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L.OI CAM ON

Luan van nay duge trinh bay dudi sy huéng dan tan tinh va su chi bao
nghiém kh#c ctia thay gido PGS. TS Dam Van Nhi. Toi xin gt 10i cAm on
chan thanh va sau sic nhat dén thay.

Toi ciing xin kinh gii 10i cAm on chan thanh dén co gidao TS. Nguyén
Thi Thu Thiy cling cac thay gido c¢o gido tham gia gidng day khoéa hoc
cao hoc 2011 - 2013, nhitng ngusi da dem tam huyét va sy nhiét tinh dé
giang day va trang bi cho toi nhiéu kién thtic co sé.

TAic gia cling xin gui 10i cdm on chan thanh dén Ban giam hiéu, phong
Dao tao, khoa Toan - Tin Truong DHKH, Dai hoc Thai Nguyén da tao
diéu kien thuan lgi trong sudt qua trinh hoc tap tai truong.

Xin chan thanh cdm on gia dinh, ban bé dong nghiép va cac thanh
vién trong 16p cao hoc toan K5B da luén quan tam, dong vién, gitup dé toi
trong sudt thoi gian hoc tap va qua trinh lam luan van.

Tuy ban than c6 nhiéu c6 gang, song thoi gian v ning lic clia ban
than c6 han nén luan van khé tranh khéi nhitng thiéu s6t. Rat mong dugc
sut déng gop v kién clia cac thay co cling toan thé ban doc.

Hai Phong, thang 05 nam 2013.

Tac gia
Vi Thi Loan
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L.OI NOI DAU

Ly thuyét t6 hop la mot phan rat quan trong ciia toan hoc roi rac
chuyeén nghién ctu su sip xép cac dbi tuong. Khi giai bai toan to hop ta
phai liét ke, dém céc déi tuong theo cac tinh chat nao d6. T6 hgp nghien
cttu cac bai toan thuong dude két hop mot s6 rang budce va c6 nhiéu nghiem.
N6 chi ra sb lugng nghiém, 16p cac nghiem cu thé hay 16p céc nghiem thoa
méan them mot s6 diéu kien nao day. Cac thuat toan to hop ngay cang
dugce bién doi hoan thien dé dé st dung v c¢6 do phiic tap tinh toan nhé
dan. Khi thuc hién cac thuat toan to hop, cac nghiem ctia bai toan thuong
dugc xay dung theo mot vai nguyén 1y nao day. Do vay, luan van nay dit
van dé trinh bay lai bon nguyén 1y co ban trong 1y thuyét To hop va xay
dung mot s6 vi du 4p dung.

Luan van bao gom phan md dau, hai chuong, két luan va danh muc cac
tai lieu tham khao. Chuong 1 tap trung trinh bay bén nguyeén ly. Chuong
2 trinh bay céc van dé liéen quan nhu: Phuong phap dai luong bat bién,
phti ctia mot tap hgp va tng dung vao bai toan hinh hoc t6 hap.

Noi dung chuong 1 gom bén muc. Muc 1.1 duge danh dé trinh bay
Nguyén 1y quy nap: Dé chi ra ménh dé P(n) dung v6i moi s6 nguyén
duong n > «, ta chi can kiém tra P(«) dang va P(n + 1) ding khi P(n)
ding. Tu d6 suy ra P(n) luon luon ding véi moi n > a.

Nguyeén 1y thid hai dude xét dén 1a Nguyén ly Bu-Trir va dude trinh
bay ¢ Muc 1.2. Khi xét bai toan to hgp, ta thuong phai dém xem c6 bao
nhiéu cau hinh c6 thé tao ra véi nhitng yéu cau dat trude. Noi chung, dé
dém céac cau hinh da cho nguoi ta tim cach dua cac cau hinh vé loai quen
thuoc qua viéc phan ra thanh cac 16p dé 4p dung quy tic cong. Nhung
khi nhiéu cong viéc c6 thé lam dong thai thi quy tic cong khong con dung
nita. Do vay ching ta phai xét Nguyén 1y cong dudi day:

card(AU B) = card(A) + card(B) — card(A N B).
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Tong quat Nguyen 1y cong ta c6 Nguyen 1y Bu-Trit. Cai kho ciia viec van
dung Nguyeén 1y Bu-Trir 1a viec phan 16p nhu thé ndo dé dé dang c6 duge
cac s6 dém.

Muc 1.3 trinh bay nguyén ly thit ba, d6 la Nguyén ly Dirichlet. ”
Néu c6 n do vat duge cat vao k hop, sé c6 mot hop chifa it nhat [%] vat.”
Cai kho ctia viéc van dung Nguyén ly Dirichlet 1a viéc coi cai gi 1a s6 vat
va cai gi dugce coi 1a s6 hop.

Con nguyen 1y thi tu 1a Nguyén 1y lii dan, duge trinh bay ¢ Muc
1.4. Day la mot phuong phap do Piere de Fermat dwa ra khi giai phuong
trinh nghiém nguyén. Xét phuong trinh f(z,y,z) = 0 trong Z. Gia st
(w0, %0, 20) € Z? 1a nghiém ctia phuong trinh f(z,y,2) = 0. Dya vao gi
thiét dé suy ra (x1,y1,21) € Z® la nghiém ctia phuong trinh f(z,y, z) = 0
v6i |zo| > |71, chang han. Lip lai dugc day Ini dan cac s6 tu nhién
|zg| > |z1] > |xe| > .... Sau mot s6 hitu han bude, ta di dén 161 giai
phuong trinh. Cai khé ciia dang toan nay la véi bai toan da cho phai xay
dung dudc mot phép chuyén tit bo no dén bo kia dé lui. Nguyen 1y lui dan
da va dang duge van dung dé xét cac bai toan trong nhiéu linh vie. Tuong
tu ta ciing c6 Nguyén 1y ting dan.

Trong chuong 2 tap trung trinh bay ba van dé lien quan dén bén nguyeén
ly trén. Muc 2.1 trinh bay vé phuong phap dai lugng bat bién. Muc 2.2
trinh bay vé phu ctia mot tap hgp. Muc 2.3 trinh bay mot vai bai toan
hinh hoc t6 hop.
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MOT SO KY HIEU VA CHU VIET TAT

Tap rong duge ky hieu qua ¢

V6i moi x duge viét 1a Vo

Tap cac sO tir nhien dugce ky hieu 1a N
Tap cac s6 nguyéen dude ky hieu 1a Z
Tap céac so6 hitu ti duge ky hieu 1a Q
Tap céac s6 thuc dugce ky hieu 1a R

Luc luong cia tap A duge ky hiéu la cardA
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Chuong 1
B6n nguyén 1y cd ban

Chuong nay tap trung trinh bay bén nguyén 1y co ban, nhu: Nguyeén
Iy quy nap, Nguyén ly Bu-Trit, Nguyén 1y Dirichlet va Nguyéen 1y 1t dan.

1.1 Nguyén ly quy nap

Meénh dé 1.1.1. Tap tat cd cdc so tu nhién N cung quan hé thi tu la mot
tap sdp thi tu tot.

Ménh dé 1.1.2. Néu tdp bat ky M C N c6 cic tinh chat: 0 € M wva
n+1e M khine M, thi M = N.

Hai két qua dudi day thuong dude goi 1a nguyén 1y thi nhat va nguyen 1y
tht hai ciia quy nap toan hoc.
Ménh dé 1.1.3.[Nguyén ly thit nhat] Néu ménh dé P(n), phu thudc
vao soé tu nhién n théa man:

(i) P(a) ding vdi mot o € N.

(ii) P(n+ 1) ding khi P(n) ding, ¢ dé n > a,n € N thi P(n) ding vdi

mot so tu nhién n > .

Ménh dé 1.1.4.[Nguyén ly thit hai] Néu ménh dé P(n), phu thuoc
vao so6 tu nhién n, théa man:

(i) P(«a) ding vdi mot o € N.

(ii) P(n+ 1) ding khi P(a), P(a + 1), ..., P(n) ding, ¢ d6 n > a,n € N
thy P(n) ding vdi moi so6 tu nhién n > a.

Bay gi¢ ta sé van dung hai nguyén Iy nay dé xét cic bai todn so cap.
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Vidu 1.1.5. Vi s6 nguyén n > 2 va P, = n!, hay ching minh 2P, > 2",

Bai giai: Véi n = 2 ¢6 2P, = 4 = 2%, Nhu vay két luan ding cho n = 2.
Gia st két luan dang cho n > 2. Khi d6 2P, > 2". Xét tich

2P,;1 = (n+1).2P, > (n+1)2" > 2.2" = 2"*1,
T do suy ra 2P, > 2",Vn > 2. H

Vi du 1.1.6. Chitng minh rang vdi moi so6 nguyén n > 6 ta luon cé
n! > 3".

Bai giai: Béi vi 7! = 5040 > 2189 = 37 nén két luan ding véi n = 7.
Gia stt két luan da dang véi n. Khi d6 ta c6 n! > 3" Véin + 1 c6
(n+1!'=nl(n+1) > 3"(n+1) theo gia thiét quy nap. Vin+1 > 3 nén
(n + 1)! > 3" v nhu thé n! > 3" ding v6i moi s6 nguyen n > 6. O

Vi du 1.1.7. Chitng minh ring vdi s6 nguyén n > 0 ta luon coé bat ding
thic:

1 1 1
Vn<l4 —+—+--

\/5 \/§ +%<2\/ﬁ.

S ezl Tyoe s 1 1 1 1
Bai giai: B01v11+—+—+ -+ +--+—==n

1
V2 B fﬁ*lﬁ NG

1
nén ta nhan duge bat déng thic 1 + — + - -+ + — > /n.
g NG =2 V1
Hién nhien 1 < 2 nén bat dang thic ding véi n = 1. Gia st bat dang thiic
1 1
dang v6i n. Khidéotac6 14+ —+--- + — < 24/n. Lai c6
s e

1 1 1
I+ —=+-+—=+ <2yn+ ———
V2 NV S v m

va nhu thé

1 1 1 2\/ (n+1)+1 2n—|—1—|—1

I+ —++—+
V2 Vn \/n+1 vn+1 vn+1

1 1 1 )
hay 1 4+ —=+4--- + + < 2y/n 4+ 1. Tom lai ket qua ding véi

V2 vno Vn+1

moi s6 nguyén n > 0. []
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Vi du 1.1.8. Day (a,) dugc cho nhu sau: ay = 1,a; = 3,a2 = 6,a3 =
10, a4 = 15, a5 = 21, .... Xdc dinh a,, theo n va ching minh bat dang thic
1 1 1 1 1 1

T=(1-3)1= =) (=)<t

Bai giai: Tt a; =3 =ap+2,a0 =6 = a1+ 3,a3 = 10 = as + 4,a4 =

15 =ag+5,a5 = 21 = a4 +6 suy ra a,, = a,_1+n-+1 v dieu nay dé dang
(n+1)(n+2)

c6 duge qua quy nap. Vay a, = 14+2434+---+n+n+1 =
I a—1 (k+1)(k+2)—2  Kk(k+3)

> 1— — = = = . Nh
VAU TR T a k+rk+2) (ktD)kt2)
R 1

vay b= ==

1 1 1 1 1 1

T = (1—5)(1+§)(1—§)(1+Z)‘“(1—n—H)(1+

1 1 1 1 1 1
= 5(1—§)(1—E)(l—ﬁ)'“(l—m)(lﬂL

132—1 42—1_52—1 (n+1)2—1 1

= 5( 32 ) 42 )( 52 )- (n+1)? )(1+n——|—2

2.3.425% .. (n— 1% (n+1)(n+2)(n+3)
2324252 - (n—1)?n%(n+1)%(n + 2)
n+3 n+3 1 1

< = .
3(n+1) 3n 3 n

1 2 L s 1 1
Tom lai a,, = (n + )2(n +2) va nhan duge bat dang thic T < 3 +—. O
n

) va ta c6 duge phép bién doi sau:

)

Vi du 1.1.9. Chiing minh ring vdi s6 nguyén n > 0 ta cé6 dong nhat thic:
1.2 422+ +n2" = (n— 12" 42,

Bai giai: Véin = 1taco 1.2 =2 = (1 — 1)2'"! + 2 va nhu vay két luan
dang. Gia st két luan dang véi n. Khi dé
1.2422%+ - +n2" = (n—1)2"" 4+ 2. V6i n + 1 ta c6 két qua sau:

1.242.2% 4+ - - 4n2"4+(n+1)2"" = (n—1)2" " 42+ (n+1)2" " = n2"2 12
va nhu thé két luan ciing ding véi n + 1. Tém lai, ta c6 dong nhat thic
124222+ 4+n2" = (n— 12" 4 2.
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Vi du 1.1.10. Chiing minh rang vdi so nguyén n > 0 ta c6 dong nhat
thic:

L2 n Ly s,

3 32 3n 4 3n

1 1 2.1+3 )
Bai giai: Véin =1 ta ¢6 3= 1[3 T ]. Gia sit két luan dang véi
1 2 1 2 3 )

n. Khi do g-l—?—l---'-l-gﬁnzz[iﬂ— ngj; ]. V6i n+ 1 ta c6 két qua sau:
1+2+ Jrn+n—|—1_1[3 2n—|—3]+n—|—1_1[3 2(n—|—1)—|—3]
3 32 3n gntl 4 3n gn+l Y gn+1
va nhu thé két luan ciing dung véi n + 1. Tém lai, ta c6 dong nhat thic

1+2+ _I_n_l[3 2n+3]

3 32 3n 4 g

O

Vi du 1.1.11. Vi day s6 thuc ag = 1,a1, - ,ap,ape1 =n+1,n>1 c6

= ‘CLZ' — az’—I—l‘ 2n

> S
i=0 vai + Ly ajiq+1 3(n+2)

Bai giai: V6i ba s6 a, b, ¢ ta diat a = tanz, b = tany, ¢ = tanz. Khi d6 bat
la — b N |b— ¢ - lc —a
Va2 +1vVe2+1 VB2 4+1VE+1 7 V2 +1Va2 + 1

duong [sin(x — y)| + [sin(y — z)| > |sin(x — z)|.
Tu |sin(u + v)| = [sinucosv + sinvcosu| < |sinu| + |sinv| ta suy ra bat
déng thic sau:

déng thic

tuong

sin(z — z)| = |sin(z —y +y — 2)| < [sin(z —y)| + [sin(y — 2)].

la; — as]| |ay — as| a1 — as|

Stt dung két qua nay:
Quy nap theo n dugc:

n

Z |az‘ - az’+1| > |a0 - an+1|
i—0 vai+1/a?, +1 - Vag? +1y/a?, +1
n n 2n

> > .
V2n2 +4n + 4 \/§(n—|—2) 3(n+2)
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Vi du 1.1.12. Vi s6 tu nhién n ta zét day ag = 0,a; > 0 vdi moi s6

n
i=1,2,---,n va théa man > a; = 1. Chiing minh rang:
i=1
n
a; _ z
—~ 1+ (ag+ - +ai1)?V/1+ (ap+ - + a;)? 4

Bai giai: Dat u; = arctan(ag + -+ + a;_1 +a;) véii = 0,1,--- ,n. Khi

T
do6 céac goc u; € [0; Z] va ¢6 céc hé thite sau:
a; = (ag+ -+ a1 +a;) — (ap+ - -+ + a;_1) = tanu; — tanu; 4

1
:\/1+tan2uz-:\/1+(a0+---+ai1+ai)2,i=1,--- M.

COSU;
n a; " tanu; — tanu;—
Vay g — Z i _ ) - 1—1
i1+ (ag+ -+ ai-1)’/1+(a+ - +a;)? i
COSU;_1COSU;
n . n T
hay S = sin(u; —ui—1) < >, (u; —ui_1) = uy = T []
i=1 i=1
Meénh dé 1.1.13.[Cauchy] Vdi cdc s6 thuc ay,as,- - ,a, > 0 ta luon cé

_al—l-ag—l—'“—l—an

A, = > Vajas---a, =1,

n

Chitng minh: V6i n = 1 bat dang thitc ding la hién nhien. V6i n = 2 ta

a+a
! 5 2> Jajas vi (Va, —v/a,)* > 0. Xét trusng hop n > 2. Gia st

n —1 An
da c6 Ay, > Ty Khi do A = Gt T (0= DAwet o {/an1 AT =T theo
n
A, + A . R
> A,A > /I',I' va nhu vay
Appr 2 VI =%y [ AN hay Ay > Doy O

2
Vidu 1.1.14. Cho a+b > 0. Chitng minh rang véi moin € N ta déu cé

a” + b" - a—+b n.
2 - 2

P

CO

gid thiét quy nap. Lai c6 A, 1 =
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Bai giai: Véi n = 1, bat dang thic luon dung. Gia sit bat ding thic ding
chon =k € N,k > 1. V6in = k+1, theo gia thiét quy nap sé nhan dugc:
<a+b>k+1 a+b <a+b>k _atba +bh  (atb)(dh+0h)

2 2 2 2 2 4
k+1 k+1 k k - k 1k
Xét hisu T = & ;b —(aM)sf +b) _(a b)ia ) Béi vai

tro clia @ va b nhu nhau nén c6 thé gia thiét a > b. Két hop véi gia thiét
a+b > 0hay a > —b ta nhan dugc a > |b|. Vay a* > ]b|k > b* va suy ra
(a — b)(a® — b¥) > 0.

Y k41 phtl
Dodé(a—l—b)(a —l—b)<a +b

b k+1 k+1  phtl
va nhu vay (%) < L.

4 - 2 2
Tém lai bat déng thic ding véi moi n > 0 O
Vi du 1.1.15. Cho cdc s6 ai, as, -+ ,a, > 0 théa man ajas---a, = 1 va
k la mot hang so duong tiy § sao cho k> n —1. Vay ta c¢é bat dang thic:
1 n 1 n L 1 < n
k+a  k+a k+a, ~ k+1

1 1 2
+ <
k+ a; k+ay — k+1
hay a1 +as > 2 vi ajas = 1. T ajas = 1 suy ra a; + ao > 2. Vay
bat dang thic can ching minh ding véi n = 2. Gia st bat ding thic

can chiing minh ding v6i n. Khong mat tinh chat tong quat, c6 thé coi
a;

k
0<a; << a, <ay. Datt = Yajay---a,, h = n va b, = " vii
i=1,2,---,n. Khido6 bby---b, =1. Biéu dién tong qua h va cac b; :

Bai giai: Véi n = 2 bat dang thic tré thanh

1+1++1_11+1++1
k+a,  k+as k+a, t\h+b h+b h+b,)"

Vik2n+1—1:nvat§1nénh2%>n—1.Nhu’vay,theo
1 1

, n

4 thiet 5 . < —— Tu dé
gla LHIeL quy hap Coh by h+b2+ Jrh+bn - h+ ©
1 . 1 n <1 n n Bav i 55 chi
suy ra . — = . Bay ¢10 sé chi

Y e Tkt a k+an—th+1 k+i e

n_, 1 <”Jrl Gi " 1. That va

ra véi t"a = Qias---Q = 1. at va
k1t k+an+1 = r a1 n+1 142 n+1 : Y,

1 1 tn 1

o nt tuong duong " < ot hay

+ < + <
k4+t  k+an — k—+1 k4+t  ktr+1 ~ k+1

So hoa bdi Trung tam Hoc lieu http://Irc.tnu.edu.vn/



11

(k(n+1) — (k+ 1))t —k(n+ D)t" + (n+ 1)t + (k —n) > 0. Viét
t=1)2(k(n+ )" 4 +1) = (k+ 1) (" +2t" 24 -+n) > 0.
Ba t dang thtc nay hién nhien ding. ]

Vidu 1.1.16. Cho dnh za f : N — Q. f la ham da thic bac d khi va chi
khi Af : N — Q zdc dinh bdi Af(n) = f(n+1) — f(n) la mot ham da
thie bac d — 1.

Bai giai: Gia st f 1a ham da thiic bac d. Khi d6 c¢6 da thic g(x) € Q[x]
bac d théa man f(n) = g(n) véi moi sd ty nhien n > 0. Dat h(zx) =
g(x+1)—g(x). Vi h(x) 1a da thitc bac d — 1 va Af(n) = h(n) véi moi s6
tw nhien n > 0 nén Af : N — Q xac dinh béi Af(n) = f(n+1) — f(n)
la mot ham da thae bac d — 1.

Nguge lai, gia st Af : N — Q xac dinh béi Af(n) = f(n+1) — f(n) 1
mot ham da thic bac d— 1. Ta chi ra f 14 ham da thiic bac d bang phuong
phap quy nap theo d. Neud =1thi Af(n) = f(n+1) = f(n) =ap € Q
khin > 0. Vay f(n+ 1) —ap(n + 1) = f(n) — apn = b khi n > 0. V6i
g(x) = apr+bco f(n) =g(n),n > 0. Do vay f la ham da thitc bac 1 = d.
Gid st d > 1 va h(z) = apr? '+ a127 2 + -+ - +ag1 € Q[z] v6i ap # 0 va
Af(n) = h(n) v6i moi n > 0. Nhu vay:

fn+1)— f(n) = %[(n + 1) — 09 + p(n) véi ham da thic p(z) € Q[x]

d

bac nhé hon hogc bang d — 2. Do d6, néu k(n) = f(n) — W thi Ak 1a
ham da thitc bac nhé hon hodc bang d — 2. Theo gia thiét quy nap, k(x)

d
Ia ham da thic bac d — 1. Vay f(n) = k(n) + %,ao £ 0, Ia ham da

thic bac d. n

Vi du 1.1.17. V§i s6 nguyén n > 1 va s6 thuc a > 0 luon cé dong nhat
thic

i (-DFCk  nla”

= ML Tt ka)
k=1
1 |47
Bai giai: Sé chi ra [ (1 —2%)"dx = — na bang quy nap theo n.
0 [T (14 ka)
k=1
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T do suy ra

1 1
no \kok 0 |
Zm:Z(_l)k(jf/xakdx:/(1_xa)ndx:L
0 0

o ekl s [T (1+ ka)
k=1
1 1lat 1
That vay, véin = 1taco [ (1 — z%)dx = bat I, = [ (1 — 2*)"dx
| 4T
Gid sit [, = ———— Khi do:
[T (14 ka)
k=1
1 1
L = [ (1 =22 de = (n+1) [ (1 = 29)dz = (n +1)all, — Lys]
0 0
1 .
hay I,,1 = 1 _(’_n(j; +)61L)a1n. Theo gia thuyét quy nap ta co:
1) n+1 R )
I = EZ};— )'a va tit day nhan dugc dong nhat thitc nhu trén. []
[T (1+ ka)
k=1

Vi du 1.1.18. Vdi nhing con tem 5 zu va 6 zu ta cé thé tao duge nhiing
loai buu phi nao?

Bai giai: Ta ¢6 ngay nhiing loai buu phi 5,6,10 = 2.5,11 =54 6,12 =
2.6,15=3.5,16 =254+6,17 = 2.6 + 5,18 = 3.6,20 = 4.5,21 = 3.5 +
6,22 =25+2.6,23 = 3.6+ 5,24 = 4.6 dudc dan biang hai loai tem trén.
Bay gio ta chi ra, moi buu phi 16n hon 24 xu ciing dugc dan bang hai
loai tem trén. Gid st n > 24 dudc bicu dién bing n = k.5 4+ h.6. Néu
k>1thin+1=(k—-1).5+(h+1).6;néuk =0 thi h > 4. Khi d6
n+1=55+(h—4).6. Dovay n+1 = 5.5+ .6 va tit d6 suy ra diéu can
chiing minh. ]

1.2 Nguyén ly bu-truo

Khi xét bai toan t6 hop, ta thuong phai dém xem c6 bao nhiéu cau
hinh c6 thé tao ra v6i yéu cau dat trude. Néi chung, dé dém duge cac cau
hinh da cho ngudi ta tim cach dua cidc cau hinh vé loai quen thudc qua
viec phan thanh cac 16p dé ap dung nguyeén 1y cong dudi day:

So hoa bdi Trung tam Hoc lieu http://Irc.tnu.edu.vn/



13

card(AU B) = card(A) + card(B) — card(A N B)

Tong quat nguyéen 1y cong ta c6 nguyen 1y bi-trir. Cai kho clia viec si
dung nguyén 1y bi-trit 14 viéc phan 16p nhu thé ndo dé dé dang c6 dudc
cac s6 dém.

Ky hieu lyc lugng ctia tap hop A gom mot s6 hitu han céc phan tt qua | A|
Gia st Ay, ..., A, 1a nhitng tap con cta tap A. Cac s6 s, dude xac dinh
qua

so = |A|

s1o= [Ai] +[As] + -+ [A]

SS9 = |A1ﬂA2\—|—|A1ﬂA3\—|——|—|An_1ﬂAn|
sk = > |A;, NA, NN A

1< <in< < <n

sn = |ANAsn--N A

va cac so e, dude dinh nghia bdi : e, 1a s6 tat ci cic phan ti cia A chita
trong dung k tap con trong sb6 cac tap con Ay, ..., A,. Ta sé tim quan hé
gitta cic sO s; va e. Trude tien ta ching minh mot két qua rat dep sau
day:

Dinh 1i 1.2.1.[Nguyén 1y Bu-Tru] Cho céac tap hitu han Ay, ..., A,.
Khi do ta co

n

Jal = D 1A= > JAnAl+ Y JAnA;NA
1=1

1=1 1<i<g<n 1<i<j<k<n
n
— e N Al
i=1

Chitng minh: Ta ching minh bang phuong phap quy nap. Trudc tién
ta thiy n = 1 két luan ding. V6i n = 2, xét hai tap hopA, B vdéi luc
lugng hitu han. Néu AN B = ( thi hién nhién |A U B| = |A| + |B|. Néu
C=ANnB#Dthitaco AUB=(A\B)UCU(B\ A). Vi cac tap nay
doi mot giao nhau bang réng , néen |[AU B| = |A\ B|+|C|+|B\ A]. Vi
[ANB] = |A]=[C]va [BAA] = | B| =|C], nen [AUB] = |A]+[B| =|C, (1).

—
Khi n > 2 gia thiét két luan ding cho n — 1 tap. Dat A = |J A;. Theo
i=1
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cong thic (1) ta co
[UAil = [AU A = [A] + [ An] = [AN A, .
i=1

St dung gia thiét quy nap cho |A| va |AN A,| sé nhan duge cong thic [

Hé qua 1.2.2. ¢g = so—s1+s2—- -+ (—1)"sp;50 = eg+e1+ex+- - -+ey.

n
Ching minh: Hién nhien ey = |A| — | J A;| v& theo Dinh Iy 1.2.1 ta
i=1

nhan ducc €)= S9p—S1+S92— -~ +(—1)n8n Vi ’A| = |A\ U AZ‘—I—| U AZ’
=1 =1
nén ta nhan dugec so = ey +e1+ex+ -+ €,. ]

Vi du 1.2.3. C6 bao nhiéu so ty nhién n € [1,2005] ma khong chia hét
cho mot s6 nao trong cac s6 2,3,11,13.

Bai giai: Ki hicu A ={1,2,...,2005} va A; 1a tap con clia A gom tat ca

. . 2005
cac sO nguyén duong chia hét cho i. Ta ¢6 |Ag| = [T] = 1002,
2005 2005 2005
2005 2005
ta lal co ‘AQ ﬂA3| — [T] = 334, ‘AQ ﬂAH‘ = [W] = 91,
2005 2005
AsNApl=[—| =77, 143N Aj1| = [——] =60
B Y S
Aa () Aval = 120920 51 1A A Al = [22227 — 14,
Al =g =5k b =gl =10
Til’lh ‘Ag mAg ﬂ A11| — [W] — 30, |A2 ﬂAg ﬂA13| — 7—8] — 25,
2005 2005
A NATNA =[—] =7, 143N A1 NA3| =[—] =14
| Ag 11 13] [286 ]2005; | A3 11 13] [429] ;
AyNAsN AT NAB| = [—| = 2.
| As 3 11 13] [858]

S6 T cac s6 thuoc A khong chia hét cho 2,3, 11,13 1a:

T = |A|— AU A3 U Ajy U Ay
— 2005 — (1002 + 668 + 182 + 154) + (334 + 91 + 77 + 60 + 51 + 14)
— (3042547 +4) +2=562.

Vay T = 562. [
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Vi du 1.2.4. Néu so6 nguyén duong n > 1 c6 su phdn tich tiéu chuan
1
thanh tich n = p*py? ... pSs thi ham Euler p(n) =n H (1— ]7) trong do

7

@o(n) la tat cd cac s6 nguyén k € {1,2,...,n} sao cho (k,n) = 1.
. : , n
Ching minh: V6iméi 1 < ¢ < stadinh nghiatap A; = {pi, pi, ..., —pi}-
Di

Khi d6 céc A; 1a nhiing tap con cia tap T' = {1,2,...,n} va |A;]| = L
7

V6i moi cédp ¢, 7,1 # ], tap A; N A; bao gom céc s6 thude T' 1a boi clia
pipj va ‘A7 N A]| =

. Tuong tu tinh Iyc lugng cua cac tap khac. Theo
iPj
Nguyén 1y bu-tri, Dinh 1y 1.2.1 ta c6:

o) = n=IUdl=n-Y 2+ 3

i 1<i<y<s plpj

— Z n _|_..._|_(_1)

1<i<j<k<s PiP;iPk pip2 - - .ps'

8 1
Vay ta nhan dugce cong thic cho ham Euler ¢ : ¢(n) = H (1——). O
i=1 Di
Vi du 1.2.5. Gid thiét n sinh vién cé n chiéc 6 khdc nhau dé ngoai gidng
duong. Tim so khd nang dé khong cé sinh vien nao liy lai ding 0 cia
manh.

Bai giai: Ki hieu D,, 1a s6 kha nang dé khong cé sinh vién nao lay lai
ding 6 ctia minh. Thay tap n sinh vién qua tap T'= {1,2,...,n}. Ki hiéu
|A| 1a tap tat ca céc kha nang lay 6 ctia n sinh vién va A; 1a tap con cua
A gom tat ca cac kha nang lay 6 clia n sinh vién sao cho sinh viéen tht ¢
lay ding 6. Hién nhien:

= Al = [J Al Al =l |A] = (n = DL Al = (n = s)!.
i=1 j=1

Theo Dinh Iy 1.2.1 ta cé:

D,=n!—Cln—1+C*n—2)!—--+ (=1)"C"(n —n).
Vay D, = > (=1)""'C3! véi quy wée Dy = 1. O
1=0
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Vi du 1.2.6. Cho day (ay) xdc dinh bdi a; =0, as = 1, va

1 1
Qn = 5Nan-1 + in(n —Day—2+ (-1)"(1 - g)

vdi n = 3. Tim cong thic xdc dinh a, theo n?

1 N
Bai gii: Ta c6 , = 5na,-1 + (=1)" + g[(n ~ Dan_s + (—1)""]. Bing
quy nap theo n ducc a, = na,_1 + (—1)" v6i s6 nguyen n > 2. Tu day
suyraa, =n! —Cl(n— D!+ C*(n—2)! — -+ (=1)"C"(n —n)! = D,
v6i moi sd nguyén n > 2. O

Dinh ly 1.2.7. Gid thiét tap V' cé n phan tit va tap W cé6 m phan tii. Khi
dé so tat cd cdc toan dnh tuw V len W bdang

N =y, = Z_:(—nk (7;) (m — k)"

k=0

Chitng minh: Khong han ché c6 thé xem V = {1,2,...,n}. Mdi anh xa
f 'V — W tuong tng diung mot day (f(1), f(2),...,f(n)) v6i y; € W.
Mbi y; ¢6 m khéa nang chon. Vay day (f(1), f(2),...,f(n)) c6 m" cach
chon. Vay sb tat ca cac anh xa f : V — W dang bang m".

Gia st W = {y1, 92, - - ., Ym}. Ki hicu T}, 1a tap tat ca cac anh xa
f:VoWadty. ¢ F(V)véik=1,2,...,m. Khi d6 F(V) # W khi va

chi khi f € |J T. Tinh s6 phan tit cua |J T.
k=1 k=1

Cha ¥ rdng v6i mdi day sO tuy v 1 < 41 < d9 < -+ < 1 < m, tap
giao T;, N T;, N ---NT;, 1a tap tat cd cac anh xa f : V — W sao cho
Yiss Yigs - - > Ui, & f(V). Luc lugng clia tap giao nay diang bang s6 tat ca
cac anh xa h : V. — W\ {vyi,, ¥i,, - -, ¥i, } va bang (m — k)" theo nhan
xét ban dau. Tap k phan t& {y;,, ¥i,, -, ¥i,} S W ¢6 thé chon duge bang
(") cach. Vay theo Dinh 1y 1.2.1 ta c6:

N=m"—[|JT)|=m" - 2(1)’6(7{}) (m—k)".
k=1

k=1

Tém lai N = 1201(—1)%@) (m — k)", m
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Vi du 1.2.8. Xdc dinh tap hop A vdi luc lugng |A| nhé nhat sao cho ton
tai mot anh za f : Nt — A théa man: Néu i,j € N* vdi |i — j| la mot so
nguyén to thi f(i) # f(7).

Bai giai: Tap M = {1,3,6,8} théa man: V6i moi i,j € M,7 # j, cb
li — j| € {2,3,5,7}. Vay anh cac phan tit thuoc tap M 1a khac nhau. Do
do |A| > 4.

Bay gio ta chira |A],, = 4. Dat N; = {i+4k|k € Z} v6ii = 0,1,2, 3. Xét
tap A= {No,Nl,NQ,Ng}. Tuwong tng f : Nt — A,SU — N, néu x € N;.
Hién nhién f(x) = f(y) khi va chi khi 2,y € N; hay |x — y| chia hét cho
4. Nhu vay , |x — y| khong 1a s6 nguyén t6. Tom lai, ta da xay dung duge
anh xa f : N* — A théa man dau bai. Do d6 |Al,, = 4. ]

Vidu 1.2.9. Gid st p la s6 nguyén to 1é vat < p la mot s6 nguyén duong.
Tim s6 cdc tap con A cia tap X = {1,2,...,p} théa man tinh chat sau:

(i) A chita ding t phan ti

(ii) S(A) = r(modp), trong dé S(A) la tong cic phan tit cia tap A va r
la mot hang so , 0 < r < p.

Bai gidi: Ki hieu M 1a tap tat ca cac tap con A ctia X véi
Al =1t < p.

Gia su tap con A = {ay,as,...,a;}. Véi hdang sd m, goi a,,, € Y sao cho
am, = a; + m(modp), i = 1,...,t. Xét tap con A, = {am,, Gmys - -+, Gm, }
va anh xa ¢, : A = Ay, v6i ¢op(a;) = ap, = a; + m(modp). Ta thay
ngay, a; # a; khi va chi khi a,,, # an, v6i i # j. Do d6 ¢y, la don anh.
Hién nhién, ¢, 1a toan dnh. Do vay ¢,, 1a mot song anh va A,, c6 m phan
ti phan biet. Dé thay, quan he A¢,,A,, gitta cic tap con thuoc M gom t
phan ti ciia X 14 mot quan hé tuong duong. Khi d6 M dugc phan ra lam
cac 16p tuong duong roi nhau, méi 16p gom p tap, vim = 0,1, 5 ,p— 1,

va mdi tap chia ding ¢t phan tit. Do vay, sb cac 16p cia M 1a —2.
p

Tinh tong S(A,,) = S(A) + mt(modp). Do mt khong chia hét cho p nén
S(A;;) va S(A) ¢6 s6 du khac nhau khi chia cho p ma méi 16p ¢6 ding p
tap (dom =0,1,...,p — 1). Vay trong moéi 16p phéi c6 ding mot tap ¢
sO du bang r khi chia cho p. Vi mdi 7,0 < r < p—1 ta goi s, 1a s6 cac tap
_ G

e

A thuoc M ma S(A) = r(modp) vataco s =51 =+ = 5p_1 [
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Vidu 1.2.10. Mot hodn vi {xy1, Ta,...,x,} cla tap hop {1,2,...,2n} vdi n
nguyén duong, dugc goi la cé tinh chat P néu |x; — x;11| = n, vdi it nhat
mot gia tri i € {1,2,...,2n — 1}. Ching minh rang véi moi s6 n, s6 hodn
vi ¢6 tinh chat P lon hon s6 hodn vi khong cé tinh chat P.

Bai giai: bat M = {1,2,...,.n,n+1,n+2,...,2n}. Luu ¥
1—(n+1)=nva|2—(n+2)] =n. Goi A; la tap tat ca cac hoan vi
ctia M sao cho trong cac hoan vi dé, hai phan ti k va k +n ding ké nhau.
Goi A la tap tat ca cac hoan vi c6 tinh chat P. Ta thay A = |J A, nén:

k

Al =

A
k
Vi day la tong cac s6 hang ctia day don diéu gidm va dan dau nhau nén

Al > A =D [Ap N Ayl
P

k<h

=D Al =D TN A+ D AN AN Ayl
k

k<h k<h<m

Ngoai ra |Ay| = 2(2n — 1)! va |Ar N Ap| = 4(2n — 2)!. Do d6

n(n—1)
2

.4) = 2n*(2n — 2)! > (2n)!

Al > (2n — 2)! <2n(2n —1)— 5

[]

Vi du 1.2.11.[ Ucraina 1996] Goi M la tdp tat cd cic s6 nguyén duong
(viét theo hé thap phan) cé n chit s6 1, n chit s6 2 va khong con chit $6 nao
khac; N la tap tat cd cdc s6 nguyén duong cé n chit so thuoc tap {1,2,3,4}
va 86 chit s6 1 bang so6 chit s6 2. Ching minh rang |M| = |N| = C%..

Bai giai: Ta chitng minh ton tai mot song anh tit N vao M. Phuong phap
nhu sau:

S6 c6 n chit s6 gom cac chit s6 1, 2, 3, 4 va sb cac chit s6 1 bang s cac chit
s6 2 dudc "nhan doi” thanh sd c6 2n chit s6 theo quy tac: Dau tién, hai
phién ban ciia s6 nay dudc viét ké nhau thanh s6 c6 2n chit s6; sau do, cac
chit s6 3 & n chit s6 dau dudc dbi thanh chit s6 1, céc chit s6 3 & n chit s6
sau dugce doi thanh chit s6 2. Tuong tu, cac chit s6 4 & n chit s6 dau duge
doi thanh chit s6 2, cac chit s6 4 & n chit sé sau ducge doi thanh chit s6 1.
Nhu thé, ta thu dugc mot s6 c6 ding n s6 1 va n s6 2. R6 rang day 1a mot
don anh. Dé ching minh day la mot song anh, ta xay dung anh xa ngugc
nhu sau:
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Véi mot s6 c6 n chit s6 1 va n chit s6 2, ta cat n chit s6 dau, n chit s6 cudi
va dat ching "song song” v6i nhau nhu khi thyc hién phép "cong”. Thuec
hién phép cong theo quy tac:

1+1=1;2+42=21+2=32+1=4.

Ta sé thu duge mot s6 c6 n chit s6 gom cac chit s6 1, 2, 3, 4 véi s6 cac chit
s6 1 bang s6 cac chit s6 2. Vay song anh gitta hai tap hop da ducgc thiét
lap. Ta tinh duge |M| = |N| = C3,.. O

Vi du 1.2.12.] VMO 1995, Bang B] Hdi ti cic s6 1,2,3,4,5 c6 thé
lap dugc bao nhiéu s6 c6 10 chit s6 théa man dong thoi cic dieu kién sau:
(i) Trong méi s6, méi chii s6 c6 mat ding hai lan.

(ii) Trong moi so, hai chit s6 giong nhau khong diing canh nhau.

Bai giai: Goi s 1a s6 can tim va A 1 tap gom tat ca cic s6 c6 10 chit so,

lap duge tit cac chit 86 1, 2, 3, 4, 5 théa man diéu kien (7) ciia dé bai. Véi

moii = 1,...,5, ki hieu A; 1a tap gom tat ca cac so6 thuoc A, ma trong mdi
s6 déu c6 hai chit s6 ¢ ding canh nhau. Khi d6, theo Nguyén 1y bu-trit

5 5
s = |[AJAl =4 -4
=1 1=1
5
= [A[ =D 1A+ D 1AanAyl— ) A NAL,N A
=1 1<11<19<H 1<i1<i2<i3§5

+ Z |A;, N A, MA, NA;,|—

1<41<19<i3<14 <D

1
Ta c6 |A| = O ()

Xét k bat ki thuoc tap {1,2,3,4,5} va xét bo (i1, 142, ..., i) bat ki thoa
man 1 <4y <ip < ... < i < 5. Goi T la tap gom tat ca cac s6 ¢6 (10 — k)
chit s6, 1ap dudgc tit cac chit s6 1, 2, 3, 4, 5 ma trong mdi sd6 d6: mdi chit

(%)

s 11,19, ..., 1 déu c6 miat dung mot 1an, con cac chit s6 khac, moi chit s6
c6 mat ding hai lan. Dat tuong tng mdi s6 a € A;, N A;, N ... N A;,, v6i
s6 nhan dugc tit a bang cach bo dong thoi & @ mot chit s6 41, mot chit s6
i9, ..., MmOt chit so 4.

Tiép theo, ta chiing minh tuong ting néi trén xac lap mot song anh tir
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Ail N Aiz MN...N Aik dén T. Khi d6

(10 — k)!
Tit (1), (2), (3) ta c6
00,9 8 .7 6 5

]

Vi du 1.2.13. Cho hai s6 nguyén duong m va n sao cho n + 2 chia hét
cho m. Hay tinh cdc by ba s6 nguyén duong (z,y, z) sao cho tong x+y -+ 2
chia hét cho m, trong dé maoi so x,y, z déu khong lon hon n.

2
Bai giai: Dit k£ = nt € N*. Ta co n = km — 2. Xét cac tap hop:
m
D = {km—1,km}; E={1,2,....km};
A = {(z,y,2)|x,y,z € E|D;z +y+ zim};
B = {(x,y,2)|z,y,2 € E;x+y+ zim};
C = {(z,y,2)|r,y,2 € E;x € D hoacy € D hodcz € D;x +y + zim}.

Dé thay |A| = |B| — |C].

o .Tinh |B|. C6 km cach chon z € E. V6i moi cach chon z € E, ta
c6 km cach chon y € E. V6i moi cach chon x va y nhu trén, ta co
k cach chon z € F sao cho z+y+2zim. Do d6 |B| = km.km.k = k3m?.

e . Tinh |C|. Dat

X = {(z,y,2)lre D,ye E,z€ E,x+y+ zim},
Y = {(z,y,2)lye D,z € E,z€ E,x+y+ zim},
Z = {(v,y,2)|z € D,z € B,y € B,z +y+ 2im}.

Khid6 C =X UY UZ. Do dé
ICl =X+ Y|+ |Z] - |XNY|—-|XNnZ|-|YNZ+|XNnYNnZ.

Tuong tu
IX|=[Y]|=|Z| = 2k*m,|XNY|=|XNZ|=|YNZ| =4k,
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24 ysim =1,2,3
1 vei m > 3

(*)

2
Do d6: |C] = 6k*m — 12k + 7(m). Thay k = nre duge
m
nd +8

|XﬂYﬂZ|:T(m):{

|A| = |B| - |C]| = — 7(m) v6i 7(m) xéc dinh béi (*). O

1.3 Nguyén ly Dirichlet

Dinh 1y 1.3.1[Nguyén 1y 1éng-chim] Gi4 st ding n chiéc 1ong dé nhét
tat ca r con chim Bo cau véi r > n. Khi d6 co6 chiéc 1ong phai nhét it nhat

[q con chim.
n

Chitng minh: Gia st khong c6 chiéc 1ong nao nhét nhiéu hon hodc bang

r N . . . r
[—] con chim, c¢6 nghia: Moi long nhot nhiéu nhat 1a {—] — 1 con chim.

n

Vi [Z} < L < [ﬁ} + 1 nén [1] —-1< L Kni do tong s6 chim duge nhét
nl " n n nd _.on .

hét trong n long nhiéu nhat 1a n( [—} — 1) < n— =r:mau thuan. [
n n

Nguyén Iy nay dudc van dung trong nhiéu linh vuc khac nhau dé chi ra
sy ton tai mot ddi tuong vdéi tinh chat nao d6. Cai kho ctia viéc van dung
nguyéen 1y nay 1a trong bai toan dang xét thi cai gi dudc coi 1a Long va cai
gl dudce coi 1a chim Bo cau.

Vi du 1.3.2. Ton tai k € N sao cho 1983F — 1 chia hét cho 10°.

Bai giai: Cho k lan lugt 1ay 10° + 1 gia tri lien tiép tit 1 trd di ta dugc
10° + 1 gia tri khac nhau ctia 1983% — 1. Chia 10° 4+ 1 s6 nay cho 10?,
ta c6 nhiéu nhat 14 10° s6 du. Theo Nguyén ly Drichlet phai c6 it nhat
2 s6 cho ciing s6 du khi chia cho 10°. Gia st d6 1a hai s6 1983™ — 1 va
1983" — 1, m > n. Thé thi hieu hai sé nay phai chia hét cho cho 10° :

(1983™ — 1) — (1983" — 1) = 1983"(1983™ " — 1):10°.

Nhung (1983,10°) = 1 nén phai c¢6 (1983™ " — 1):10°. Nhu vay ta tim
dugec k = m — n, do6 1a dieu phai chitng minh. Néu 4p dung Dinh 1y Euler
ta tim duoe cu thé k = 4.10* H

Vi du 1.3.3. Cho 56 nguyén duong m khong la boi cia 2 va 5. Ching
minh rang luon tim dugc mot so gom toan chit s6 1 chia hét cho m.
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Bai giai: Ta sé chiing t6 trong cac so 1; 11; ...;11...1 ¢6 it nhat mot so
m
chia hét cho m. Goi ry,79,...,7, 1a cac du clia cac so trén cho m. Néu c6

s6 du nao bang 0 thi bai toan dugce chitng minh. Néu cac s6 du déu khac
0 thi vi m > r;,Vi = 1, m, tit s6 s6 du nhiéu hon s6 gia tri ching c6 thé
£ ~ . - - 4 X . — k
lay nén suy ra: r; = rg, ¢ > k. Nhu the so 11 - 1—11 .k. ! 11-. k 1.10
1 1—
~ . £ .2 . 4L kN , £ :
sé chia hét cho m. Theo gia thiét (m, 10") = 1, do d6 s6 11.. k Lim. O
P

Vi du 1.3.4. Cho 56 nguyén duong n > 1 va day s6 nguyén duong
< <a<az3 < -+ <ay < ape1 < Ango < 3n. Ching minh rang,
luon tim duge hai s6 p,q vdi 1 <p<qg<n+2dén<a,—a,<2n.

Bai giai: Véi s6 nguyen khong am h ta dit by = a; + h. Khi do6
a; — aj = b; — bj v6i moi ¢, j. Chon h sao cho b, o = 3n. Xét day:

1<b1<b2<"‘<bn+1<bn+2:3n.

Néucorden < b, < 2nthin < b,,o—0b, < 2n. Néu khong ton tai r nao dé
n < b, < 2n thitaxétncap (1,2n), (2,2n+1), (3,2n+2),...,(n,3n—1).
Ta thay ngay cac by, k < n + 2, 14 cac thanh phan ctia n cap nay. Vi c6
n + 1 s6 b, v n cip s6 nhu trén nén theo Nguyeén 1y Dirichlet ¢6 cip p, g
véil<p<g<n+2dén <b,—b, < 2n.Do d6 luon tim dugc hai so
p,qvéi1<p<q<n+2dén<aq—ap<2n. []

Vi du 1.3.5. Cho ddy s6 nguyén duong 1 = a1 < as < as < --- thda
man an+1 < 2n vdi moi s6 nguyén duong n. Chitng minh rang, véi moi so
nguyén duong n luon tim duoc hai s6 p,q dé a, — Gy = Mn.

Bai giai: Ta ¢6 n nhém (1,n+ 1), (2n+2),...,(n,2n). Vi

l=a1<ay<az < - <a, < a,p1 < 2n neén trong s6 n + 1 s6 hang
phai ¢6 hai s6 hang roi vao cing mot nhém, ¢6 nghia : (a,, a,) = (n+k, k)
hay a, — a, = n. O

Vi du 1.3.6. Chiing minh rang, vdi 2010 s6 nguyén phan biét lay tuy 1 ti
tap S = {1,2,3,...,2009%Y1%) [uon ton tai hai s6 nguyén a va b théa man

0 < |*Ya— *Vb| < 1.

Bai giai: Danh s6 va sap xép cac s6 duge lay 1a a1 > as > -+ > asqip.
Xét 2009 s6 sau day: by, = 2Wa, — 20%ap; v6i k = 1,2,...,2009. Néu:
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b17 b29 .- b2009 1 thi:
2009 < by +ba 4 -+ + baoog = *V/ar — *V/azoo < *V/ax.

Do vay a; > 2009%°1° : mau thuén. Vay ta dan t6i diéu phai ching minh.
[

Vi du 1.3.7. Cho 2010 hinh chi nhat véi do dai cdc canh la nhiing so
nguyén a,b ma 100 > a > b > 1. Hinh ch@ nhat vdi do dai cic canh (a,b)
dugc goi la chia duge trong hinh chi nhat véi do dai cac canh (¢, d) néu
c>a,d>b. Khi do cé it nhat 41 hinh ch@ nhat lan lugt chia dudc nhaw.

Bai giai: Ta chia 2010 hinh ch® nhat nay ra lam 50 16p

(£(100,51) [ 100 > b1 > 1} U {(a1,1) | 100 > ay
{(99,02) [ 99 > by /2}U{(a2,)|99/ 2>
{(52,[)49) | 52 2 49 = 9} U {(CL49,49) | 52 2 49}

| {(51,b50) | 51 > bso > 50} U {(50,50)}.

Hinh cht nhat (a,b) thuoc mot trong 50 16p trén va cac hinh chit nhat
thuoc cting mot 16p thi chita nhau. Do s6 hinh chit nhat 1a 2010 phan vao
50 16p, nén phai c6 it nhat mot 16p chita nhiéu hon 40 hinh chit nhat. [

Vidu 1.3.8. Cho day 9 so tu nhién duong phan biét sao cho moi s6 nguyén
dé khong cé uwdc nguyén té nao khac 3,5 va 7. Chitng minh rang ton tai
hai $6 trong 9 s6 da cho & trén théa man dieu kién tich cia ching la mot
so chinh phuong.

Bai giai: Theo gia thiét, day 9 s6 nguyen duong phan biét ¢6 dang 3°5°7¢
. ~ o o ) p 0 néu z chan
véi a, b, c nguyén, khong am. Ki hiéu hinh thiic cho s6 z = ) ,
1 neu x 1é.

Khi d6 bo ba s6 nguyen (a; b; ¢) thuoc tap 7' gom 8 phan ti dudi day:
{(0;0;0), (0;0;1), (0 1;0), (0; 1;1), (1; 0;0), (1; 05 1), (1;1; 0), (1;1; 1) }.
Vi day 9 s6 nguyen duong da cho 1a phan biet nén c¢6 9 bo ba s6 nguyén
phan biét (a;b; ). Vay ¢6 2 bo s6 nguyen phan biet (a;b;c) va (a;; )
tuong tng cing mot phan ti thuoc 7' theo Nguyén 1y Dirichlet. T day
suy ra tich 3%5°7¢.3%5Y7¢ 13 mot sb chinh phuong. ]
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Vi du 1.3.9. Cho day 17 s6 tu nhién duong phan biét sao cho moi so
nguyén dé khong cé udc nguyén té nao khdc 3,5,7 va 19. Ching minh
rang ton tai hai so trong 17 so trén théa man dieu kién tich cia ching la
mot so chinh phuong.

Bai gidi: Theo gid thiét, day 17 s6 nguyen duong phan biét c6 dang
3%5°6°19% v6i a,b, c,d nguyen, khong am. Dat £ = {0,1} va ki hieu

{O néu x chin

hinh thic cho s6 nguyén x = Khi d6 bo 4 s6 nguyén

1 néu x 1é.

(a;b; c;d) thudc tap 16 phan tit £* = Ex E x E x E. Vi day 17 s6 nguyén
duong da cho la phan biét nén c¢6 17 bo 4 s6 nguyen phan biét (a; b; ¢; d).
Vay ¢6 2 b s6 nguyén phan biet (a;b;c;d) va (a’;b';c;d) tuong tng
cting mot phan tit thuoc E* theo Nguyen 1y Dirichlet. Tt day suy ra tich
37507¢199.39'5Y7¢°19¢ 13 mot s6 chinh phuong. O

Vi du 1.3.10. Cho day s6 nguyén to bat ki
b1 = 27]92 2 37pn+1 — Pn 2 27” 2 1.

n
Dat s, = > p;. Chitng minh rang khi dé gitia s, va Sp41 6 it nhat mot so
i=1
chinh phuong vdi moi n nguyén duong.
Bai giai: Gia st c6 n dé gitta s, v& 5,41 khong c6 mot sé chinh phuong
nao. Khi d6 c6 k dé k? < s, < spp1 < (k+1)% (%). Vay

Progl = Sna1 —Sn < (k+1)* — k> =2k + 1
va suy 1a pp, < Pyt — 2 < 2k — 1. Ta c6 day bat dang thic

(

Pni1 <2k +1
n <2k —1

Pno1 < 2k — 3,
<pn—2<2k—5

\pn—l—l—i < 2k +1—21:=x.

Do p; = 2 va x 1&, nén x > 3. Néu x = 3 thi tat ca cac bat phuong trinh
phai tré thanh phuong trinh. Khi do:

Sl =24 Da+ A > 1434+ 2k+1) = (k+ 1)
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mau thuan véi (x). Néuxz > 5 thiz —2 > 3 va
Sn=24prt - Fp,<14+34+--+2k—1) =k,
cling mau thudn véi (x). Vay khong c¢6 x thoa man diy bat dang thitc. [

Vi du 1.3.11. Cho s6 nguyén n > 1. Chiing minh rang, trong so6 2n + 1
s6 nguyén bat ky va khdc vdi modun khong vuot qud 2n — 1 thi ¢ thé tim
thay ba so vdi tong bang 0.

Bai giai: Quy nap theo s6 nguyén n > 1. V6i n = 1 két luan hién nhién
dtang vi ba s6 dé6 1a —1,0, 1.

Gia st két luan ding chon = k — 1,k > 2. Xét tap bat ky A bao gom tu
2k + 1 s6 nguyén véi modun khong vuot qua 2k — 1. Néu trong s6 do co
2k — 1 s6 nguyeén véi modun khong vuot qua 2k — 3 thi két luan 1a dang
theo gid thiét quy nap.

Xét truong hgp khac: Trong A hoac chita 2k — 1,2k —2, —2k+1, (1), hodc
chia 2k — 1,2k — 2, -2k + 2, (2).

Trudng hop (1) : V6i cac cap (1,2k—2), (2,2k-3),(3,2k—4),...,(k—1,k)
va cac cap (0, =2k + 1), (—1,—-2k+2),(=2, -2k + 3),...,(=k + 1, k).
Ta thay ngay c6 toi thieu mot cap bao gdom tit nhitng sé xuat hién trong
A. Vay cap (h,2k —h — 1) vd —2k + 1 thoa man téng ctia ching bang 0.
Trudng hop (2) : Véi cac cap (1, 2k—3), (2,2k—4), (3,2k—5), ..., (k—2,k)
va cc cap (0, —2k +1), (=1, —2k +2), (=2, —2k +3), ..., (—k +1, k).
Vay cap (—h, —2k+h+1) v& 2k — 1 théa mén tdng clia ching bang 0. [

Vi du 1.3.12. Gid st tap cdc so nguyén duong dude phan ra thanh r tap
khong giao nhau: N* = Aj U A U---UA, vdi A;NA; =0,V i#j
Ching minh rdng ton tai i dé A; cé tinh chat: Ton tai s6 nguyén duong
n dé sao cho vdi bat ki k luon tim dude cdc s6 aq,...,a; € A; thda man
0<aj+1—aj<n,1<j<k:—1.

Bai gidi: Néu A; khong c6 tinh chat da néu ra thi véi s6 nguyén duong bat
ky n c6 the tim thay & > 0 sao cho bat ki day a; < as < -+ < ay, trong A;
déu ¢6 j v6i a;j+1 —a; > n. Phan bu clia A; trong N 1a AyUAsU---UA,
c6 mot day cac sd6 nguyen lien tiép dai tuy ¥, vi véi n bat ky c6 day
a; < ay < --- < aj trong A; sao cho c6 j dé ajt1 — aj > n. Vay cac so
nam gitta a; va a;j41 1a & trong Ay U AgU--- U A, ¢6 do dai tuy § O
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Vi du 1.3.13. Ching minh rang véi moi so tu nhién n di lon luon luon
ton tai hai cap so6 cong ai, as, ag va by, by, by cdc s6 nguyén duong théa man
n = a1by+asba+asbs. Chitng minh rang khi a; = by = 1 thi c6 nhiéu v6 han
s6 tu nhién n khong thé biéu dién duoc thanh dang n = 1.1 4 asby + aszbs.

Bai gié_i: Xét aip = 2,&2 = 3,&3 =4 va bl = a, bQ = CL—f—b, bg = a+2b. Gia
st n = arby + asbs + agbs. Khi d6 n = 2a+3(a+b) +4(a+2b) = 9a+ 11b.
Vi (9,11) = 1 nén, theo Dinh ly Euclide, v6i s6 tu nhién n di 16n luon
ludn ton tai so6 nguyén duong a,b dé coé biéu dién n = 9a + 11b. Cha ¥
rang, tit 9.5 — 11.4 = 1 va biéu dién n = 11r + s véi 1 < s < 10 ta suy ra

n=11r+s(9.5 —11.4) =9.55s + 11.(r — 4s) = 9a + 110.

Vay, ta chi can xét n du 16n dé r > 4s la du, chang han n > 11.41. Tu
n=1+14+2z)14+y)+ (1+22)(1+2y) suy rabn—6 = (5z+3)(5y +3).
Vi z,y nguyen duong nén 5z + 3, 5y + 3 khong bao gio bang 1. Nhu vay,
5n — 6 1a hop s6. Néu 5n — 6 1a s6 nguyen t6 thi khong thé co bieu dién
n=1+10+2)(1+y) + (1+2x)(1+ 2y) v6i z,y nguyén duong. Do
(5,6) = 1 nén c6 nhidu vo han s6 nguyén duong n dé 5n — 6 1a sd nguyén
t6 theo Nguyén Iy Dirichlet. Tém lai, c6 nhiéu vo han s6 tit nhién n khong
thé bieu dién duge thanh dang n = 1 + asby + asbs. ]

1.4 Nguyén ly lui dan

Nguyén 1y lui dan 14 mot phuong phap do Piere de Fermat dua ra khi
gidi phuong trinh nghiém nguyén. Xét phuong trinh f(z,y,z) = 0 trong
Z. Gia st (z9,y0,20) € Z> 1a nghiém ctia phuong trinh f(x,y,z) = 0.
Dua vao gid thiét dé suy ra (z1,y1,21) € Z® 1a nghiém clia phuong trinh
f(z,y,2) = 0 v6i |zg| > |z1|. Chang han, l3p lai ta duge day
|zg| > |x1] > |xa] > -+ . Sau mot sd hitu han bude, ta di dén 1di giai
phuong trinh. Cai khé ciia dang toan nay la véi bai toan da cho phai xay
dung dudc mot phép chuyen tit bé no dén bo kia dé lui. Nguyen 1y lui dan
da va dang duge van dung dé xét cac bai toan trong nhiéu linh vie. Tuong
tu ta ciing c6 Nguyén 1y ting dan.

Vi du 1.4.1. Gidi phuong trinh: 3 — 2y> — 423 = 0 trong Z.

Bai giai: Hién nhien (0,0,0) 14 mot nghiém nguyén ctia phuong trinh.
Xét x # 0 hodac y # 0 hoic z # 0, chang han = # 0. Gid st (z,v, 2)
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14 mot nghiém nguyén cta phuong trinh da cho. Bat d = (z,y,2) va
x =dw,y = dyy, 2z = dz;. Khi d6 (21, 91,21) = 1. Tt 2° — 2% — 423 = 0
suy ra o3 —2y3 — 423 = 0. Vay x1 = 229 v6i 19 € Z va ta lai c6 y; = 2y v6i
Yo € Z. T d6 suy ra 21 = 229 v6i 29 € Z. Nhu vay (z1,y1,21) > 1 : mau
thuadn. Tom lai, phuong trinh da cho ¢6 ding mot nghiem (0, 0, 0). O

Vi du 1.4.2. Gidi phuong trinh: > + y? + 2% = 2xyz trong Z.

Bai giai: Hién nhién (0,0, 0) 13 mot nghiém nguyén clia phuong trinh. Ta
thiy z,y, z khong thé ciing 18. Gia st (x,y, z) 13 mot nghiem nguyén ctia
phuong trinh da cho véi x # 0 hodc y # 0 hodc z # 0, chang han x # 0.
bat d = (z,y,2) va © = dx1,y = dyp, 2z = dz;. Khi d6 (z1,y1,21) = 1.
Tt 22 + y? + 22 = 2xyz suy ra 23 + y} + 22 = 2dx1y121, va nhu vay
x1, Y1, 21 khong thé cting 1é. D& dang suy ra z1 = 229,y = 2y, 2 = 229 Vi
T, Yo, 29 € Z hay (x1,y1,21) > 1 : mau thuan. Tém lai, phuong trinh da
cho ¢6 ding mot nghiem (0,0, 0). []

Meénh dé 1.4.3. Chitng minh rang phuong trinh: x* + y* = 22 khong co
nghiém nguyén x,y, z khac 0.

Chitng minh: Hién nhién, néu (x,yz) 1a nghiem thi (—xz, —y, —2) ciing
1a nghiém. Do vay, ta chi can xét x,y, 2 > 0. Trudc tién xét phuong trinh
Pythagore: 2% + y22 = 2% Ta biét (¢) : 2% + *> — 1 c6 khong diém tong
tfj - ;;tl) véi ¢ 1a mot bién méi. Khi cho t = % € Q véi
(m,n) = 1 ta c¢6 ngay nghiem {(2mn,n*> —m? n*>+m?)|(n,m) = 1} hosc
{(n? — m?,2mn,n? + m?)|(n,m) = 1}. Tap tat cd cic bo ba Pythagore
nguyeén thiy ctia 22 + y? = 2% 1a hop ctia {(2mn, n? — m?,n? + m?)} va
{(n? —m? 2mn,n* +m?)} véi m,n € N,(m,n) = 1 vin > m > 1 khac
tinh chéan 1é.

Gia st phuong trinh z* + y* = 2
thé gid st z, ¥y, 2 1a cac sd nguyeén duong. Ta cling c6 thé gid st (z,y) = 1.
That vay, néu (x,y) = d thi x = dxy,y = dy; v6i (x1,51) = 1, 21,1
nguyen duong. Vi z* + y* = 22 nen d'at + d'y; = 2%, do d6 d*|2?, suy ra
d?|z. Dit z = d?2, khi d6 ta co: 2] + yi = 22,

Ta nhan dugce nghiém clia phuong trinh 2* + y* = 22 véi © = 2,
Y=y, 2=z va(xy,y) =1

Ta gia st nghiém nguyéen duong cia phuong trinh 24 +vy* = 22 1a 2, vo, 20

quat (

2 ¢6 nghiem nguyeén z,y, z khac 0. Ta c6

v6i (xg,90) = 1. Ta sé chi ra rang ton tai nghiém nguyen duong khéc ctia
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phuong trinh gom cac s6 1, Y1, 21 trong d6 (z1,y1) = 1 va 21 < 2. That
vay, vi 23 +yg = 22 nén {23, y2, 20} v (20, 70) = 1 mot bo ba s6 Pithagoe
nguyén thuy. Theo Dinh Iy Pithagoe ton tai so nguyén duong m n sao
cho (m,n) =1 m;‘én(modZ) va 23 = m? — n? Yy = 2mn, 20 = m?* + n?
trong do ta xem yo 13 s6 chin ( Néu can ta doi vai tro ctia zg va g ).
2=m? vi do (m,n) = 1 nén {xg, m,n} lai 1a mot bo ba
s6 Pithagoe nguyén thity. Theo két qua trén, ton tai cac s6 nguyén duong
7,8 sao cho (r,8) = 1,7 # s(mod2) va 23 = r> — s> n = 2rs,m = r* + s>

Vim 1é va (m,n) =1, ta c6 (m,2n) = 1. Do y3 = (2n)m nén ton tai sd

Ta lai c6 23 +n

nguyén duong z1,t sao cho m = 2%, 2n = t2. Vi t? chin nén ¢ chin tic
P n . BN
t = 2v, v 1a s6 nguyén duong, nén v? = 5 =TS Lai do (r,s) = 1 nén ton

tai cdc s6 nguyen duong x1,y; sao cho r =z}, s = y?. Suy ra a1 +yif = 23

trong do6 1, y1, 21 1 cac s6 nguyén duong véi (xq,y1) = 1.

Hon nita, ta ¢6 21 < 2p, Vi 21 < zf = m? < m? +n? = 2. Do nguyén ly
sép tht ty tot, trong cac nghiem nguyén duong xg, yo, 20 v6i (o, yo) = 1
ta chon nghiém c6 zp nhé nhat. Theo ching minh trén, ta chi ra nghiem
nguyén duong z1,y1, 21 voi (x1,71) = 1 vA 21 < z5. Tu d6 suy ra mau
thuan. O

Hé qua 1.4.4. Phuong trinh Fy : 2* + y* = 2* khong c6 nghiem nguyén
x,y, 2z deu khdc 0.
Vi du 1.4.5. Gidi hé phuong trinh sau:

x?y)’ZEQ
24+ + 2243 +y+2)+5=0.

Bai giai: Dat v = 20 +3,v = 2y+3,w = 22+ 3. Khi d6 v+ 0> +w? = 7.
Néu phuong trinh nay c6 nghiém hitu ty thi phuong trinh a?+b? +c? = 7d?
phai c6 nghiém nguyén a, b, ¢, d véi d # 0. Gia stt a, b, ¢, d 1a nghiém nguyén
v6i |a| + [b] + |

a® + b* + ¢ = 7d*(mod4).

Vi mdi s6 chinh phuong sé dong du 0 ho#c 1 theo modulo 4 nén khi d 1a

b c d
s6 chén thi a, b, ¢ ciing phai chin. Khi do g > g 5 la nghiém cua phuong
trinh a? + %+ ¢? = 7d?, nhung mau thuan véi diéu kien |a| + |b] + |c| + |d|

13 nhé nhat. Néu d 1é thi a, b, ¢ ciing phai 1& s6 1é.
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Giasta=2u+1,b=2v+1,c=2w+1vad=2t+ 1. Ta co
uwu+1)+vv+1)+ww+1)="7tt+1)+1: mau thudn. Tom lai, he
da cho v6 nghiém. ]

Vi du 1.4.6. Gidi phuong trinh: 623 + 12y> + 2010zyz = 201123 trong Z.

Bai giai: Hién nhién (0,0,0) 14 mot nghiém nguyén ctia phuong trinh.
Xét x # 0 hodc y # 0 hosic z # 0, chang han x # 0. Gi4 stt (z,y, 2) 13 mot
nghiém nguyén ctia phuong trinh da cho. Dat d = (z,y, 2) vax = dxy,y =
dy1,z = dz. Khi d6 (21,1, 21) = 1. Tt 623+ 12y3 +201021y1 21 = 201123
suy ra z; chdn. Tiép tuc suy ra z1 chdn va y; chdn. Nhu vay (1, y1,21) > 1 :
mau thudn. Tém lai, phuong trinh da cho ¢6 ding mot nghiém (0,0,0). O

Vi du 1.4.7. Khong thé vé duoc da gidc déu n dinh védin =5 hogcn > 7
co toa do nguyeén.

Bai giai: Trudc tien nhan xét: Néu ba diem A(z1;y1), B(xa;v2), C(3; y3)
c6 toa do nguyen thi diem thtt tu D(zy = o1 + 23 — T2, Y4 = Y1 + Y3 — ¥2)
c6 toa do nguyen dé ABCD la mot hinh binh hanh.

Xét truong hop n = 5. Gid thiét ABCDE 1a ngi giac déu véi 5 dinh
c6 toa do nguyén. V6i 5 duong chéo cua ngu giac ABCDFE ta duge 5
hinh binh hanh véi cidc dinh déu c6 toa do nguyén theo nhan xét trén 1a
ABCM,BCDN,CDEP,DEAQ, EABR. Nhu vay, c6 tiép ngii giac déu
MNPQR véi 5 dinh c6 toa do nguyén nam trong ngi giac ABCDE.
Tiép tuc nhu vay, ching ta da dung dugc mot day cac ngil gidc déu vdi toa
do cac dinh nguyén lan luot chita trong ngii giac ABC'DE. Nhung trong
ABCDE chi c¢6 mot s6 hitu han diém nguyén. Vay khong thé cé ngii giac
déu ma cac dinh c6 toa do nguyen.

Xét truong hop n > 7. Gid st da gidc deu A1 AzAs ... A, c6 toa do cac
dinh nguyén. Lan lugt dung cidc hinh binh hanh A;AsA3 By, AyA3A,Bs,
..., AyA1 A9 B, déu c6 toa do cac dinh nguyeén. Lap lai, sé xay dung dudc
mot day cac n gidc déu véi toa do cac dinh nguyén lan luot chita nhau
trong n giac deu A;AsAs ... A,. Nhung trong A;AsAs... A, chi c6 mot
so6 hitu han diém nguyen. Vay khong thé c¢6 n gidc déu ma cac dinh c6 toa
do nguyeén. ]

Vi du 1.4.8. C6 10 s6 thuoc khodng (10;149). Ching minh rang luon ton
tai 3 s6 la so do do dai 3 canh mot tam gidc.
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Bai giai: Ky hieu 10 s6 d6 1a a1, a9, as,...,ay,a;gp. Khong han ché co6
the coi a1 < as < a3 < -+ < ag < ay. Gid st khong c6 3 sb ndo
tu tap {al, as, as, ..., aoq, alo} théa man két luan. Khi do aip > a9 + as,
ag > ag+ar, ..., ay > ag+as va ag > as + a. Tit cic bat dang thic nay
ta suy ra

ag > a1+ 2a0+az+---+ay > 80
ag > ay + 2a9 + ag + - - -+ ag > 70.

Tt day suy ra ajg > ag + ag > 150 : vo 1y. Vay luon luon ton tai 3 s6 14 s6
do do dai 3 canh mot tam giac. ]

Vi du 1.4.9. Chiing minh rang cé nhiéu vo han s6 nguyén to dang 6n -+ 5.

Bai giai: Gia sit s6 cac sd nguyén t6 dang 6n + 5 1a hitu han, chang han
p1 = 5,pp = 11,...,p, v6i s6 16n nhat 1a p,.. Xét ¢ = 6p,! — 1 cling 1
mot s6 ty nhién dang 6n + 5. Do vay ¢ sé c¢6 udc nguyen té6 dang 6n + 5,
ching han uéc nguyen t6 p. Vi py,...,p, khong la udc clia p nén p # py
véi k = 1,2,...,r. Vay p > p, : mau thuan. Do d6 c6 nhiéu vo han sb
nguyén té6 dang 6n + 5. []

Vi du 1.4.10. Ching minh rang vdi so tu nhién n > 1 thi 2n diém phan
biet bat ki trong mat phang (P) sé la dau mait ciia n dogn thang khong cdt
nhau.

Bai giai: Ké n doan thang véi cic dau mut 1a 2n diém da cho. Néu n
doan nay khong cé hai doan nao cat nhau thi bai toan da ducgc giai xong.
Néu n doan nay cé6 hai doan cat nhau thi ta xét phép toan f : Thé hai
doan cat nhau AB va C'D bdéi hai doan khong cat nhau 1a AC va BD. Vi
ABCD la tt giac 16i nen AB + CD > AC + BD. Do dé6 tong do dai n
doan ndi trude 16n hon tong do dai n doan ndi sau ma trong d6 AB + C'D
duge thay bang AC + BD. Xét tap S gom tat ca cac tong do dai ctia n
doan ndi ¢6 thé ¢6 clia 2n diém da cho. Hién nhién S 14 mot tap hitu han.
Xét mot bo gom n doan noéi nhu trén. Néu n doan nay khong c¢6 hai doan
nao cat nhau thi bai toan da dugc gidi xong. Néu n doan nay c6 hai doan
cat nhau thi st dung phép todn f dé loai bé hai doan cit véi bo gom n
doan néi c¢6 tong do dai nhoé hon. Sau hitu han lan van dung f ta c6 mot bo
gdm n doan ndi v6i tong do dai cac doan 1a nhé nhéat. Bo gom n doan noi
v6i tong do dai cac doan nhoé nhat sé 1a n doan thing khong cit nhau. [
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Vi du 1.4.11. Cho hai so nguyén m,n théa min m > n > 2. Gid st
X1, T, ..., Tn1,Tn la cdc bién nguyén duong théa man x1+xo+- -+, =
m. Tim gid trj nhé nhdt cia T = 2% + 23+ -+ + 22.

Bai giai: Ky hieu P la tap tat ca cac bo s6 nguyen duong (z1, xo, . .., T,)
thoa man phuong trinh z; + 29 + -+ + 2, = m. Tap P la hitu han véi
luc luong (7::11) . Ky hieu S 1 tap tat cd cac s6 T = a3 + 23 + -+ +
22 khi (z1,79,...,7,) € P. Hién nhien S 13 mot tap hitu han. Gia st
(21,22,...,2n) € P sao cho T, = 22 + 25 + -+ + 22 dat gia tri nhé nhat
trong S. Néu ¢6 z; — z; = a > 1, ching han zp — z; = a > 1 thi thay
z2=29—1va 2 =2 +1 ta van cé

Yzttt tm=atlta-—l+ntotz=m

nhung 22+ 2% = (21 +1)%+ (22— 1) = 27+ 25 —2(20 — 21 — 1) < 23+ 232
Vay bo (2/, 2,23, ..., 2n) € Pvéi 2%+ 224+ 23+ - -+ 22 < T, : mau thuan.
Tt két luan nay suy ra cac s6 z; chi hon kém nhau 1 khi ching khac nhau.

Do6i chi s6 néu can thiét, ta co thé coi z; < 22 < -+ <z, vam =nk +d
v6i 0 < d < n. Béi vi day khong gidm nén ¢6 21 = 20 = -+ = 2,,_qg = k va
Zn—d+l = Rp—d4+2 = """ = 2Zp = k—l_ 1. Vﬁy Tnn == (n_d>k2+d(k+1)2 [

Vidu 1.4.12. Cho bon s6 a, b, ¢, d khong phdi tat cd bang nhau. Xay dung
bon day so (ay), (bn), (cn), (dy) nhu sau: ag = a —b,by = b — ¢,
co=c—d,dy=d—a. Gid st di c6 ay, by, cp,d, va zét bién doi
(an—&—l = ap — bn

bn+1 = bn — Cp

Cp+1 = Cp — dn

\dn-i-l =d, —ap,n = 0.

Vi moi n dat x, = max{|a,|, |bnl, |cal, |dn|}. Khi d6 lim z, = +00.
n—oo

Bai giai: Hién nhien a,, + b, + ¢, +d, = 0 va z,, > 0 v6i moi n > 0. Dt
tn=a>+b2+c2+d2,n >0 Khidét,>0va

9 2 2 2
the1 = Gyt 0,0+ Hdoy

= (ap — b))+ (by — c)* + (cn — dp)? + (d,, — ay)?
= (ap — b))+ (by — c)* + (cn — dp)?* + (d,, — an)?
= 2t, — 2(apby, + bpcy + cud, + dpay)

= 2t, — 2(a, + ¢y)(by + dy).
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Vi0 = (a,+b,+cyp+dy)? = (an+cn)?+ (by+dy)*+2(a, + ¢,)(by + dy)

nén t,, 1 = 2t, + (an + cp)? + (by + dp)? = 2t,. Vay t, > 2™, véi tg > 0

va suy ra lim ¢, = +oo. Tu d6 suy ra lim =z, = +o0. ]
n—oo n—oo

Vi du 1.4.13. Gidi phuong trinh x* 4 4y* = 2(24 4+ 4t*) vdi x,y, 2,t € Z.

Bai giai: Hién nhien © = y = 2 = t = 0 la nghiém ctia phuong trinh.
Gia st (x,y,z,t) 1a mot nghiem khac (0,0,0,0), uéc chung 16n nhéat
(z,y, z,t) = 1. Tit phuong trinh suy ra x = 21 véi 21 nguyén va Sx{ +
2yt = 2* + 4t*. T phuong trinh suy ra z = 2z v6i z; nguyén va
41 + y* = 8z + 2t*. Tit phuong trinh suy ra y = 2y; véi y; nguyéen
va 2xf + 8yf = 4z{ + t*. Tit phuong trinh suy ra t = 2¢; v6i t; nguyén va
o] + 4y = 2(2f + 4t]). Tom lai (z,y,2,t) | 2. : diéu nay mau thudn véi
gia thiét. Vay phuong trinh chi ¢6 mot nghiem (0,0, 0, 0). O
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Chuong 2
Cac van deé lién quan

Trong chuong nay ching toi trinh bay ba van dé: phuong phap dai
luong bat bién, phtt mot tap hop va ing dung vao trong bai toin hinh hoc
t hop.

2.1 Phuong phap dai luong bat bién

Xét nhitng bai toan mang cau tric mot hé thong ma trén doé ta phai
x1t 1y nhitng thao tac khac nhau & timg mic do. Van dé dat ra: C6 thé xac
dinh dugc mot vi tri nao day tu nhitng vi tri da biét?

Mot cong cu rat manh dé gidi quyét nhitng bai toan nhu vay la xét mot
s6 tinh chat trong hé thong ma né khong thay doi trong ting bude thuc
hién thao téc. Tinh chat khong thay doi nhu trén thuong duge xem nhu
14 bat bién. Ta dua ra dinh nghia sau day:

Dinh nghia 2.1.1. Gia st ta ¢6 mot he thong (F) cac dai lugng va cac
phép bién doi theo thit ty. Tinh chat (P) dugc goi 1a mot bdt bién sau s
budc trong hé thdng (F) néu cit sau s bude bién déi ta déu nhan lai dugc
tinh chat (P).

Vi du 2.1.2. Xét day so (ay), (by), (¢n) va (dy,) duge xdc dinh nhu sau:
rCL(), bo, Co, do € Z

Ap+1 = An — by,

9 bn—i—l = bn — Cp

Cpnt+1 = Cp — dn
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Khi dé hay chi ra

(i) Khong ton tai bon s6 nguyén ban dau ag, by, cy, dy dé sao cho
\anby, — cudy| hodc |anc, — budy,| hodc |and, — bycy| la s6 nguyén to khi
n > 4.

(ii) Ching minh rang aspiab2012, bao12¢2012, C2012d2012, d2o12a2012 déu chia hét
cho 4°93

Bai giai: Kiém tra truc tiép

(ay = 2(ag — 2by + 3¢y — 2dy)
Jbs= 2(by — 2¢o + 3dy — 2ay)

cq = 2(co — 2dy + 3ag — 2by)
| dy = 2(dy — 2ap + 3by — 2¢p)

Nhu vay, ¢t sau bén bude bién doi ta déu nhan dude nhitng s6 nguyeén
chia hét cho 2. Tt day suy ra cac s6 nguyen |a,b, — ¢, dy|, |anc, — bad,| va
|a,d,, —by,c,| déu 1a nhitng s6 nguyén chia hét cho 4 khi n > 4. Tt bat bién:
ctt sau 4 buéc nhan dude sd chia hét cho 2 suy ra asgi2, bagi2, C2012, d2o12
déu chia hét cho 2°%. Do vay ag012b2012, D2012€2012, C2012d2012, d201202012 déu
chia hét cho 453, O

Vi du 2.1.3. Xét day so (ay), (by), (¢,) va (d,) duge xdc dinh sau:

(

ag, by, co, dy € Z

Ant1 = an — by + ¢y

§ bns1 =by —cn + d,

Cnil = Cp — dp + ay,

\dn—i-l =d, — a, +b,,n>0.

Chﬁ'ng manh r&ng asp12 — Ap, b2012 — b(), C2012 — Cp, d2012 — d() déu la nhﬁ’ng
s0 nguyén chia hét cho 4.
Bai giai: Kiém tra truc tiép
(a4 = 21ag — 20by + 20cy — 20d,
b4 = 21b0 — 2060 + 20d0 — 20&0
Cq — 2100 — 20d0 + 20@0 - 20b0
\d4 = 21dy — 20ag + 20by — 20c¢y.
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Nhu vay cit sau bon bude bién ddi ta déu nhan duge ngay nhing s6 nguyén
thoa man tinh chat P : x4 = x5(mod4). T bat bién nay suy ra

as012 — Qo, b2012 — b(), C2012 — Co, d2012 — d() déu la Ilhﬁfl’lg 86 nguyén chia hét
cho 4. []

Vi du 2.1.4. Xét hai day so (a,) va (b,) duge zdac dinh nhu dudi day:

rao,b() eER,0< by < ag
) = a, + by
2 2b
bn—|—1 - M) n = 0.
\ an + bn
Chatng minh rang nh—g)lo a, = nll_>rrolo b, = v agb.

Bai giai: Do béi ag, by > 0 nén dé dang chi ra a,, b, > 0. Do béi
(an + b,)? = da,b,, a, # by, nén a, > b, véi moi n > 0. Vi

b
pp1 = 28 ; n o ‘g ™ _ 4, nén day (a,) 1a diy don dieu gidm, bi chin

: N . . , 2a,b
dud6i nén ton tai a = lim a,. Béi vi b,,1 = n

n—00 Qp, + bn

day don diéu tang, bi chin trén nén ton tai b = lim b,. St dung tinh chat

PP, . . . apt+0, a+
bat bien P : apb, = ani1bpe1 va a = lim a,;1 = lim =
n—00 n—o00 9 9

ta nhan ducdc a = b = v/apby. O

> b, nén day (b,) la

Vi du 2.1.5. Vdi mdi s6 nguyén duong n ta biéu dién

trong do ay, by, c,,d, € N. Khi do hay

N Gy
(i) Tem lim —, lim —.
n—00 @y, N—00Qy,

(ii) Chaing minh rang néu n Ié thi a? — 3¢ chia hét cho 2",
Bai giai: (i) Khi biéu dién
(+yV2+2V3+tV6)(a+bV2+cV3+dV6) = A+BV2+CV3+ DV,
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trong d6 a,b,c,d, A, B,C, D va x,y, z,t nguyén, ta nhan dugc

A = ax+ 2by + 3cz + 6dt
B = br+ay+ 3dz + 3ct
C = cx+2dy—+az+ 2bt
D = dx+cy+bz+at.

Vay (az—y\/§+z\/§—t\/6)(a—b\/§—l—c\/§—d\/6) = A—B+\/2+C+/3—D+/6.

Dac biét, van dung truong hgp t = 0 ta c6 ngay
(1 —=V2+V3)" =a, — b,V2 + V3 — d, V6.
Tuong tu xét truong hop khac, tir day suy ra

= 1+V2+V3)" = a,+b,V2+ V34 dV6
2 =(1—=vV2+V3)" = a,—bV2+ V3 —d,V6
= (1+vV2-V3)" = a,+b,V2—c,V3—d,V6
2= (1-V2=V3)" = a,—b,V2—c,V3+d,V6.

Do d6 4a, = 2 + 2% + 2§ + 27, 4v/2b, = 2} — 2} + x} — 2. Day 1a tinh
chat bat bién dé tit d6 dé& dang nhan dugc

. by 1 .. o —ay+ a5 —a) 1
lim — = — lim = :
n—o0@,, ﬂn%oo:ﬂf + x5 + ay + 2y V2
c 1 d 1
Tuong tu ¢6 lim — = — va lim — = —.

n—oo,, \/g n—oo \/6
(ii) T trén suy ra
2, +2e,V3 = (1+V24+V3)"+ (1 —V2+V3)"
2y —26,V3 = (14+vV2—V3)"+(1—v2—+3)"

Vay 4a2 —12¢2 = (2v2)" + (—2v/2)" + (=4 — 2v/6)" 4 (—4 4 2v/6)". Khi
n 1é thi 4a2 — 12¢2 = —2"[(2 +V6)" + (2 — V6)"].

n—1

Do d6 a2 — 3¢ = —2"~! [2” + (5)2"264+ -+ ()26 2 ] chia hét
cho 2"+, O
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Vi du 2.1.6. Gid st cic day s6 (ay), (by), (¢n), (dn) wdc dinh nhu sau:

(0 =1.b,=1,¢,=1,d, =0
Qpi1 = ap + 2b, 4+ Hc,

{ byst = ap + by + 5d,

Cn+l = Qp + Cp + 2d,,

\dn—l—l =b, +c, +d,

Chaing minh rdang néu n 1€ thy a2 — 10d? chia hét cho 21, nhung khong

chia hét cho 2".

Bai giai: Vé6i méi s6 nguyéen duong n ta biéu dién

(1+vV2+VB)" = A, + B,vV2+ C,/5+ D,\/10, v6i A, B, Cy,, D, € N.

Hlél’l nhién A1 =1= al,Bl =1= 61,01 =1= Cl,Dl =0 = dl. Tu

Api1 4+ Buy1V2 4+ Coi1 V5 + Dy 1vV/10 = (1 4+ V2 +1/5)"*! ta suy ra
An—H = Ap+1, Bn—|—1 - bn+1; Cn—H = Cp+1, Dn—H - dn—H-

Tuong tu bai trén doéi véi dong nhat thiic

(1+vV2+V5)" = a, + b,V2 + ¢, V5 + d, V10,

ta nhan duoc:

(1+vV2+V5)" = a, +b,V2+c, V5 +d, V10
(1—=V2+V5)" = a, — b,V2+ V5 — d,V10
(1+vV2—+5)" an + bpV2 — V5 — d,V10
(1-vV2—=V5)" = a,—b,vV2— V5 + d,V10.
Do do6 ta co:
2a, +2d,V10 = (1+v2+V5)"+ (1 - v2—V5)"
2a, — 2d,V10 = (1 —V2+V5)" + (1 + V2 —V5)".
Vay, khi n 1¢é thi:
4a§—40d§:2n[(2+\/5)”+(2—\/S)n—(1—\/§)”—(1+\/§)n] hay
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Vay a2 — 10d2 chia hét cho 2"~!, nhung khong chia hét cho 2".

]

)
an41 =
Vidu 2.1.7. Xét day (an), (bn), (cn) vdi ag+by+co = a va by =
Cn+1 —
) Q
vdi moin > 0. Chitng minh rang lim a, = lim b, = lim ¢, = —.
n—00 n—00 n—00 3
Bai giai: Dé thay a,, + b, + ¢, = a v6i moi n. Ta c6
Ayp — bn bn — Cp
Apy1 — anrl = - 7bn+1 — Cpy1 = — .
2 2
Bang quy nap theo n, c¢6
1 aop — by 100 — ¢o
Ap1 — bpi1 = (_1)n+ W? b1 — Cn1 = (_1)n+ W
T day suy ra lim a, = lim b, = lim c¢,. Mat khac, lai c6
n—oo n—oo n—oo
P:a,+b,+c,=avéimoin >0 va st dung bat bién P ta cé
Q
lim (an + b,, + cn) =a. Do d6 lim a, = lim b, = lim ¢, = —.
n—00 n—00 n—00 n—00 3

Vi du 2.1.8. Dat (1 4+ 42 — 4vV/4)" = a, + b,V/2 + c,V/4 cho

mot n

nguyén khong am va ay, by, ¢, nguyén. Ching minh a, chia cho 8 du 1,

con by, ¢, cung chia hét cho 4.

Bai giai: Ta c6 bieu dién sau day:

Qpy1 1 bn+1\?/§ =+ Cn—l—l\g/Z - (an + bn% + Cnﬂ)(l + 4\75 - 4\3/1)

ap1 = a, — 8b, + 8¢, apy1 = a, (mod 8)
Vay § b1 = 4a, + b, — 8¢, va suy ra duge P:q b,.1 = b, (mod 4)
Cne1 = —4a, + 4b, + ¢, Cni1 = ¢, (mod 4).

T a; = 1,b; = 4,¢1 = —4 va st dung tinh chat P ta suy ra diéu phai

chiing minh.

[]

Vi du 2.1.9. Cho k la mot so nguyén duong lén hon 1. Day so (a,) duge
zdc dinh nhu sau: a; = 1, con a, la s6 nguyén duong thit n lon hon a,_q

va dong du vdi n theo modun k. Tim cong thic tinh a, cho moi n.
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Bai giai: Theo gia thiét a; = 1 (mod k) va a, = n (mod k), a, > a,_1

cho moi n. Ta thiay s6 nguyén duong dau tién thoa man diéu kién nay

1& a,_1 + 1. S6 nguyen duong thit n 16n hon a,_; va dong du véi n theo

modun k chinh 1a a,, = a,—1 + 1 4+ (n — 1)k. Tt cong thic nay ta suy ra
n2+(n—1)k

(o M2 =) )

ag — 3, bo =-3
Vidu 2.1.10. Xét hai day s6 (a,) vaby,) : < a, = 3an_1 + 2b,_1
bn = 4an_1 + Sbn—h n = 1.

Khi d6 hiy
n
(i) Twm tat cd nhimg sé tu nhien n dé T] (b2 +9) la s6 chinh phuong.
k=0
. PN 2 s T | Gk Gk
(ii) Phan tich tiéu chuan cho tich cic dinh thic []
=0 | Ok D41

Bai giai: (i) Biéu dién a,,+tb, = (3+4t)a,_1+(2+3t)b,_1. Chon ¢ sao cho
1 L .
243t = t(3+4t) hay t = £——. Nhu vay da tao ra dugc bat bién 3+ 4t de

V2

tn +thy = (344t (an_1 +tby_1) va c6 dugc a, +tb, = (3+4t)"(3—3t) vdi
1 1
an + —=by, = (3+2v2)"(3 — 3—=)
moi n > 0 va nhan dugc he V2 V2

1 . 1
an—ﬁbn: (3 —2v2) (3+3E),n20.

T day ta suy ra

31V (V2 1) +3(1 - V2P (V2 + 1)

_ o

314V (V2 1) - 3(1—vV2)(V2+ 1)
2

Qn

by

va dugc cong thic

(Va4 (VB 1Y

_ -

B(VEH D - (V-1
2

Qn,

by
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1 ) .

i moi 1 > 0. Tit n 7+ \/an— (3+2v2)"(3 3\?)
Qp — Ebn = (3 — Qﬁ)n(?) I 3@)

suy ra 202 = B2+ 9, b vay [] (0 +9) = 2°*1 [] a? a6 chinh phuong

khi va chi kbi 7 Ia 5 tu nhien 16 =

ar k41

= 18. St
br bri1

(ii) Dé dang chira as_1bs—asbs_1 = 18 v6is > 1. Vay

n
dung bat bién nay sé nhan duge []
k=0

ap Gk4+1

— 18n+1 — 2n+132n+2. ]
b bri1

Cha y 2.1.11. Tw S 3 2 %=1} ¢4 c6 bidu dién ma tran
b, 4 3 bn_1

an\ (3 2\ [ ao A
()= (55) (&) e
an\ (3 2\ /3N (ana\ (3 2\ [ 3
b, ]\ 4 3 3) ' \byoy ) \ 43 -3
va nhan dugce
an Ap—1 _ 3 2 el 3 3
by bo1 ) \ 4 3 3 -3 )

Lay dinh thidc hai vé ta ¢6 a,_1b, — anb,—1 = 18 v6i moi n > 1.

ag = ]., a; = —1
Vidu 2.1.12.[VMO 2011] Day (a,) xac dinh béi < a,42 = 6a,41 + day,
n > 0.
Chiing minh agy2 — 2010 : 2011.
Bai giai: Day (b,) duge xac dinh nhu sau by = ag = 1,b = a3 = —1 va

b2 = 6b,41 + 2016b,, v6i moi s6 nguyén n > 0.

bus1 = 6b, + 2016¢,
Hién nhién a,, = b,(mod2011). Dat ¢,11 = b,. Khid6 { ¢, 11 = by, n > 1

b =—1,¢1 = 1.
NIt Vay boyt + tenin = 6by + 20166, + thy = (6 + )b, + 2016¢,. Chon
t sao cho 2016 = (6 + t). Giai ra t; = 42,1, = —48. Vay da tao ra dugc
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mot bat bién 6 + ¢ dé b, 1 + teurr = (6 + 1) (b, + tcy). T

boi1 + tenir = (6 + 1) (b, +tcy,) = -+ = (6 +1)"(by + tc1) ta suy ra
Doyt — 48¢, 1 = (—42)"(—1 — 48) = —49(—42)"
bns1 + 42¢,41 = 48" (—1 + 42) = 41.48"™.

Nhu thé 90¢,, 11 = 41.48" + 49.(—42)". Dac biet

90aggry = 41.48%012 4-49.(—42)2012 Vi 482010 = 1 = 422919(1m0d2011) theo
Dinh Iy Fermat nén

90ag01s = 41.48% + 49.422 = 41.293 — 49.247(mod2011).

Vay 90asp12 = 12013—12103 = —90(mod2011). Suy ra asy2—2010 : 2011.
[]

Vi du 2.1.13. Cho day (ay,) vdi ag = 2,a1 = 89 vad a9 = 89a,411 — Yay,
vdi moi so6 nguyén n > 0. Chiing minh rang

a2, — 89y + 9a2 4+ 81.9" : 1951 v ajgz0 — 99 1951,

Bai giai: Day (b,) dugc xac dinh nhu sau by = ap = 2,b; = a3 = 89 va
byio = 89b,.1 — 1960b,, v6i moi sd nguyén n > 0. Dat ¢,.1 = b,. Khi d6
bt = 89b, — 1960c,

Cni1 =bp,n >1
bl = 89, C1 — 2.
Nht vay bust + tenp1 = 89b, — 1960c, + thy = (89 + )b, — 1960c,,. Chon
t sao cho —1960 = #(89 + t). Gidi ra t; = —49,ty = —40. Nhu vay da
tao ra dugc mot bat bién 89 + ¢ dé b1 + tc,1 = (89 + 1) (b, + tc,). T
bui1 + tenir = (89 + ) (b, + tey) = -+ - = (89 + ¢)"(by + tey) ta suy ra
bust — 49¢,1 = 407(89 — 49.2) = —9.40"
Dot — 40c,.1 = 497(89 — 40.2) = 9.49".

Dé dang chi ra a,, = b,(mod1951) va nhu thé
a2, — 89a,a,.1 + 9a2 + 81.9" = 0(mod1951).

Ta lai c6 b, = 40" + 49", Vi 401 = 1 = 49199 (mod1951) theo Dinh ly
Fermat nén byg59 = 401952 4 491952 = 42 4 49? = 99(mod1951)
V@y a1952 — 99 : 1951. []
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Vi du 2.1.14. Cho day (a,) vdi a;

20, 49+20,41—a, Vi moi $6 nguyénn > 1. Ching minh rang ton tai cdc so
n 2 n
t nhien by < by < -+ < by dé c6 biéu dién 4n<kH ak> ! (b2—1).

1,@2 = 12,&3 = 20 va ap+3 =

Bai giai: Trudc tién ta chi ra 1 + 4a,a,1 1& s6 chinh phuong v6i mai s6
tut nhién duong n. S6 1+ 4ajas = 1+ 4.1.12 =49 = 72 = (20 — 12 — 1)?
va 1+ dagaz = 1+ 4.12.20 = 961 = 312 = (63 — 20 — 12)2. Ta sé& chi
ra 1+ 4a,a,1 = b% véi b, = apio — Gni1 — a,. That vay, gia sit da co
1+4a,a,_1 = b%_l. T gid thiét suy ra ;49— Gpe1 —Gp = Aot + 0y — Ap_1
hay b, = b,_1 + 2a,,. Vay

1 +4ana,—1 = (by — 2an)2 = b2 — 4b,a, + 4a’

= b2 —da,(any) + ay — ay_1) + 4a?

2

Do d6 1+ 4aya,.1 = b2, (P).

Tiép theo, ta chi ra by < by < ... < b,. D& dang kiém tra (a,) 1a day s6
tu nhién don diéu tang. T b, = ap0 — Apni1 — Ay = Gpe1 +ap —ap_q1 >0
suy ra b, 1& s6 tu nhién duong véi mdi n. Do béi

bn—!—l - bn - [an—|—3 — Up42 — an—H] — [an—|—2 — Ap+1 — an] - 2an+1 >0

nén ta cé b, < b, v6i moi n va tit do suy ra by < by < ... < b,. St dung
bat bién (P) c6
darag.dasas - - - 4a,_1ay.4a,a,41 = (b1 — 1)(b3 — 1) ... (b2 — 1)

2
hay 4"(T] ax) aner = [T — 1) 0
k=1 k=1

Vi du 2.1.15. Gid st hai day so nguyén (a,) va (b,) duge xdc dinh nhu
sau:
rao =3,a1 = §8,as = 58

Gpio = 8pi1 — 3y — 3Ap_1,N = 2;
bp =3,b1 = 5,by =45
\bn—i-Q = 5bn+1 + ]_Obn — 7bn—17 n 2 2.

Ta 6 (%)) baoro+ -+ (oono) b1 = (%) azono = (") aznng + -+ = (g -
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Bai giai: Xét phuong trinh f(z) = 2% — 822+ 32+ 3 = 0. Goi ba nghiém
ciia n6 trong C 1a 1, 29, x3. D& dang kiém tra

0.0, .0 2 .2 2
T] + Xy + T3 = ap,T1 + T+ T3 = a1, 7] + 25 + x5 = as,

tong quat a, = o7 + 2 + 2, n > 0. Tuong tu b, =y +y& +y¥,n = 0,
trong d6 y1,ys, y3 1 ba nghiem clia g(y) = y® — 5y — 10y + 7 = 0. Bat
bién & day 1a a, = o7 + 2% + 2% va b, = Yy + y& + y§ v6i n > 0. Kiém tra
truc tiép duge hai bat bién méi: f(y+ 1) = g(y) va g(x — 1) = f(x). Vay
ta nhan dugc cac hé thic sau day:

ap, = ity +ay=(p+1)"+@+1)"+ @y +1)"

by = yi +uys +ys = (1 —1)"+ (22— 1)" + (23— 1)",n > 0.
anp = Cy, + Clby_1 + -+ + Cl by + Cliby
by = Cha, — Crap_1 + -+ (=1)"1C" tag + (—1)"Clag

(1) Bao10 + -+ Goro) b1 = () ason = ("5 aonng + - = (Gop)ar- O

Vi du 2.1.16.Ba day so (ay,), (b)), (¢,) xdc dinh bdi phuong trinh sau:

Do vay

(g = 12,by = 8, ¢y = 16
Gpi1 = 4a, + 3b, — 3¢,
b,11 = 2a, + 3b, — 2¢,
| Cny1 = 4ay, +4b, — 3¢y, n > 0.

Khi do hay
a c
(i) Twm hai gidi han lim —, lim .
n—-+00 n n——+00 bn
2n ) )
(ii) Chitng minh | axck khong la so chinh phuong vdi moi s0 nguyén
k=0
n = 0.

Bai giai: (i) Bang phuong phap quy nap theo n nhan dudc a, = 3.2"12,
b, = 2" v ¢, = 2" v6i moi n > 0. Tt day suy ra hai giéi han sau:

n——+00 bn o 2’ n—+o00 bn
(ii) D& dang kiém tra a,c, = 3b2, (P), v6i mdi s6 tu nhién n. Stt dung tinh
2n 2n 2
chat bat bién (P) nay ta c6 [] arcr = 32”“( 11 bk) khong 1a s6 chinh
k=0

k=0
phuong v6i moi s6 nguyén n > 0. []
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Vi du 2.1.17. Xdc dinh it nhat mot bp ba (x,y,z) € Z> théa man cdc
diéu kien 2 4+ y? + 2% = 3xyz va x,y, 2 > 50.

Bai giai: Néu bo ba (z,y,2) v6i < y < z, thdoa man cac diéu kién da
néu thi ciac bo ba (y, z,3yz — ) va(z, z,3xz — y) ciing théa man phuong
trinh. St dung thuat toan nay dé xay dung bo ba sd nguyén théa man
yeu cau dit ra. Xuat phat tu (1,1,1) dé c¢6 (1,1,2) va (1,2,5). Tit dé c6
(1,5,13), (1,13,34), (1,34,89), (1,89, 233) va tit day ¢6 bo ba s6 nguyen
(89,233,62210) thoa man dé bi. m

Vi du 2.1.18. Cho diy s6 Fibonacci a; = as = 1 va ayyo = Apat + ay 001
moi s6 nguyén n > 1. Khi dé vdi moi so nguyén duong n va k phan thic
an—i—Qk + an

luon luon la phan so toi gidn.
Ang3k + app

An+2 k+ an

o ) ani3k + an1
khong la phan so toi gian. Khi dé c6 so nguyén d > 1 la w6c chung cua
Qpiok + ap va a,i3k + a,iq. Vay hiéu

Bai giai: Gia st c6 hai s6 nguyén duong n va k lam phan thiic

i3k + Qpy1 — Qpyok + —a, = appk +a,q

chia hét cho d. Tt a, 42k + a, va a,41k + a,—1 chia hét cho d. Day 1a mot
tinh chat bat bién dé ta chi ra dicu gia sit 1a sai. T tinh chat nay suy ra
ask + a; va agk + ao chia hét cho d hay 2k + 1,3k + 1 déu chia hét cho d.
Vay kid. Vi (k,2k+ 1) =1 nén d = 1: mau thuan. O

2.2 Pht ciia mo6t tap hop

Dinh nghia 2.2.1.Cho tap M va mot ho hitu han cac tap { My, Mo, ..., M}
trong R?. Ho {My, My, ..., M} dugc goi 1a mot phai hiu han cia M néu
M C Uzlek-

Vi du 2.2.2. Trén truc so zét tap M sao cho M co thé duoc phi bdi 3
doan vdi do dai don vi. Ky hiéu L la tap cdc trung diém cia tat cd cdc
doan cé thé cé vdi hai dau mat thuoc tap M. Ching minh rdng cé thé phi
duoc L bdi 6 doan thd?ng vdi do dai don vi. Liéu cé thé luon luon phi duge
L bdi 5 doan thing vdi do dai don vi hay khong?
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Bai glé_l Gia thiét M g [al; bl] U [CLQ; bg] U [CL3; b3] v6il bk — A = 1,
k=1,2,3. Véix,y € M : Néu x,y € [ay; b] thi T € [ak; byl
. a; t+ag :c+y<bi+bk

Néu z € [a; bi],y € [ax; br] v6i i < k, thi 5 < 5 S T va
i bi +0b . i b; +0b
nhu vay :U;—y € [a —gak; —12_ k] v6i doan [a ;ak; —g k] ciing ¢6 do

dai 1. Vay L dugc phu béi 6 doan

b1 +0b by +b by + b
[al;bl]a[%;bﬂa[@?’;b?,]?[a1+a2' L0y @ty s G213, %2 105

, Jva ,
2 2 2 2

L ).

2 72
Khi M = [1;2] U [5;6] U [17; 18] thi L phai duge phit bdi ding 6 doan:
[1:2], [3; 4], [5; 6], [9; 10], [11;12], [17; 18]. O

Vi du 2.2.3. Cho hai s6 tu nhién p,q vdi (p,q) = 1. Doan [0;1] dugc
phan ra lam p + q doan bang nhau. Ching minh rang trong moi doan nho

nay, ngodi hai doan chia 0 va 1, c6 ding mot s6 tu p + q — 2 s6 sau:
p—11 2 qg—1

p?p?"'? p 7q7q7"'7 q
Bai giai: Tt (p,q) = lsuyra (p+¢,p) =(p+¢,q) =1. Dat n=p+gq.
2 < 0 . . .. ..
Ta thay, néu — = I thi iq = jp. Do (p,q) = 1 néniip,jiq. T day suy
p q . .
ra ngay, khi 1 <i<p—1,1<j < ¢—1 thi khong thé cézz Z Ta cling
p q
thay, nfu — = — thii(p+¢q) =kp. Dol <i<p—1nénk:p+q. Tuday
p n '
i

. k
ciing suy ra ngay, khi 1 < k < p+ ¢ — 2 thi khong the ¢c6 — = —. Tuong
n

-
3

1 gk

tu ciing khong theé co6 J_ L . Tém lai, ba s0 —, =, — la khac nhau d6i mot
qg n pqg'n
1 1 1 N » . £ - . 2 /I’ 2+ 2 z
Do — > —,— > — nén cu hai trong so6 cac diem — phai & trong cac doan
n
ac nhau, (vi > = —). Tuong tu,
n’ D p_p n n n
cit hai trong sb céc diém J phai & trong cac doan[—
q n.on
, = 4 trong cung mot doan [—;
non
k41 1+ 1 ' .0 '
,‘Z< . Vi ]6g111’a—va°1nénkh1c01—<Zsécé
q

khi 1l <4 —1,1<7<qg—1val<ksp+qg—2.
1
p 5 n _ , p
e }k 1+t z>1 1 k+1 &
k'k+1] khéac nhau.
J kk+1}v61ke{1,...,n—2}.
n P+q P q P q
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E i 147 - k+1 . .k i+5 k+1

- < - J ‘7< : vo 1y vi khong the c6 — < ‘7< :

n o p n q n n n n

Tém lai, c6 p+ ¢ — 2 doan , ngoai hai doan dau va cudi ra, trén moi doan
1 2 p—11 2 q—1

phéi c6 ding mot trong cdc s6 —, —, ..., ——, —, —, ..., —. []
p'p p q4q q

Vi du sau day dugce trinh bay lai qua khai niém phu mot tap:

Vi du 2.2.4. Gid st tap cdc so nguyén duong duge phan ra thanh r tap
khong giao nhau: N* = Aj U Ay U---UA véi AiNA; =0,V i#j
Chitng minh rang ton tai i dé A; cd tinh chat: Ton tai so nguyén duong
n dé sao cho vdi bat ky k luon tim dudc cdc $6 aq, ..., a, € A; théa man
0<aji;—a;<n1<j<k—1

Bai giai: Néu A; khong c6 tinh chat da néu ra véi s6 nguyén duong bat
ky n c6 thé tim thay & > 0 sao cho bat ky day a1 < as < --- < a; trong A;
déu ¢6 j v6i a;+1 —a; > n. Phan bu ciia A; trong N* 1a Ay UAz3U---UA,
c6 mot diy cac s6 nguyeén lien tiép dai tuy ¥, vi v6i n bat ky c6 day
a1 < as < --- < ag trong A; sao cho c6 j dé aj11 — a; > n. Vay cac sO
nam gitta a; va aj41 12 6 trong Ay U A3U--- U A, ¢6 do dai tuy ¥. O

Vi du 2.2.5. Gid sit ABCD la mot ti@ gidc l0i. Chitng minh rang hop ciia
bon hinh tron duong kinh AB, BC,CD, DA phi hoan toan ti gidc.

Bai giai: Lay diém M tiy y trong hodic trén canh tit gidc ABCD.
Béi vi AMB + BMC +CMD + DMA = 27 nén ton tai mot trong bon
goc {AMB, BMC,CMD, DMA} v6i s6 do > g, chéng han DM A >

Khi d6 M thudc hinh tron dusng kinh D A.

[:JI\D.|>1

Vi du 2.2.6. Trong mat phang toa do (Oxy) zét da gidc loi n > 5 dinh.
Gid su ton tai 5 dinh da gidc c6 toa do la nhing s6 nguyén. Ching minh
rang ton tai it nhat mot diém thuoc mién trong hodc canh da gidc vor toa
do cing la nhiing so nguyén.

Bai giai: Chia ludi nguyén trong mat phang (Oxy) thanh 4 tap nhu sau:

(i) Ty 1a tap gom tat ca cac diem nguyén (x;y) véi o,y chin.

(i

(iii

Ty 1a tap gom tat ca cac diém nguyen (z;y) v6i = chin, y 1é.

(

(
Ts 1 tap gom tat ca cac diém nguyen (z;

(

)
)
)
(iv) Ty 1a tap gom tat ca cac diém nguyén (z;
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Hién nhién, 5 dinh da giac véi toa do 1a nhiing s6 nguyéen phai thudc hop
4dtap T7 UTy UT3UTy. Vid1l =4 < 5 nén co tap T; phai chira hai dinh
da giac véi toa do nguyen, chang han Aj(x1;91) va Az(2;2).

T1+ T2 Y1+ Y2
2 N 2 7 2 2
diem doan A;As véi toa do nguyén. Vi da giac 16i nén [ 1a mot diem thuodc

Tu 21 = x9(mod2) va y; = y2(mod2) suy ra I( ) 1a trung

mien trong hoac canh da giac véi toa do cling 1a nhitng sd6 nguyéen. ]

Vi du 2.2.7. Gid st ngi gidc loi ABCDE c6 do dai méi canh va do dai
cic duong chéo AC, AD khong vuot qud /3. Lay 2011 diém phan biét tiy
9y nam trong ngi gidgc dé. Ching minh rang ton tai mot hinh tron don vi
chita it nhat 403 diém trong s6 cic diém da lay.

Bai giai: Trong mit phang toa do (Ozy) xét hinh ch nhat M N PQ véi
toa do M(_\/g; 0)7 N(\/§7 0)7 P(\/§7 \/5)7 Q(_\/g; \/g) Nita dUﬁng tron
(0) : 22+ y* < 3,y > 0 sé nim trong hinh chit nhat nay va ngii giac
ABCDE chita trong (¢). Hién nhién hgp ctia 5 hinh tron bang nhau véi

3 V3 3 3 3. 3 V3
ton 4o tam (—5 %), (-1:22), 0,2, (1), (%Y%) va bin
1 sé chiia ngii giac ABCDE. Vi 402.5 = 2010 < 2011 nén ton tai mot
duong tron don vi chita it nhat 403 diém trong s6 cac diem da lay. O

Vi du 2.2.8. Xdc dinh cac anh za f: {1,2,...,n} — {2010,2011} thda
man dieu kien f(1) + f(2) 4+ --- 4 f(n) la mot so chan.

Bai giai: Ta c6 thé cho f(1), f(2),..., f(n — 1) nhan gia tri tiy ¥, con
f(n) duge xac dinh duy nhat dé f(1) + f(2) + -+ f(n) 1a mot s6 chén.
Vay c6 tat ca 27! anh xa nhu vay. O

Vi du 2.2.9. Cho tip S = {1,2,3,...,280}. Tim s6 tu nhién n nhé nhat
théa man moi tdp hop con gom n phan té cia S déu chia 5 s6 doi mot
nguyén to cung nhau.

Bai giai: Ky hiéu

Ay = {2k|k € N}, Ay = {3k|k € N}, A3 = {bk|k € N}, Ay = {Tk|k € N}
va d?it Bz == AzﬂS vll 1 = 1,2,3,4. Ky hléu B = BlUBQUB3UB4. Theo
Dinh 1y 1.2.1, dé dang tinh dugc |B| = 216 va véi 5 s6 tuy ¥ thuoc B phai

c6 it nhat hai s6 thudc cing mot B; nao d6. Do dé 5 s6 tuy ¥ thuoc B
khong the 1a 5 s6 déi mot nguyen t6 ciing nhau va nhu vay moi tap con E
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ctia B khong thé chita 5 s6 doi mot nguyeén t6 cting nhau. Vay n > 216.
Chitng minh s6 can tim n = 217. That vay, trudc tién ta loc ra tap chia
tat ca cac s6 nguyeén to thuoc S. Dat

C, = B\{2,3,5,7}

Cy = {11%,11.13,11.17,11.19,11.23,132,13.17,13.19} C S

D = S\ (CiUCy).
Hién nhién ta da loc ra dugc tapD chita s6 1 va tat ca cac so6 nguyen tb c6
trong S. Vi C1NCy = neén |D| = |S|—|Cy| — |Cs] = 280 —212 — 8 = 60.
Gia st £ C S 1a mot tap con tuy ¥ chita 217 phan ti.
Néu |[E N D| > 5 thi trong E c6 5 s6 nguyén t6 thuoc S va hién nhién
ching doi mot nguyén t6 ciing nhau.
Néu |[END| < 4thi [EN(S\ D) = |E\ (END)| > 217 — 4 = 213.
Diéu nay chi ra c6 nhiéu nhat 7 s6 thuoc D khong nam trong E bdi vi
|S\ D| =280 — 60 = 220. Bay gio ta loc ra 8 tap roi nhau sau day:

M, = {2.23,3.19,5.17,7.13,11.11}

My, = {2.29,3.23,5.19,7.17,11.13}

(2.31,3.29,5.23,7.19,11.17)
(2.37,3.31,5.29,7.23,11.19}
Ms = {2.41,3.37,5.31,7.29,11.23}
Ms = {2.43,3.41,5.37,7.31,13.17}
M; = {2.47,3.43,5.41,7.37,13.19}
My = {2% 3% 5% 7% 13%}).

=5
|

Hién nhien M; C S\ D va cac s6 thuoc M; doi mot nguyen t6 cling nhau
véimoii=1,2,...,8 Vi|EN (S\D)| =213 va |S\ D| =220 nén ton
tai k € {1,2,...,8} dé M}, C E hay trong E c6 5 s6 doi mot nguyen to
cung nhau. ]

Vi du 2.2.10. Gia s trong hinh chi nhat F' co kich thudc 65 x 2011 dat
33852 hinh vuong vdi do dai cdc canh bang 1. Chiing minh rdang ton tai it
nhat mot duong tron ban kinh r = 5 khong co diém chung vdi bat ky hinh

vUoNg nao.

Bai giai: Duong tron ban kinh r = 5 c6 diém chung vé6i hinh vuong

ABCD do dai canh 1 khi va chi khi tam I cta né cach mot canh nao dé
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1
cua hinh vuong ABC'D mot khoang khong qua 5 Béi vay tam I phai thudc
hinh A’A” B'B”C'C” D'D”, tao thanh tit hinh vuong ABCD va 4 hinh

1 . R 1
cht nhat kich thuée 3 X 1 va bon mot phan tu dudng tron ban kinh r» = 5

Dién tich méi hinh A’A” B'B”C'C” D'D” biang 1.1 + 4.1.% + % =3+ Z
Vay tong dien tich S; ctia 33852 hinh giong nhu A’A” B'B”C'C” D'D” sé
khong vugt qua 33852.(3 + %) Vi dudng tron tam [ ban kinh r = % nam
trong hinh cht nhat (F) kich thude 65 x 2011 nén khoang céch tit I dén
canh hinh ch nhat nay khong nhé hon % Vay tam I phai nam trén canh
hay bén trong hinh ch@ nhat M N PQ. Dién tich phan hinh chit nhat (F)
ma [ khong & d6 bang Se = 65.2011 — 64.2010 = 2075. Vi 7 < 3,2 nén
S+ Sy < 2075 4 3,8.33852 < 65 x 2011.

Theo Dinh ly 1.3.1, ton tai diém I thuoc hinh chit nhat (F') dé sao cho khi
dung duong tron tam [ ban kinh r = 3 khong c6 diém chung véi bat ky
hinh vudng ndo va nam hoan toan trong (F). O
Vi du 2.2.11. Gid st ngi gidac 10t ABCDE ¢6 do dai moi canh va do dai

cic duong chéo AC, AD khong vugt qud /3. Lay 2011 diém phan biét tay

Yy nam trong ngi gidc dé. Chiing minh rang:

(i) Ton tai mot hinh tron don vi chita it nhat 403 diém trong sé cdc diém
da lay.

(ii) [VMO 2011] Ton tai mot hinh tron don vi ¢é tam nam trén canh ngi
gidc 10i ABC' DE chia it nhat 403 diém trong so cic diém da lay.

Bai giai: (i) Da ching minh trong vi du 2.2.7.

(ii) Cai kho ¢ day 1a yéu cau tam hinh tron phai thuge canh da giac. Trude

tien ta nhan xét: Mot diem M bat ki & trong tam gidc XY Z vdi do dai

canh khong vugt qud /3 thy min{M X, MY, MZ} < 1.

That vay, tt ZXMY + LYMZ + /ZMX = 27 suy ra c6 it nhat mot

) 27
goc, chang han ZXMY > 5 Khi do6, theo Dinh 1y cosin ta c¢6 3 >

2
XY2 = MX2+ MY?2— 2MX.MY cos g > MX2+ MY2+ MX.MY
hay 3 > 3min{ M X? MY?}. Vay min{MX, MY, MZ} < 1.
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Vi 2011 diém thuoc ngii gidc 168 ABCDE nén mdi diém phai cach dinh
clia mot trong cac tam giac ABC, ACD, ADE mot khoang cach khong
vugt qua 1. Do d6, theo Dinh 1y 1.3.1 ton tai mot dinh ngfi giac c6 khoang
cach khong 16n hon 1 dén 403 diém vi 402.5 < 2011. O

Vi du 2.2.12. Ching minh rang khong ton tai dnh za f : Z — {1,2,3}
théa man: f(x) # f(y) vdi moi x,y € Z sao cho |x —y| € {2,3,5}.

Bai giai: Khong han ché c6 thé gid thiét f(0) = 1 va f(5) = 2. Vi
b—2=3v&2—-0=2nén f(2)=3.Vi7T—2=5va7—5=2neén
f(7) #£ f(2) va f(7) # f(5). Nhuvay f(7)=1.Vi3—0=3vab—-3=2
nén f(3) = 3. Vay f(3) = f(2). Tém lai, anh xa f : Z — {1,2,3} thoa
man f(0) =1, f(2) =3,f(3) =3,f(5) =2, f(7) = L

Véimoine€Zcon+1—n=1¢{2,3,5} nén f(n+1) = f(n). Vi ham
hing f khong théa man f(7) = 1 # 2 = f(5) nén khong thé c6 anh xa f
thoa man dau bai. O

Vidu 2.2.13. Vi bat ky so tu nhién n tap nghiém nguyén ctua hai phuong
trinh 2 4+ y?> = n va 22 + y? = 2n ¢6 cung luc luong.

Bai giai: Xay dung mot song anh tir tap nghiém nay sang tap nghiém kia
rT+y r—y

: ). ]

2 2

qua (z,y) = (z +y,r —y) va nguge lai (z,y) — (

2.3 Ung dung trong bai toan hinh hoc té hdp.

Hinh hoc t6 hop la mot nhanh khong thé thiéu dudce clia cac bai toan
t6 hop néi chung, né thusng xuyen xuat hién trong cac ki thi hoc sinh gioéi
d moi cap.

Nguyén 1y Dirichlet 1a mét trong nhitng phuong phap thong dung va hiéu
qué dé giai cac bai toan hinh hoc to hop. Nguyeén 1y nay tudng chimg don
gian nhung 14 mot cong cu hét stic hieu qua dung dé chitng minh nhiéu két
qua hét stc sau sic clia toan hoc. Ching toi xin trinh bay mot sé ménh
dé (thuc chat 1a mot s6 Nguyen i Dirichlet ap dung cho do dai cac doan
thang, dién tich cic hinh phang, thé tich cac vat thé) hay st dung nhidu
dén trong nhiéu bai toan hinh hoc t6 hgp duge dé cap dén trong chuong
nay.

Meénh dé 2.3.1. Nguyeén li Dirichlet cho dién tich.
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Néu K la mot hinh phang, con K, Ko, ..., K, 13 cac hinh phang sao cho
K, CKvoii=1,--,nva
K| < | K| + | Ko + -+ - + | K.

O day | K| la dien tich ctia hinh phing K, con |K;| 1a dién tich ciia hinh
phang K;,i =1,--- ,n, thi ton tai it nhat hai hinh phéng H;, H;,
(1 <4 < j < n)sao cho H; va H; c6 diém trong chung, (O day ta néi
rang P la diém trong clia tap hop A trén mit phang, néu nhu ton tai hinh
tron tam P ban kinh di bé sao cho hinh tron nay nam tron trong A ).
Tuwong tu Nguyén 1i Dirichlet cho dién tich, ta c6 Nguyén 1i Dirichlet cho
do dai cac doan thang, theé tich cac vat the...
Nguyén 1i Dirichlet con dugc phat biéu cho trusng hop vé han nhu sau:
Ménh dé 2.3.2. Nguyeén Ii Dirichlet vo han:
Néu chia mot tap hgp vo han cac qua tdo vao hitu han cac ngan kéo, thi
phai c6 it nhat mot ngan kéo chita vo han qua téo.
Ung dung to 16n ctia Nguyen 1y Dirichlet dé giai cac bai toan hinh hoc t6
hgp dugc trinh bay qua cac vi du sau day:
Vi du 2.3.1. Trong hinh vuéng don vi (canh bang 1) c6 101 diém. Chiing
minh rang cé 5 diém trong cdc diém da chon dudc phi bdi mot duong tron

1
ban kinh —.

7
Bai giai: Chia hinh vuong ra lam 25 hinh vuong bing nhau, méi canh
ctia hinh vuéng 13 0,2. Vi ¢6 101 diém, ma chi c6 25 hinh vuéng, nén theo

Nguyén ly Dirichlet ton tai hinh vuong nho chita it nhat 5 diém (trong 101
diém da cho). Vi hinh vudéng nay noi tiép trong duong tron ban kinh

1
=V2 Ve

R =

2 10
Do 10 < - nén di nhién duong tron dong tam véi dudng tron ngoai tiep
trén va c6 ban kinh - chita it nhat 5 diém néi tren. O

Vi du 2.3.2. Cho mot bang kich thudc 2n x 2n 6 vuong. Nguoi ta danh
dau vao 3n 6 vuong bat ki cia bang. Ching minh rdng cé thé chon ra n
hang va n cot ctia bang sao cho cic 6 dugc danh dauw déu nam trén n hang
va n cot nay.
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Bai giai: Chon ra n hang c6 chita 6 dugc danh dau nhicu trén hang do6
nhat. Ta chitng minh rang s6 6 duge danh dau con lai nhé hon hoic bang
n. Gia st trai lai khong phai nhu vay, tic 1a s6 6 duge danh dau con lai
16n hon hodc bang n + 1. S6 cac hang con lai chua chon 14 n. Vay theo
Nguyeén 1y Dirichlet sé c¢6 it nhat mot hang (trong sé n hang con lai) chia
it nhat hai 6 danh dau.

Chu ¥ rang theo cach chon thi n hang da chon chita s6 6 duge danh dau
nhiéu trén hang d6 nhat. C6 mot hang con lai chua chon c¢6 it nhat hai o
danh dau, nén suy ra moi hang trong s6 n hang da chon déu c6 it nhat hai
0 dugc chon, tiic la trén n hang da chon khong c¢6 it hon 2n 6 da duge danh
dau. Néu vay, s6 60 duge danh dau 16n hon hodc bang 2n + (n + 1) > 3n.
Vo 1y (vi chi ¢6 3n 6 duge danh dau). Vay nhan xét duge ching minh.

Nhu vay, sau khi da chon ra n hang (v6i cach chon nhu trén), theo
nhan xét con lai khong qua n 6 dude danh dau. Vi thé c6 clting 1am 1 c6
n cot chia ching. Vi 1é d6 sé khong thay 6 danh dau ndo nim ngoai cac
hang hay cot da chon. []

Vi du 2.3.3. Chiing minh rang trong moi khoi da dién loi ton tai it nhat
hai mdt cé cung so canh.
Bai giai: Ki hieu M 1a s6 mat c6 s6 canh 16n nhat ciia khdi da dien. Gia
st mat M ¢6 k canh. Khi d6 vi ¢6 k£ mat ¢6 canh chung v6i M, nén da dién
c6 it nhat k& + 1 mat. Vi 1a mit c¢6 sd canh nhiéu nhat bang &, nén moi
mit clia da dién ¢6 s6 canh nhan mot trong cac gia tri {3,4, ..., k}.

Da dién c6 it nhat & + 1 mat, ma mdi méat s6 canh clia né nhan mot
trong k — 2 gia tri. Vi thé theo Nguyeén 1y Dirichlet suy ra c6 it nhat hai
mit ctia da dién c6 cling s6 canh. O

Vi du 2.3.4. Cho 1000 diém My, M, ..., Mooy trén mat phang. Vé mot
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duong tron ban kinh 1 tuy 4. Ching minh rang ton tai diém S trén duong
tron sao cho: SMy + SMs + ... + S Migoo > 1000.

Bai giai: Xét duong kinh 5755 tuy y cua dusng tron, ¢ day S1, S 1a hai
dau ctia duong kinh. Vi S1.55 = 2 nén ta co:

SlMl + SQMl > 5152 =2
SlMQ + SQMQ > 5'152 =2

S1Migoo + S2Migoo = 5152 = 2.

Cong timg vé clia 1000 bat dang thiic trén ta co:
(S1 M1+ S1Ma+ ...+ S1 Migno) + (So My + Sa Mo+ ...+ S Migoo) > 2000.(1)
Tit (1) va theo Nguyén 1y Dirichlet suy ra trong hai tong ctia vé trai ctia
(1) c6 it nhat mot tong 16n hon hodc bang 1000. Gia st:

S1My + S1Ms + ...+ S1M1000 > 1000.
Khi d6 lay S = 5. O
Vi du 2.3.5. Trong mdt phang cho hinh vuong. Nguoi ta vé 9 duong thing
sao cho moi duong thing chia hinh vuong thanh 2 i gidc cé ti sé dién tich
2 N N Z ? N
3 Chiing minh rang ton tai it nhat 3 duong thang dong quy.
Bai giai: Vi duong thang a;, (i = 1, ...,9) chia hinh vuong ABCD thanh
2 t1 gidc nén a; khong thé di qua dinh hinh vuéng va khi d6 méi ti giac

1a mot hinh thang vuong. Goi M, N tht tu 1 trung diém AD va BC. a;
cat M N tai O;. Tt cong thiic tinh dién tich va tinh chat clia duong trung

o,M 2 I
binh hinh thang ta c6 OZ N 3 Do tinh chat doi xiing ctia hinh vuéng
i

nén co6 4 diem O,

Ta coi 9 dudng thang 14 9 chim bo cau va 4 diém O;,i = 1,...,4 13 4
long, 2.4 < 9. Vay theo Nguyén Iy Dirichlet ton tai it nhat mot long dugc
nhét 3 chim. Hay it nhat 3 trong cac duong thing dé dong quy. O

Vi du 2.3.6. Trong hinh vuong cé dién tich bang 6 dat ba da gidc cé dién
tich bang 3. Ching minh rang luon tim duge hai da gidc ma dién tich phan
chung ciua chiung khong nho hon 1.
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Bai giai: Goi ba da giac 1a My, My, M3. Ky hieu | A 1a dién tich ctia hinh

phang A. Khi dé ta cé:

|M1 U My U M3| = |M1| -+ |M2| + ‘Mg‘ — (|M1 N M2| + |M2 N M3‘ + ‘Mg N Ml‘)
+ |My N My M. (1)

Theo gia thiét ta c6 |M;| = |Ms| = |M;| = 3. (2)

Dé y rang M; U M, U M3 nam trong hinh vuong cé dién tich bing 6, nén

tit (1) va (2) ta c6 bat dang thiic sau:

6 Z 9 — (|M1ﬂM2| + |M2ﬂM3|—|— ‘MgﬂMl‘ +|M1ﬂM2ﬂM3|) hay

| My N M| + [ My N Ms| + |Ms 0 My| > 3+ | My N My N Ms|. (3)
Do | My N My N Ms| > 0 nén tix (3) ta co:

|M1ﬂM2\+]M2ﬂM3]+|M3ﬂM1| > 3. (4)

Tu (4) theo Nguyen 1y Dirichlet suy ra ton tai it nhat mot trong ba s6
|M1 N M2| , |M2 N M3| , ‘Mg N Ml‘ 16n hon hoac b%ﬂlg 1.

Gia st |[M; N Ms| > 1. Diéu d6 c¢6 nghia 1a hai da giac My, My c6 dién
tich phan chung khong nho6 hon 1. O

Tuy nhién khi van dung nguyén ly Dirichlet ching ta cfing can chu ¥:
Nguyén 1y nay khong cho phép ta chi ra "long nao” nhét may chim bo cau.
Ngoai ra cac nguyéen 1y khéic ciing dugde stt dung rat nhiéu trong hinh hoc
t hop.

Vi du 2.3.7. Trong tam gidc ABC ¢6 ba géc nhon, lay mot diem P bat
ki. Ching minh ring khodng cach ldn nhat trong cic khodng cdch tu diém
P dén cac dinh A, B, C' cta tam gidc khong nhé hon 2 lan khodng cdch bé
nhat trong cac khodng cdich tw diém P dén cic canh cia tam gidc do.

Bai giai: Dung PA,, PB;, PC) tuong ting vuong goc véi canh BC,C'A
va AB. Vi tam giac ABC' c6 3 géc nhon nén cac diem A, By, O] tuong
ing nidm trong doan BC,CA va AB. N6i PA, PB, PC ta c6

APC, + C,PB + BPA, + A,PC + CPB, + B, PA = 360".

Suy ra goc 16n nhat trong 6 géc nay khong thé nhé hon 60°.
Khong lam méLti\nh chat tong quat ta cé theé gia st ring goc APC| 1a 16n
nhat, thé thi APC; > 60V.

PC — 1
Xét tam gidc vuong APCY, ta ¢ A—Pl = cosAPC; < cos60" = 9"
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(Vi néu géc tang tir 0° dén 90° thi cosin gbc do gidm).

Tu do ta co AP > 2PCY.

Néu thay PA bang khoadng cach 16n nhat trong cac khodng cach tit P dén
cac dinh va thay PC; bang khodng cach ngan nhat trong cac khoang cach
tit P dén cac canh thi bat dang thic cang duge théa man. O

Vi du 2.3.8. T gidc loi ABCD c6 hai duong chéo AC va BD cat nhau
d E. Ching minh rang néu cdc ban kinh cia bon duong tron noi tiép cdc
tam gidgc EAB, EBC, ECD va EDA ma bang nhau, thi ti giac ABCD
la hinh thos.

Bai giai: Khong lam méat tinh chat tong quat, c6 thé gia st rang

AE > CE va DE > BE. Goi By va C) tuong tng la céc diem déi xing
ciia B va C' qua tam F, ta c6 tam giac C; By nam trong tam giac AED.
Gia st doan AD khong tring v6i doan C;B;. Khi d6 duong tron ¢ noi tiép
tam giac C1E By dong dang phdi cdnh véi duong tron noi tiép tam gidc
AED, v6i tam dong dang F, hé s6 dong dang 16n hon 1.

Nhu vay ragp > rc,EB, = TCEB (TAED la ban kinh duong tron noi tiép
tam giac AED ). Vo 1y vi trai v6i gid thiét r4gp = ropp. Diéu vo 1y chiing
t6 rang A = Cy va D = By suy ra tit giac ABCD 13 hinh binh hanh, nén
AFE = EC.

Trong hinh binh hanh ABCD ta c6: p1.r = Sagp = Spec = po.r VOi
p1, p2 tuong ung la nia chu vi cac tam giac ABE va BEC.

Suy ra: p1 = po, vi AE = EC nén AB = BC hay ABCD la hinh thoi. [

Vi du 2.3.9. Chitng minh rang bon hinh tron cé duong kinh la bon canh
ctia mot ti gidce 103 thy phi kin ti gidc da cho.

Bai g1a1 Gia Su’ M la mot did diém tuy y nam bén trong tit gidc 16i ABC'D.
Ta c6:AM B + BMC + CMD + DMA = 360°, do d6 géc 16n nhat trong
bén géc nay khong nhé hon 90°. Gia sit AMB > 90°. Khi d6 M nim beén
trong duong tron ducng kinh AB. ]

Vi du 2.3.10. Trén mdat phdng cho 1993 diém, khodng cdch gitia cic diém
nay doi mot khac nhau. Noi mot diém nao dé trong s6 cdc diém ndy vdi
diém gan nhat. Ci tiép tuc nhu thé. Héi vé ciach néi dé cé thé nhan dudc
mot duong gap khic khép kin hay khong?

Bai giai: Gia st xuat phat tit mot diem A; bat ki. Theo gid thiét trong
s6 tat cd cac doan thang c6 dau miut A; thi ton tai duy nhat diem A,
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dé Ay A, ngan nhat. Tiép tuc xét nhu thé déi v6i cac doan thing xuat
phét tit As. XAy ra hai truong hop: hoiic A;As ngan nhat thi duong gap
khiic dimg tai As, hosic ton tai duy nhat diém As dé AsAs ngin nhat,
lac do A2A3 < A1 Ay. Gid st ¢6 du’(mg gép khtc A1A2...An_1An thi theo
lap luan trén c6 A; Ay > AyAs > ... > A, 1 A,. Diem A, khong thé
n6i duge véi diem A; ndo dé véi 1 < i < m — 2 vi néu trai lai ta cé
ApA; < A A, < A;jA; 11, mau thudn véi yéu cau A;A;11 14 doan ngan
nhat xuat phat tit A;. Vay dudng gap khic A;A;.1...A, khong thé khép
kin. []
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KET LUAN

Trong luan van chung toi da dat dugc cac két qua sau:

1. Trinh bay dugc bén nguyén 1y co ban. D6 1a Nguyeén 1y quy nap,
Nguyeén ly Bu-Trit, Nguyén 1y Dirichlet va Nguyén 1y 1ui dan.

2. Da xay dung dudc mot hé thong vi du tuong tng véi 101 gidi ¢6 van
dung bon nguyén 1y trén.

3. Trinh bay phuong phap dai lugng bat bién.

4. Xét pht cia mot tap hop va chiing minh mot vai két qui vé hinh
hoc to hgp.
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