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L.OI CAM ON

Dé hoan thanh luan van nay, em xin bay t6 long kinh trong va biét
on sau sac t6i GS.TSKH Ha Huy Khoai, nguoi thay da tan tinh day bao,
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Hai Phong, thang 05 nam 2013.
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Vit Thi Thom
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LGOI NOI DAU

Phuong trinh ham 1a phuong trinh c¢6 chita an duéi dang ham s6 chua
biét. Giai phuong trinh ham 1a tim ham s6 chua biét tit phuong trinh ham
da cho.

Ly thuyét phuong trinh ham 14 mot trong nhiing linh vyc nghién citu
quan trong cia ly thuyét s6 va giai tich toan hoc. Cac dang toan vé phuong
trinh ham rat phong pht, bao gdom cic phuong trinh tuyén tinh, phuong
trinh ham mot an hodc nhiéu an...

Phuong trinh ham ciing 14 mot chuyén dé quan trong boi dudng hoc
sinh kha giéi bac trung hoc pho thong. Cac bai toan vé phuong trinh ham
thuong c6 trong cac dé thi hoc sinh giéi toan trong va ngoai nuée. Tuy
nhién, cho dén nay hoc sinh cac truong chuyén 16p chon néi riéng va ngudi
giai toan noéi chung con biét rat it cac phuong trinh chinh théng dé giai
phuong trinh ham, tham chi con lang ting khong biét dinh huéng khi tiép
can mot phuong trinh ham.

Muc dich ctia luan van 1a dya trén viéc tim hiéu cac phuong trinh ham
ciing nhu mot s6 tai lieu lien quan dén phuong trinh ham dé hinh thanh
phuong phap phan tich, khai thac cac dit lieu, du doan huéng giai, cac ky
thuat bién doi,...trén co sé d6 hinh thanh mot sé phuong phap giai phuong
trinh ham.

Noi dung luan van gom 2 chuong:

e Chuong 1: Kién thitc co ban: Trong chuong nay trinh bay mot sé tinh
chat dic trung ciia ham sb6 va cidc phuong trinh ham co ban.

e Chuong 2: Mot s6 phuong phdp gidi phuong trinh ham.
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MOT SO KY HIEU VA CHU VIET TAT

V6i moi x duge viét 1a Va

Tap céc so6 tu nhien dude ky hieu 1a N
Tap cac s6 nguyén dude ky hieu 1a Z
Tap cac s6 hitu ti duge ky hieu 1a Q

Tap céac s6 thuc dugce ky hieu 1a R
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Chuong 1

Kién thic co ban

1.1 Mot sb6 tinh chat dic trung ctia ham sb

Xét ham s6 f(x) voi tap xac dinh 1a D(f) € R vatap gia tri R(f) C R.
1.1.1. Ham s6 chén, ham sb 1é

Dinh nghia 1.1.1.
e Ham s6 f(x) dugc goila ham s6 chén tren M, M C D(f), néu¥Vx € M
ta c6 —x € M va f(—z) = f(z).

o Ham so f(x) dugc goi la ham s61& tren M, M C D(f), néu Nz € M
ta c6 —x € M va f(—x) = —f(z).

1.1.2. Ham sb don diéu

Dinh nghia 1.1.2.

e Ham s6 f(x) dugc goi la ham so dong bién trén tagp N C D(f) néu
fa1) — f(2)

T — T2

V1,29 € N, 21 # 9, thi ta co > 0.

e Ham so f(x) dugc goi la ham sé nghich bién trén tap N C D(f) néu
f(@1) = fl@)

xr1 — X2

Vi, 29 € N, x1 # X9, thi ta cé < 0.
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o Ham so dong bién va nghich bién trén tap N goi chung la ham don
diéu trén tap N.

1.1.3. Ham sb lién tuc
Dinh nghia 1.1.3.

o Gid st ham s6 y = f(x) duoc wdc dinh tai diem xy. Ta noi rang f(z)
lien tuc tai diem x = xo néu lim f(z) = f(xo).
T—X0

e Ham s6 f(x) lien tuc trén khodng (a,b) néu f(x) lien tuc tai moi diém
thuoc khoang (a,b) .

e Ham so f(x) lien tuc trén dogn [a,b] néu f(x) lién tuc trén khodng
(a,b) va dong thoi lien tuc phdi tai a , lién tuc trdi tai b, cé nghia:

lim f(z) = f(a)
lim f(z) = f(b).

1.1.4. Ham s6 kha vi ( Tinh c6 dao ham ctia ham s6)

Dinh nghia 1.1.4.
e Cho ham so f(x) ,xo C D(f). Ta néi f(x) khd vi tai xo khi va chi
. Az) —
kht ton tai giot han hdu han lim flao + A7) f(xo). Gidi han do
Az—0 Ax
ki hiéu la f(xg) va duoce goi la dao ham cia ham f(x) tai xy. Khi do,
ta cung ndi f(x) kha vi tai xg.

e Ham so f(x) dugc goi la khd vi trén tap D C D(f) < f(x) khd vi tai
moi diém thuoc D < f(x) ¢6 dao ham tai moi diém thuoc D.

1.1.5. Ham so6 tuan hoan va phan tuan hoan cong tinh
Ham tuan hoan cong tinh.

Dinh nghia 1.1.5.1.

e Ham s6 f(x) dugc goi la ham tuan hoan cong tinh chu ky a(a > 0)

) ) (VreM=z4+ae M
tren M néu M C D(f) va { flz +a)= f(x),Vo € M.
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e Cho f(x) la mot ham tuan hoan trén M . Khi dé T(T > 0) dugc goi
la chu ky co sé cia f(x) néu f(x) tuan hoan vdi chu ky T ma khong
la ham tuan hoan vdi bat cié chu ky nao bé hon T.

Ham phan tuan hoan cong tinh.

Dinh nghia 1.1.5.2.

e Ham s6 f(x) dugc goi la ham phdn tuan hoan cong tinh chu ky b(b > 0)

) ) [ VeeM=xtbe M
tren M néu M C D(f) va{f(x+b)=— (z),Vx € M.

e Néu f(x) la mot ham phdn tuan hoan chu ky by trén M ma khong la
ham phdn tuan hoan vdi bat cié chu ky nao bé hon by tréen M thi by
dugc goi la chu ky co sd cia ham phdn tuan hoan f(x) trén M.

1.1.6. Ham s tuan hoan va phan tuan hoan nhan tinh

Dinh nghia 1.1.6.1.

e f(x) dugc goi la ham tuan hoan nhan tinh chu ky a(a ¢ {0,1,—1})

i ) [ VreM=atlzeM
tren M néu M C D(f) va { flax) = f(x),Vx € M.

Dinh nghia 1.1.6.2.

e f(x) duoc goila ham phdn tuan hoan nhan tinh chu kya (a ¢ {0,1,—1})

N [ VeeM=atlzeM
tren M neuw M C D(f) va { flax) = —f(z),Vz € M.

1.2 Cac phuong trinh ham cg ban

1.2.1. Phuong trinh ham cd ban 1 ( Phuong trinh ham Cauchy)

Bai toan 1: Xdc dinh cic ham f(x) lién tuc trén R va théa man dieu
kién

fle+y)=f(z)+[(y),Vz,y eR. (1)

Bai giai:

Cho x =0,y =0 tu (1) ta duge f(0) =0. (2)

Cho x = —y, tit (1) suy ra f(—x) = —f(x). (3)
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Chox =1,y =1, tix (1) suy ra f(2) = 2f(1).

Béang quy nap ta thu duge f(m) =mf(1),Vm € N. (4)
Tu (4) va stt dung két qua (2) va (3) ta thu duge

f(m) =mf(1),¥Ym € Z (5)

VéinEN*tacéf(l):f<%+%+“'+%):nf<%>

Ny (%) _ %f(l),Vn € N*. (6)

Tt (5) va (6) suy ra f(q) = ¢f(1),Vq € Q.
Khi do Vx € R ta ¢6

e Néu z hitu ti thi f(z) = zf(1).

e Néu x vo ti thi ton tai day hitu ti {g, },cy- sao cho ¢, hoi tu vé z khi
T — 00
Ta c6 f(qn) = quf(1) = hm flan) = hm (an(l))

Diéu nay tuong duong véi f( lim ¢,) = (hm qn) f(1).
n—0o0
Suy ra f(x) = xf(1).
Nhu vay ta ¢6 f(x) = ax,Vx € R, a = f(1).
Thit lai, ta thay ham s6 f(z) = ax théa man phuong trinh (1).

Két luan f(x) = az,Va € R tuy .
Nhan xét

e Tu diéu kién (1), ta thiy chi can gia thiét f(x) 1a ham lien tuc tai mot
diém zy € R cho trude 1a di. Khi d6 ham f(z) thda man (1) sé lien
tuc tren R. That vay, theo gia thiét thi lim f(x) = f(xy) va v6i moi

T—X0

r1 € Rtadéuco f(x) = flax —x1 4+ x0) + f(21) — f(x0), Vo € R.
Tu do suy ra
lim f(z) = Ji_{{ﬂllf(fc — @1+ 20) + f(21) — f(@0)

T—T1

= fwo) + f(z1) — f(@0) = fla1).

e Két qua ctia bai toan 1 sé khong thay ddi néu ta thay R bang [, +00)
hodc (—o0, f] tuy ¥.
Chi §
Ngoai gia thiét lien tuc trén R ctia ham can tim trong phuong trinh
ham Cauchy, néu ta xét cac giad thiét dang khac nhu gia thiét don
diéu, bi chan, kha vi trén R thi 16p cac ham nhan dugc khong thay
doi. Ta xét bai toan sau:
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Bai toan: Tim cdc ham f(x) xdc dinh va c6 dao ham trén R, théa
man diéu kién

flz+y) = f(z)+ f(y),Vz,y € R. (1)

Bai gidi:

Lan lugt lay dao ham hai vé ciia (1) theo bién x va y ta dugc
fle+y)=f(z),Vz,y € R. (2)

[z +y)=f(y),Vz,y e R. (3)

Cdc dang thic (2) - (3) cho ta f'(z) = f'(y) vdi moi z, y € R. Do
vay, f'(x) = const hay f(x) = ax + b.

Thé vao (1), ta dugc f(x) = ax vdia € R tuy y (b= 0).

Két luan f(z) = ax,Vo € R,a € R tuy v.

1.2.2. Phuong trinh ham cc ban 2

Bai toan 2: Tim cdc ham f(x) lien tuc tréen R va théa man dicu kién
fx+y) = f(2)f(y),Vz,y € R. (1)

Bai giai:

Nhan xét rang f (z) = 0 1a mot nghiem cta (1). Xét truong hop f (z) # 0.
Khi d6 ton tai xy € R sao cho f (xg) # 0.

Theo (1) thi

f o) = f(z+ (w0 —x)) = f(2) f (v —x) #0,Vz € R.
Suy ra f(z) # 0,Vx € R va

=1 (D) =@ oven

Dat In f (z) = g () (f (v) = e/@). Khi d6 g(x) lien tuc trén R va

gx+y)=Inf(r+y)
=In[f (z) f (y)]
=Inf(z)+ f(y) =g()+g(y), Yo,y € R.

Theo bai toan (1) thi g (x) = bx,b € R tuy §.
Vay f (z) = e’ = a® véi a > 0 tiy ¥.
Két luan
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1.2.3. Phuong trinh ham cg ban 3

Bai toan 3: Xdc dinh cic ham f(x) lién tuc trén R\ {0}, théa man diéu
kién

flay) = f(x)f(y), Yo,y € R\{0}. (1)
Bai giai:

Thay y = 1 vao (1) ta duge f(x)(1 — f(1
Néu f(1) # 1 thi tt (2) suy ra f(z) =0
Xét f (1) = 1. Khi dé6

f( ) (1>,vxeR\{0}.

Vayfx);é()v mmeR\{O}
f(2%) = f(2)f(z) = [f(2)]" > 0,Yx € R\ {0}.

)) =0,Vz € R. (2)

a nghiém nay théa man (1).

o Xét z,y € R (a)
Diat o = €%, y = e’ va f(e!) = g(t). Khi d6 ta c6
glu+v) = g(u)g(v),Vu,v € R. (3)
Theo bai toan 2 thi (3)< ¢(t) =a',Vt € R (a>0 tuy ) va do d6
f(x) — f(eu) — g(u) — qt = alnx — (elna)lnx — :L,lna — LUG,VSC c Rt
(4), trong d6 a = Ina.

e Khi z,y € R™ thiay € RT (b) . Véi y = x tut (1) va theo két qua
phan a) ta c6

2
P = £2) = (2 = (|a") Ve eR- feRtuy ¥
Do f(x) 1a ham lién tuc tréen R~ nén

z|” V& € RY

fle) = [ — |:1:|5 NVreR™.

Két hop a) va b) va thit lai cac két qua ta c6
K&t luan

Nghiém cua (1) 1a mot trong cdc ham s6 sau
1) f(z) =0,Vx € R\ {0},

2) f(z) = |z|" Vo € R\{0},a € R tuy ¥,
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| 2, vz e RY

fle) = —|z|” Vs e R",8 €R.

1.2.4. Phuong trinh ham co ban 4

Bai toan 4: Xdc dinh cic ham f(x)lién tuc tren R\ {0} théa man dicu
kién
flay) = f(x) + f(y), Yo,y € R\{0}. (1)

Bai giai:

e Trudc hét xét x,y € RY. Dat x = €*, y = e’ va f(e') = g(t). Khi do
(1) ¢6 dang g(u + v) = g(u) + g(v),Vu,v € R. (2)
Theo bai toan 1 thi (2) < g(t) = bt va do d6
f(x)=alnz,Vr € R",a € R tuy ¥.

e Khi z,y € R~ thizy € R*.
V6i y = z tit (1) va theo két qua phan trén ta c6
1 1
flx) = Ef(xQ) = §bln(x2) =bln|z|,Vx € R™ v6i b € R tuy ¥.
Thit lai, ta thady ham f(x) = bln|z| v6i b € R tuy y, thoa man cac

dieu kién ctia bai toan dit ra.
Két luan
f(z) =bln|z|,Vx € R\ {0}, v6i b € R tuy ¥.
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Chuong 2

Mot s6 phuong phap giai phuong

trinh ham

2.1 Phuong phap quy nap

2.1.1.N6i dung phuong phap

Phuong phap nay duya trén viéc st dung gia tri f(1) dé tim tat cd f(n)

d6i voi moi n 1a s6 nguyén. Sau do6, tim f(—) va f(r) ddi v6i r hitu ty.
n

Phuong phap quy nap thuong ding dé xét nhitng ham s6 xac dinh trén
tap N va lay gi4 tri trén tap N, sau d6 mé rong cho truong hgp ham can
tim xéac dinh trén Z va Q. Tuy nhién, trong mot vai truong hop ta c6 thé
stt dung phuong phap naydé xac dinh ham f : R — R trong dé f 1 ham
so lien tuc va st dung dén tinh chat tri mat cta tap Q.
2.1.2. Vi du minh hoa

Vidu 1: Tim tat ci cic ham f : Q — Q théa man diéu kién: f(1) = 2
va f(zy) = f(z).f(y) — fle+y)+1,Ve,y € Q. (1)

Bai giai:

Day 1a mot vi du co dién clia mot van dé cé thé gidi quyét bing phuong
phap quy nap toan hoc.

r =
y=n

thi khi d6 (1) tr6 thanh f(n) =2f(n) — f(n+1) +1
s f(n+1)=f(n)+1

e Chi ¥ rang néu ta cho {
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Vé6i f(1) =2 thi f(n) =n+1,Vn € N,

=0
e Tuong tu cho { o ta dugce

f(0) = f(0). (n)—f()
< f(0) = f(0).f(n+1) - f(n)+1
& f(0)n = f(n) -1
< f(0)n=mn

nghl la f(0) = 1.

Bay gio muc tiéu 1a phai tim f(z),Vz € Z.
Cho { ;:1_1 ta dugc
f(=1) = f(=1).f(1) = f(0) + 1
& f(=1)=f(0) -1
< f(—=1)=0.
Cho { r=-1 ta dugc
y=n
f(=n) = f(=1).f(n) = f(=1+n)+1
& f(n)=—fln-1)+1=-n+1
Do d6 f(z) =2+ 1,Vz € Z.

1
Bay gio, ching ta phai xac dinh f(—).
n

r=mn
Cho { 1 ta dugc
Yy = n
1 1 1 1
F) = FFG) = Flnt )+ L= (ot 104G = F () 1
(2)
r=1
Hon ntta cho 1 ta dugc
y=m+ -

f(m+%>=f(1).f(m+%>—f(1+m+%)+l

1 1
<:>f(1+m+ﬁ)=f(m+ﬁ)+1.
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N 1 1
Do d6 bang phuong phap quy nap suy ra f(m + —) =m + f(—).
n n

Tu (2) ta062:(n-l—l).f(%)—n—f(%)—i—l

enf(B) =nt1

n
1 1
& f(=)=1+—,Vn e N*.
n n
r=m
e Mait khac cho 1 ta dugc
Yy=-
n

nghia la f (r) =r+ 1,Vr € Q.

Cho { r=-1 ta dugce
y=r
f=r)=f(=0).f(r)=f(=1+7r)+1
s f(-r=—=f(-1+r)+1
& f(—r)=—-r+1

dodé f(x)=a+1,Vz € Q.
Thilaidozy+1=(z+1)(y+1)—(x+y+1)+1,Vr,y € Q.
Vay f (r) = x 4+ 1 1a ham s6 can tim.

Vidu 2: Tim tdt cd cac ham f: Q — Q théa man hé thic
Flatu)+f(e—y) =2f(2) 42 (4) Yy € Q

Bai giai:

Trude hét cho x =y = 0 ta duge f (0) = 0.

Laichox =0taco f(y) + f(—y) =2f(y) = f(—y) = f(y),Vy.
Vay f 1a ham ch&n va ta chi can xét trén tap cac so6 hitu ti duong.
Ta sé chiing minh f (nx) = n’f (z),¥n € N,Vz € Q.

That vay, theo gia thiét quy nap

f(n+1)z)=2f(nz) — f((n—1)z)+2f (z)
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= 20%f (x) — (n — 1)°f (z) + 2f (x)
= [2n —n? 4+ 20— 14 2] f (z) = (n+ 1)*f ().
Suy ra ring v6i moi s6 ty nhién n thi f (n) = n?f (1).
Tu d6 bang cach thay = boi %, m,n € N,n # 0 ta dugc
() =nr (5) =1 (5) =55 = (7))
n n n n n
Vay f (r) = ax v6i a 1a s6 hitu t tuy ¥.
Thit lai ta thady ham s6 f () = az,Vz € Q, (a € Q tuy ¥) thoa man dieu
kién dé bai.

2.2 Phuong phap st dung cac tinh chat don anh, toan anh,

song anh va don diéu cia ham so

2.2.1.N6i dung phuong phap

Trong qué trinh van dung cac tinh chat don anh, toan anh, song anh
va tinh don diéu ctia ham s6 vao gidi toan phuong trinh ham ta cha y dén
mot s6 diém sau:

e Néu mot vé ¢6 chita f(x) va vé con lai ¢6 chita bién = bén ngoai thi
thong thuong f 1a don anh.

e Néu f la don anh thi ¢d gang bién doi phuong trinh ham da cho ve
dang: f[f ()] = f[g (x)] trong d6 g (x) 1a ham s6 da biét trude. Suy
ra ham s6 can tim chinh 1a f (z) = g (2).

e Néu biét f la don anh thi trong mot s6 trusng hgp cé thé thuc hien
phép gidn uwéc ca hai vé ctia phuong trinh ham da cho dé chuyén vé
phuong trinh ham don gian hon.

e Mot s6 bai todn vé phuong trinh ham cé thé giai bang cach tim tinh
chat ciia tap xac dinh ciia bién s6 x hodc tap gia tri clia ham s6 f .
Thong thudng ta tim trén tap xac dinh con X nao dé6 cta D (f), sau
d6 tim ham f tren ca tap xac dinh D (f) . O day tinh chét toan anh
cua f la quan trong.

e Trong mot s6 truong hop, néu dy doan duge cong thic ctia ham s6
can tim, chang han f(z) = g(x), thi ta c6 thé xét f(z) > g(x) va
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f(z) < g(x) . Sau dé st dung tinh don diéu ctia ham f dé dan tdi
diéu vo 1i.

e Néu ham f don diéu va da c6 cong thiic clia f trén tap s6 hitu ti thi
c6 thé chon hai day s6 hitu ti trong Q don diéu ngugc nhau, roi sau
dé6 chuyén qua gidi han.

2.2.2. Vi du minh hoa

Vi du 1: (BMO 2000) Tim tat cd cic ham f théa man dieu kién
faf(z)+ f(y) =y + f(2),Ve,y € R. (1)

Nhan xét: Bai nay thuoc 16p bai toan chiing minh ham s6 14 ham don anh,
toan anh, roi sit dung tinh chat ctia 16p ham do dé khai thac bai toan.
Bai giai:

e Chox =0,y € Rtacé f(f(y) =y + f3(0). Tt két qua nay dé thay
f 1a toan anh. Mat khéc f 1a toan anh nén ton tai ¢ sao cho f(t) = 0,
do do
Cho { ZZ:S ta co f(f(t)) =t+ f2(0)
suy ra f(0) =t + f%(0).

Cho { 771 ta.co Fef(0) + 1(0)) =+ £20)
suy ra f(f(y)) = v.

do dot = f(f(t)) = f(0) =t+ f*(0)

suy ra f(0) = 0.

e Thay thé x = f(z) trong gid thiét (1) ta co
f(f@)z+ fly) =y +2°, Yo,y € R. (2)
Do d6 tit (1) va (2) ta c6 f?(x) = 22, Vo € R.
- Xét truong hop 1: f(1) = 1.
Cho z =1 trong (1) ta ¢6
FUW) + fy) =y + £2(1)
& fA+fy)=y+1
do do
(I+y)?* =0+ ) =0+ fW) =1+2f(y) +v¢’
suy ra f(y) =y,Vy € R.
- Xét truong hop 2: f(1) = —1.
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Cho x = —1 trong (1) ta c6
f( F=D)+fy) =y + f2(=1)
S f(=1+fy)=y+1
dod6 (1+y)* = f2(=1+ f(y) = (=1+ f(y)’ =1 -2f(y) + ¥’
suy ra f(y) = —y,Vy € R.
Vay f(z) =x va f(x) = —z 1a ham s6 can tim.

Vidu 2: Tim tat cd cic ham don dicu f : R — R théa man diéu kién
[+ f(y)=7f(2)+y e,y eR. (1)

Bai giai:

Gia stt ¢6 z1,x2 ma f (x1) = f (w2) thi v6i moi z ta c6

flx+ f(x)) = flz+ f(x2) = f(x)+ 21 = f(x) + 29 hay x; = x9.
Vay f la don anh.

Thay y =0t (1) tacd f(z+ f(0)) = f(x),Vx € R Thay z = 0 tut (1)
taco f(f(y) = f(0),Vy € R.

Hay f(f (z)) = f (0 +95V56€R()

Thay z béi f (x) tit (1) va (2) ta duge

)
(1
FU@+rwl=rf@)+fw)=z+f0)+f)=rf@+y)]
Do f don anh nén f(x+vy) = f(x) + f (y),Vz,y € R.

Theo két qua da biét phan phuong trinh Cauchy ta dudc
f(x) =axz,Vr € R (alaso thyc tuy v ).

Thay két qua vita tim duge vao (1) ta dugc

Flo+ )] = f (e +ay) = £ (z) +  (ay) = 0.5+ ay v
f@)+y=az+y.

Do do ta phai c¢6

ar+ady=ar+y=ady—y=0< (a2—1)y:O,Vy€R.
Diéu nay xdy ra khi va chi khi a = £1

[ f@)=2
nghia la ta co F2) = —a Vr € R.

Thit lai ta thay hai ham s6 vita tim dude théa man diéu kién bai toan.

2.3 Phuong phap du doan nghiém va ching minh nghiém tim
dudc 1a duy nhat

2.3.1.N0i dung phuong phap
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e Giong nhu cach gidi cdc phuong trinh thong thuong, khi gidi cic
phuong trinh ham ta c6 thé doan nhan cic nghiém ciia phuong trinh
ham.

e Sau dé dung phuong phap thich hgp dé ching minh ring ngoai céc
nghiém do6 ra thi khong con nghiém nao khéac.

e Thong thuong ta hay thit cdc ham dac biet nhu ham hang f(z) = ¢,
ham dong nhat f(x) = z , ham tuyén tinh f(2) = ax + b ,...dé xem
ching ¢6 1a nghiém phuong trinh ham hay khong.

2.3.2. Vi du minh hoa

Vi du 1: Tim tit cd cic ham f : [1;+00) — [1; +00) théa man
i) f(x) <2(1+x),Vx € [1;4+00)
i) xf(x +1) = f(z)?> — 1,Vx € [1; +00).

Bai giai:

e Dé thay f(x) = 2 + 1 thdéa méan yéu cau bai ra.

e Ta sé ching minh f(z) = x+ 1 13 ham duy nhat nghiém dtng phuong
trinh ham da cho.

That vay

+ Tu gid thiét ta co f(z)?! =af(z+1)+1 <z 2(x +1)]+1 < 2(1+z)%
Suy ra f(z) < V2(1+z),Vz € [1;+00) nén f(x) bi chan treén.

+ Twong ty nhu trén ta co

f@)? =af(r+1)+1 <o [Voe+1)| +1 <251 +2)?

Bang phuong phap quy nap ta co

f(x) = 2% (1 4 2),Vk

Khi k — +00 thi 226 — 1. 6 dinh  suy ra f(z) < 4 1,Vz € [1;+00).
+ Ta can chiing minh f(z) > x + 1,Vx € [1;+00)

%2—1 = f(z+1)> 1,Va € [1;+00)

suy ra f(z) > vV +1> 2, Vr € [1;+00).

Hon nita f(z)> = 14 zf(z+1) > 1+ 2vx + 2 > z2. Bing phuong phap
quy nap ta c6 f(z) > 2l

Khi k — 400 thi f(x) > x

St dung gia thiét f(z)?> =1+ af(x +1)

That vay, xét
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2
suy ra f(z)? > 1+a(x+1) = (a:—l—%) :

1
Do d6 f(x) > x + i,Vx € [1; +00).

. 1
Béng phuong phap quy nap ta ¢6 f(z) > x4+ 1 — o
Khi k — 400 thi suy ra f(z) >z + 1,Vz € [1;+00).

Vidu 2: Tim tat cd cic ham f : [0;+00) — [0;4+00) théa man
f(f(@) +y) =2 f(1+2y), Ve, y € (0;+00). (1)
Bai giai:
1 R
+ RO rang f(z) = — la ham thoa man yéu cau bai ra.
T

+ Ta sé chitng minh ham nay 14 duy nhat. Mt khac, bang phuong phap
phéan chitng, ta chi ra rang ham théa man diéu kién bai ra 14 ham khong
tang trén (0; +00).

That vay, gid st nguge lai, ton tai 0 < z <y ma 0 < f(x) < f(y).

yf(y) —xf(x)

Gia st z = - :

D? théy - = yf(y; - zf(x) o0 g yf(y;:zf(:c) > f(y).
Thay { y ;z— y vao (1) ta co

FU@) + 2= F) = (1 + 2=~ F)).

Thay { Y=z — f(x) vao (1) ta co

f(f @)+ 2= f(z) =af(1+x(z — f(2)).

T d6 suy ra x = y mau thuan véi 0 < z < y.

Vay f la ham khong tang.

+ Ta ching minh f(1) = 1.

That vay , gia st f(1) # 1, thay = 1 vao (1) ta duge

fUF) +y) = f1+y),

do do6 f(u+|f(1) —1]) = f(u) v6i u > 1.

suy ra f(x) la ham tuan hoan trén (1;400).

Do f don diéu tuan hoan nén f 14 ham hang.

Hon nita theo gia thiét (1) thi vé trai 1a hing vé phai khong 13 hang ( vo
1i). Vay f(1) = 1.

1
+ Ta sé chiing minh f(z) = — véi x > 1.
T
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Choy=1-— é ta duge f(f(x) — 1—|— 1) ==xzf(z). (2)

T
Gia st f(x) > é suy ra f(f(z) — é +1)=xf(x) (3)
vaxf(z) > 1. (4)

Tw (2), (3), (4) suy ra vo Ii.

Vay f(x):évc’ii:r>1

1
+ Ta ching minh f(z) = — véi z < 1.
T

1
= f(x) = E,Vx < 1.

Z 1
Két luan f(x) = —,Va € (0;+00).
T

2.4 Phuong phap thay thé gia tri cho cac bién

2.4.1.N0i dung phuong phap

Y tudng ctia phuong phap nay la lua chon céc gia tri bién phi hop dé
thay vao dang thitic ham can théa man. Hau hét cac gia tri ban dau cé thé
lay 13 hang s6 vidu o = 0,z = 1...tlt d6 tim ra mot tinh chat quan trong
nao do, hodc cac gia tri dac biét ctia ham, hodc tim cach ching minh ham
sO 13 ham hang.

2.4.2. Vi du minh hoa

Vidu 1: (IMO 1979) Cho ham f : R — R sao cho vdi hai s6 thuc bat ky
z,y, ta c6 f(zy+x+y) = f(zvy) + f(z) + f(y). Chitng minh rdng
fle+y) = flz)+ f(y),Vo,y € R.

Bai giai:

Theo gia thiét f(zy + z +vy) = f(zy) + f(z) + f(y),Vz,y € R. (1)

+ Choz =y =0t (1) suy ra f(0) =0

+ Trong (1) cho y = —1 suy ra f(z) + f(—x) = 0. Trong (1) cho y =1
suy ra f(2z + 1) = 2f(x) + f(1).
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Do dé f(2(u+v+uv)+1) =2f(u+v+uv)+ f(1)
fRMu+v+uv)+1)=2f(uv) +2f(v) +2f(u) + f(1),Vu,v € R (2).
M3t khac, thay © = u,y = 2v 4+ 1 trong (1) ta ¢
fRu+v+uw)+1)= flu+ 2v+1) +u(2v+ 1))
fRu+v+uv)+1) = f(u)+2f(v) + f(1) + f(2uv 4+ u). (3)

Twu (2) va (3) suy ra

2f(uwv) +2f(u) +2f(v) + f(1) = f(w) +2f(v) + f(1) + [(2uv 4 u)
& f(2uv +u) = 2f(uv) + f(u). (4)

Trong (4) cho v = _71 ta dugc

70 =2f (51 + sl

= 0=—2f (g) + flu)

& flu)=2f (3)

suy ra f(u) = 2f (g) (5)

Tit (4) va (5) suy ra f(2uv +u) = f(2uv) + f(u).

Dat { oy . ta e f(z+y) = f()+ f(y),Vo,y € R

Mat khac f(0) =0 nén f(z+y) = f(x) + f(y),Vz,y € R.
Vidu 2: Cho ham [ : Q — [0;+00) théa man dong thoi cic dieu kién

o f(vy)=f(2)f(y),Vr,y € Q (1)
e f(x)<1l=f(z+1)<1,VzeQqQ (2

of(%)zQ(ﬁ’)

. 2004
Tim cdc gid tri co thé co cua f (M)

Cho z =y =0, tit (1) ta c6 f(0) = £(0)> = f(0) = 0 hodc f (0) = 1.
Néu f (0) = 1thichoy =0taco f(0) = f(x) f(0) = f(z)=1,Vz € Q.
Diéu nay mau thuan vdéi (3). Vay f(0) = 0.
Bay gio gid st ¢c6 x # 0 ma f (x) = 0. Khi d6 v6i moi y € Q ta ¢6

Y Y P
fy)=1f (EJU) =f <5) f(z) =0, trai véi (3).
Vay v6i moi « # 0 thi f (z) > 0.
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Tu d6, bang cach cho z =y = 1, ta duge f (1) =1vachox =y = —1ta
duge f(—=1) = 1.

Suy ra tt (2) rang véi moi x nguyén ta déu c6 f (z) < 1.

Bay gio gid st 0 < f () < f(y).

toes fo) =1 (1) 1) = £ (5) = <1

Dodétfi(Q)tacéf(g—i—l) < 1.Nhuthé f (z + v) :f<—+1>f(y) <
f ().

Suy ra rang v6i moi 7,y € Q ta déu co
[z +y) <max{f(z),f(y)} ()
Néu f (p) = 1 v6i moi s6 nguyén t6 p thi mau thuan véi (3). Vay f (p) # 1
v6i s6 nguyen t6 p ndo d6. Khi d6 véi moi so6 nguyén td ¢ # p ton tai cic
s6 nguyén a, b sao cho ap + bqg = 1.
Tw d6 ap dung (*) ta duge
1= f(1) = f(ap+bq) < max{f (ap), f (bg)}.
Do 1 la gia tri 16n nhat ctia ham s6 trén Z va f (p) # 1 nén [ (p) <
Tu d6 f (ap) < 1. Vay ta phai ¢6 f (bg) = 1 va nhu thé f (¢) = 1.
Toém lai v6i moi s6 nguyéen t6 g # p ta déu c6 f (q) = % )
L . . 2003 f (2003
Bay gio tur (1) va (3) tac6 2 = f (2002) F@ 70 Fa) f3)

suy ra mot va chi mot trong cac gia tri f (2), £ (7), f (11), f (13) 1a bang
1

1%.0 46 f(3) = f (167) = f (2003) = 1.

2004 f(2 f (167
T do f (2003) 2 2(00)3 =D - ey
Néu f(2) == thl (288;l> E : néu trai lai thi f (%8;1) =

2.5 Phuong phap chuyén qua gidi han

2.5.1.N0i dung phuong phap
D6i v6i mot s6 phuong trinh ham c6 kém theo giad thiét ham s6 lién

tuc, thi trong nhiéu truong hop, bang cach xay dung mot day sé6 hop 1y
va sit dung phuong phap chuyén qua gidi han, ta sé tim duge ham f (x).
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Phuong phap nay thuong dugce thuyc hién theo cac bude:
Bude 1: Lay a 1a mot gia tri thuoc tap xac dinh ciia ham s6. Xay dung day
s6 {x,} thich hop v6i x; = a théa man dong thoi ca hai diéu kién:

e Ham f khong doi tren day {z,}, c6 nghia:

fla)=f (1) = f(a2) = ... = [ (2n)
e Day {x,} hoi tu vé b, c6 nghia: lim z, = b.

n—o0
Budc 2: St dung tinh chat lien tuc cta f (x) ta co:
fm%:mnf@m:f(mmM):fw»
n—00 n—o00

Do a tuy § nén suy ra f (z) = f (D).
2.5.2. Vi du minh hoa

Vi du 1: Goi F la tap hop cic ham: f : RT — R™ théa man

fBz)> f(f(2x)) +2,Vz e R"

Tim 56 « ldn nhat sao cho vdi moi f € F ta cé

f(z)>ax,Vz e R"

Bai giai:

Z Z 1
Ta thay ham s6 f (z) = %,VQ: € R" thuoc F, do d6 a < 5" Hon nta, xét
mot ham bat ky f € F. Tu gia thiét ta co
2z x _ T
> >z
rozr(r(5)) 5250
1 207 +1

,Vn =1,2..., ta
xay dung day {a,,} ma f(z) > a,z, Vo € RT va day {a,} hoi ty, c6 gidi

+Y tuéng nhu sau: Ta ki hieu oy = 3 pi1 =

han béang o Diéu nay c6 nghia ring o > X Va do d6 a = >
+ Bing quy nap ta chitng minh f (2) > a,z, Vo € RT. Tit (1) ta c6 khang
dinh dang v6i n = 1.

Gia sit khang dinh dung véi n = k, nghia 1 f (z) > azz.
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Khi d6 cing tu (1) ta ¢6

2x x 2t x  20ar+1
f(x) > af (?) + 3 > Q- O~ + 3= k3 = .2, Ve € RT

Nhu vay khang dinh ding véi n = k + 1 va do d6 ding véi moi n.
. . 1
Cuang bang quy nap dé dang ching minh «, < 37 vn

1
Suy ra Qg1 — Qu, = 3 (an — 1) 2, — 1) > 0= apy1 > ap, Vn.

. 12 1
Nhu vay, day {a,,} hoi tu va dé thay lim «, = 5

n—oo

Tu d6 ta c6 f(x) > %,Vaj € R™.

Vay gia tri can tim 1la o = 5

Vidu 2: (Dé du tuyén IMO-1982)
Tim tat cd cac ham f: R — R lién tuc va théa man diéu kién
f(2?) + f(z) =2+ 2,V e R. (1)
Bai giai:
biat g (x) = f(x) —x. Do f(x) lién tuc trén R nén ¢ (z) cang lién tuc
tren R va thoa man diéu kién g (2?) + g (z) = 0,Vz € R (2).
T (2) cho x = 0 suy ra g (0) = 0.
Choz=1suyra2g(l)=0dodég(1l)=0.
Mat khac g (—z) = —g ((—2?)) = —g (2*) = g () ,Vz € R.
Suy ra g (x) la ham s6 chén.
Lai ¢6 g (z) = —g (2%) = g (2*). (3)
Vi g () 1a ham chin va g (0) = 0 nén chi can tim ham g (x) véi x > 0,
Dat ¢ = 2t (x> 0) suy ra x = t3 (£ > 0). (4)
Tu (3)tacog(t) =g <t411> (t>0)hay g(z) =g <a:411> Vo > 0.
Cod dinh = > 0, xét day {x,} xdc dinh bdi x; = z,20 = T..xp =
g (z,),n € N* trong d6 g (z) = z7.
Bang quy nap ta thu duge x,, = e
Do d6 lim z,, = lim i =1,
n—o0 n—0o0

Tw (4) va tur cach xac dinh day, ta thu duge
1

g(@)=g(m) =g (a}) = g(2) = .9 ()

LAy gi6i han hai vé va st dung tinh lién tuc ctia ham s6 f (x) ta dugc
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g(x) =g(1)=0,v2>0
. Két hop vé6i g (z) = 0 v g () 13 ham chén ta duge g (z) = 0, Vz.
Suy ra f (z) = 1_—Cx2,v:1; €(~1;1) f(z) = x,Vz € R.

Thit lai ta thay ham s6 f (z) théa man yéu cau bai toan.

2.6 Phuong phap chuyén vé bai toan xac dinh day sb

2.6.1.N0i dung phuong phap

Phuong phap nay thuong duge dung cho cac phuong trinh ham cé dang:
a.f (f (x)) +b.f () + c.x =0 trong d6 a, b, ¢ 1a cac s6 thuc da biét.
Giai phuong trinh ham dang nay, ta lap day s6 {u,} véi
{ un € Dy Vn € N.

Up+1 = f (un)
Khi d6 bai toan gidi phuong trinh ham chuyén vé bai toan xac dinh day
sO a.Upso + bpyr + cu, =0
Suy ra phuong trinh dic trung ctia day 1a: a.y? +b.y + ¢ = 0. Giai phuong
trinh nay ta dugc cac nghiém la yq, ys.
Khi d6 u, = ¢1(y1)" + ca(y2)" trong d6 ¢y, ¢o 14 hang s6. Tt cach xac dinh
day s6 dé tim f (z) ta di tim uy ( v6i ug = f (ug)).
2.6.2. Vi du minh hoa

Vi du 1: (Dé dy tuyén IMO-1992)
Cho a,b la hai so thuc duong. Ching té rang ton tai duy nhat mot ham
so xdc dinh trén tdp cdc so thuc duong nhan gid tri trén tdp cdc so thuc
duong va théa man dieu kién
flf(@)]+bf () =a(a+b)x,Vre R (1)
Bai giai:
V6i mdi x € R ta xét day ug = 2, upy1 = f (uy),Vn € N.
R | Upgo +bup = a(a+b)uy,
Tw (1) ta co { u, > 0.0 € N
Phuong trinh dac trung cua day la:
Y2 +by=a(a+b) < y2+by—aa+b)=0.
Giai ra ta duge y; = a,yo = — (a + b).
Do d6 u, = c1a" + cs[— (a + b)]".

So hoa bdi Trung tam Hoc lieu http://Irc.tnu.edu.vn/



25

Xét hai truong hop
+ Truong hop 1: néu ¢ > 0 thi u, < 0 v6i n 1& da 16n. Mau thuan véi
u, > 0,vn € N.
+ Truong hop 2: néu ¢ > 0 thi u,, < 0 v6i n chén du 16n. Mau thuan véi
u, > 0,vYn € N.
Vay ¢3 = 0 suy ra u, = cja” do dé6 ug = c1a’ = ;.
Suy ra ¢; = z. Do d6 f (z) = ax.
Vay f (z) = azx,¥n € R™,
Thit lai ta thay ham s vita tim duge thoéa man yéu cau bai toan.
Vidu 2: Tim ham so f: R — R lién tuc va théa man
2x 3x

flz)+f (?> = E,Vaz e R.(*)
Bai giai:

2x

Xét day {x,} véi 1 € Ryz,, = g (x,-1),Vn > 2. Ta thay day {z,} 1a day
khong tuan hoan nén ta khong thé dua phuong trinh vé hé phuong trinh

) 2\"
dai s6 c¢6 hitu han phuong trinh. Nhung vi z,, = 21 <§> nén day {x,}

la cap s6 nhan i vo han, do d6 lim z,, = 0,Vz; € R.
n—oo

Thay x béi x1...x,—1 vao phuong trinh (*) ta duge
31’1

[ f o)+ f (@) = )
)+ f (a9) = 222(2)

o

3T,

| F ) + 1 ) = )

Nhan dong phuong trinh thi 7 véi (—l)ile roi cong lai ta dugc
il 3 2 [2\? —2\"!
fx)+(=D)""f(x,) = R [1 —3 + (§> — ot <?> ] (**)
Xét
lim | (=)™ £ (@)] | = tim [ ()] = | £ (tim )
Mt khac do f (0) = 0 nen lim (—1)""' f (x,) = 0.
Lay gi6i han 2 vé cia (**) ta dugc
3 1 9

f(x):5x+—2:—x

= £ (0)].
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. . PN 9
Thit lai ta thay ham s6 théa man. Vay ham so can tim 1a f (x) = T

2.7 Phuong phap diém bait dong

2.7.1.N0i dung phuong phap

Ta nhic lai: 2y duge goi la diem bat dong ctia ham s6 f (z) néu:
flag) =y
Y tudng ctia phuong phap diém bat dong la nhu sau. Bing cac phép bién
doi thich hgp, ta dua phuong trinh ham da cho vé dang :

FIh(f(2))] = h(f(z))
trong d6 f (z) 1a ham s6 can tim va h (x) 1a ham s6 da biét. Khi d6 ta
c6 thé dua vao an phu u = h (f (z)) dé chuyén phuong trinh ham vé tim
u théa man phuong trinh f (u) = u, tic 1a tim diém bat dong ctia ham
f (u). Khi xac dinh duge u ta sé tim duge nghiém cia phuong trinh da
cho.
2.7.2. Vi du minh hoa

Vi du 1: (IMO-1994) Cho S = (1;400). Tim tdt cd cic ham f: S — S
théa man dong thoi 2 dieu kiéen

o fle+fw+afWl=y+f(x)+f(x),Ve,yeS (1)
f ()

la tang vdi —1 <x <0va 0 <z < +4o00. (2)

Bai giai:
Cho x = y tir diéu kién (1) ta co
Flot f(2) +f (@)] =2+ f (2) + £ (2)
S fle+@+1)f@)] =2+ (@+1)f(2) ()
Dat u =2+ (x 4+ 1) f (z) thi ti (i) ta suy ra f (u) = u. (i)
Tuw (i) cho z = w ta dude flu+ (u+1) f(y)] = u+ (u+1) f (u). Mat

x
) la ham tang v6i —1 < 2 < 0
x

khéc tir dieu kien (2) ta c6 nhan xét rang
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va 0 < z < +o0o. Do d6, phuong trinh f (2) = x ¢6 nhiéu nhat ba nghiém,
va néu ¢6 mot nghiém nam trong (—1;0), mot nghiém bang 0, mot nghiem
nam trong (0; +00) thi cdc nghiem nay déu 1a diém bat dong ctia f.

Ta xét cac truong hgp sau

e Gidst —1 <u<0= —1<u’+2u < 0. Vicac diém bat dong néu c6
) =0
trén (—1;0) 1a duy nhat nén tir (i),(ii) ta c6 u?+2u = u = Z _

Cac nghiém nay déu khong théa man vi u € (—1;0).

e Néu u > 0 thi khi d6 u? + 2u > 0. Theo nhan xét trén, trén (0; +o00)
phuong trinh f (u) = 0 néu c6 nghiém thi nghiem dé 1a duy nhat, do
u =0

do tit (i) va (ii) ta co u* +2u = u = v —1

. Cac nghiém nay déu

khong théa man vi u € (0; +00).

Vay chi c6 u = 0.

Tu (i) taco fle+(z+1) f(x)) =2+ (x+1) f(x),Vr €S. Suy ra
z+ (z+1) f(z) 1a mot diém bat dong ctia f.

DovayV:EESthix+(a:+1)f(x):Oéf(x):—%,VxES.
x
Thit lai ta thay ham sé nay théa man diéu kién bai toan.
. ) x
Vay nghiem can tim Ia ham s f (z) = ————.
ay nghiém can tim 1a ham s6 f (z) T2

Vidu 2: Goi S la tap cac so nguyén khong am. Tim tat cd cac ham so
f:8—S sao cho f(m+ f(n) = £ (f (m) + f (n). (1)
Bai giai:

Cho m =n =0 thi ti (1) ta c6

SO+ 7(0)) = f(f(0))+ f(0), suy ra f(0) =0

suy ra f (f (0)) = 0.

Cho m =0 ta ¢6

f(f(n)) = f(n),dods (1) c6 thé viét thanh

f(m+ f(n) = f (m) + f (n).

Theo trén, f(n) la diém bat dong.

Goi k 1a diém bat dong khac 0 bé nhat ciia ham f.

e Néu k khong ton tai thi f (n) =0, Vn.

Vay f(n) =0 la mot nghiém ctia bai toan.

e Néu ton tai k& thi bang quy nap ta ching minh dugc f (¢.k) = ¢.k voi
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q nguyén khong am.

Bay gio gia st f c¢6 diem bat dong n khac ta viét
N=kqg+rvéi0<r<k

Liac do

f)=[fr+f(kq)=[f()+[f(kg)=Fkaqg+ [f(r)

Suy ra f(r) =0=r=0.

Nhu thé diém bat dong ctia ham s6 1a boi cta k.

Tuy nhién, Vn, f (n) 1a diém bat dong, do dé f (n) 1a boi clia k Vn.
Ta lay cac s6 nguyeén khong am nq, no...ni_; va chon ng = 0 thi ham
tong quat can tim la

flgk+r)=qk+n.kvsi0<r<k.

2.8 Phuong phap chuyén vé phudng trinh ham Cauchy

2.8.2. Vi du minh hoa

Vidu 1. Tim ham f lién tuc tréen R va thoa man

e f(0)=/f(1)=0(1)

-2f@%hﬂw=%f<%+y

3

) Vr,y € R. (2)
Bai giai:

+ Tu (2) cho x = 0 ta duge: f (%) = %f(y) ,Vy € [0; 1].

+Ch0y:0$2f(x):3f(2§>if(%)zgx.

Khi d6 (2) @%f(:c)Jr%f(y):f(%er%)Vx,ye 0:1]
hay f(z+y) = f(z)+ f(y) =Va,y € [0;1].
Do d6 f(x) =ax véia= f(1)=0. Vay f (z) =0,Vz € [0;1].

Vidu 2: Tim ham f (x) lién tuc tréen R va thoa man

fC””)zluu»aﬂmw%yeR«n

2 2
Bai giai:
Dit g (x) = f(z) — £ (0) thi g (0) = 0. Trong (1) cho y = 0 ta duge
f<sc> _ f@)+£(0)
2

2

So hoa bdi Trung tam Hoc lieu http://Irc.tnu.edu.vn/



29

X

@f(2>_fw): 2

@g(a) = %Q(ZC),VCUER.
Khi do6 (1) (z)f(

®9(§+g)ZQCQ+ﬂ(%%®g@+y%aﬂ@+gwhwmy€R-
= g(z)+g(0) = ar+bvéib = f(0) va

Vidu 3: Tim ham f (x) lién tuc tréen R va thod man
f@)+fy) = fle+y) =y Ve,y e R (1)

Bai giai:

Tu (1) chox =0= f(0) =0.

Choy=—z = f(z) ;i— f(=z)+2%= O,Vx2€ R.

Dat g(z) = f () + 5 = f (1) = g () = 5

Khi d6 tix (1) ta c6 g(z) + g(y) = g(z+y),Ve,y € R. Day la ham
Cauchy do d6 g (z) = ax.

372

Vay ham can tim 1a f (z) = ax — 5

Thit lai ta thay ham s6 théa man yéu cau bai toan.
Vidu4: Tim ham f (x) lién tuc trén R thod man f (0) = 1, f (1) = 2002

o f(FHEE) =S @)+ S )+ ()] gz € R

Bai giai:

Dat z = %_Hg thi tir gidi thiét suy ra f (ac ;— y) —

1
L@+ )
Do d6 theo vi du 2 suy ra f () = ax + b.

Vi f(0)=1,f(1)=2002 suy ra f (x) = 2001z + 1 1a ham s6 can tim.

2.9 Phuong phap st dung cac tinh chit cia dao ham, nguyén
ham, tich phan

2.9.1.N0i dung phuong phap
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Phuong phap nay thuong duge st dung chii yéu ddi véi mot sé6 phuong
trinh ham ma giad thiét 13 ham kha vi, lien tuc. Khi d6 bang cac ki thuat
bién ddi ta quy phuong trinh ham da cho vé dang thich hgp

e Lay dao ham hai vé clia phuong trinh ham theo bién thich hgp.
e Lay nguyén ham, hodc tich phan vé6i can thich hop.

Khi d6 nho cac tinh chat ciia dao ham, nguyén ham va tich phan ta tim
duge ham sé can tim.
2.9.2. Vi du minh hoa

Vi du 1: Xdc dinh tat cd cic ham f : R — R khd vi v han va théa man
dieu kién

fx+y)=f(2)+ f(y) +22y,Vo,y € R. (1)

Bai giai:

Cho x =y =0 thi tu (1) ta c6 f(0) =2f(0), suy ra f(0) = 0.

Véi f (z) = 22 + 2a.2,Va € R,y # 0 tit gia thiét
fle+y)=[f(z)+[f(y)+ 2y

hayf(flf+y) f() f () + 2xy.
flx+y)—fx)  f(y)

Suy ra y =7, + 2x.
= ) = tig Ly (T, )
= ['(x) = ['(0) + 2z.

Mat khac N }
F@)=F@) = FO) =] (b= [ @+ O)dr =22+ 1 (0) 2

0
= f(z) = 2% + 2a.x (v6i a = f'(0)).
Thit lai ta thay ham s6 f (z) = 2?4 2a.z,Va € R 1a nghiém ctia bai toan.
Vi du 2: Tim tat cd cic ham so [ (x) zdc dinh khd vi trén R va thda

man

f($+2> _f@)+ W)
2 ) 2

Bai giai:

Lan lugt 1ay dao lr}am 2 vé theo = va y ta co

Ly (2h2) / (x),Vx cR

f<2

2
L, (z+2Y\  f'(y)
2f< 5 >— 5 ,Vy € R.
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Suy ra f'(x) = f'(y) do d6 f'(x) = 0.
Vay ham s6 can tim la f () = a.z + b.

2.10 Phuong phap thém bién

2.10.1.N6i dung phuong phap

Khi gap nhitng phuong trinh ham véi cap bién tu do x,y, bang cach
them bién méi z ta sé tinh mot biéu thitc ndo do chita z, v, 2 theo hai cach
khac nhau, tit d6 thu dugec mot phuong trinh ham theo ba bién z,y, 2.
Sau do6 chon z nhitng gié tri dac biét dé thu duge phuong trinh ham méi,
huéng t6i két qua bai toan.

2.10.2. Vi du minh hoa

Vi du : Tim tat cd cac ham so f : R — R thdéa mdin
fley)=f(x) fly) = fle+y)+1.(1)
Bai giai:
Thay « = y = 0 vao (1) ta duse f(0)>—2f(0)+1=0<[f(0)—1)°=0
tic la f(0) = 1.

r=1

e Truong hop f(—1) =0
Trong truong hop nay ta thiét lap bién yz thay vy ta co6
flayz) = f(z).f(yz) — fz+yz) +1
—F @) ) f )= Fly+2)+1]— frtyz)+1
—F@ WG - F@ g+ + @)~ @ty + 1 (2)
Mat khac ta cting co
flayz) = f(2) f(wy) = f(z+ay) +1
=fE@ ) - fle+y)+1 - flz+ay) +1
=f@) fW)f)—f)fl@e+y)+fz)—f(z+azy)+1.(3)
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Tu (2) va (3) suy ra véi moi s6 thuc x,y, z ta c6
(4() ) fy+2)—f(@2)+f(x+yz)=[f(2)f@+y)+f(2)—f(z+azy)
Trong (4) cho z = —1 ta dugc
f@)fly=1)—f@)+fle—y) =flzy—1)
vachox =1, taduge: f(1)f(y—1)—f()+f(1—y) =f(y—1)
Sfy-DI-fW]=r0-y)—fQ).((5)
Tit (5) cho y = 2 ta duge f2(1) — (1) = f (1)

S fOR-FM=0

Suy ra f (1) =0 hoac f (1) =

Diéu nay c6 nghia ta c6 hai truong hop

+ Xét f (1) = 0. Khi d6 (5) viét lai thanh
fA—y)=fly—1).

Sau do ta thay y bdi y + 1 ta dugc
f(=y)=f(y). (6)

Tiép theo thay y bdi —y vao (1) va su dung (6) ta c6
flay)=f(z)f(y) = flz—y)+1.(7)

Két hop (7) va (1) suy ra

flat+y)=[f(z-y)

Dac biét trong phuong trinh nay cho x = y ta c6
f(2z)=f(0)+1,Ve € Q.

Tu d6 suy ra f (1) = 1 mau thuén véi f (1) = 0.

Xét f (1) = 2 khi d6 (5) c6 thé viét lai thanh
2f(y—1)—-2+f(1—-y) =f(y—1)

S fly-1)=2-f(1-y).(8)

Trong (8) thay y béi y + 1 ta duge
fly)=2-f(-y)
Sl-fy)=rf(-y)-1=-[1-f(-y)]

bat 1 — f(y) = g ().

Tu (9) suy ra ham s6 g théa man g (—x) = —g (x)

va phuong trinh (1) trd thanh
l—g(zy)=1-g@)l-9gW|-1+g@@+y +1
Nhan va rat gon ta duge g (zy) = g (z)+g9 (y)—g (x) g (y) —g (x + y).
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(10)

O phuong trinh (10) thay y bdi —y ta dugc:

—g(@y)=g@) —gW) +9g@) g —gx—y). (11)

Cong (10) va (11) vé theo vé ta c6

g(x+y)+g(x—y) =29 (). (12)

Tu (12) cho z = y ta thu duge g (22) = 2¢g (x) (do g (0) =0 ).
Do d6 (12) c6 thé viét lai thanh

g(fﬂ+y)+g($—uy+)jg(2wl)b-_(13)
—hTy 7Y

V6i moi u, v dat
Khi d6 theo (13) ta c6

g(u)+g@) =gu+v)

hay g (z +y) = g(z) + g (y).(14)

T (10) va (14) ta suy ra g (xy) = —g (z) g (y) ,Vz,y € R. (15)
Tu (14) ta thay day la phuong trinh ham Cauchy ta c6

g(rx) =rg(x),Ver € R,Vr € Q. (16)

T (15) cho y = x ta duge

g (%) = —[g (2).¥r € R

suy ra

f(z) <0,V >0

Tit (15) va (16) ta c6

rg(x)=g(rz)=—g(r)g(z),Ve e R,r € Q. (17)

Dé thay ham s6 g (z) = 0 thoa man (10) nén G day ta sé xét truong
hop g (z) = 0. Khi d6 ton tai zp € R sao cho g (zg) # 0.

Thay = = z( vao (17) ta thu duge g (r) = —r,r € Q. (18)

Tiép theo ta ching minh ¢ 14 ham khong ting.

Gidstx <y,khidétacoy—x>0suyrag(y—xz) <0.

Tu day st dung (14) ta duge

gy =g((y—z)+z)=g(y—2)+g() <g(2).

Diéu nay chitng té ¢g 14 ham khong ting trén R.

Bay gio véi mdi z € R tity ¥, ta chon hai day s6 hitu ti {u, } >3, {v,}
sao cho

U, < x < vy, Vn=1,2..

va lim wu, = lim v, = .
n—-+00 n—+00

Vi ¢ 1a ham khong tang nén g (u,) > g (x) > g (v,). Két hop véi (18)

—+00
n=1
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ta ducc

—Uup > g(x) > —v,,Vn =1,2...

Cho n — 400 trong bat dang thiic trén ta thu duge —x > g (v) > —x
Tu day tasuyra g (z) = —z, Ve € Rvadods f (z) =2x+1,Vx € R.

e Truong hop f (1) = 1.
Tt (4) cho z = 1, ta dugc
f@) fly+)—f@)+flz+y)=f(z+y) -1+ f1+ay),
Vr,y € R
hay f(z) f(y+1)— f(z)=—-1+ f(1 +=zy),Vz,y € R. (19)
O phuong trinh (19) lay y = —1 ta duge f (1 —2) = 1,Vz € R. Tu
day dé dang suy ra f (z) =1, Vx € R.
Két luan
C6 hai ham s6 théa man yéu cau dé bai f(z) = 1, Vo € R va
fx)=2+1,VzeR

2.11 Phuong phap tong hap

2.11.1.N6i dung phuong phap

Dé tim dudce con duong di dén 15i giai cdc phuong trinh ham déi khi
khong hé don gidn. Trong phan cudi nay ta xét nhitng phuong trinh ham
ma viéc gidi ching doi hoéi kha nang suy luan cao, huy dong nhiéu kién
thiic lien quan va doi khi 1a sy két hop nhuan nhuyén ciia nhiéu phuong
phap giai nhu da trinh bay & trén. Ching ta tim hiéu qua mot s6 vi du
duéi day.

2.11.2. Vi du minh hoa

Vi du 1: Tim tat cd cic ham f: R™ — RT théa man diéu kién
flaty) +f@) fy)=fy)+f(@)+f),Ve,y e R (1)
Bai giai:

Cho z = y = 2 thay vao (1) ta dugc

FAHF @) =F@)+2f(2) & (f(2)° =2f2) & [©2)[f(2) -2 =0
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Do f (z) > 0 nén ta cé f(2) = 2.
Talaichox =y =1 taco

F+(F D) = F)+2f (1) & 24(f (1)) =3f (1) & (f(1))’=3f(1)+2=0

e Xét truong hop f (1) = 2.
T gid thiét bai toan cho y = 1 ta duoc
Pl 1) +20 () = (@) + F () + F (1) = 2f () + 2
hay f(z+1) =2.
T day suy ra f (z) =2,Ve > 1.

V6i 0 <z <1 tachony=—>1. Khidbtaco

Fe+3)+r@r () =rw+rw+s(3)

suyra 24+ 2f(x) =2+ f(z)+2 < f(zr) =2 v6imoi 0 < x < 1.
Nhu vay ta ¢6 mot ham s6 can tim 1a f (z) = 2, Vo € R™.

S|

e Xét truong hop f (1) = 1.
Thay y = 1, tir giad thiét ta duogc
flatl)+f(@)=f0)+ f(z)+ f(z)
hay f(z+1) = f(x)+1,Vx € R*. (i)
Tu (i) bang phuong phap quy nap ta thu duge f(n) = n,Vn € N*.
Va f(x+n) = f(x)+n,Vn € N* Ve € RT. (ii)

) =
Cho z = n,y = —, tit gid thiét bai toan ta co

(e D) s (B) = s s s (2)

két hop véi (ii) ta thu duge

f<n+%>:n+f<%>

Vayn+f<%>+nf (%) :1+f(n)+f<%>
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1 1 1

= fl—)|=—-—==-,VneN"

V6i moi s6 hitu ti — Vm n € N* ta cho x = m,y = — tir gid thiét
n’

bai toan ta thu ducc

f(m+%>=f@ﬂf<%) F(5)+Fm) ()

v ()
/n n NS

Nhu thé ta da ching minh duge rang Vo € Q7 thi f (z) = .

Bay gio ta ching minh f dong bién trén (0; +00).

> (0 thi ta

Trude hét ta chi ¥ rang v6i moi o > 1 ta chon y =
x —_—

c6x+y=uwxy. Suyra f(x+y)=f(zy).
Khi d6, tit gid thiét bai toan ta thu ducc

Ff () = ro (55

= f <%> [f () — 1] = f (x). Tu day suy ra
f(x)—1>0hayla f(z)>1
\ z \_ [
Va f (:c— 1) = Tl - 1,Vx > 1. (iii)
Mt khac ti (iii) ta c6

o)) (e - e s

1 1 .
Nhu vay f (;) = m,v:c € RT. Dodénéuz > 1thi f(z)>1va

néu 0 <z <1thio< f(x)<1.

+ Xét0<x<y<ltaco

fly—z+a)+ fly—2a)f(x)=flly—x)z]l+ f(y—
hay £ () = Fl(s— )2l + £ (y— ) + £ () — F (4 )
Dé yrang do 0 < z < 1 nén f(z) < 1, vi thé f(z) <
ham f dong bién tren khoang (0;1).

)
f
f
1 1
+Xet1<x<ytaco()<—<—<1:>f<) ()
] ] Y x Y

ﬂw<f@y$ﬂw>f@-

Nhu thé f dong bién tren (1; +00). Va do d6 f dong bién trén (0; +00).
Cudi cing, v6i mdi 2 > 0 ta chon hai day s6 hitu ti {u,}, {v,} sao cho

+f(2)
().
(y). Do dé
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Uy < T < Up

va lim wu, = lim v, = z. Khi d6 do f dong bién nén
n—-+00 n—-+00

fun) < f(2) < fon) = u, < fz) <w,

Cho n — +oo ta duge f (z) = .
Tht lai ta thay ham s6 vita tim dugc théa méan yéu cau bai toan.
Vay ¢6 hai ham s6 thoa man de baila f (x) = 2va f (z) =z, Ve € RT.

Vi du 2: Tim tat cd cic ham f : R — R théa man diéu kién

o fle—=fWl+ S = (z—y)Ve,yeR (1)
o Tap hop A={x € R/f (x) =0} la tap hiau han. (2)

Bai giai:
Dat f(0) = a. Thay z =y + f (y) ta co:
fle—fWl+fw=Ffa-y) e fy+fy)=1f(©Y)
hay f(f (y)) =2f (y),Vy € R.
Vivay ta c6 f (a) = f (f (0)) = 27 (0) = 2a.
Thay x = 2a,y = a vao hé thic (1) ta cd
F(20—a)+ f(a)=f (2a—a) & £ (0)+  (a) = f (a). Suy ra f (0) = 0.
Bay gio thay x = 2y ta c6
fRy—fWI+fw=FfQy—y)=f)=fl2y—f(y)l=0"yeR.
Xét s6 b ma f (b) = 0. Tu két qua trén thay y = b ta c6 f (2b) = 0.
Lai thay y = 2b ta ¢6 f(4b) =0
Bang phuong phap quy nap ta dé dang ching minh duogc
f(2") =0,Vn € N.
Néu b # 0 thi cac gia tri 2" 1a phan biét, nghialatap A = {z € R/f (x) = 0}
la tap vo han. Trai véi gia thiét (2), do d6 b = 0.
Tém lai f(z) =0« x=0.
Tu dieu kién (1) ta c6
f2y—fy)]=0
S2y—fy)=0
& fy) =2y, VyeR
hay f(z) = 2z,Vz € R.

So hoa bdi Trung tam Hoc lieu http://Irc.tnu.edu.vn/
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Thit lai ta thay ham s vita tim duge théa man yéu cau bai toan.

So hoa bdi Trung tam Hoc lieu http://Irc.tnu.edu.vn/
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KET LUAN

Véi dé tai "Mot s6 phuong phap giadi phuong trinh ham", luan van da
néu lén mot cach kha chi tiét cac phuong phap giadi phuong trinh ham
thong dung hién nay. Ngoai viéc trinh bay hé théng noi dung cac phuong
phap, luan van ciing néu ra cac vi du dién hinh minh hoa cho cac phuong
phap d6. Qua do6 gitp nguoi gidi toan dé hinh dung vd nam bat dugc
phuong phéap giai ting loai phuong trinh ham.

Mac du da c¢d gang, nhung do nang lyc va thoi gian c6 han nén chic
chan luan van con nhiéu chd thiéu s6t. Em rat mong nhan duge y kién
déng gép clia cac thay co va cac ban.

So hoa bdi Trung tam Hoc lieu http://Irc.tnu.edu.vn/
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