hoa bdi trung tam hoc lieu http://www.Irc.tnu.edu.vn/



39

Dinh nghia 2.3. Tich hon hdp clia cac véc to a, b c trong khong gian la
tich vo huéng ctia véc to [@, b] véi véc to & va ki hieu [, b].¢

o Néu d(zy,y1, 21), g(scg,yg,zg) va &(x3,ys3, 23) thi

1 To I3

[5751-5: Y1 Y2 Y3 :(3/122—Z1y2)1‘3+(1‘122—Z1$2)y3+($1y2—y1$2)23-
21 22 &3

Meénh dé 2.11. Cho céac vécto d, l;, ¢ trong khong gian véi hé toa do truc
chuan. Ta co:

— — —

(i) d@, b cung phuong khi va chi khi [d, b] = 0.
(i) |[@, b]| = |@].|b]. sin ¢, trong d6 ¢ la géc gitta hai vecto @,b
(iii) [a@,b] = —[b, d]

(iv) [&d+b) = [ + [¢ D).
Ching minh. Goi cac vecto d, b,¢ 1an luct c6 toa do a(xy, y1,21),
b(ZUQ,yQ, 22)7 5(.173,y3,Z3) ta co:

) ®

[57[;1 - <‘ s
Y2 22

(i) Néu d va I;Cimg phuong thi hodic b = 0, hoic 57& 0 va @ = kb, khi d6

ro rang ca ba dinh thic (*) déu bang 0.

Z1 I 1 Y

T2 Yo

2 X2

Ngugce lai gia sit cd ba dinh thiic (*) bang 0, tic la :

y1z2 — Y221 =0 (a)
219 — 291 — 0 (b)
1Y2 — 22y; = 0 (c).

Néu@=0thibvab cling phu’dng Vay chi xét truong hop @ # 0, khi

d6 c6 it nhat mot trong ba sé x1,y1, 21 khac 0.Khong mat tinh tong
X

quét, ta gid st 21 # 0.TU (b) va (c) ta suy ra 2 = —.21, yo = — y1
Ty

N £ PN x2 "~ 'l xQ — . N = N i N
va cO nhién xro = —.x1. Vay b = —.a, tic la @ va b cung phu’dng.Dac

. I I
bigt:[a, a] = 0.
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(ii) Ta c6 @252 — (@.b)° = (@b 0 ()

That vay: @202 — (@.b) = (22 + 2 + 22) (a2 4+ y2 + 22) —
— (2122 + y1y2 + 2122)°

L2
= (ylzg — 21y2)2 + (221y2 - $122)2 + (.leg y1x2)2 = [ab] .
T (1) suy ra: [@.b] = — (]al. |b\ cos p)? = @2.b*(1 — cos® p) =
— @2.b2.sin? ¢, tic la: |[a b]\ — |@|.|b]. sin o
(iii) Ta co: a, b] = (Y122 — 21Y2, 21T9 — T122, T1Y2 — Y1X2)

[5’ ) = (y221 — 22Y1, 2271 — T121, T2Y1 — YaT1)
Cong vé: [a@,b] +[b,a@] = (0,0,0) = 0. Vay: [@,b] = —[b, a].
(iv) [&a+b] = [ al + [¢ D).
Dat: @ =a+b, ta ¢6: 4 = (x1 + w9, 41 + Y2, 21 + 22) va € = (z3,ys, 23)
[5@ = (Y321 — 23Y1, 231 — T321, T3Y1 — Y1)

[c,b] = (y322 — 232, 23T — T322, T3Y2 — Y3T2)
Cong vé véi vé ta dudc: [¢,d] + [¢,b] =

¥ =Y

z3 T3
21+ 29 X1+ X9

X3 Y3
T+ T2 Y1+ Yo

_ < Y3 z3
Yy1+y2 21+ 2

)

— — —

= [6,d] +[¢,b]. Vay: [6,d + b = [¢.d] + [2,b).

—

Vi du 2.24. Gia st ti dien ABCD c¢6 do dai 4 duong cao 1a hg, hy, he, hy
va khoang cach giita cac cap canh ddi 1a dy, do, d3. Chiing minh réng
1+1+1_1+1+1+1
EETETR R TR

a Cc

2
T d6 chi ra max{hg, hy, he, hg} > % min{dy, do, ds}.

Bai giai: Ky hiéu dién tich caAc mat doi dien dlnh A, B, C D la sa, Spy Ses Sd

va thé tich tid dién ABCD laV Dat:zf—AB ACz—AD Ta sé
1 1 1 B s +sb+s +sd

Coh_§+h_z+h_z+h_?l_ e

; va khi dyng hinh hop sao cho
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moi canh tit dién 14 mot duong chéo clia mot mat thi sé ¢6 dy.|[7, 7 — Z]| =
2V, = 6V. T day suy ra hé thic sau:

36V2 N S
== ([x7g] + [Z’”ﬂ) = [Z,)° + [7, &2 + 2[%, §].[7, 7).
1
PP ) ) L1 11
Tuwong tu c6 cac hé thitc khac va nhu vay ta nhan duge 36V (? +¥ + ?>
1 Gy a3
=2[7,9)° + 2[7, 21 + 2[2, 7" + 2[2, 9].[7, 2] + 2[¢, 2.2, 7] + 2%, 2].[7, 9]
Dé dang bién déi [7— 7,7 — 22 = ([Z, 7]+ [7, 2] + (7, 7])° nen ta nhan dugc
1, 1.1 A4Sy +dsp+4si+4s; 1 L1 o1 -
2 d3 o dE 3612 ~hZ R} K2R
Ménh dé 2.12. [Jacobi] Cho cic vécto T, trong khong gian véi hé toa
do truc chuan. Ta c6 dong nhét thic &2y? = (fgj’)Q + [%,9]%. Tir dé suy ra
|2, ]| = |Z]|g] sin(Z, 7).
Chitng minh: Suy ra tit dong nhat thiic Lagrange, (a?+b>+c?)(z? +y* +
2?) = (ax + by + c2)’+ (ay — bx)* + (bz — cy)* + (cx — az)?. O
Meénh dé 2.13. Cho cdc vécto T, 7, Z,t trong khong gian véi hé toa do
truc chuan. Ta c¢6 dong nhat thic

() [17.91. 2] = 5(#2) - 7(52).

-7

Tt

e

N Wy

(ii) [fa g][g7ﬂ =
(iii) [[7,9),[2,4] = g(z2) — Z(7zt).

(iv) y(zzt) — 2 (y2t) + t(229) — Z2(t75) = 0.

Chitng minh. (i) Suy ra theo toa do. )

(il) Gid st & = (a1, a2,a3), ¥ = (b1,b2,b3), Z = (c1,¢9,¢3),t = (dy,ds,d3).
Khi do, ta co

7 ot

—

7 gt

. Ditc biet [7,91.17,9 = (#2)7 — (@) (72).

8y

<Ry

= (¥2) (%) — (#) (%)
= ( 23: aici) ( 231: bidi) - ( 23: aidi) ( 231: bici)

1=1 ) 1=1

- 2:(%@—ﬂﬁM@%—q%%:mﬂﬁﬁ]

1<i<j<3
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Do vay |Z,y|.|Z,t| =] .. _~|. Véit=yco |T,yl.|Z,y]=| o _,
szl =] waEg=|

(iii) Theo (i) ¢ [[7, 4], (2, t]] = 4(Z.[2,1]) — Z(7.[2,1]) = 4(Z2t) — Z(y21).
(iv) Theo (iii) ta c6 hai hé thic sau:
t], (%, 9] = t(z2y) — 2(tz5).

(12,9, [2.1] = 4(22t) — 2(y2t) va [[Z,

Bdi vi: [1Z,9), 2. 1] + [[2,1]. [Z. 7] 0

neén: (:z:zf) — x(yzf) + t(zxy) — z(tu ) 0.

Céch ching minh khéac cho (iv): V6i @ = (a1, as,as), b = (b1, by, bs) v
ar by o

&= (c1, 2, ¢3), ta ki hieu (@b¢) = | as by e
as bz c3

— —

Khi d6 véi bén vécto a, b, ¢, d ta luon co:

— — = - =

i = d(béd) — b(acd) + é(abd) — d(abé) = 0.

That vay: « ¢6 toa do

ay by ¢ di as by co do as by c3 d3

ap by o dy ap by a1 d; ap by ¢ dy
ulz "LI/2: .u3:

ay by cy do ’ as by cy do ’ as by cy dy

as by c3 d3 as bz c3 d3 as by c3 d3

déu bang 0.

Vidu 2.25. Ky hiéu dién tich mat (BCD), (CDA),(DAB), (ABC), tuong
ung Sq, Sp, S¢, S¢ va ky hiéu €, &, €., e; la cac vécto don vi vuong goc véi
mit (BCD), (CDA), (DAB), (ABC), tuong ting, hudng ra phia ngoai. Néu
tt dien ABCD la ti dién truc tam thi

SaCa + Sp€p + Sc€e + sqcq = 0.

Bai giai: Gia thiét ti dien ABCD la tit dién truc tam, cac dudng cao AA,
BB;, CCy, DD, cat nhau tai H. Ta chi can xét trm‘mg hop H g trong ti
dlen cac tru’dng hop khac xét tuong tu. Ta co HA HA;.s,+ HB HDBy.sy+
HC’HCl SC-|—HDHD1 sd—O T cac quan hée AH HA, = Bli[HBlz
CH.HCY = DH.HD, suy ra hé thic s.e, + sp€p + Sc€. + sqeq = 0. O

Vi dll 2.26. Glé st hai tu dléﬂ ABCD va AlBlchl théa man ABJ_ClDl,
BC1DyA;, CALDBy, AD1B,Cy, DBLA,Cy. Khi d6 DC LA, B.

So hoa bdi trung tam hoc lieu http://www.Irc.tnu.edu.vn/



43

Bai giai: Gia st (ai,a2,a3), B(bi,b2,b3), Clci,c,c3), D(di,ds, d3) va
A1(0,0,0), Bi(y1,Y2,vy3), Ci(21, 22, 23), D1(t1,ta,t3). Khi do ta co

3

(1) 0= @C’El = Z(bl — ai)(ti — ZZ>
1=1
3
1=1

—

3
.
=1
3
—  —
(4):0=AD.B\Cy = Y (di — a;)(z — y;)
=1
3
(5):0=DB.AC, = 3

3
—  —
DC.AlBl = Z(Cz—dz)yz

3 3 3 3
1=1 1=1 1=1 1=1
3 3

3 3 3
>ociti = Y biti, Y dizi = Y bz hay > (ci—d;)y; = 0 hay DC LA B;. [
i=1 i=1 i=1 i=1 i=1

2.3.2. Thé tich, ban kinh mit cau ngoai tiép qua dinh thiic

Meénh dé 2.14. Cho cac véc to ¥, 7, 7 trong khong gian véi hé toa do truc
Z

8l
Sl
8l
<y
8l

2
chuan. Ta c6 dong nhat thﬁ’c([f, y’ﬂ;?) =

<y
S
<y
<y
<y
Ny

Ny
8l
Ny
<y
Ny
]

Chitng minh: Gia st 7 = (a,b,¢),y = (', 0/, ) va 2= (a”,b",¢"). T

) a b c a b c||la d a
([f,g].z) —la ¥V | =|d v d||by v
a?? b” C?? a?? b” C” C C/ C”
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81
81
Sl
<y
81
]

<y
S
<y
<y
<y
S

L]

2
suy ra ([a?,gj]?) =

Ny
ST
]
<y
Ny
0y

Vidu 2.27. Gia stt aq, as, az va by, by, b3 1a c6sin ctia cac goc do hai duong
thang (£1) va (¢3) tao véi cac truc toa do Oz, Oy, Oz, tuong ting clia he
toa do truc chuan (Ozyz). Ky hieu « la goc gitta tia (£1) va (£3). Khi d6

sin2 o = (a1b2 — a2b1)2 + (a2b3 — a3b2)2 + (a3b1 — a1b3)2.

Tit d6 suy ra rang, hai dudng thang (1) va (£3) vudng goéc véi nhau khi va
chi khi (a1b2 — agbl)Q + (agbg — CL3Z)2)2 + (CL3b1 — a1b3)2 = 1.

Bai glal G01 i j, k 1a ba vécto don vi trén cac truc Oz, Oy,Oz. Khi d6
i = ayi+ CLQ] + agk: va U = byi+ bg] + bgk la nhiing vécto don vi chi phu’dng
ctia (¢1) va (£3), tuong ing. Theo Ménh dé 2.12 suy ra sin®a = 1.1.sin’ a =
1_[, 17]2 = (Cleg — a261)2 + (CLng — a3b2)2 + (a361 — a1b3)2. []

Vi du 2.28. Gia st aq, 81, 71; a9, B2, Y2 Va ag, B3,73 la nhitng géc do ba
duong thang (£1), (€2) va (f3) tao véi cac truc toa do Ox, Oy, Oz, tuong tng
clia hé toa do truc chuan (Oxyz). Ky hieu o1, 9, 03 12 goc gitta (f) va
cosay cosf; cosy 2
(l3); gitta (¢3) va (¢1) va gitta (¢1) va ({3). Khi d6 | cosay cos By cosy,
cosag cosf3 CosY3
=1 — cos? p; — cos? @y — cos? 3 + 2COS (P COS Py COS (V3.

Bai giai: Goi ;j k 1a ba vécto don vi trén cac truc Ox, Oy, Oz. Khi d6
co

— cos i+ cos B1] + cos fyllg

81
I

i
SN
||

COS (i9i + COS 525’ + cos 72/;

— Ccosazi + cos ﬁgf + cos ’}/3];

]
I

1& nhiig vécto don vi chi phuong cia (¢1), (€2) va (¢3), tuong tng. T
cosaq cosfq cosy R

_>
D = cosas cosFy oSy :HIA,IB],IC’|2
cosag €os 3 COS7Y3
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va theo Ménh dé 2.14 chi ra ducc

N X Ty *Z 1 cosps cospy
I[IA,IB],IC|* = | 47 4y yZ|=|cosps 1 cosep
7 Zy ZZ COS (P9 COS (1 1

Nhu vay D = 1 — cos? ¢ — cos? @y — cos? 3 + 2 cos (1 COS g COS 3. ]

Meénh dé 2.15. Gia sit bon tia Iy, Ily, Ily va Ily cing c¢6 diém géc I. Ky
hiéu ay; = ZI;11; véii,j =1,2,3,4. Khi d6 ta c6 dong nhat thiic

1 COS (vyg COS (13 COS (V14
COS (vg1 1 COS (g3 COSQro4 | 0
COS (3] COS (Y39 1 cosasy |
COS (41 COS (ig9 COS (43 1

Chitng minh: Ta biét rang, bon vécto bat ky trong khong gian ba chiéu
luon luon 1a phu thuoc tuyén tinh. Do vay, v6i bon vécto don vi €1, €3, €3, €1
luon c6 biéu dién a€] + as€s + azés + asey = 0. Tt day suy ra hé thic

€1.61 €1.65 €1.€3 €1.64
€2.€1 €2.€2 €92.€3 €92.€4 —0
€3.61 €3.65 €3.3 €3.€4
€4.61 €1.65 €4.€3 €1.€4
1 COS (x19 COS (¥13 COS (V14
.y N . .| cosam 1 COS (x93 COS (Vo4
va c¢6 duge dong nhat thic = 0. ]
COS (x3] COS (Y39 1 COS (v34
COS (i41 COS (ig9 COS (43 1

Vi du 2.29. Tinh thé tich hinh chép SABC v6i SA =a,SB =0,5C =c
va goc gitta SB, SC; gitta SC, SA; gitta SA, SB bang ¢1, v, (3, tuong ting.

Bai giai: Dat # = SA, 7 = SB.7 = SC va V = Viapo. Tit 36V2 —

o 7T Ty 7.7 a’ ab cos 3 accos po

[SA,SB|,SC)?>=| y.& 3§y y.Z|=| abcosps v becos 1 | theo
2.r Zy 2.7 accos o becos pq c?

Menh dé 2.14. Ta suy ra ngay cong thitc sau:
b
V= %\/l — cos? 1 — cos? g — cos? Y3 + 2 oS P71 COS Y3 COS V3. O
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Vi du 2.30. Cho hinh chép SABC v6i SA=a,SB =0b,5C = c¢; gbc gita
SB,SC; gita SC,SA; gita SA,SB la 1, @9, p3, tuong tng I thudc tam
gidc ABC va dat d = SI, a = ZISA, p = ZISB, v = ZISC. Khi dé6 ta
co

V1 — cos2 1 — cos? g — cos? 3 + 2 oS (1 COS P2 COS P3
d
V/1 —cos2 a — cos? 8 — cos? 3 + 2 cos a cos 3 cos 3

c
N /1 —cos? B — cos?y — cos? g1 + 2 cos B cos 7y cos )
a
N V/1 — cos?y — cos? a — cos? oy + 2 coS Y COS @ COS Py
7 :

Bai giai: Dat V = Veape, Vi = Visrap, Vo = VsipeVs = Vsioa. VIV =
Vi + Vo + V3 va theo Vi du

abc

V = 5 — /1 — cos? 1 — cos? py — cos? @3 + 2 COS P COS Pa COS Y3
abd

Vi = \/1 — cos? a — cos? B — cos? w3 + 2 cos a cos [ cos g3
bcd

Vo, = ?\/1—COSQﬁ—COS2’}/—COS2901—I—QCOSBCOSVCOS(,Ol
acd

Vs = 6 — /1 — cos?y — cos? o — cos? g + 2 COS 7 COS ( COS P9

nén ta suy ra dong nhat thic dudi day:

V1 — cos? 1 — cos? g — cos? 3 + 2 oS (1 COS Py COS P3

d
B /1 —cos2 a — cos? 8 — cos? 3 + 2 cos a cos 3 cos 3
B c
/1 —cos? B — cos?y — cos? ¢ + 2 cos B cosycos ¢
* a
V/1 — cos?y — cos? a — cos? g + 2 cOS Y COS A COS Py
+ b
va nhan duge hé thic can ching minh. ]

Meénh dé 2.16. Gi4 sit cho hinh chép SABC ¢6 do dai canh SA = a, SB =
b,SC = ¢, BC = 2,CA = y, AB = z. Ta c6 cong thiic tinh thé tich tit
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dién:
| 2a° a4+ 0> — 22 a®+c — P
:—\/_ CL2+62—Z2 2b2 b2+C2—LE2
12v2 a’?+c—y? b2+ —a? 2c?

Chitng minh: Nhu trén, c6 36V? = \[5—121, S?], @F

7T Ty T2 a’ ab cos 3 accos ps
= | y.Z §.y §.Z| = abcosys b? be cos @1

2

l

Ny
S
Ny
N

Z accos o becos vy c

3y
theo Meénh dé 2.14. T day suy ra ngay
2a> 2abcos w3 2ac cos py
288V% = | 2ab cos 3 20° 2bc cos ¢

2accos s 2bc cos 2c?

hay ta c6 cong thic tinh thé tich:

] 2a? a?+b? — 2% a®+c -
:—\/_ CL2+62—22 2b2 b2+C2—.’132
12v2 a’?+c —y? b2+ —a? 2c?

]

Meénh dé 2.17. Gia sit tit dien ABCD c6 toa do bon dinh 1a A(zy,y1, 21),
B(x3, 12, 22), C(x3,Y3, 23) va D(x4,ys, z1). Khi dé ta c6 cong thitc tinh thé
tich ti dién qua toa do bon dinh:

1 y1 oz 1
volllT oyl
6 r3 Ys <23 1
Ty Ys 2y 1
1y oz 1 X (% Z 1
Ching minh: Vi Ty Y2 22 1| _|m—21 pp—y1 22—2 0
x3 Y3 z3 1 x3—x1 Y3—y1 23—21 0
Ta Ys 24 1 Ty—T1 Ys—Y1 za—21 0
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nén ta co:
1 y1 2 1 Tog—T1 Y2 — Y1 22— 21
1 \ \ \
2 9 2 = | X3 —T1 Ys— Y1 <3 — <21 :[AB,AC]AD
x3 Y3 z3 1
Ty Ys 24 1 Ty —T1 Ya— Y1 24— 21

Do vay, tinh thé tich t@ dién qua toa do bén dinh:

1 Y1 <1
L2 Y2 =2
I3 Ys =3
L4 Yq 24

|~
—_ = =

[]

Meénh dé 2.18. Gia sit tit dien Ay Ay A3 Ay ¢6 toa do 4 dinh 1a Ay (zy, y1, 21),
Ag (2,12, 22), As(x3, 93, 23) va Ay(x4, Y, 24). Ki hiéu R Ia ban kinh mét cau
ngoai tiép tit dien. Khi dé ta cé cong thitc tinh ban kinh:

1
= 24V \/2l%3l%4l%3l%4 + 2l%2l%4l§2l§4 + QZ%QZ%SZLZES — l%2l§4 — [‘113[%4 — l‘ﬁl%g
vdi V' la thé tich tii dién va l;; = lj; la do dai canh A;A; = AjA;, i # .

Chitng minh: Ta biét thé tich ti dién khong thay ddi qua mot phép tinh
tién. Do vay, khong han ché c6 thé giad thiét tam mit cau ngoai tiép ti
dien A;AsAsA, chinh 14 goc toa do. Khi d6 ta c6 hé

(22 492+ 22— R*=0
v3+ys+ 25— R =0

23+ ys+ 25 — RP=0

|25 +yi+ 2 - RP=0.

Tu day suy ra
gr— @i m ) 4 (g — )" + (5 = 2)°
2

(voi moii,j =1,2,3,4,1# j)

+ 2% + Yy + zizg,

So hoa bdi trung tam hoc lieu http://www.Irc.tnu.edu.vn/



49
DEVLJE tij = R2 — Tl — YiYj — Zizj.

2 2
Khi d6 t;; = t; = (xi —;)° + (v —2%)2 + (2 — %)° _ l;j l;’

Xét tich sau

T y1 21 R —x; —y1 —2 R
p_ |22 2 R —Ty —Y2 —2 R
x3 Y3 23 R —x3 —Yy3 —z3 IR
Ty Y1 24 R —xy —Ys —24 R
1y oz R —T1 —To2 —X3 —A4
_ | T2y o Ry~ —Y3
T3 y3 23 R —21 —Ry —Z3 —2
Ty Yy 2 R R R R R
0 tio ti3 t1a
tor 0 tog toa o
= Gi ti; =t
t31 t32 0 T34 VOl b = i
ta; tao taz O

r1 1 21 R 11 —y1 —zn R
vif 2oy m BN T e B e 6RY
r3 Y3 23 R —r3 —Yy3 —z3 R
Ty Ys 2 R —Ty —Ys —z R
Z%Z 1%3 l%4 2 2 2
? ? ? 0 l12 l13 114
@ 0 12_3 12_4 1 5, 0 15 13
nén: 36 R%V? = l% 2 2 Z% = —
3303 Pl 8 B8, 0 1
o by b BBy By 0
2 2 2

Tinh dinh thic cudi ciing va lay can ta nhan dude cong thitc tinh:

1
=2 \/2l%3l%4l§3l§4 + 2050843505, + 20,03513,05, — Ul — Uislyy — Uylos.

[]

Tt Ménh dé 2.16 va Ménh dé 2.18 ta suy ra cong thic tinh ban kinh mit
cau ngoai tiép qua do dai 6 canh ciia ti dién.
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Hé qua 2.19. Gia sit tir dién A1 Ay A3Ay ¢6 do dai 6 canh 1a a = l19,b =
lig,c = lig, x = l34,y = loy, z = log. Dat 25 = ax + by + cz. Khi dé ban kinh
R ctia mat cau ngoai tiép tr dién dugc xac dinh bdi cong thic dudi day:

() R = VS(S — ax) —by)(S—cz).

6V
(i) R — 2v/24/S(S — ax)(S — by)(S — cz)
2a? a?+ b — 2% a®+c— 2
a? + b — 22 2b? b+ 2 — 22
a’?+c?—y? b2+ —2? 2c2

Chitng minh: (i)Theo Ménh dé 2.18, Bat dang thitc Ptolemy, ta luon cd
ax + by > cz, by +cz = ax va cz + ax > by, D& dang kiém tra hé thic
16S(S — ax)(S — by)(S — cz) =

203513405515, + 2055150505, + 20350350005 — Ualsy — Uisly, — Uylss.
VS(S — a:z:)(S —by)(S — c2)

Do vay ta c6: R =

2\/—\/5 —ax)(S —by)(S — cz)

(ii) Hién nhién R = O
2a? a?+b% — 2% a®+c— 2
a’ + b* — 22 20> b+ — 22
a’?+c?—y? VP2t 2c2

Meénh dé 2.20. Cho tit dien SABC. Vsi A’ € SA,B' € SB,C" € SC ta

Vsapcr  SA'SB'SC

Vsapc  SA SB SC’

Chitng minh: Diat a = SA,b = SB,c = SC,d = SA)V = SB',¢

SO/. D?&t V/ = VSA’B’C” vaV = VSABC’- Theo Vi du 7?7 ¢o t§7 86 thé tich
a't'd

v/ 5 V1 — cos? 1 — cos? g — cos? 3 + 2 oS (1 COS Py COS P3

v e |

6

Do vy Vsapcr _ SA ' SB'SC’ -
" Vsapco SA SB SC°

c6 ty s6 thé tich

V1 — cos? g — cos? g — cos? @3 + 2 oS (1 COS Py COS (V3
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Vi du 2.31. Cho tt dien A;A4,A34,. Ching minh rang, véi bat ky diém

O ta luon c6 bat ding thiic
I]/o42+1.

1=1

[N

Va 4,454, <

Bai giai: Dung hé toa do Oxyz. Gia st A;(x;, s, 2i),1 = 1,2,3,4. Ta c6
2
1 Y1 A

1 4
Ty Y2 22 1 2, 2, 2

1 <H(%+%+Zi+1)

1

1=1

2 _
SOV datya, = T3 Ys 23

Ly Yq 24
L 14
theo Bat dang thic Hadamard. Do vay Vi, 4,4,4, < 5 [ VOA2+1. O
i=1

Vi du 2.32. Cho goc tam dién Szyz. Gia sit diem N & trong goc tam dien
va mit phang (P) qua N cit Sz, Sy, Sz tai A, B, C, tuong tng. Khi dé ty

L Ve . )
s6 thé tich SABC 13 mot hing sb.

snBc-Vsnca-Vsnap
Bai giai: Goi khodng cach tit N dén (SBC),(SCA),(SAB) la a,b,c,
tuong ting va diat SA = 2, SB = y,SC = 2. Khi d6 a,b,c 1a hing s6
va ta co

Vianc _ 6*Vanc _ 6Viape .
Vosnpe VsnoaVenap  (ayz).(bzx).(cxy)  abex?y?z?

Mat khac, ta lai c6 6*°VZ, 50 = z?y?2%(1 — cos?a — cos? f — cos? v +

2 cos v cos B cosy) theo Vi du 2.29, trong d6 o« = LBSC, = LOSA,~v =
/ASB. Nhu vay, ty s6 thé tich can tinh dugc bicu dién

Véape ~ 6(1 — cos® a — cos® B — cos® 7y + 2 cos v cos 3 cos )

Vsnpo-Vsnca-Vsnap abc

(]

14 mot hing s6.

Vi du 2.33. Cho diém O & trong tit dien ABCD. Mot mat phang (P)
qua O cat AB, AC, AD. Ky hieu khoang cach tut A, B,C,D dén (P) la
tay Ty, tey g, tUONE ﬁl’lg. Chfﬂ’lg minh réng t.Vosep = tWWocpa +t-Vopar +
taVoapc.
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Bai giai: Dung hé toa do Ozyz dé 0(0,0,0), (P) : z = 0 va A(zy,y1,21),
B(x2, Y9, 22), C(x3,ys3,23), D(T4,ys,24) V6i t, = 21 > 0, t) = —29 > 0,t, =
—23 > 0,t; = —2z4 > 0. Quy udc thé tich t@ dien duge tinh qua dinh thic
theo quy tac ban tay phai:

0O 0 0 1
T2 Y2 22
To Y2 22 1
teVopcp = 21 =—21| T3 Y3 23
x3 Y3 z3 1 vy oy 2
Ta Ys 21 1 G
0O 0 0 1 . .
T4 ys 2 1 1 Y1 2~
twVocpa = —22 = —22| T3 Y3 23
x3 Y3 z3 1 vy oy =
1 y1 21 1 b
0O 0 0 1 . ;
Ta v 7 1 1 Y1 21
tc-Vopap = —23 = 23| T2 Y2 22
r1 y1 2o 1 - ;
Ty Yy 2 1 4 Ya4 24
0O 0 0 1 . .
2 oy oz 1 1 Y1 21
taVoaBc = —z4 = —Z4| T2 Yo 29
x3 Y3 z3 1 s ys 2
To Y2 22 1 578

Nhu vay, hieu T' = t,Vosep — t0Voopa — teVopas — taVoapc dung béng

T2 Y2 Z2 1 Y1 21 r1 Y1 21
T = —2z1|®3 Y3 23 |+22| T3 Y3 23| — 23| T2 Y2 22
Ty Ya 24 Ty Yq 24 Ty Yq 24

r1 Y1 21 21
O | Ty Yy 2 2
2 Y2 29 29
+Z4 Ty Yo 29 = :O.
X3 Ys 23 <3
xr3 Ys Zz3

Ty Yg 24 24

Tom lai ¢,Vopep = tWWocpa + t-Vopas + taVoasc. 0

Vi du 2.34. Cho tu dien ABCD va trong tam D; cta mat ABC.
Goid;, B, C, 1a giao diém gitta cac duong thang di qua A, B, C, tuong
ing, song song v6i DD; v cat cac miat tuong tng cla ti dién. Ching
minh I‘?ng, ta luon ¢6 Va,p,c,p, = 3Vapcp-
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Bai gidi: Ta c6 thé bé qua gid thiét D; 1a trong tam AABC. V6i diem
tily ¥D; thuoc mién 1 trong tam glac ABC luon c6 ba sé thuc duong a, b, c
véia+b+c=1, DDy = aDA+bDB+¢cDC. ViAA,, BBy, CC4||DD; nén
dé dang suy ra cac biéu dién

a’DA + b(b+1)DB + ¢(c + 1)DC

DA, = -
. a(a+ 1)DA+b*DB + ¢(c+ 1)DC
DB, = 2
. 1)DA +b(b+1)DB + 2DC .
DCy = ala+1) oo+ 1) re . Tt day c6 the viet
c
a>  bb+1) clc+1)
a(a+1) v’ c(c+1)
a(a+1) b(b+1) c?
VaB,cip, = = 3Vapcp. [

6abc

Vi du 2.35. [Dy bi IMO 1988] Cho ttt dien ABCD vé6i trung diém K
cia cach AB va trung diém L ctia cach C'D. Chiing minh réng, bat ky mit
phang nao chita duong thang K L déu chia t dién thanh hai phan véi the
tich bang nhau.

Bai giai: V6i hé toa do Oxyz, A(0,0,0), B(wa,ys2,20), C(x3,y3,23) va

D(24,ys, 24). Chi can xét truong hop mit phang (P) chia KL cit BC
EB FA

tai F va cat AD tai F. Khi d6 s =: E_C—ﬁ ToadodlemKL E P
To Y2 22 T3+ Ty Ys+ys 23+ 24
(_7_7_) ) L( ) 3 )
27272 2 2 2
STy  SY4 S24 To + ST3 Yo + SY3 22 + Sz3
F( ) . E( ).

s+1's+1 s+1 s+1 7 s+1 7 s+1
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DatVi = Vackerr = Vaker + Vaegcr + Varrk. Dinh huéng t dién co

T2 v 2
2 2 2
6V B To + ST3 Yz + SYs 29+ Sz3 _ S iz Y2 22
AKEL — s+ 1 Sil s+ 1 _—4(3—1—1) 3 Y3 =3
T3 Ty Y3 TYs 23T 24 Ty Y4 24
2 2 2
Ty + ST3 Yo+ SYs 29+ Sz3
s+1 s+1 s+1 1 T2 Y2 22
6Vapcr = T3 Y3 23 = | T3 Y3 23
T3+ Ty Ystys 2+ 2 2(s +1) Ty Ys 2
2 2 2
T3+ Ty Ys+yYs 23+ 24
6V 8%4 S%4 8%4 S T2 U2 2
ALFK — =7~ | T3 Y3 %3
sél 3@1 s%l 4(s+1) Ty U
2 2 2
Vay
. ; 0O 0 0 1
V:i x2 V2 22 :L To Y2 22 1 :VABCD
T B BT 96wy gy oz 1 2
Ty Ya 24
T4 Ys 2z 1

]

Vi du 2.36. Cho ti dien ABCD. Goi Ay, By, Cy, Dy la trong tam cac miét
BCD, CDA, DAB, ABC, tuong tng, v6i bat ky diem O & bén ngoai ti
dien ABCD c6 mot cach chon thich hop u,v,t € {1, -1} dé

VoB,c,p, +

uVoco,p,a, + VVop,a,B, + tVoa,s.o,| = 2_7VABCD-

Bai giai: Dung he toa do Ozyz dé 0(0,0,0), A(z1,y1,21), B(x2, 12, z),
C'(x3,ys, 23) v D(xy4, Y4, 24). Toa do trong tam céc mat t@ dien ABCD.

To + T3+ 24 y2—|—y3—|—y4 2o+ 23+ 24

Al 3 ! 3 ’ 3 )
T1+2x3+T4 Y1 +Ys+ys 21+ 23+ 24
Bl 3 ’ 3 ! 3 )
To + X1+ 24 y2—|—y1—|—y4 2o+ 21+ 24
G 3 ! 3 ’ 3 )
To+2x3+T1 Yo +YyYs+y 22+ 23+ 21
Dl 3 ’ 3 ! 3 )
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5

4 4
bat X = Z:Ci, Y = Zyl va 4 = Zzi, Dat V,, = 6Vop,c,p,-

4
i=1 i—1 i=1
Ta biéu dién:

0 0 0 1
1+ T3+ 24 y1+y3+y4 21+ 23+ 24 1
3 3 3
Vo = T st mi+as po+yi+uy m+z+2 X
3 3 3
To + T3+ X1 y2+y3—i—y1 2o+ 23+ 21 1
3 3 3
X—IQ Y—y2 Z—ZQ XY Z 1
+1 +1 To Yo 29 1
= — | X—23 YV — L —2z | =—
27 3 Y 3 27 r3 Ys <3 1
X—ZL‘4 Y—y4 Z—Z4 Ty Y4 24 1
Ky hiéu:
XY Z 1 XY Z 1 XY Z 1 XY
A I 1 LT A& 1 T 1 LT
r3 y3 23 1 r3 Y3 z3 1 To Y2 29 1 T2 Yo
Ty Ys 24 1 Ty Yi 24 1 Ty Ys 24 1 3 Y3
XY Z 11
r1 1y 2 11
v6i viec chon dau +, — mot cach thich hop. Tt | 29 v 2 1 1
r3 Ys <23 11
Ty Ys 24 11
suy ra: Ty Yo 22 1| |72 Yo 2z 1 LT A 1
r3 yz 23 1 r3 yz 23 1 r3 Y3 23 1
Ty Ys 24 1 Ty Ys 24 1 Ty Yo 24 1
XY Z 1 XY Z 1
IR R LA Ly
To Y2 2o 1 To Y2 2o 1
Ty Ys 2 1 r3 Y3 23 1
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Do vay:
£Vapep £27Vop,c,p, £ 27Voc,p,a, £27Vop,a,8, £ 27Voa,B,c, = 0.
Tit d6 suy ra két qua: Ton tai mot cach chon thich hgp u,v,t € {1, -1} dé

\Vop,c,p, + uVoc,poa, + vVop, a8, + tVoa,s,c,| = 2_7VABCD- O

2.3.3. Khai thac bai toan vécto cua ta dién

Meénh dé 2.21. Véi diem O trong tit dien ABCD va diém O’ nim ngoai

tir dien ABCD, nhiing géc tam dién dinh A ta luén co

(i) O_A.VOBCD + O_B.VOCDA + O_C.VODAB + O_D.VOABC = 0. Dac bieét,

TA.s,+1B.sy+1C.s.+1D.s; = 0 khi I Ia tam mat cau noi tiép trong
tir dién.

(ii) —OTA.VO/BCD + OTB.VO/CDA + OTC.VO/DAB + OTD.VO/ABC = 0.

Chitng minh: Dyng hé toa do Ozxyz. Gia st 0(0,0,0), A(ai,as,as),

B(by,b2,03), (c1,¢2,¢3) va D(dy,ds,d3). Theo quy tac ban tay phai, quy

1 1 1 1

al b1 C1 0

3 = V... Khi dé
uéc 6Voarc Gy by 5 0] V.V 1do
as b3 C3 0
b1 C1 d1 ar C1 d1 aq b1 d1 aq b1 C1
6’LL1:CL1 b2 (&) d2 —bl as Co dg + 1| as bg dg —dl a9 b2 Co
bg C3 dg as Cs d3 as bg d3 as b3 C3
aq b1 C1 dl
b d
UL ey} Tuong tu ta cing c6 us = ug = 0. []

a9 b2 Co Clg
az bs c3 d3
Véi tit dien ABCD ta c6 bat dang thitc va dong nhat thic sau:

Vi du 2.37. Gia st tit dien ABCD ¢6 BC = a,CA=0,AB = ¢, DA =
x,DB =y, DC = z v I 1a tam mat cau nai tiép trong t dien. Khi d6 ta
c6 dong nhat thic s,/ A? + sy B% 4+ 5. 1C? + s41 D?
a%5y5. + 25,5, + 2545y + 125454 + Y2 SpSq + 225054

Sq + Sp+ Sc + Sq '
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Bai giai: Tit [A.s, + [B.sy + IC.s, + ID.sy = 0 theo Ménh dé& ?? suy ra

0 = $2TA*+ s IB? + s21C% 4+ $2ID? + 25,5y AT B + 25,5, ] A.IC
+ 28,54]A.ID + 25,5, I B.IC + 25,541 B.ID + 25.541C. 1D
= 52 TA* + s2IB? + s21C? + s3I D* + s,5,(1A* + I B? — ¢&2)
4 848(TA* + 1C? — b?) + 5,841 A% + ID* — %) + sps.(IB* + 1C?)
— 5p5.a° + 8p5g(IB? + ID? — y*) + 5.54(1C? + ID? — 2?)
= (5,0 A + syI B? + 5, 1C? + 541 D*)(54 + 53 + 5¢ + 54)

— (a*sp8. 4 V28054 + 2848y + 125450 + Y spsa + 275054).
Dé dang suy ra dong nhat thic s, /A% + sIB? + 5.1C? + sl D? =
a%sy5. + 25,5, + 2S4Sy + 125454 + Y2 SpSq + 225054 -
Sa+ Sy + 5.+ 54 ’

Vi du 2.38. Véi diem M ndm ngoai tit dien ABCD, nhung nam trong
goc tam dién dinh A ta ludn cé

MBVyiepa+ MCVyppa+ MD.Viyipoa = MAVypep.

— — —
Bai giai: Tu hée thic MB.Vycpa + MC.Vypap + MD.Vyape =

H
MAVygep theo Ménh dé 2.21 ta suy ra ngay bat ding thic sau day:
MB.Vyicpa+ MCVyippa+ MD.Viyigca = MAVyseb. []

2.4. D6 thi phing 21 - diém K;

Gia su tam giac ABC ¢6 do dai ba canh a = BC,b=CA,c = AB. Ky
hieu a la dudng thang cat duong thang AC tai diém céch déu hai diém A
va B, cit duong thang AB tai diém cach déu hai diem A va C. Ky hiéu
b 1a duong thing cit duong thang BA tai diem cach déu hai diem B va
C, cat dudng thang BC tai diém céch déu hai diem B va A. Ky hiéu ¢ 1
duong thang cat dudsng thang C'B tai diém cach déu hai diem C va A, cit
duong thing C'A tai diém cach déu hai diem C va B.

Goi Ay, By, Cp 1a nhitng diém déi xiing v6i A, B, C qua BC, C A, AB, tuong
tng. Goi Ay, By, C; la nhitng diém déi xting véi A, B,C qua a, b, ¢, tuong

tng. Goi 2 diém E la nhiing diém théa man aEA = bEB = cEC, goi 2
? ? 2
diem F' la nhitng diém nhin cac canh tam giac ABC' dudi goc g hay ?ﬂ

Goi H 1a triyc tam va O 1a tam duong tron ngoai tiep AABC.
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Goi Ay, Az 1a cac dinh clia cac tam gidac deu BC Ay, BC As, goi By, Bs 1a cac
dinh cta cac tam gidc déeu CABy, C ABs va goi Cy, Cs 1 cac dinh clia cac
tam giac déu ABC,, ABCs.Bay git ching ta sé tim khai trien duéi dang
phan thiic lién tuc ctia s6 thuc. Trong chuong 1, chiing ta da biét cach khai
trien du6i dang phan thic lién tuc ciia s6 hitu ty. Trong phan nay, trude
tién ta xem xét lai qua trinh nay, sau do6, bang phuong phap tuong tu, ta
tim khai trién phan thic lien tuc cho sb vo ty.

Vi du 2.39. Xac dinh phuong trinh a khi biét toa do A, B, C.
Bai giai: Dung hé toa do Oxy sao cho A(0;0), B(xe;kxs), C(x3;hxs).
Diém P,(p; hp) cich déu A va B khi va chi khi

P’ + h?p? = (p — x2) + (hp — kxa)”.

]_ 2 1 2 2 X
32:2(<1 :hkk)); x;?l( _;;LZ))) biem Ny(n; kn) cach deu A va C khi va

x3(1 4+ h?) x3k(1+ h?)
2(1+ hk)’™ 2(14+ hk)

Vay Py(

). Dudng théng a chinh la dudng thang

chi khi No(

x Y 1
To(1+ k%) xoh(1 + k?)
2(1+hk)  2(1+ hk) =0
r3(1 + h?) w3k(1 + h?) |
2(1+ hk)  2(1+ hk)
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r Yy 1
2(1 + hk)

2(1 1 hk)

1+ h?

Meénh deé 2.22. Gia sit AABC c6 do dai canh a,b, c. Khi dé 21 diém néu
trén déu thuoc tap Ks tat ca cac diem M théa man

hay a: | ©2 T2h

s 1'376

1 a?+ MA? a?M A2
1 ¥®»+MB? ¥VMB? | =0.
1 2+ MC?* AMC?

Ching minh: Khi M = Athi MA=0,MB = AB =c.MC = AC = 0.

1 a®2+ MA?2 a?M A2 1 a? 0
Khido |1 0>+ MB? ’MB?> | = |1 >+ b’c?| =0. Vay A, Ay €
1 2+ MC? AMC? 1 2+ A

Ks3. Tuong tu B, By, C,Cy e Ks.
1 o>+ HA? a’>HA?
Via?+HA? =0»+HB?>=C?+HC?=4R?nén | 1 ¥+ HB? VHB?
1 4+ HC? 2HC?

1 4R? a?HA?
= |1 4R?> V*HB? | =0. Vay H € K3.
1 4R? HC?
1 o>+ 0A% a*>0A? 1 a®>+ R? a’R?
Vil 0»+0B? vYVOB? | =|1 >+ R*> bR’ | =0nén O € Ks.
1 2+0C? 20C? 1 2+ R? 2R?
1 a®>+ FEA? a’FEA? 1 a®>+ FEA? 2
bat aEA=u. Vi|l V¥+EB?> VPEB?> | =1|1 b+ EB? u?>| =0 nén
1 2+ EC? PEC? 1 &+ EC? u?

hai diém E ciing thuoce K.

2 P24 2 2 242
DatU:AAgz%Jrg\/ggvaw:jyg:%_z\/gg
Vi

1 a®+ Ay A% a? A, A2 1 a®>+v a*
1 B2+ A,B? PAB? =1 P4+v b | =0
1 2+ A,C? PAC? 1 +v

nén A, € Kj. Tuong ty Ag, B>, B3, CQ, Cs € K.
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2
Gia st F' nhin ba canh duéi cing moét goc % bat x = FA,y = FB,z =
FO. Khidéa? =9y>+22+yz, ® =22 +22+z22, =22+ +2y. i

1 a®>+ FA? a’FA? 1 2242+ 22+ 2y a’a?
Fri=11 V¥ +FB? VPFB? |=|1 22 +vy*+ 224+ yz b%y? | néntaco
1 2+ FC? EAFC? 1 2?2+ y2+ 224 20 222
1 2y a’z?
Fr=11 yz Vy? | =caz® = Vay’ + a®2Py — Py + b2’z — a’az
1 zox 222

va dé dang thay F* = 0 qua viéc thay a? = y? + yz + 22, 0? = 2% + 2o + 22
va 2 = 22 4+ 2y + 2. Nhu vay hai diém F ciing thuoc K.

Viéc kiém tra ba diém con lai 1a A;, By, C) cting thuoéc K3 dugce coi la mot
bai tap. ]
Vi du 2.40. Diéu kién can va du dé trong tam G ciia AABC thuoc K la
tam giac ABC' can.

Bai giai: Ta ¢6

2(a* +b* + ) N 2a°

2 2
GA” =
a” + 9 3
2 2 2 2 2 2
4GB — (a +g Jrc)Jr ;7
2 2 b? 2 2 2
62+G02: (a+ +C)+C.
9 3
Nhu vay
20> 9~ A9
1 a®>+ GA? a®>GA? ! 2?[)2 G4 9 1 a® a*?GA?
g = |1 V¥+GB? VPGB?* | =1 2= pgR?| = 3 1 v¥* V’GB?
1 &+ GC2 PG 50 1 & 2GC?
1 ? CQGCQ
2
= 3 [V**(GC? — GB?) + a*(GA* — GC?) + a*b*(GB® — GA?)]
1
= 3 (V> (b° — ) + PaP(¢® — a®) + a’b*(a® — b°)]
1
= —g(b2 — ) = a*)(a® - b?).
Vay G € K3 khi va chi khi AABC can. ]
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Meénh dé 2.23. Néu tam giac ABC khong déu thi bac ctia K3 diing bang
3.

Ching minh: Dit v = MA%2,v=MB>t =MC?vaa =da> 8 =07 =
c2. Nhu vay

I a+u au
0= 1|1 B+4+v pv
I v+t ~t
= ~yout — But + aut — yut + Buv — auw
+ ayu — afu+ afv — fyv + Byt — ayt.

Bieu dién v = 22+ > + ez + by + ¢, v = 22 + y> + asx + by + ¢
va t = 22 + 9® + azx + b3y + c3, Khi d6 hé s6 ctia (2% + y?)? ding bing
y—pB4+a—v+8—a=0. Vay K3 la do thi bac < 3. D& dang ki¢m tra
bac ctia K3 bang 3 khi tam gidc ABC khong deu. O

Chi  2.1. Phuong trinh K3 thong qua dinh thitc rat phic tap
(a*> — V) YMA?. MB* + (b — )M B*. MC? 4 (¢* — a*)MC* M A* =

a*cA(MA* — MC?) + b (MC? — M B?) + b*a*(M B* — M A?).
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Két luan

Luan vian da trinh bay va dat dugc mot s6 két qua sau:

1. Trinh bay mot s6 mot s6 kién thitc co ban ciia Ma tran, cac phép
toan vé ma tran; Dinh thic va mot sé dong nhat thic c6 dién; Vanh ma
tran K[A], cdc phép toan bién hinh nhu phép tinh tién, phép doi xiing
truc, déi xing tam va phép vi tu thong qua ma tran dinh thic.

2. Trinh bay mot s6 phép bién doi toa do dic biet va van dung gidi céc
bai toan hinh hoc so cap thong qua dinh thic.

3. Dung dinh thitc vd phuong phap toa do dé biéu dién phép bién doi,
xay dung va tinh todn. Qua do6 c6 thé st dung mot s6 két qua clia dai s6
tuyén tinh vao xét cac bai toan dién tich, ban kinh duong tron ngoai tiép
thong qua toa do dinh va do dai cac canh ctia tam giac . Thé tich ban kinh
mit cau ngoai tiép va dua ra mot sé vi du cu the.
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