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MG dau

S6 phiic xuat hien tit thé ky XIX do nhu cau phat trién ctia Toan hoc
ve gidi nhitng phuong trinh dai s6 mdi. T khi m6i ra doi s6 phitc da thic
day toan hoc tién léen manh mé va gidi quyét duge nhiéu van dé ctia khoa
hoc va k¥ thuat, vi thé miac du goi 1a s6 4o nhung truong dong vai tro rat
quan trong trong doi séng thuc clia ching ta.

D6i v6i hoc sinh & bac trung hoc pho thong thi s6 phiic 1a mot noi dung
con kha méi mé, véi thoi lugng khong nhiéu, hoc sinh méi chi biét duge
nhitng kién thic rat co ban ctia s6 phiic, viéc khai thac cac ing dung ctia
s6 phiic con rat han ché, dic biet 1a khai thac s6 phic dé giai quyét cac
bai toan so cap kho.

Nhim muc dich tim hiéu mot cach chi tiét hon vé sé phiic ciing nhu ¢6
cach nhin sau siac hon vé mot s6 tng dung clia s6 phiic trong viéc gidi cac
bai toan so cap nén toi quyét dinh chon deé tai nghién ciu: “Gidi mot sb
bai toan so cap thong qua sb6 phtc”.

Luan van nay gom ba chuong:

Chuong 1: Gi6i thiéu vé s6 phiic, chitng minh trong tap s6 phic nay cé
cac phép toan cong va nhan nhu trén tap so6 thuc, dong thoi gidi thieu cac
dang biéu dién ctia né cling nhu tinh chat dic trung trong ting dang.

Chuong 2: Giéi thieu mot s6 vi du ve tng dung clia s6 phic trong dai
sO va giai tich.

Chuong 3: Giéi thieu mot s6 vi du vé ting dung ctia s6 phiic trong hinh
hoc phang.

Mizc dit da rat ¢6 gang nghién ctu tai lieu va bang nhitng kinh nghiém
giang day ctia ban than minh tac gid da hoan thanh luan van. Tuy nhién
do sut hiéu biét ctia ban than va khuon kho thoi gian, chic chin ring trong
qué tinh nghién citu khong tranh khéi nhiing thiéu sot, tac gid rat mong
nhan duge sy chi bdo va dong gop v kién ctia quy thay (co) va doc gia
quan tam dén luan van nay.
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Luan van nay dugc thuyc hién tai truong Dai hoc Khoa hoc - Dai hoc
Thai Nguyén dudi sy huéng dan ctia TS.Nguyén Van Minh. Tac gid xin
bay t6 long biét on sau sic, chan thanh nhat déi véi Thay. Béi su gitp da,
chi bdo, khuyén khich an can ctia Thay da gép phan rat 16n cho sy thanh
cOng cua luan van nay.

Tac gia ciing xin dude bay t6 long cdm on chan thanh nhat t6i Ban
lanh dao, Phong Dao tao-Khoa hoc va Quan hé quoc té, Khoa Toan-Tin
Truong Dai hoc Khoa hoc-Dai hoc Thai Nguyén cling cac thay co tham
gia gidng day khoa Cao hoc 2010-2012. Dong thai xin cAm on tap thé 16p
Cao hoc Toan K4A Truong Dai hoc Khoa hoc da dong vién gitp dé tac
gia trong qua trinh hoc tap va lam luan van nay.

Cudi cung toi xin dugde giii 10i cAm on t6i gia dinh, ban be, nhitng nguoi
than da luén § bén, dong vien, gitp dé dé to6i hoan thanh luan van nay.

Thai Nguyén, ngay 15 thang 7 nam 2012
Nguoi thuc hién
Nguyén Lan Anh
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Chuong 1

XAY DUNG TRUGNG SO PHUC

Trong chuong nay, ching toi trinh bay cach xay dung truong so6 phiic, cau
tric dai so, cau tric hinh hoc, dang luong gidc cia s6 phiic.

1.1 Dinh nghia sé phiic

Xét tap RZ =R+« R = {(x,y)}z,y € R.
Hai phan t1t (z1,31), (22, %2) € R? duge goi 1a bang nhau néu va chi néu

(351 =T2,Y1 = ZJ2)

Ta xay dung phép toan trong R? nhu sau: Vz; = (21, 91), 22 = (29, 72) € R?
Phép cong: z1 + 20 = (z1 + 22, y1 + ¥2).
Phép nhan: 2120 = (2122 — Y12, T1Y2 + T211)

Dinh nghia 1.1.1. Tap R? ciing v6i hai phép toan cong va nhan dudc
dinh nghia nhu trén goi 1a tap s6 phttic C, phan tit (z,y) € C la mot s6
phiic.

Dinh 1y 1.1.2. (C,+,.) la mot truong (nghia la trén C vdi cic phép toin
da dinh nghia c6 cdc tinh chat tuong tu trén R vdi cdc phép todn cong nhan
thong thuong)

Chitng minh. Dé chiing minh (C, +, .) 1a trudng ta chting minh cac van dé
sau.

(i) Phép cong c6 tinh giao hoén:

Vz1 = (21,y1), 22 = (2,y2) € C ta co

21+ 20 = (21 + 22,01 +42) = (B2 + 21,92 +y1) = 22+ 21
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(ii) Phép cong c6 tinh két hop:
Vz = (21,91), 22 = (22,92), 23 = (23, y3) € C ta c6

(21 +22) + 23 = (z1 + 22,51 +12) + (T3, 43) = (01 + 22+ 23,1 + Y2+ U3)

= (x1,01) + (w2 + 23,92 + y3) = 21 + (22 + 23).

(iii) Ton tai phan tit khong 0 = (0,0) € C.
That vay ta c6: Vz = (z,y) € C,z24+0 = (z,y) + (0,0) = (z+ 0,y +0) =

(z,y) = z.

(iv) Ton tai phan tit d6i Vz = (z,y),3 — 2z = (—x, —y) 1a phan t doi:
That vay z + (—2) = (z,y) + (—x,—y) = (x — 2,y — y) = (0,0).

(v) Phép nhan c¢6 tinh chat giao hoan:

Vz1 = (x1,11), 22 = (22, 92) € C, ta co:

2179 = (5171%2 — Y1Y2, T1Y2 + 332-?/1) = (5192331 — Yol1, oY1 + $1y2) = R9Z21.

(vi) Phép nhan c6 tinh chat két hop:
Va1 = (21, y1), 22 = (22, %2), 23 = (23,93) € C ta co:

(2122)23 = (1172 — Y1y, T1Y2 + T2u1) (73, Y3)

= ((z122—y112) T3 — (T1y2H122) Y3, (21.22— 1192 Y3+ (T1Y2+Toy1 ) T3)

= (X123 —Y1Y2T3—T1Y2Y3—Y1T2Y3, T1T2Y3—Y1Y2Y3+T1Y2T3+Y1T273)

= (V120203 —T1Y2Y3—Y1Y2T3—Y1T2Y3, T1T2Y3+T1Y2T3+Y1T2T3—Y112Y3)
= (z1(zaw3 — Yoys) — Y1 (Y23 + Tay3), Y1 (2223 — y2ys) + T1(T2y3 + Yy213))

= (z1,y1) (72, y2) (73, y3))
Dieu nay ching t0: (2122)23 = 21(2223).
(vii) Phép nhan phan tit don vi.
Ton tai phan tit don vi 1 = (1,0) € C.
That vay ta c6: Vz; = (x,y) € C,
l.z=(1,0)(z,y) = (1z — 0y, ly + 0.x) = (z,y) = (z,y)(1,0)
= (21 —y0,20 + yl) = (z,y) = 21 = 2.

(viii) Ton tai phan tt nghich dao:
Vz; = (z,y) € C, z # 0, phan tit nghich ddo clia z la 271 = < ‘ i > :

x2+y2_9£2—|—y2
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(ix) Phép nhan phan phdi véi phép cong:
V2 = (21,91), 22 = (22, y2), 23 = (23, y3) € C ta co:

z1(z2 + 23) = (21, 91) (T2 + 23,92 + ¥3)

= (z1(z2 + 23) — v1(y2 + y3)i 1 (y2 + y3) + ya(z2 + 23))
= (172 + 1123 — Y1y2 — Y1Y3, T1Y2 + T1Y3 + Y172 + Y123)
= (1172 — Y1Y2, 1Yo + Y172) + (V123 — Y1Y3, T1Y3 + Y173)
= 2122 + 2123.
Vay ta da chiing minh duge (C, +,.) théa man céc tien dé cia truong. Do
do (C,+,.) 1a mot truong so. O

Cé6 rat nhieu cach bieu dién ctia s6 phitc trén, ma mdi cach c6 thé
khai thac duge mot sb tinh chat dic biét cac nhau cia tap C, sau day toi
gi6i thieu mot sé cach bicu dién dé.

1.2 Dang dai sb6 ctia s6 phiic

1.2.1 Xay dung sb ¢

Xét tuong tng f: R — R.{0}, f(x) = (z,0)
Dé dang ching minh duge f 1a 4nh xa va hon nita la mot song anh.
Ngoai ra ta ciing c6: (z,0) + (y,0) = (z +y,0), (z,0)(y,0) = (zy,0), v1 f
la song a4nh nén ta c6 thé dong nhat (z,0) = x.
bDat i = (0, 1), khi do6 ta co:

2= (z,y) = (2,0) + (0,y) = (z,0) + (y,0)(0, 1)
=z +yi=(2,0)+(0,1)(y,0) =z + iy.
T d6 ta c6 két qua sau:
Dinh 1y 1.2.1. Méi s6 phic tuy 4y z = (x,y) c6 thé biéu dién duy nhat
dudi dang
z=x4+yi,x,y € R

trong doé hé thic i = —1.
Heé thic 2 = —1 suy truc tiép tit phép nhan hai s6 phiic
> =i = (0,1)(0,1) = (=1,0) = —1
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Biéu thitc x + yi goi 1a dang dai s ctia s6 phiic 2z = (x,y).
Do d6 C = {z + yilz,y € R,i?® = —1} va tit bay git ta ky hiéu cho sb
phiic z = (z,y) = x + yi va ta ¢6 cac khai niém lién quan sau day:
xr = Re(z) goi la phan thuc ctia s6 phic z,
y = Im(z) goi la phan 4o ctia s6 phiic z,
7 goi la don vi ao.
Néu s6 phtic ¢6 phan thuc z = 0 goi 1a thuan do.
Hai s6 phiic 21, 22 goi 1a bang nhau néu

{Re(zl) = Re<22)

Im(z;) = Im(22)

S6 phiic z € R néu va chi néu Im(z) = 0.
S6 phiic z € C — R néu Im(z) # 0.

1.2.2 Cac phép toan trén dang dai sb
Tuong tu, ta cling dinh nghia phép toan cong va nhan nhu sau
C={z+yilz,y e R,i* = -1}

(i). Phép cong
Tong ctia hai s6 phitc 21 = 21 + iy; VA 25 = T + iy2, 1a mot s6 phiic 2
dugce xac dinh:

z = (xl +a:2) +z’(y1 +y2). eC

Ki hiéu z = 21 + 29.
(ii).Phép nhan
Tich ctia hai s6 phiic 21 = x1 +1y; VA 29 = X9 + iy 12 mot s6 phitc 2z dugc
xac dinh badi:

2z = (122 — 1Y2) + i(x1y2 + 22y1) € C
Ki hiéu z = z129.
Dinh nghia nay trung véi dinh nghia cic phép toan tréen C & phan trudc.

1.2.3 S phiic lién hop va Médun cua sé phiic

Dinh nghia 1.2.2. Cho s6 phiic z = x + iy, s6 phiic c6 dang = — iy dugc
goi 1a s6 phiic lien hop ciia s6 phitic z, ki hiéu 1a Z, nghia la z = x + yi va

Z=x+1y=x—1y.
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Dinh 1y 1.2.3. Trén C ta co.
1.z=2zZ,VzeR

N
I
]

2.Z la s0 thuc khong am.

21t 2z9=21+ 2

S G e

8. Re(z) = 5

Ching minh. 1. Ta c6:z2 =z <=>x 4+ yi = x — yt. Do d6 2y1 = 0 <=>

y=0<=>z2=z€R
2.Tact:z=r—yi=>2=x+yi = 2.
3. Taco: zz= (v +yi)r —yi) =2+ y> >0

4. Ta c6: 21 + 20 = (21 + x2) + (Y1 + y2) i = (x1 + 22) — (y1 + y2)i

= (v1 — i) + (v2 — i) =21 + 2

5. Ta c6: 2122 = (122 — y1y2) + @ (x1Y2 + T2y1)

= (2129 — Y1Y2) — i(T1Y2 + T2y)

= (z1 — y11) (T2 — i) = Z1 22

zZ Z zZ

1 1 — 1 — _
6.Tacé:z—:1$<z—>:1:>§—:1$z1:(5) !

1 1 1 =z
7. Ta co: <ﬁ> = (zl,—) =Z— =2Z|— = g
z9 z9 29 Z9 9

8.24+zZ=(x+yi)+ (xr—yi) =2x

0

z2—Z=(x+yi)— (v —yi) = 2yi

Do d6 : Re(z) = z—;z,lm(z) = Z;Z
i
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Dinh nghia 1.2.4. Cho s6 phiic z = x + 4y khi d6 /22 + 32 goi 12 modul
ctia 6 phtic z ky hieu |z|.

Dinh 1y 1.2.5. Cho s6 phic z, khi dé
1. —|z| < Re(z) < |z|, —|z| < Im(z) < |7
2. 12| 20,z =0 <=>2=0
3. |zl === =7
4272 =22
5. 121.22| = |21]]22]
6. |z1| — |22| = |21 + 22| = |21] + |22

7. |27 = 12|z e C*

8. ! = @,22 eC”
29 |2’2|
9. |z1| — |z2] < |21 — 22| < |21 + 22

10. |21 4 2> + |21 — 2> = 2(|21] + |22])

Chaing minh. Cac ménh dé (1-4) suy ra tryc tiép tit dinh nghia.

o(5) Ta ¢6 |n2|” = (n122) (Fi72) = (217) (22%) = |21['|2o]” = |z120] =
|21 |z

o(6) |21+ 20|* = (21 + 20) (1 F 22) = (21 + 22) (71 + 22)

= |Z1|2 + 2122 + Z122 + \22’2-

Ngoai ra, 2122 = Z122 = 2122

Nén suy ra 2125 + Z120 = 2Re (2122) < 2|2122] = 2 |21] [Z2| = 2 | 21| | 22|
Do doé |Zl + 22|2 < (‘21| + ‘ZQD2.

Hay ‘Zl + ZQ‘ < ‘Zl| + |ZQ‘

Mat khac, |z1] = |21 + 20 — 20| < |21 + 22| + |22].

Suy ra |z1| — |22| < |21 + 29
1 1 1 1
o(7) Tact: z—=1=|z||-|=1=|-| = —.
Nen |27 = |2| 7, 2 € C*.
21 1 -1 1 ’21|
o(8) |—| = |z1—| = |z129 | = |21] |* = —.
® 2] = || = s =l = 22
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¢(9) Tuong tu trong phan (6) ta ciing c6: |21| = |21 — 22+ 20| < |21 — 22| +

|22.
Nén suy ra: |z1] — |22| < |21 — 22|
Ngoai ra: |21 — 22| = |21 + (—22)| < |21 + | — 22| = |21] + |22]-

Bat dang thiic : |21 + 22| < |21] + |22] 1a dang thic & Re(z1,22) = |21] |22]-
o(10) Tacé: |21 + 2| +[21 — 22|° = (21 + 22) (T + T)+ (21 — 22) (71 — 7)

= |2’1‘2 + 2129 + 2129 + ‘ZQ|2 + ‘Zl|2 — 2129 — 2122 + |22‘2

— 9 <|z1]2 + |zz\2) .

1.3 Dang ludng giac ctia sé phiic

O dang nay cho ta thiy tinh chat dic biet vé lity thita ciia mot s6 phiic
thong qua dinh 1y Moiver.

1.3.1 Toa dé cuc cua sbé phic

Trong mat phang Oxy cho M(z,y) khac goc toa do. S6 thuc r =
Vo2 +y? goi 1a ban kinh cyc clia diem M, s6 do 6 € [0,27) clia goc
lugng giac <@, @\7 ) goi la argument ctia M, cap c6 thi tu (r,0) goi la
toa do cuc clia diem M, viét M (r,0).

Cha ¥ : Anh xa h : RxR—(0,0) — (0, 00)x[0,27), h(z,y) — (r,0) la mot
song anh.

Diém gbc O la diém duy nhat c6 r = 0, 6 khong xac dinh. Méi diem M
trong mit phang c6 duy nhat diém P(1,6) 1a giao diém clia tia OM vé6i
duong tron don vi tam O. Ro dang;:

X = rcosf
y = rsinf
Ngoai ra ta cling c6 thé dinh nghia argument ctia s6 phtic z nhu sau:
Re z Im 2
Vz #0,0 € [0,27),cos6 = ‘—,sine = el
z z

10
1286 héa béi Trung tam Hoc liéu — Pai hoc Thdi Nguyén http://www.lrc-tnu.edu.vn



1.3.2 Biéu dién lugng giic cua sd phiic
Cho s6 phiic 2z = x + yi ta c6 thé viét z dudi dang cuc:
z = r(cosf + isinb)

r=|z] € [0,00), 6 1a 1 argument va 6 € [0, 27)
V6i z £ 0var > 0.
Xét: z = r(cosh + isinf), dat o = 0 + 2k, k € Z thi

z = r[cos(a — 2km) + isin(o — 2k7)]
= r(cosa + isin a)
Thic 1a v6i s6 phiic z bat ky ta luon viét duge dudi dang
z =r(cost + isint),r > 0,t € R

Khi d6 ta néi z duge biéu dién dang luong giac.

1.3.3 Phép toan trong dang luong giac ctia sd phiic

Cho hai s6 phtic 21, 29 # 0, ¢6 biéu dién dang luong gidc z; = rq(cost; +
isinty), zo = ro(costs + isinty) khi do:
Hai s6 21, 29 goi 1a bang nhau néu néu ry =ry va ty — to = k2w, k € Z
Tich hai s6 phiic z;.29 1a s6 phitc dudc xac dinh:

2129 = r1r9(cos(ty + to) + isin(ty + t2)), t1,t2 = 0

) z )
Thuong hai so phic L a g6 phiic duge xac dinh:

22
1 . .-
— = —(cos(ty — to) +isin(t; — ta))vdi t; > 0,t5 > 0
Zy T2
Dinh 1y 1.3.1. (De Moivre) Cho z = r(cost +isint) van € N, khi dé

ta co:
2" = r"(cosnt + isinnt)
Chu y: Cong thitc De Moivre van ding cho liy thita nguyén am.
Ngoai ra z = r(cosf + isinf) con duge biéu dién dudi dang goi 1a biéu
dién s6 phiic dudi dang mil.

Meénh dé 1.3.2. Vdi moi @, o1, 02 € R ta co:
1' eiwleﬂpQ — ei(@1+<)02)

11
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9 eilp+2m) _ oip

3. elv = 7%

4. !ew‘ =1

Ching minh. D61 v6i menh dé (1), (2), (4) suy ra tryc tiép tit dinh nghia
va tinh chat ctia Iy thita. Ta ching minh cho ménh dé (3). Ta co:

€% = cos (p) + isin (@) = cos (p) —isin () = cos (—p) + isin (—¢)

[]

1.4 Can bac n ctia don vi va biéu dién hinh hoc ctia sé phiic
1.4.1 Can bac n ctia sd phic

Dinh nghia 1.4.1. Cho s6 phitc w # 0 va s6 nguyén n > 2. Khi d6
nghiém z clia phuong trinh 2" — w = 0 1a cin bac n clia s6 phiic z

Ménh dé 1.4.2. Cho s6 phiic w = r(cos(0) + isin(0)), véir > 0,0 €
0,27). Khi dé can bac n ciia so6 phiic w gom n s6 phan biét xdc dinh bdi :

2k 2k
2 = C/F(cos (9—}——7T> + 728in <9+—7T)) ,]{3:0,1,2,...,7”&—1.
n

n

Chiing minh. Xét dang lugng gidc clia s6 phitc z = p (cos ¢ + isin ) khi
do
2" = p" (cosnp +isinngy) .

Ngoai ra ta ¢6 2" = w nén ta suy ra:
p" (cosnp + isinng) = r (cos (0) + isin (0)).
Do dé: p" = r,np = 0a + 2k, k € 7Z.
Vay nghiém ctua phuong trinh 2" — w = 0 ¢6 dang:
2z = /1 (cospp, +isingyg), k € Z.

Vio <o)< opr €. <@g <2mnén g,k € {0,1,....n—1} la
argument cyc. Béi tinh duy nhat ciia toa do cuc ta ruy ra phuong trinh
c6 n nghiem {zg, 21, ..., 2, }. Mat khac v6i s6 nguyen k tuy §, goi r €
{0,1,2,...,n — 1} 1a he thang du theo modun n (nghia la chia k cho n ta
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duge cac s6 du {0,1,2,....,n — 1}.)
s 0 2t 0 2T
Khi d6 pp = —+ (ng+1r) — = — +r— + 2q7 = p, + 2qm.
A n n o on n
Dieu nay suy ra: z; = 2, hay {zx,k € Z = {20, 21, -, Zn_1}}-
[

Dinh nghia 1.4.3. Nghiém cta phuong trinh 2" - 1 = 0 goi la cdn bac n
cua don vi.
Tt dinh nghia ta thay rang can bac n ctia don vi la:

2k 2k
W :cos—ﬂ—kz'sin—?r,kzzo,l,...,n— 1.
n n

Ngusi ta ky hiéu cho tap cac can bacn ctiadon vila U, = {1,w,w?, ...,w" 1}
(U, 1a nhém nhan cyclic cap n.)

S6 wk € U, goi 1a can nguyén thiy bac n ctia don vi néu moi s6 nguyen
duong m < n ta co6 wi' # 1.

Meénh dé 1.4.4. a) Néu n|q thi nghiém bat ky cia 2" - 1 = 0 ciing la
nghiém z4 —1 = 0.

b) Cdc nghiém chung cia phuong trinh 2™ —1 =0 va 2" — 1 =0 la cdc
nghiém cia 2% —1 =0, d = UCLN(m,n), tic la UmNUn = Ud.

c) Cac nghiém nguyén thiy cia 2™ —1 =10 la

2k 2k
Wy = cos— = 4 z’sin—ﬂ,() <k <m,UCLN(k,m)=1.
m m

Meénh dé 1.4.5. Néu w € U, la mot can nguyén thiy bac n cia don vi
thi cdc nghiem cia phuong trinh 2" —1 =0 la: w", W™, w1l

mot so nguyén duong cho trude.

, T la

1.4.2 Biéu dién hinh hoc cta sé phic

Dinh nghia 1.4.6. Diém M (x,y) trong mat phang Oxy goi la diém biéu

dién hinh hoc ctia s6 phtic z = x + 1.

S6 phitc 2z = x + yi goi 1 toa do phiic ctia diem M (z,y), ta ding ky hieu

M (z) dé chi toa do phiic ctia diem M 1a z.

Mat phing toa do véi viec bieu dién sé phtic nhu trén goi la mat phang

phitc. Ngoai ra, trén mat phang phic ngudi ta cling dong nhat s6 phic
o —

z=x =yi V6i 7:OM,M(:L',y).

13
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Dinh nghia 1.4.7. Cho s6 phiic 2 = z+yi c6 biéu dién hinh hoc 1a M (z),
khi d6 khoang cach tit M (z) dén O 1a Modun ctia s phiic z.

Xét hai s6 phtic 21 = x1 + y1i, 20 = X9 + Y2t VA cic véc to tuong ng
— — — — ; . oa

vi =211 +y1 7,03 =221 + Yo J,khido:

e Tong hai s6 phitc: 21 + 23 = (1 + 22)i + (y1 + ¥y2)i.

° Téng hai vécto: U_1> + "U_2> = (21 + x2) 7 + (y1 + y27>

Qua biéu dién ta thay tong hai sé phiic z; + 25 tuong tng véi tong hai véc
to U] + v3.

e Hicu hai s6 phtic: 21 — 20 = (21 + x2)i — (y1 + y2)i.

e Hicéu hai vécto: v_f — v_% = (xl — :1;2) ? + (y1 — y27)

eKhoang cach hai diém M (z1,y1), Ma(xa,y2) bang md dun clia sd phiic
21 — 25 bing do dai cta v] — v3.

MMy = |21 — 2| = \”U_1> — U_2>\ = \/(IQ — 371)2 + (y2 — 91)2-

° I\Lé)u A 151_;6 thue thi tich \.z = Az + \yi tuong tng véi vécto A\ =
AT 1+ Ay g .

eTich clia hai s6 phitc 21 = 71 (cosy + isinby), zo = ro(costy + isinby),
va goi Mi(r1,01), Ma(ra, 02) 14 toa do cuc tuong ting ctia diém My, Mo, goi
Py, Py 1a giao diém ctia duong tron C(O, 1) véi tia OM;, OM,. Duyng Ps
thudc duong tron c6 argument cuc 614605, chon Mz thudc tia OP3 : OM3 =
OM;.OM,. Goi 23 1 toa do phiic clia diem M3 khi d6 Mz(rirs, 01 + 02) 13

diém bieu dién cia tich z;.25.

- '
Miz+zzyt+ v2)

L2 (32,72) Miax,ay)

L Liz=y) .
W) e
0 " 0 >
Hinh 1.1 a Biéu difn thog hai s Hinh 1.1.b ‘Bicy it tieh st &
e thire dwong va mét 55 phive

Hinh 1.1: Biéu dién hinh hoc ctia s6 phiic.
Chu y:
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(i) V6i s6 thuc duong r tap hop cac s6 phiic v6i Modun r biéu dién trén
mat phang phic 1a duong tron C(O,r).

(ii) Céac s6 phiic{z, |z| < r} la cac diém nam trong dudng tron C(O,r).
(iii) Cac s6 phtic{z, |z| > r} 1a cic diém nam ngoai duong tron C(O,r).

Ménh dé 1.4.8. Biéu dién hinh hoc ctia cdc can bac n >2 cia w # 0 la
dinh ciia n gidc déu noi tiép trong duong tron tam O ban kinh /r,r = |w| .
Chiing minh. Goi cac diem biéu dién ctia cac sé phic zi, 29, ..., Zp_1 trén
mat phang phitc 1& My(z), M1(21), ..., My,_1(2,—1). Khi d6 ta c6 :
OMj, = |z| = Ik € {0,1,...,n —1}.

Suy ra My € C (O, /r). Mat khéc, sd do cung cung My My 1 bang:
0+2(k+1)m—(0+2km) 2w

n on’
Cung con lai ¢6 s6 do duge xac dinh nhu sau: sd M,_{My = 27 —

27
(n—1)—.
n
Tt d6 suy ra cac cung trén c6 s6 do bang nhau, hay da gidc MoM;...M,,_1

arg zj,1—arg 2 = ke{0,1,...n—2}.

deu.

1
af, |28, 2
12

Hinh 1.2: Biéu dién cac can bac 3 ctia s6 phitc z = 1 + 1.
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Chuong 2

UNG DUNG CUA SO PHUC VAO
DAI SO VA GIAI TiCH

2.1 Ung dung ctaa sbé phic vao dai sb

Vi du 2.1.1. Chiing minh cong thiic lugng giac sau:
sindt = 16sin’t — 20sin®t + B5sint (2.1)
cosbt = 16cos’t — 20cos’t + 5cost (2.2)
Loi giai: Ap dung cong thitc Moiver ta co:

(cost + isint)” = cosbt + 1.sinbt

Ngoai ra theo khai trién nhi thtec:
(cost + isint)” = cos®t + bicos*tsint + 10i%cos®tsin’t + 10i%cos?tsin’t
+5icostsin?t + i°sin’t
= cos’t — 10cos®t (1 — cos’t) + 5cost(1 — cos’t)”
+1 (5Siﬂt(1 — 81112‘5)2 - 10 (1 — sith) sindt + sin5t>
Dong nhat phan thuc, phan ao hai biéu thic trén ta dude didu phai chiing

minh.
Tuong tu ta c6 cosbit = 16cos’t — 20cos®t + Heost (2.2).

. 2 3 1
Vi du 2.1.2. Chting minh rang: Cosg — COS 77 + €oS 77 =

(International Mathematical Olympiad -Poland 1963)
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LJi giai. Xét phuong trinh x” + 1 = 0. Dé thiy cac nghiém ctia phuong
trinh 13 cic can bac 7 clia s6 -1. Tic 1& tap nghiém ctia phuong trinh la:
T 3T 13

7

ei?,el7,...,e 7

i2m\ "’
K 3T 137 K e 7 -1
Mat khace 7+e 7 +..+e 7 =e 7 - — ( nén tong phan
d
thuc clia n6 bang khong. Do d6
T n 3T n T n T N 9 N 117 n 137 0
CcOS — + cos — + coS — -+ c0S — + cos — + coS —— + cos — =
7 7 7 7 7 7 7
3 5
& 2 <cos§+cos77r+cos7ﬂ> —1=0
N s n 37 n 5% 1
COS — + coS — + Ccos — = —
7 7 7 2

Vi du 2.1.3. a, Chitng minh rang:

5) 4

cosba = cos’ar — 10cos>asin®a + Heosasin®«

5

sinbar = sina — 10sin®acos®a + 5sinacos*a

b, Chiing minh ring v6i mdi n nguyén

—4 6

cosna = cos"a—C2cos" 2asin®a+ Ccos" *asin o — C%cos" Casin®a+ ...

1 -3 -5 3

sinna = Clcos" tasina — C2cos” ?asin®a + Cocos™ Pasin’a — ...

Loi gidi. a, Ap dung cong thitc ctia Moavrs va dinh 1 nhi thitc Newton,
ta co:
cosbar + isin 5a = (cosa + isina)® =

= cos’a + 5eos*aisin a + 10cos’a(isin a)? + 10cos*a(isin a)?
+5cosa(isina)? + (isina)?

5

= cos’a—10cos>asin®a+5cosasin®a+i(5cos* o sin a—10cos?asin®a+sin’a)
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So sanh phan thic va phan 4o clia vé trai va vé phai, ta nhan duge dieu
phai chiing minh.
b, Giai tuong tu nhu phan a, ta co:

cosna —isinna = (cosa —isina)" =

= cos"a + Cleos" taisina + C2cos™ ?a(isin a)® — CPcos" Pa(isina)?
+Chcos" *afisina)?! + ...
= (cos"a — C%cos"2asin’a + Cleos" tasin'a — ...)

Sasin®a + ...).

+i(Creos™ tasina — CPcos™™
So sanh phan thuc va phan 4o clia vé trai va vé phai, ta nhan ducgc dieu

phai chiing minh. ]

Vi du 2.1.4. Biéu dién biéu thitc tanba qua tana.
Loi giai:
Theo cong thitc ctia Vi du 2.1.3 b, ta co:

sin 6« 6cos®arsin o — 20cos3asin®ar + 6cosasin’® o

v — sinfo

tanba = = 5 TP 5
cosbo cos®a — 15Hcos*asin“a + 15cos?asin

Khi chia ca tit s6 va mau sb clia phan sé cudi cho cos®a, ta cé dugc:
6tana — 20tan®a + 6tan’«
1 — 15tan?a + 15tan*a — tanSa

tanba =
. . : . . 1 . 1
Vidu 2.1.5. Chiing minh réang: neu x+ — = 2cosa thi 2" + — = 2cos no
x x

1

Lai giai. Ta c6: v+ —2cosa < 22 +1 = 2w cosa & v2 —2xcosa+1 =0
T

Do d6 & = cosa + Vcos?a — 1 = cosa &+ i sin «

Tu do suy ra 2" = cosna =+ 7 sin na

1 .
— = — = cos na F 1 sin no
" cosno £ 1 sin na

L 1
Cong ve véi ve ta duge : 2" + — = 2 cosna O
x

Vi du 2.1.6. Rat gon
cosa + Cleos2a + C2cos3a + ... + C" Leosna + cos (n + 1)
sina + C) sin 2a + C2sinda + ... + O sinna + sin (n + 1) a
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Loi giai:
Can tinh phan thuc va hé s6 tai phan 4o clia tong :

(cosa + isina) + C}(cos 2a + i sin 2a) + C%(cos 3ar + i sin 3a)

+... + (cos(n + 1)a + isin(n + 1)«)

Khi biéu thi cos o + isina thong qua x va stt dung cong thitc Moavrds, nhi
thitc Newton, ta chuyén doi tong nay sang dang sau:

v+ O + C22 + " = w(w 1)
= (cosa + isina)(cosa + 1 +isina)”
= (cos v + i sin o) (20082% + 2i cos % sin %)

o) nao nao
= Q”COS”E (cos v +isin ) (cos - 1 isin —)

2
2 2
= 2”(:08”g <cos nt o + 7sin i —2|— a)

2 2
Suy ra:
1 2 n n& n+2
cosa + C) cos2a + C; cos 3a + ... + cos(n + 1)a = 2"cos 5 08— —a
2
sina + C sin 2a + C2sin3a + ... + sin(n + 1)a = 2cos™ < sin — _2|_ a
Vi du 2.1.7. Ching minh dang thic t6 hop quen thuoc sau:
22011 +1
Coon + Capry + Copiy + - + Cogitl = 3
L&Ji giai. Goi w 1a cin bac nguyén thiy bac 3 ctia don vi, tic 1a w? = 1,
2 2
W = COS—ﬂ- -l—isin%.
Wi =1
Khidétaco 1l +w+w?=0va{ w"l=w neN
WO — )2

Khai trién cdc nhi thitc Newton (14 1)2M1 (1 +w)?M1 (1 +w?)?H ta duge:
(1+ 1)*" = Cy11 + Caorr + Coont + - + Oty + Ciolt
(1+w)™ = Cao11 + Caonw + Oy’ + .. + Coppyw™ + Cigrw™!
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0 1 2 9 2010 2011
= Cy11 + Coopyw + Cyppyw” + .. + Cyppp + Copw

2011

(1+ W2) = Co11 + Caorw” + Capw + .. + Cop1 + Capriw?
Cong vé theo vé cac s6 hang clia 3 tong trén ta dugc:

3(Com +Coon + - +Ca01y) = 1+ D" + 1+ w)™ + (14w

Ngoai ra:
(1 + 1)2011 _ 22011

2 o7 201! 2011
(1+w) = (1 + cos% + isin —7T> = (cosz + isin E)

3 3 3
B 20117 . . 2011w B T .. T
= COS + 181N 3 = cosg + 181N §
20117 . . 2011w T .. T
= CO0S - 1sIn 3 = cosg - 181n §

Do do:
(1+ D)% (14 w)M 4 (1402 = 2201 4 2008% — 2201 11 (2.4)

92011 | |
Tit (2.3) va (2.4) ta co: Cgyyy +Chiyyy + Chopy + .+ C5i1 = 3 L]

Vi du 2.1.8. Chiing minh bat ding thic sau:
Ly/a2+ay+ 124V +yz+ 24V + 2o+ a2 > V3 (e +y + 2), Vo, y,2 > 0

2.\/4cos2xcos2y + sin? (z — y)+\/4sin2xsin2y +sin? (x —y) > 2,Vo,y € R
Loi giai:
1. Dat z; :x—l—%%—?yi,zg:y—l—g—l—?zi,z;g:z—l—g—l—?m
Khi dé ta co:
21| = Va2 +zy + 2, |20 = ViR +yz + 22 |2 = V2 + 2z + 2?
21 + 22+ 23] = V3 (2 +y + 2)
Ap dung cong thitc 6 ctia dé Dinh 1y 1.2.5 ta duoc:

|21 + 20 + 23] < |z1| + | 20| + |23]

Suy ra: /22 + a2y + 124 y2 Fyz + 24V 2 Far a2 > V3 (e y + 2)
2. Tuong tu: Dt z; = 2cosxcosy—+isin (x — y) , zy = 2sinxsiny+isin (x — y)
Ta suy ra diéu chiing minh.

20
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Vi du 2.1.9. Tim tat ci cac nghiém thuyc duong ciia hé phuong trinh

)
(o

1996 Vietnamese Mathematical Olympiad

Loi giai:
Dit u = /x,v = \/y khi d6 hé phuong trinh trén tré thanh

u? + v? V3
v(1—L) _ 42
u? + v? V7

Nhung u? 4+ v? 1a binh phuong modun sé z = u + v nén ta nhan 2 vé clia
phuong trinh thi 2 ctia hé véi ¢ va cong hai phuong trinh lai ta dugc:

. U — v 4\/_
u+w—|—u2+v2—<\/_ \/_>

U — 1

Mat khéac ta c6: ——— = —, nén phuong trinh trén tré thanh :
w40 oz
1 2 4+/2
sl (242

Phuong trinh c6 2 nghiém:

ERES TN

() (22

Suy ra nghiém thyc duong ctia hé phuong trinh la:
() () ) (508
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Vi du 2.1.10. 1) Hay lap phuong trinh nhan cac s6 sau lam nghi¢m:

g g 2T 9 3 5 NT
cot , cot , cot y ..., COL .
2n+1 2n +1 2n+1 2n+1
2) Tinh tong:
a) cot?——— + (:0’522—7T + cot? + ... + cot?
2n+1 2n+1 2n+1 2n+1
2 2 2 2
b 1 1 1 1
2n+1 2n + 1 2n + 1 2n +1
o 1 1 1
3) Tinh tong: 1+?+§+...+ﬁ+...
Loi giai:
1) Thay n bang 2n+1 trong vi du 2.1.3b, ta ¢6 dang sau:
sin (2n + 1) a = sin®" o (Cy,,4cot™ o — C3,,cot™ a+ C3,, jcot™ o — ..)

78 2T 3T nm

ta c6 dang thiic:
Mt 1 2n+1 241 ol OO CANs TIHE

suy ra voi o =

Cypircot™a — Cs ot 2a + Oy, jcot a— ... =0
. s 2 3T nw _
Thi cac s6: cot? . cot? , cot? ..., cot? la cac nghiém
2n +1 2n +1 2n +1 2n +1
cua phuong trinh:
1 3 —1 5 -2

T 27 3T
2) Tinh téng: cot? t2— t2 t2
) Tinh tong: cot™s g cot g oot T et T

Phuong trinh (3) tuong duong véi:

5
Cén+1

1
Cén+1

3
n Cén+1 n—1

n—2 o
o T —...=0
2n+1

xT +

Tong céc nghiém ctia phuong trinh trén bang sé déi ctia hé s6 tai "1,

tuce la:

77 nm Cs n(2n —1)
£ £ ..Fcot? = il
1 o N T 1 T Al 3

cot?
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3) Tinh tong: L L L
) Tinh tong: [ ———— [ + o + T +...+
S11 sin sin
2n+1 2n + 1 2n + 1
2
1
. nmw
sin
2n+1
1 1 \? ) o
Do —— = | = = cot“a + 1 nén ti tong 2) suy ra:
sin”a sin v
2 2 2 2
1 1 1 1
. T + —onr + . 37 ot | - T
S sin sin S
2n+1 on + 1 on -+ 1 2n+1
2n — 1 2 1
_nn-D 2ot 1)
3 3
o, 11 |
4) Tinh tong: 1 4 72 + EP) + ...+ 3 + ...
Ta thay ring ddi v6i méi goc duong bat ki nho hon g, sina < a < tana .
Ta co: ] ]
SaaoB = 5 sine, SQuat AOB = 5% Sasoc = 5 tana

Do: Sas0B < Squat 408 < Sasoc-
Nén sina < a < tan a.

Tu sina < a < tan a suy ra
1
cota < — < —a.
a  sin

Vi vay tit nhitng cong thiic tong 2) va 3) dua dén két qua:

——— — COl ——— COl ——— CO CO
3 2n+1 2n+1 2n+1 2n +1

(2n+1)2 (2n—|—1)2 (2n—|—1)2 (2n+1)2

< + + + ...+ <

T 27 37 nmw

. 1\? =« N 1\? 2« N 1\? 3« - 1\? nr
sin/ 2n+1 sin/ 2n+1 sin/ 2n+1 7 sin/ 2n+1
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Hinh 2.1: Bidu dién hinh hoc

_ 2n(n+1)
3
) ) e ) 2n + 1)
Khi chia tat ca cac so hang ctia bat dang thic kép cuoi cho (71;2), ta
s

sé co:

2n 2n—1772_ ] 1 ] 2 7T2<1+1+1+ +1 -
Mm+12n+16 on + 1 n+1) 6 22 32 7 p2

on 2n+2 w2 1 1 w2
< . —=(1- 1+ —.
2n+12n+1 6 2n + 1 2n+1) 6

L s 1 1 1
Tu bat dang thtc trén, khin oo taco 1+ =+ =+ ... + — + ...
2
s

22 32 n?

5

Vidu 2.1.11. Tim tat ca cac s6 nguyén x, y, z théa man hé phuong trinh:

rz — 2yt =3
rt+yz =1
24
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Loi gidi.
Ta c6 hé da cho tuong duong véi:
rz — 2yt + 2zt + y2)i = 3+ V2i
& xz + 2%yt + V2wt + y2)i = 3+ V2i
& (x4 iV2y) (2 +iV2t) = 34+ V2i

Lay modun 2 vé: |(z + iv2y)(z + zﬂt)’ = ’3 + /2i|, suy ra:

10
(2% + 2) (2 + 2t%) = 11 (0 1)

Vi x, y, z, t nguyén nén xay ra 2 trucng hgp:
+ Truong hop 1: 22 + 2y = 1, 22 + 2t> = 11.
T phuong trinh 22 + 2y = 1 suy ra . = +1,y = 0.
Két hop hé phuong trinh tim duge:
r=1y=0,2=3,t=1hogcr=—-1,y=0,z = -3, t = —1
+ Truong hop 2: 2 + 2y? = 11, 22 + 2t> = 1.
Tuong tu ta co:
r=3,y=12=1,t=0 hogcx = -3,y=—-1,2=—1,t =0.
Vay hé phuong trinh ¢6 cac nghiém:
(1;0;3;1), (=1;0;=3;=1), (3; 1,1, 0), (=3; =1; =1;0).
Vi du 2.1.12. Cho a, 5 1a hai s6 théa man o + 8 = 1, a8 = 1. Tinh gia
tri cia biéu thic s = o?'12 + 2012,
Loi giai.
Ta c6 «, 3 1a hai nghiém ctia phuong trinh 22 — 2 4+ 1 = 0 nén
1 V3. T .. T
o =—-——1=Cc0S— —isin —
2 2 3 3’

1 3
ﬁ:—+£i:cosz—|—isinﬁ

2 2 3 3
2012 2012
Vay: s = o212 4 52012 = (cosg — 4sin g) + <cos% + 4 sin g) .
20120 . . 20127 201270 . 20127 20127
= COS — 7sin + cos 5 + ¢ sin = 2cos

2 2
Hay: s = 2 cos <§ + 67077) = QCOS?W = —1.
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2.2 Ung dung vao giai tich

1
24+ 1

Vi du 2.2.1. Tim nguyén ham ctia ham sb

Lai giai

1 1 1 1 1 1
/ dx:/ ,d:c:/ : ,da::/—_ - — - |dx
2+ 1 x? — g2 (. —1) (x +1) 26 \x—1i x+i
1

11 11 1
- dr — — dr = —1 —3)— —1 )+ C
2 ) v—i 2pfx+zx i (@ =) =gy In (i)
1 x—i 1 (z—i)
= C=_—1 C
TR TR B N

Vi du 2.2.2. Tim nguyén ham ctia ham sb
A= /e“x cos bxdz.

Loi giai Dé tinh A = [ €% cosbxdz ta tinh them B = [ e sin bxdx.
Ta c6 A = [ ™ cosbxdx

1B = /e‘mi sin bxdx
Cong vé voi vé ta co:
A+iB = /e“x (cosbx + isinbx) dr = /e‘”eibxdx — /eawﬂbwdx

1 a—1b

. azr+ibx C = ax tbx C
a —+ z'be a? + b26 e+
a y b axr . e
“\grp e (cosbx 4+ isinbz) + C
aeax axr ) ) aeax ) beam
= e I cosb:chr—a2 e sin bx +1 (a2—+b2 sin bx — a2—+b2(zosbsc> +C

Can bang phan thiyc va phan 4o clia vé trai va vé phai, ta dugc:

axr axr

A= QQLWCObe+a26—+bzsinbx+C
axr bax
B = %Sinbx—ﬁcosberC.
a a
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Vi du 2.2.3. Tim dao ham cap n ctia ham s6

I = e*" cosbx

Lai giai D& tinh 1™ = (e cos bx)™ ta tinh them: J™ = (e sin bz)™.
Ta co

10 = (€9 cos ba:)(”)
iJ™ = (e sin bx)(n)
Cong vé véi vé ta co:
I 4570 = (% cosbz)™ + i(e™ sin bz)™
= (e ((cos bz)"™ + i(sin bx)(”))
= ( eax)(n) ( eibx)(”) = a"e ™ (ib)" et
= (ab)"e ",
Suy ra:
(I +J) " = (elorie) "
& I 1 3J™ = (a4 ib)"MelatP)

(n) - 1(n) __ " a . b ! az ibx
s I+ J" = (\/a2+b2) (—\/m+zb—\/m> (e*"e™)

n
& 1M +iJ™ = (a® + %) 20 (cosny + isinnep) (cos bx + isin bx)
( Vdi cosp = L)Singp _ L)
Va2 + b2 Va? + b’
o I 40
n
= e (CL2 + 62) 2 [cos ny cos bx — sin ng sin bx + i (cos ny sin bx + sin np cos br)]
n
o [ ) — e (a2 4 b2)§ [cos (b + ng) + i sin (bz + 1))

n n

& T4 J" = e (a? 4 17) 2 cos (bx + ng)+ie™ (a® +b7) 2 sin (bx + ny)
So sanh phan thic va phan 4o ciia vé trai va vé phai, ta dudc:

[ =e"(a® +b°) 2 cos (bx + ny)

oS NS

J = e™(a® + b?) 2 sin (bx + ny)
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Chuong 3

UNG DUNG CUA SO PHUC VAO
HINH HOC

Ta biét rang mdi sé phiic duge bicu dién béi mot diém trong mit phang
phitc. Do d6 ciing nhu phuong phép toa do, khi dong nhat mdi diém trong
mit phang bdi mot sé phiic thi bai toan trong hinh hoc tré thanh bai toan
v6i s6 phitc ma ta biét ring cac cong thic vé khoang cach va goc cé thé
dua vé cong thiic don gian déi véi s6 phiic. Do vay ta cé thé st dung s6
phtic dé giai cac bai toan hinh hoc tit don gian dén phiic tap.

3.1 Cac dinh ly

2 - b - d
Dinh Iy 3.1.1.  Duong thing ab//cd khi va chi khi —— = 2
a—b ¢c—d
L ez ; . ., .a—b —c
Cac diem a,b, c thang hang khi va chi khi — 3 = —
a — —C
Y 2 7z Z * \, 2 . N 2 . a - b
Duong thang ab vuong goc vdi duong thang cd khi va chi khi — - =
a J—
c—d
c—b
. - A . . _c—b . c—a
Goi @ la goc abc theo chieu duong tu a den b thi | b = ew‘ i
c— c—a

Dinh 1y 3.1.2. Trén duong tron don vi, ta cé cdc tinh chat sau:

—b
¢ = —ab.

Hai diém a, b thuoc duong tron don vi thi

a—>b
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2 . a+b—c
Diém ¢ nam trén day cung ab thi ¢ = —
a

2ab

Giao cta hai tiép tuyén tai hai diém a, b la diém n
a

Chan duong cao ha t mot diém c bat ky zuong day ab cia duong tron
, 1
la diem 5 (a+b—c—abe).
ab(c+d) — cd(a+b)
ab — cd '

Pinh 1y 3.1.3. Bon diém a, b, c,d cung thuoc mot duong tron khi va chi
khi

Giao diem cua hat day cung ab va cd la diém

a—c_a—d
b—c b—d

Dinh 1y 3.1.4. Tam gidc abc va tam gidc pgr dong dang cung hudng khi
. ., ...a—c Dp—r
va cht khi = .
b—c q-—r

ceR

Dinh 1y 3.1.5. Dién tich c6 hudng cia tam gidc abc la

7

S = (a5+bé+cﬁ—db—gc—6a)

W

Dinh 1y 3.1.6. Diém c chia doan thing ab theo ti s6 X # 1 khi va chi
a— \b
khi ¢ = .
TN

a+b+c
—
Vi H la truc tam va O la tam dudng tron ngogi tiép thi h + 20 =
a+b+c.

Diém g la trong tam cia tam gidc abe khi va chi khi g =

Dinh ly 3.1.7. Gid st duong tron don vi noi tiép tam gidc abc va tiép zic
vdi canh be, ca, ab cia tam giac abe tai p, q, r thi:

2qr 2rp 2pq
a) a = b= ,C= ———.
q+r r+p p+q

b) Vdi h la truc tam tam gidc abe, ta co

2 (PP + P+ +pgr (p+q+7))

"= (p+q)(g+r)(r+p)
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c¢) Vdi tam duong tron bang tiép o, tuong tu ta cé

2pqr (p+q+7)
(p+aq)(g+7)(r+p)

Dinh 1y 3.1.8. Cho tam gidc abc noi tiép duong tron don vi, khi dé ton
tai cdc s6 u,v,w sao cho va —uv, —vw, —wu la trung diém cia cdc cung
ab, be, ca khong chita cdac dinh doi dién. Khi dé tam duong tron noi tiép i
0 i = —(uv + vw + wu).

Dinh 1y 3.1.9. Néu tam gidc c6 mot dinh trung vdi goc toa do va cac dinh
con lai la x,y thi :
(Ty +27) (z —y)

y-Ty

Tam duong tron ngoai tiép la diém o =

Truc tam la diem h =

ry (T —7)
Ty — 2y

3.2 Cac vi du

Vi du 3.2.1. Cho tam giac ABC bat ki: G la giao diém clia cac trung
tuyén (trong tam); H 1a giao diém ciia cac dudng cao (tryc tam); O 1a tam
dudng tron ngoai tiép (O) = (ABC); Ay, By, Cy 1a trung diém tuong tng
cua canh BC,CA, AB; Ay, By, (5 1a chan duong cao; As, Bs, C3 la trung
diém ctia cac doan AH, BH,CH (nhiing diém Euler); Ay, By, Cy 1a cac
diém déi xiing tuong tng cla tryc tam H qua BC, CA, AB. Chiing ming
rang:

1) Céac diem O, G, H thang hang va 07—1} = 3(%.

2) Cac diém Ay, By, C1, Ag, Bo, Cs, Az, B3, C3 nam trén 1 duong tron (Og)
(dudng tron Euler hay dudng tron 9 diém ctia tam gidc ABC). Tam cia
dudng tron nay la trung diém ctia doan OH, con ban kinh dudng tron
bang 3 v6i R 1a ban kinh duong tron tam ngoai tiép tam O qua tam giac
ABC.

3) Cac diém Ay, By, Cy nam trén dudng tron ngoai tiép.

Loi giai.

1) Goi duong tron (ABC') la duong tron don vi. Ta ¢6 a, b, ¢ 1a céc toa vi
tuong ung cia cac diem A, B, C. Thay ring a + b + ¢ 1a toa vi clia truc
tam H cua tam gidc ABC.
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7 2 S - b - b
Heé s6 gbc cua duong thang BC bang o = f z = 1C 7= be
C - —_— —
7 2 7 2 ¢ b
He s6 goc cua dudng thang noi dinh A(a) véi diem M, ¢6 toa vi a+b+c
. b4+c b+c
la a0 = = = = bc.
b+e 11
b ¢

T dé: a+a =0
Suy ra: AM 1 BC. Nhu vay ro rang BM 1 CAva CM 1 AB. Nghia la

M 1a diém c6 toa vi @ + b + ¢ trung véi truc tam H cia AABC.
a+b+c

3

Toa vi H = a + b+ ¢, tut d6 suy ra: Oif-}[:BO?.

Suy ra O, G, H thing hang.

2) Trung diém Aj, By, C; ciia cac canh BC,CA, AB c6 toa vi

Tiép theo, c6 toa vi diem G-

b+c c+a a-+b
ap = ’ b1: ) 1 =
2 2 2
) b
Goi E la trung diem doan OH. Toa vi ctia F' la € = %ﬂ.
a b c
Nhuw}y:e—al:§,S—b1:§,8—01:§.
. 1 R
Vala| = [b| =|c| =1, nén |e —ay| = |e — b1| = \5—01|:§:§.

Vay thi trung diem A;, By, C; ctia cac doan BC,C A, AB cach trung diém
doan OH mot khoang bang nhau va bang g do d6 nam trén duong tron
(A1 B1CY) ¢6 tam E (%) va ban kinh g
Hon nita phuong trinh dusng thing AH va BC c6 dang:
z—a=0bc(Z—a)
z—b= —bc(f—g)

Hodc z — bcz = a — abe

z4+bcz=b+c
Cong cac phuong trinh nay ta tim dude toa vi as clia diem As:
a+b+c bc be
as = —— =g - —
2 2 2a 2a
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Tu do suy ra:

Nhu vay céc diem A;, By, Oy, Ay, By, Cy ndm trén 1 dudng tron c¢é tam la
. . R

trung diem doan OH va ban kinh bang 5

Hon nita toa vi cac trung diem As, Bs, Cs ciia cac doan AH, BH,CH lan

luct 1a:
at+a+b+c 2e+a é:_i_a
CL: p— f— —
5 2 2 2
b
53:8+§
c
03:€+§
a 1 R
Suy ra: EAs = |ag — :H:—:—
uy ra 3= |az — ¢ 515575

E&:E@:g

L
2

Nhu vay cd 9 diem Ay, By, Ci(k = 1,2,3) nam trén duong tron (F, — ),

c6 tam F la trung diém doan OH va ban kinh 1 7

3) Tré lai phuong trinh duong thang AH : z —a = bc (Z — a) di qua diem
A giao v6i BC'. Ta tim dudc toa vi clia giao dieém clia dudng thang nay
v6i duong tron don vi la: 2z =1

1 1
Tacé:z—a:bc(———)

zZ a
zZ—a
z—a= —bc
az )

Mot trong nhiing nghiém so ctia phuong trinh la z = a, nghiém kia la:

bc 2 . N . 2 o
z = —— (diem N c¢6 toa vi nay nam trén duong tron don vi, c6 the thit

a

bc
lai |——| =1).

a
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Ta thay rang trung diem doan HN trung véi diem A,. Do vay toa vi clia
trung diém nay la:

Nhu vay diém N tring véi diem Ajy.
Tuong tu, cac dudng cao xuat phat tit dinh B, C' c¢&t dudong tron (ABC)
tai cac diemBy, Cy, dbi xting véi truc tam H qua cac canh CA va AB.

Vi du 3.2.2. (Diém Buten). Trong duong tron don vi tam (O) vé tam
gidc ABC. Goi 21, 29, z3 & cac toa vi clia cac diem A, B, C. Diém Buten
ddi v6i tam giac ABC 1a diém ma dé lya chon ra mot diém don vi (c6 toa
vi z = 1) va théa man o3 = 212923 = 1. Chiing minh rang do6i véi dudng
tron (O) x4c dinh va tam gidc ABC noi tiép duong tron (O), c¢6 ba diem
Buten tao nén mot tam giac deu.
Loi giai. Goi diém a (Ja| = 1) 1a diém don vi méi. Khi d6 nhing toa vi
méi clia cac diem A, B, C la: %, %, %. Diém « sé la diém Buten néu nhu
tich clia cac toa vi nay bang 1:
217923

=1 hodc o = 03

a3

Day la mot phuong trinh ba nghiém:

\3/ 03, ¢ \3/ 03, 62 \3/ 03
Khi /o3 1a s6 bat ki trong ba tri so6 clia nghiém bac ba tit o3, con € 1
. . ( —1+1v3 —1—12v3
bat ki trong s hai gia tri 4o v/1 hodc € = T\/_ T\/—

, —1+1v/3 .
Cu the: € = %\/_ = ¢0s120° + isin 120°

Khi d6: €% = cos240" + isin 240°.

Déi vé6i viec tao diem Buten trude tién can tao diém cho tri sé duge lya chon
/03, sau d6 nhan né véi e (xay 120"), mot lan nita nhan véi  (xoay them
1200). Ta c¢6 duge cac dinh clia tam giac déu véi toa vi: /03, €03, 52\3/5.
Vi du 3.2.3. (Dudng thang Simpson cta diém M qua tam giac
ABC)

Cho tam giac ABC bat ki. Trén dudng tron (ABC) lay mot diém M bat
ki. C6 Ay, By, Cy 1a hinh chiéu vuong goéc ctia M trén doan thang BC, CA,

, hoac ¢ =
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AB. Chitng minh rang cac diem A;, By, C; thang hang. Cho dudng tron
(ABC) la duong tron don vi va coi toa vi cdc diem A, B, C, M lan lugt
bang 21, 22, 23, 20, lap phuong trinh duong thang A;B;C; (dudng thiang
Simpson ctia diém M qua tam giac ABC).

Ldi giai. Phuong trinh dudng thang BC va duong thang di qua diém M

Hinh 3.1: Biéu dién hinh hoc

vuong goc véi BC ¢6 dang:
2 — 29 = —2923(Z — Z3)
z— 20 = 2923 (Z — %)
Hoac z + 29237 = 29 + 23
Z — 29232 = Zy — 222320
Cong cac phuong trinh nay ta tim dudc toa vi aq ctia hinh chiéu vuong

goc ctia M trén duong thing BC:

a; = 5 (20 + 22 + 23 — 2223%0)

Tuong tu ta tim dude toa vi by ciia diem By:

by = 5 (z0 + 23 + 21 — 232120)
Ta tim hé s6 goc ctia dudng thang A, B, c6:
1 1
ap— b = 5 [20 — 21 — 23% (22 — 21)] = 5 (22 — 21) (1 — 23%0)
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z3> 1 (22— 21) (20 — 23)

20

a_1—b_1=@<l—l> (l—l) :%(22—21)(20—23) !

2\ 7 20 23 212923
Va do vay:
03 _
= — = 032
20

Phuong trinh dudong thang A;B; c6 thé viét dudi dang:
z—a; = 03% (Z— @)

Hoac

1 _ [ 1/71 1 1 20
Z__(ZO+ZQ+23—2’22’320):0'3,20 el e B e —
2 2 20 Z9 zZ3 2923

1 292 21292 1 1 1 2
Hoacz—03_022—<z0—i—zg+z3— 2 3)— 12 3(_+_+___0)

2 20 22() 20 Z9 Z3 2923
1 2923 O3 2123 2129
Hodcz—o3zpz=; |20+ ntn——— 55— — - —+2
2 <0 20 20 20
Hoac
1
— = — —2
Z — 03 02:§(Zo+0'1—0'220—0'320) (31)

Khi o1 = 21 + 29 + 23,02 = 2122 + 2223 + 2321, 03 = 212223
Tinh déi xting ctia phuong trinh nay déi véi 21, 29, 23 cho phép khang dinh
rang duong thang A B; di qua diem C'.
Nhung c6 thé thay ring khi thém vao vé trai hoic vé phai clia phuong
trinh (3.1) thi toa vi:

c] = 5 (Zo + 21+ 29 — 21222_0)
ctia diém O] (nhan dudc két qua tuong tt) hoic thay ring mot dang thiic

dugc hoan thanh

aq @ 1
by b1 1
C1 C_1 1

=0

Néu nhu z 1a diém don vi thi phuong trinh duong thing Simpson c6 dang:

2—03525(1—1—01—02—03)
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Con néu nhu diém don vi nhan diém buten (o3 = 1) thi
_ 1

z—z=§(01—02)

Nhan xét: Néu nhu diém M khong ndm trén duong tron (ABC) thi hinh
chiéu ctia n6 Ay, By, C} trén cac canh BC, CA, AB khong nam trén mot
dudng thang.
Vi du 3.2.4. Chiing minh ring néu nhan diem M Buten la diém don vi
clia tam giac ABC noi tiép duong tron (O) thi duong thang Simpson tuong
tng véi M sé thing hang véi duong kinh ctia duong tron don vi di qua M
(xem vi du 3.2.2, 3.2.3).
Ldi giai. Phuong trinh dudng thang Simpson sé c6 dang:

1

z—z:ﬁ(al—az)

Tiic 1a no6 sé thang hang véi truc Ox hoac duong kinh di qua diem M, nhu
vay M la diém don vi ctia truc Ox.

Thay rang néu duong thing Simpson, thing hang v6i duong kinh cia
duong tron, va di qua M thi M 1a mot diém Buten.

Trong trusng hop nay néu M 1a diém don vi thi hé s6 goc ciia dudng thang
Simpson sé bang o3 va néu dudng thang Simpson song song véi dudng kinh
va di qua M ciing nhu truc Ox thi o3 = 1, khi d6 heé s6 goc ctia truc Ox
bang 1.

Vi du 3.2.5. Cho tam giac ABC. Duyng bén ngoai tam giac cac hinh
vuong ABC’ng, BCAlAQ, CABlBQ va gOl Cl, A/, B’ theo thu tu la tam
clia chung. Goi M la trung diém cta BC, goi P la trung diem cta B;Cs.
Chiing minh:

1) AP = %BC va dudng thang AP vuong géc véi BC.

2) AA’ = B'C’' va dudng thang AA’ vuong goéc véi B'C.

3) Tam gidc M B'C’ 1a tam giac vuong can dinh M.

4) Trong tam tam giac A’B’'C’ trung véi trong tam tam giac ABC.

Lai giai. Coi A, B,C c6 toa vi theo thit tu 1a «, 8, trong mit phang
phiic va coi AABC' dinh huéng thuan

. s
1, C5 ¢6 duge tu quay diem B quanh A goc ) nén C5 ¢6 toa vi
a—1i(8—a).
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B

Ca
Ez

Az AI

Hinh 3.2: Biéu dién hinh hoc

° v . .
B ¢6 dugce tit quay diem C' quanh A goc +§ nén B ¢6 toa vi a+i (7 — ).
Vay trung diém P cta B;C5 ¢6 toa vi:

%(a—i(ﬁ—a)+a+i(7—a)):oz—H'fY;B.

Tu doé vecto jﬁ’ cO toa vi iﬁy b ma vecto B? c6 toa vi v — [ nén

BC 2
AP = - va dudng thing AP vuong goc véi BC.

2) Trung diém M ctia BC' c6 toa vi B ;_ 7.

Tam A’ ctia hinh vuong BC A, Ay c¢6 dudce tit quay diém B quanh M goc
Bty . B+y\_B+vr  B—n

5 +i|p 5 =— +1 5

Hoén vi vong quanh (A, B, C;«, 5,7v; A, B', C') suy ra:

m .
—i—§ nén co6 toa vi o =

B’cétoaviﬁ’zW;aJriV;a.

C’cétoavi’y’:&_;ﬂ—kia;@

Tu do vectomcé toa vi f+v —oz—|—zﬂ_7 con VeCtOB/—d/Cé toa vi
37
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= —1 <¥—a+zﬂ%>.
— ™

—
Tic B'C" ¢6 duge do quay AA" goc ——
SN _ _
3) M B’ ¢6 toa vi 2ﬁ+272 .
— _ _ _ _
MC’cétQavia 74—2'0426:2'(0425%—2'7206).

— P— ™
Tic MC' ¢6 duge do quay M B’ goc —|—§.
4) Dé thay o/ + 8 ++' = a+ 8+ nén trong tam tam giac A’B’'C” trung
véi trong tam tam giac ABC.
Chu y: Ta c6 két qua tuong ty khi dyng cac hinh vuong vé “phia trong”
cua tam giac ABC.
Vi du 3.2.6. Cho tam giac ABC'. Dung bén ngoai tam giac dé cac tam
giac déu c6 canh BC,CA, AB va goi trong tam cta 3 tam gidc déu do
theo thu tu 1a A’ B', C'. Chiing minh rang A’B'C’ 1a tam gidc déu (bai
toan Napoleon) va trong tam ctia A’B'C’ trung véi trong tam ctia ABC.
Lai giai. Coi A, B, C ¢6 toa vi theo thit tu 1a a, 8,7 trong mat phang
phiic va coi ABC dinh huéng thuan thi cac trong tam A’, B’, C’ ¢6 toa vi
theo thu tu la:

v3)
((3—#2\/5)04 ( 3—1 3)5
(1), ((3 —iV3)a — (3+iV3)B + 21'\/37).

1
A’C” c6toaviy —d = 8 ((3 +iv3)a — 2iV38 — (3 — 2\/3)7)

. . 1 3
Va dé thit rang (5 + zi) (B —d) =+ —-d.

1

§)

1

6

1

6
Twu d6 A’B’ c6 toa vi ' —

2

— — 7
Thc 1a véc to A'C" c6 duce do quay véc to A'B’ goc N
. - I V3 s
(chu § rang cosg +1 Smg =3 + z% ) titc A’B’C’ 1a tam gidc deu (dinh

huéng thuan).
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Hinh 3.3: Bidu dién hinh hoc

Ro rang o + '+’ = a+ 5 + v nén trong tam A’B’C’ trung véi trong
tam cua tam giac ABC.

(Ta c6 két qua tuong tu khi dyng cac tam giac déu “vé phia trong” tam
giac ABC).

Vi du 3.2.7. Cho tam giac ABC c6 tam dudng tron ngoai tiép O, truc
tam H. Q la diém déi xing v6i H qua O. Ki hieu A’, B’, C’ 1a trong tam cac

. 4

tam gidc BCQ, ACQ, ABQ. Ching minh rang: AA' = BB' = CC' = §R'

Loi giai. Gia st ban kinh dudng tron ngoai tiép bang 1 va tam duong
tron ngoai tiép trung véi gdc toa do.

Gia st cac diém A, B, C biéu dién béi cac s6 a, b, ¢ (Ja] = |b| = |¢| = 1)
khi dé6 truc tam h=a+b+c va do O la trung diém nén q=-a-b-c.

b
Do A’ la trong tam tam giac BCQ nén a’:#:—g.
a 4 4
T /AA’:‘ —’:—:—R.
a co a—|—3 3 3b ) )
Tuong tutacdé: BB =|b+—-|=—-=—-R.
ng tu ta co ‘-FS‘ 373
c 4 4
OC’:‘ —‘:—:—R.
‘3 =373

Vay AA' = BB' = CC' = %R.

Vi du 3.2.8. 1) Cho Ay, By, C; 1a hinh chiéu tryc giao ctia diem P lén cac
canh BC, CA, AB ctia tam giac ABC. Lay tam O ctia duong tron (ABC)
1a gbc toa do. Cho Rz, Rz, Rz3 1a toa vi clia cac diem A, B, C, véi R 13
ban kinh duong tron (ABC) (|z1| = |22 = |23] = 1). Cho p la toa vi clia
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diém P. Hay tim toa vi aq, by, ¢ cia cac diem Ay, By, C; va biéu thi dien
tich A;B;C] ctia tam giadc dinh huéng A;B;C] qua dién tich ABC cia
tam giac dinh huéng W, thong qua do dai a, b, ¢ ctia cac canh BC, CA,
AB va toa vi p ctia diém P.

Xét cac truong hop sau:

2) Diém P trung vé6i trong tam G ctia tam giac ABC.

3) Diém P triing v6i tam I ctia dudng tron noi tiép trong tam giac ABC.
4) Diém P tring v6i tam O ctia duong tron (ABC).

5) Diém P trung véi trie tam H clia tam gidc ABC.

Loi giai. 1) Phuong trinh duong thang BC:
2z —29R = —2923(Z — Z2R) .

Hodc z + 20232 = R (22 + 23) .
Hoac
z2 4 29232 = R (01 — 21) (3.2)

Phuong trinh dusng vuong goc ha tit P xuéng dusng thang BC c¢6 dang:
z—p=122((Z-D).

Hoac z — 29232 = p — 2923D.
Hoac
Z— 223Z =P — 2103 (3.3)

Khi cong phuong trinh (3.2) va (3.3), ta tim dudc toa vi al clia diém Aj:

1
a; = §(R01 +p— Rz — Z103p) .

1
Tuong tiu : by = 5 (Ro1 + p — Rzo — Z303p).
1 .
1 25(301 +p—RZ3—Z3U3p)-

Suy ra:

1 1, - _

%(Ral +p— Rz, — Z103p) %(Ral +P— Rz1 — z03p) 1
-
AB\Cy = 1 %(301 +p — Rzy — Z303p) %(30_14-]_9—32_2—220_3]?) 1

§(RU1+]9—RZ3—Z_303]_9) §(RU_1+]_9—RZ_3—Z30_329) 1
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Rz +7Zi03p Rz1 + z103p 1
Rzo + 703D Rz + 2003p 1
Rz3 +Z303p RZ3 + 2303p 1

?

16

7 21 21 1 Z1 21 1
= — | R? 29 Zo 1l +pplza 22 1
16 z3 Z3 Z3 23 1

i (e, Yippo s 1 (PP
- 1 (-airmo 7350 - Lame (1 1)

2 _ .= 2 _oOp2___
_ R4R2pp Tpc . -0 43(2) ABC

Ta thay rang: OP? — R? 1a phuong tich op clia diem P qua dudng tron

- op —
(ABC) Do VE}y: AlBlCl == —4—;2ABC

2) Néu diém P tring véi trong tam G ctia tam giac ABC thi;

1
OP* = OG? = pp = 5 (Rz1 + Rz + Rz3) (RzZ1 + R% + R%)

2
=?(3—|—212_2+222_1+ZQZ_3+Z32_2+232_1+212_3).

Tuy nhién:

a®* = (Rzg — Rz3) (R — R%) = R*[2 — (%% + 23%3)]
2

a
Suy ra: 2923 + 2329 = 2 — 2
b2
Tuong tu ta co: 2321 + 2123 = 2 — 2k
o ¢?
2129 + 2921 = 2 — ﬁ
R? a’ b? c?
A . 2 _
Nhlivaythl. OG = ? (34—2—?4—2—?—*—2—?)
2 a? 4+ b+ 2
— g
2 | p2 2
Suy ra: R? — OG? = %.
b
Nhimg: R = — 2
4|ABC|
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R 4(a2+b2+c2)—
Do vay: A1B1C = RN ABCS.

3) Néu P trung vdi tam I ctia duong tron (I) noi tiép tam gidc ABC thi

pp = OP? = OI? = R? — 2Rr (cong thiic Euler), ttc la:
-~ R*—(R*-2Rr) .
A1B.1Cy = ABC = ——ABC
e AR? 2R
|ABC’]
abe ~ abe (a+b+c)
2 |ABC|
S 4ABC?
Do vay: A1 B = .
ovay: ABiCh abc (a+ b+ c)
A1B.C )
Nhan xét: chii ¥ cong thitc ;13101 = 2;3 v6i Ay, By, C 1a hinh chiéu ctia

I 1én cac canh BC, CA, AB.
4) Trong trusng hop P tring véi O thi pp = OP? = O, do dé:

2
A1 BCh = 4R—R2ABC = —ABC

(diéu nay dudc rut ra tit nhitng kién thitc hinh hoc co ban).
5) Trong truong hop P trung véi tryc tam H cia tam giac ABC, ta c6:

 R2—OH?____. R?-(30G)’

A.B ABC = ABC
1B1Cy 1R AR2
2 | b2 2
+ 0"+ c
R2—9<R2 a—) S—
b2 2 _ 2
- AR? . apc - - ZRCZ e
2 v’
Tc)
2 ___
_ @% ABC? - 2) ABC
a
ABC _ a2+ b 4
;lBlCC1 == +4I;{2+C — 2 —sinA + sin®B + sin’C — 2

42
4486 héa béi Trung tam Hoc liéu — Dai hoc Thai Nguyén http://www.lrc-tnu.edu.vn



1 —cos2A n 1 —cos2B N 1 — cos2C
N 2 2 2
1
= —5(1+COS 2C + cos2B + cos2A)

2

— —% [200820 + 2cos (A + B) cos (A — B)}

= —cos’C — cos (A + B) cos (A — B)
= —c0s’C 4+ cos C' cos (A — B)
= cosC'[cos (A — B) — cos (]
= cosC'[cos (A — B) + cos (A + B)]
= 2cos A cos B cos C.
Nhu vay néu A;B1C; 1a tam gidc tryc giao véi tam giac ABC (tiic 1a
Ay, By, Ch 1a cac chan duong cao clia tam gidgc ABC'), thi:
A1B\Cy
ABC

Nhu vay suy ra néu tam giac ABC' 1 tam gidc nhon thi tam giac ABQ%
va A1 B1C] ¢6 cung huéng (Hinh 3.4 a), con néu la tam giac tu thi nguge
lai (Hinh 3.4 b).

= 2cos A cos BeosC.

E

H
(o)1 A
Cy
Ay
A C A c
1=51 B1
Hinh 3.4 a Hinh 3.4 D

Hinh 3.4: Biéu dién hinh hoc

Vi du 3.2.9. Cho tam giac ABC va dusng thang [. Cho A;, By, C; 1a hinh
chiéu vuong géc ciia A, B, C lén [. Ching minh ring cac duong thang di
qua cac diem A;, By, O] va vuong goc véi cac duong thing BC, CA, AB
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thi cit nhau tai diém tric chuan (Hinh 3.5). Khi 1y duong tron (ABC) 1a
duong tron don vi va xét duong thing | dude cho béi phuong trinh:

z—z=a(Z—2),|la] =1 (3.4)

Hay tim toa vi w ciia truc chuan € ctia duong thing [ di qua tam giac
ABC. Biét toa vi clia cac dinh ciia tam giac ABC lan luct 1a 21, 29, 23.

* NE

E;

Hinh 3.5: Biéu dién hinh hoc

Loi giai. Phuong trinh duong thing qua A va vuong géc véi dudsng thing
1 ¢6 dang:
z—2=—a(Z—7) (3.5)

Khi viét lai pt (3.4) va (3.5) c6 dang:
Z— z = 29 — 2y,
Z—QZ =2z —Qz].

Va cong cac phuong trinh nay ta tim dude toa vi a; clia diém A;:

a1:§(20+21+042_1—062_0)

Phuong trinh duong thing qua A v vudng géc véi duong thing BC c6
dang:
Z—a) = ZQZg(Z—CL_D
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1 _ . . 1 . 1 21 20
Hay z — S (20 + 21 +azi—azp) =25 |Z2—5 20+ —+——— ||
2 2 2z« Q
Hay
1 « 2% o 29232
2 — 29232 = — <Z0+Zl+__0420_£—22232’0——3—|— 230)
2 <1 21 «Q e}
(3.6)
Tuong tu phuong trinh duong vudng goc ké tit diem B; dén dudsng thang
AC ¢6 dang:
Q 232 o 23212
Z— 23212 = & (Zo+22+——ozzo—ﬁ—23zlzo——3—|— 37170
2 <2 <2 Q a
(3.7)

Khi trit phuong trinh (3.6) cho (3.7) ta tim dugc s6 w doi tiép vdi toa
vi w clia giao diém ctia duong thang (3.6) va (3.7):

Z3 (Zl — 22) w

1 1 1 z z 232
:§|:21—Z2+Oé<___>+23 (—1—Z—2)+23(21—22)20—%(21—2’2):|.

21 z9

Khi gian uéc 21 — 29:

1
z;;w——(l— o +2321+2322+232_0_2320>
2172 2122 o
1 z z 2
Do vay w——( Lt 2+Z_0——0>.
2 212223 2129 Q
1
:_<a___+zo_@
2 03 (0
(525, + o)
Suy ra: w = — _———+zo—azo
2 \o
o1
Nhung 65 = —,03 = — nén
J3 03
1( 5 4 %) (3.8)
w=—=-(og——4+2—az :
7\, 0 0

Phép ddi xting clia phuong trinh nay qua zi, 29, 23 cho phép két luan
rang dudng vuong goc ké tit C; dén dusng thang AB va di qua diém c6
toa vi w, dude xac dinh bdi cong thiic (3.8), nghia la toa vi triyc chuan clia
duong thang | qua tam gidc ABC dugc xac dinh bang cong thitc (3.8).
Tuy nhién, khi viét phuong trinh duong vuong goc ha tit C7 dén duong
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thang AB, s6 w dugc xac dinh béi cong thite (3.8), thda man phuong trinh
cua duong vuong goc nay.

Cu thé néu duong thang [ di qua tam O ciia dudng tron don vi (O) =
(ABC), thi toa vi cia tryc chuan qua tam giac ABC sé la:

(-2
w=—-og ——
2 o

Con néu diém buten 1a diém don vi thi:

1
w:§((71—@)

Trén Hinh 3.5 chi ra cach dyng diém tryc chuan Q qua tam gidc ABC, bdi
cac duong thiang BC, CA, AB va giao tai diém 2, c6 thé thuc hién: 1ay
Ay, By, Oy 13 trung diém ciia BC, CA, AB, khi dé cac truc diang phuong
ciia duong tron tiung cap (As, AsCh), (Bs, BoAy), (Cy, CyBy) 1a cac duong
thang [y, I, I3 béi chiing giao nhau tai mot diém Q (Hinh 3.6).

Hinh 3.6: Biéu dién hinh hoc

Vi du 3.2.10. Cho A’, B’, C’ 1a cac diém doi xtng ciia cac dinh A, B, C
trong tam giac ABC qua cac canh BC, CA, AB. V6i hé thiic nao gitta cac
goc A, B, C ctia tam giac ABC 1a can va du dé cac duong thing AB’, BC’,
CA’ dong quy?
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Hinh 3.7: Biéu dién hinh hoc

Lai giai. Coi duong tron (ABC) la duong tron don vi. Ta tim toa vi b’cia
diém B’. Phuong trinh dudng thang AC la:

Z2+ 23212 = 21 + 23.
Phuong trinh dusng thang qua B vuong géc véi AC la:

z—20=12321(Z—73) .
232
Hodc Z — 23212 = 29 — ikt
<2
Tu phuong trinh duong thang AC ta tim dugc toa vi hinh chiéu ctia diém
B len dudng thang AC la:

1 2321
r=—|atuntn——
2 9

Toa vi b’ ctia B’ déi xting véi B qua AC c6 dugce tit hé thic:

b/—l—ZQ 1( 2321>
=21+ 2+23——
2 2 29
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Do do: b’:zl—l—zg——.

Suy ra: b/ = Z7 + 73 — 2 _ A + 2 22.
Z3%1 <173
Ta lap duge phuong trinh dudng thang AB’:
z z 1
21 ;1 1) =0.
vy o1

Hoac: 2 (z_1 — E) + (b —2) + 2l — bz = 0.

Ta, c6: 5+ y 1 23+ 21— 29 Z9 — 21
21— =— — = .

21 2321 2321
1 1
Ly A 23 (21 — 22)
1 22
2321
23 22 — 21
b/ . Zl — ( )
zZ9
— - 23+ 21 — 29 1 Z321
zlb’—b’zl =2 —————— — — |23+ 21— —
Z3%1 21 z9
I e el B BT N B B B
z3 21 zZ9 z3 21 zZ9 zZ3
1 1 1 1 21 — &9
=—(n—=m)tun|(———|=—(1—2)+2z
<3 ) 21 <3 Z1%2

1 z
= (21 — 29) (—+—3>.
Z3 2129

Va phuong trinh dudng thang AB’ chuyén sang dang:

1 23 _ 1 Z3

[ _Z___—

zZ321 zZ9 z3 Z1%9

=0

Hay: z92 + 232)212 — zg — 2129 =0

Tuong tut phuong trinh duong thang BC’ va CA’ duge viét nhu sau:

i+ 2o Z — 28 — 2129 = 0 (AB').

et mE - — =0 (BC).

N2+ 2mE— s — =0 (CA).
18
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K, M, L la giao diém ctia cac dusng thang BC’ va CA’, CA’ va AB’, AB’
va BC’. Khi doé:
oy 22 2 2

9 2321 23+ 2129
23 Z%ZQ z% + 2923

— 1 21 z%z;), z% + 2321
KML = 1o (2222 + 27 2 | .3 2 1 .3\
3 (2225 + 27) (2321 + %) (2125 + 23)

Hon nua:

29 2’%21 22—|—2’12’2

A= 3 2172 %] + 2923
Z1 Z%Zg Z%—FZng

_ 2.4 3.3 2,4 2,3 4,2 2, .3 3, .2 4.2 2,3
= 2129 t 212523 + 2523 + 212325 + 2123 + 212023 — 2\ %2%3 — 2129 — Z1%9%3

—Zyzs — 217578 — 223
= 2725 (25 — 21) — 212523 (22 — 21) + 25 (25 — 27)
—l—zngzl (z% — zf) — zg (z§‘ — zf) — zg’zlzz (20 — 21)
= (2 — 21) (2328 + 2322 — 2222z + 25 + 2521 + 2o 252
22202 — 2228 — Zaaaz — Zaars — 254 — Az )
= (22 — 1) o123 (21 — 28) + 23(21 — 23) — 223(21 — 23)
—2125(2] — 23) + iz (21 — 23))

= (29 — 2z1)(21 — zg)(z%zg + 232 4 2523 — z2z1z§ — 222§

—2i2 — 22+ B z)
= (20 — 21)(21 — 2)[27 () — 23) + 2125 — 23) + 2023(25 — 23)]

(20 — 21)(21 — 23) (2325 + 2521 + 2323 — 202125 — 2028 — Zi2

—zlzg + zgzle)
= (22— 21) (21 — 23) [27 (25 — 23) + 21 (25 — 23) + 2023 (25 — 23) ]
= (29 — 21)(21 — 23) (29 — 23)(2%22 + 2225 4+ 2125 + 212023 + zlzg
2323 + 2923)
= (20 — 21)(23 — 21) (23 — 20) (2120 + 2521 + 2523 + 2320 + 2521
2223 + 212923).
Xét tich:

(22+23) (234 21) (214 22) = 0102 — 03 = 2212023+ 2220 + 222 +Z§Z3+z§z2
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2 2
+2321 + 2123

Suy ra thita sd cudi: o109 — 03 — 03 = 0109 — 203.
Nén: A = (22 — 21) (23 — 21) (223 — ZQ) (02'10'2 — 20'3&) )
) (ZQ — Zl) (23 — Zl) (23 — ZQ) (0102 — 20’3)

—
Nhu vay: KLM = —
4 o3(z25 — 27) (232] — 23) (2125 — 23)

Ta thiy rang:
(23 - 22) (23 - 21) (22 - 21)

1 2 23 z1 1 2z 21 71 1 -
=1 20 23| =03 % 1 2 =03\ 2 1| = —4icsABC
1 23 23 zz 1 23 23 73 1

4i03 (0102 - 20’3) A302

(2225 — 27) (2827 — 23) (123 — 23)

Cac duong thang AB’, BC',C A’ ddng quy khi va chi

Néen: KILM = —

0109 — 20’3 = 0.
Hay: 0722 =2 =0, 0007 — 2 = 0.
of
Do d6: o107 = OH? =2 = 2R? (|R| =1)

T do suy ra tam giac ABC la tam giac tu. Vi EH > R suy ra truc tam
H nim ngoai duong tron ABC.

Tam gi4c théa man OH = Rv/2 duge dung nhu sau: ta dung 2 dudng tron
dong tam (O) va (O’) ¢6 ban kinh lan lugt 1a 1 va v/2 (xem Hinh. 3.7).
Trén dusng tron (O’) 1ay 1 diém H bat ki, con trén dudng tron (O) ta lay
1 diém A bat ki. Doan chia theo ti lé 1: 2

@:@:1:2.
AG

C6 G 1a trong tam clia tam giac ABC. N6i A vé6i G, ta c6 GA; = 5 Ay

la trung diém ctia ctia doan BC, vi vay khi lay 1 duong thing qua A; va
vuong goc véi O Ay, cit dudng tron (O) ta duge 2 diem B va C.
Diéu kién can 13 diém A; nam trong duong tron (O). Do A; 1a dnh ctia A

) 1 . > .
qua phép tinh tieén (G, _E) va phép tinh tién nay bien dudng tron (O)

thanh duong tron (O”) ¢6 ban kinh bang 3 tam O” nam trén dudng thang
V2 V22
376

OH, hon nita Q0" = nén duong tron (O) va (O”) giao
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nhau tai cac diem P va Q. Do vay diem A c6 thé dung dude cung mé PRQ
ctia duong tron (O). T tam giac OPO” ta c6 :
PO = OP? 4+ 00" — 20P.00" cos% v6i a 1a cung POQ.

1 V2 1 1 V2«
i PO" = = "=—-— OP=1nén-=1+-—2.1.—cos—.
Vi PO 2,00 5 ,O nén o +2 5 €085
Suy ra: cosg—i
Do vay: cosa = 2.— — 1 = —, o = arccos —.
32 16 16

Dicu kien OH? = 2R? c6 thé viét sang dang khac (xem vi du 3.2.8).
Vi OH? = 9R* — (a® + b* + ¢?) nén 9R? — (a* +b* 4+ ¢*) = 2R? hay
a? +b* + * = TR~

7
Hay theo céach khac sin?A + sin?B + sin’C = 1
1
Hay 1a cos Acos BcosC' = —3

(tu d6 suy ra AABC' la tam giac tu).
Vi du 3.2.11. Cho ham phan s6 tuyén tinh (ham phan s6 bac 1) u =

b ) )
az——li—— VGi a, b, ¢, d la nhiing s6 phitic ¢6 dinh théa man ad—bc # 0, ¢ # 0; 2
cz
14 acgumen, u 14 ham so6.
;= (0,1)
d
Q= (—,1
2 (07 )
d
Q3 =(—,1
3 (67 )
0, = _CE ’ _CE
dd - ¢’ |dd - cg|
dbc — ad |bc — ad
Qs = | — | —=
cdd-cc |dd- cc

bc — ad
dd - cc

Q0 = bE_— aE’
dd - cc

Chitng minh rang: néu |¢| # |d| thl 4nh ctia dudng tron don vi qua phép

hoan vi nay sé la mot duong tron. Hay tim ban kinh va toa vi tam dudng
tron do.
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Hinh 3.8: Bidu dién hinh hoc

L&i gidi. Ta chuyén ham s6 u sang dang sau:

bc — ad

a az+b a a bc — ad a 2
et erd ¢t o d
c  cz c ¢ c(cz c O

c

L d
1) Phép bién déi 2 — 2+ = bién duong tron don vi (1) = (o, 1)1) thanh
C

d
dudng tron (£29) = (—, 1) (h.?777).
c

d
24—
C—
d N N N d N 2 . 2 < X
(Q9) = [ —, 1| thanh dudng tron (Q3) = [ =, 1 |, v& phép nghich dao tiép
c c

theo ctia dudng tron (Q3) qua dudng tron (£2;) bién dudng tron (23) thanh

7z 2 Z . 1 « L ~ N
2) Phép bién doi ddi xiing z + — - —— qua truc Ox bién dudng tron
c
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duong tron (£24); dbi véi viec dung duong tron (€4) can lay duong thang
O3, va dung anh P’, Q' ctia P va Q 1a cac diém dau nit cta dusng kinh.
Duong tron (P’Q’) duge dung trén doan P’Q’ (P’Q’ la duong kinh) sé la
duong tron (€4). Ta sé tinh ban kinh ctia duong tron (£24) va toa vi clia
tam dudng tron. Phép nghich dédo ddi v6i duong tron (€2;) va phép tinh

o
bién duong tron (€23) thanh duong tron ().

P 1 2 Z . .
tién <O, —) v6i o - la phuong tich ctia diem O ddi véi dudng tron (€23)

Z 1 4
Nhung phép tinh tién (O, —> bién tam ctia dudng tron (£23) thanh tam
o

ciia duong tron (€)y), tic 1a toa vi wy clia tam €y clia dudng tron (€)y) sé
bang: B
1d
Wq = ——
oc

Con ban kinh sé bang tich clia ban kinh Rs = 1 ctia dudng tron (§23) vdi

modun ciia hé s6 tinh tién tic & —:

o]
1 1
Ry=R3+— = —
o] o
dd dd — cc?
Hon nita: 0 = O3 — R3 = —— — 1 = _CC
B cc cc
p _
Nen: () = [ =24 % ).
dd — cc }dd — CE‘
3) Phép bién doi:
bc — ad
1 2
d~ d
Z+ - z+ -
c c
o . B o bc—ad _ . . o B
La phép xoay méat phang tai goc arg 5— va phép tinh tien tam O véi
c
7z b - d 7z 2 2
hé so c’—|2a|. Sau 2 phép bién doi nay dudng tron (£25) chuyen thanh
c

duong tron (£4), toa vi ws clia tam dudng tron la:

bc—ad_ cd bc—ad_Ebc—ad

2 dd—ce _Eda—cfz

Wr = Wy
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¢ bc—ad| |bc—adl'
Con duong kinh 1a: Ry = |—— 294 12— ¢
dd —cec ¢ dd — cc
dbc — ad |be — ad
Nhu vay: (25) = | — c—a : —
cdd —cc |dd — cc
4) Phép bién doi :
bc — ad bc — ad
2 _>g+ 2
d c d
z+ - z+ -
C C

Bién duong tron (Q5) thanh duong tron () dong thoi ban kinh Rg = Ry,
con toa vi wg clia tam Qg clia duong tron g bang:

a dbc—ad bd—ac

¢ c¢dd—cc dd-—cc
Két qua cudi cling ctia phép bién doi:
_az+b
ez +d

La duong tron (Q1) = (0, 1) chuyén thanh dudng tron:

(@) — (bd—aE >

dd — c¢’
Vi du 3.2.12. Cho P,Q, R 1a cac hinh chiéu tryc giao ctia M lén cac
canh BC,C A, AB ctia tam gidc ABC. Biét rang Ay, By, C; thu duge qua
phép nghich ddo ciia cac diem Ag, By, Cy (1 trung diém ciia cac canh
MA, MB, MC) qua dudng tron (PQR) va cac diém Aj, By, C) clia tam
giac tao thanh céac cyc tuyén cia Ay, By, Cy cling qua duong tron (PQR).

u ad —bc # 0,¢ # 0, |c| # |d|

bc — ad
dd — cc

Chting minh réng:

ABC" = ATBCTPQR

Loi giai

Coi duong tron (PQR) 1a dudng tron don vi. Cho z1, 29, 23 1& cac toa vi
cua P, Q, R va la toa vi cia M.

He s6 goc ciia duong thang MP bing:

!

=z
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Hinh 3.9: Bieu dién hinh hoc

Tiic 1a he s6 goc clia duong thang BC sé bang:

_HT A

=z
Va phuong trinh duong thing BC c6 dang:

=2z, _
Z2—21 = — zZ—Z 3.9
=5 2w (3:9)
Phuong trinh duong théng CA la:
PR ) (3.10)

=22
Trit phuong trinh (3.9) cho (3.10) ta dugc s6 phiic ¢ lien hgp véi toa vi
¢ cia diém C:

(M—Z2 M—Zl)_ M=z __ 22
Zp—21=|—0—————|2+72 —Z
=22 p—2Z

—— — 2
B2 M= 22

_ zZ1+ 2 w—1
(20 — 21) (—,u - 2) (20 — 21) e
21%2 2172 _
Hay: 29 — 21 =

219
— — Z4+ = —
(n—721) (4 — =) (7 —71) (n — 22)
Rit gon cho 29 — 2; va nhan ca 2 vé véi (n — z7) (@ — Z2) ta duge:

N _ 21+ 29\ _ w—1
(u—zl)(u—22)=<—u— St )»HW
2122 2172

2172
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Suy ra:

_ 21+ 29\ _ N L,
(m- Lo 22 ) - ) - (- )
RZ172 Z172

Hay: (i —pZiz + A+ 2)Z =1 — (7 +22) + (2 — pufi) Ziz2
i —f(E+ %)+ (2 — pp) iz
—— pz12o + 21+ 22
17— (21 + 22) + (2 = Tip) 2122
— — f1z122 + 21 + 29
—1? 4 p (214 22) + (A — 2) 212
pot pz1ze — 21 — 22
Toa vi ¢y cua trung diem doan MC la:

. :1<M+—M2+M(21+Z2)+(ﬁu—2)2122> _ (Ep—1) 22
’ W+ [iz120 — 21 — 22 W+ fiz120 — 21 — 22

Suy ra: ¢ =

Va: ¢ =

Hay: ¢ =

2

Con toa vi ¢’ clia C’ ¢6 dugce tit diem Cj chuyén vi qua dusng tron (PQR)
la:
1 mHpmzm -7 -7 gt fzize — 21— 2

«  (wp-1zzm pp— 1
Tuong tu ta tim dude toa vi a’ va b’ cia cac diem A’, B’

4 — p+ [lzp23 — 22 — 23

pp—1
b/:M+ﬁZ321—Z3—Z1
pp—1
Ta dugc:
; a a 1
A/B/Cﬂ:Z b [_)’ 1
d @ 1
i Pt [lzpz3 — zp — 23 [L+ UZaZ3 — 22 — Z3 1
= ——— S |ptAEmn - -2 ftpmni—zZm—z 1
Ap—1)" \p+pzze—21—20 A+pnzn—=o—2 1

fzaZ3 — 2 — 23 |1Z22%3 — 22 — 23 1
fiz3zy — 23 — 21 JZ3z1 —Z3 — 21 |1

4(,uﬁ— ﬁzlzg—zl—zg ,uzlzg—z_l—z_g 1

i 03z — 01+ 21 pozzy —o1+2z1 1

= ————— |H03Z2 — 01 + 29 f0322 — 01+ 22 1
A(ppr — 1) [fioszs — 01 + 23 piogzs — o1+ 723 1
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noszy + 21 posz +z1 1
[103Z3 + 22 10320 + 722 1

[ ’ f103Z3 + 23 po3zz +z3 1

Z1 2 1
Z9 29 1
Z3 23 1

21 21 1
29 Z9 1
23 23 1
_ PQR

1 — pp

+

= ————5 |MH0303
4WMD2[
21 Z_l 1

—\2
A(1 — pp)
He s6 goc ctia duong thang O A, la:

_ (p—1) 2z (up— 1) %7

OéOAO - — c — _ — —
Wt [iZoz3 — 29 — 23 [L+ [Z2%3 — 22 — 23

_ (wp—1) 22 pf — 1
W+ [lzoz3 — 22 — 23 [+ 2223 — 22 — 23
Do vay phuong trinh diém cyc ctia Ay, By d6i véi duong tron (PQR) ciing
nhu cac dusng thing di qua cac diem A’, B’ va lan luct vuong géc véi cac

dusng thing OA’ va OB’ la:

P+ fzezy — 20 — 23 (_ ﬁ+,u2223—2_2—2_3>
Z — = —2923 | ° —

= 2273

pp— 1 pp— 1
p+Tizgzy — 23 — 21 <_ E+M2321—Z_3—Z_1>
z — — — —2923 | 7 — —
e — 1 pi— 1

Toa vi ¢ ciia giao diem C" c6 dugc tit phuong trinh:

1 ( ,u+ﬁ2223—22—z3> A+ (223 —Z — 23
z — +

2223 pi—1 pr—1
. <z— P+ [z —23—21> JrﬁJr/JZL%Zl —Z3— 71
2321 pi— 1 pi—1
_Z 2M+ﬁ2223—22—23__ z M+ [iz321 — 23 — 21
29723 2923 (it — 1) 2321 2321 (upp — 1)
(2 —21)z 2 [,u(l 1>+1 1]
03 ppn—1 (23 \ 21 2 2o 21
2
Suy ra: ¢ = — 1 (1 — z3).
Tuong tu co:
2
a" = ———(n—2)
pi—1
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Do do:
i p—z p—z 1 2z 1
A”B”C"’:3 _4 s|H—2 p—2 1= _4 23 zy Z3 1
App—1) " \p—2z p—7z 1 (E—-1)"4|z 7 1
4 -
= POQR
(up — 1)* ¢
Vay: A/B'C" = PQR_.
1 —pp
- 4 -
A//B//C// — — QPQR
(1 — pm)
=2
S POR 1
SU.Y ra: A/B/C/2 = (:[_Cg—luﬁ)Q = ZA”B”C”.PQR

—
Tam giac A'B'C" va ]ﬁ cung huéng khi va chi khi 1 — pyg > 0, ttc
13 phuong tich clia diem M qua dudng tron (PQR) 14 am, ciing c¢6 nghia
khi v& chi khi diém M nam bén trong dudng tron (PQR) va thoa man
A'B'C" || PQR.
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Két luan

Qua luan vin nay, tac gid da dé cap dén 3 noi dung chinh sau day:

- Trinh bay nhitng kién thitc co ban ciia s6 phiic, cac dang biéu dién cia,
s6 phtic va cac tinh chat dac trung clia ting dang.

- Gi6i thieu mot s6 vi du vé van dung sé phiic dé giai cac bai toan dai
s6 va giai tich.

- Giéi thieu mot sé vi du vé van dung s6 phiic dé gidi cac bai toan hinh
hoc phang.

Qua viéc nghién cttu cho thay rang:

- Luan van da dat duge muc tiéu ban dau dic ra.

- Luan vian da giéi thieu duge mot s6 ting dung clia s6 phiic trong cac
bai toan so cap dé quy thay (co) va ban be tham khao.

Do thoi gian va trinh do con han ché nén luan van méi chi ding lai &
mitc tim hiéu va giéi thieu mot sé tng dung ctia s6 phiic trong cac bai
toan so cap. Trong thoi gian t6i, néu dieu kién cho phép, tac gid sé nghién
citu, tim hiéu ki hon dé c6 thé dua ra mot s6 két qua co tinh tng dung
thue tién hon phuc vu cho qué trinh hoc tap va nghién cttu.

Trong quéa trinh thyc hién nghién citu luan van chac chan khong tranh
khoi nhitng sai s6t. Tac gid rat mong nhan duge nhing v kién déng goép
clia cac thay (co) va ban be dé luan van duge hoan thién tét hon.

Tac gid xin tran trong cam on!
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