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LOINGI DAY

Mbt trong nhiing phuong phap rat manh trong todn hoc dung nghién citu va
chitng minh céc gia thiét la nguyén Iy quy nap toan hoc. Phuong phap quy nap
duoc ap dung sau rong vao hau hét cac dang toan: S& hoc, Day s6, Hinh hoc,
BDT, T8 hop,...Trong béo céo nay t6i chi dé cap dén ap dung clia phuong phap
quy nap vao moét s6 dang toan vé day sb.

Trong chuong trinh todn phé théng thi todn vé day s6 dugc phan phéi thoi
luong khoéng nhiéu, dac biét trong chuong trinh todn phan ban hién nay da lugc
b6 nhiéu dinh Iy quan trong.Trong phan 16n céc ky thi thi dang toan nay hau nhu
khoéng c6. Toan vé day s6 thudng chi gianh cho nhiing hoc sinh khé gidi trong
cac ky thi cap Tinh va Quéc gia, do vay nd cang it dugc hoc sinh va cé gido vien
quan tam dén. Phan vi dang todn nay ciing tuong déi khoé va tritu tuong déi véi
hoc sinh, hoc sinh gap nhiéu khé khan va rat ngai khi gap dang toan nay.

Trong thdi gian vita qua t6i da thu thap, tich lty va hé théng dugc moét s6 dang
toan vé day s nham phuc vu cho céng tac giang day, béi duéng hoc sinh gidi cla
minh. V&i muc dich gitp hoc sinh tiép can moét s6 dang toén dac trung vé day s6
do d6 téi Iva chon dé tai nay. Cac bai toan dugc Iua chon chll yéu cho nhitng hoc
sinh kha, gidi. Su phan chia thanh cac dang toan va nhitng danh gia cta téi la
theo quan diém chti quan cla minh, do d6 khéng tranh khéi nhimg thiéu sét.
Kinh mong céc thay c¢6 va cac ban déng nghiép doc va cho ¢ kién gbp ¢ dé tai
liéu nay dugc hoan thién hon.

Xin chdn thanh cam on !

Vinh Tuong 5 . 2009
Téc gid: Nguyén Minh Hai
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DHAN 1. MOT 8O VAN DE VE NCUYEN LY QUY NAD TOAN HOC VA DAY 80.
].Dhuong phap quy nap toan hoc
Sau ddy la ba dang cua nguyén li quy nap todn hoc thuong duoc dung trong nhiing
bai todn o THPT.
1. Dinh li 1. Cho n, 1a mot s6 nguyén duong va P(n) 1a ménh dé c6 nghia véi moi so tu
nhién n>n,.
Néu: 1° P(n,) 1a ménh dé diing
2°. Néu P(k) ding thi P(k+1) cling ding v6i mbi s6 tu nhién & > n,.
Khi d6 ménh dé P(n) ding v6i moi sO tu nhién n>n,.

Vi du 1. Cho diy s6 (u,) x4c dinh bdi: u, = n’.

CMR tong cta n phan tir dau tién cua day duoc tinh: S, = n(n+ D@+l
Chirng minh.
Véin = 1. Dang thiic diing.
Gidsit DT ding véin=k (k> 1), tic I c6: S, = k("“)6(2"“).
Ta chitng minh DT ding v6i n = k+1, tiic CM: S, = (k+ Dk +62)(2k +3)
That vay. Tac S, , =S, +(k+1y = FEF 1)6(2k D | ey = D +62)(2k *3)

Vay DT ding véi moi s6 nguyén duong.
2. Pinh li 2. Cho p 1a s6 nguyén duong va day cdc ménh dé: P(1), P(2), ..., P(n),...
Néu: 1° P(1), P(2), ..., P(p) 1a nhitng ménh dé ding
2°. Vi mdi s6 tu nhién k> p cdc ménh dé P(k—p+1), P(k—p+2), ..., P(k)
ding, suy ra ménh dé P(k+1) cling ding.
Khi d6 ménh dé P(n) diing v6i moi s6 nguyén duong n.
Vidu2. Cho v,=2,v, =3 va véi mbi s6 tu nhién k c6 dang thic: v,,, =3v, —2v, .
CMR: v, =2"+1.

Chitng minh.

- Dé thay ménh dé ding véin =0, 1.
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- Gia stt v6i mdi s6 tu nhién £k >2 md ding véin=kvan=k - 1.
Taclacé: v, =2"-1,v,_ =2""-1.
-Ta chimg minh md dung v6in =k + 1.
TV. Theo CT truy héi v, =3v, —2v, , =3(2* +1)=2(2"*" +1) = 2! +1. (dpcm)
Vay bai toan dugc chitng minh.
3.Pinhli3. Cho day cic ménh dé: P(1), P(2), ..., P(n),...
Néu: 1° P(1) 1a nhitng ménh dé ding
2°. V6i mbi so tu nhién k>1 cdc ménh dé P(1), P(2), ..., P(k) ding,
suy ra ménh d¢ P(k+1) ciing ding.
Khi d6 ménh dé P(n) ding vdi moi s6 nguyén duong n.
Dang quy nap nay manh hon dang thit hai ¢ budéc quy nap.

Vi du 3. Cho ddy s6 (u,) xdc dinh bdi: U, =x"+ VneN',xeN". U eZ.
X

CMR (u, ) la day cac s6 nguyén.

Chirng minh

V6in = 1 ménh dé hién nhién ding.
Gia st v6i moi sO tu nhién tur 1 dén k, u, 1a s6 nguyén. Ta CM u,,, ciing nguyén.
TV. u,, =x"

1 1 1 a1
+W=(x+—)(xk +—k)—(xk "v——)=wu, —u,_ €Z
x x x x

Vay (u,) 1a diy cac s6 nguyén.
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I. Mét 86 vén d¢€ vé day 0.
2.1. Day so tang, giam (don diéu).
DN. Day so6 (u,) dugc goi la day tang néu véi moi ne N'tacéu, <u,,,.
Day s6 (u,) duoc goi la day giam néu véi moi ne N'tacdéu, >u,,,.
Day s0 tang va day giam dugc goi chung 1a day don diéu.
2.2. Day bi chan.
DN +) Day s6 (u,) dugc goi la day bi chan trén, néu ton tai mot s6 M sao cho
u,<M,VneN".
+) Day s6 (u,) dugc goi la day bi chan dudi, néu ton tai mot s6 m sao cho
u,>mNneN .
+) Day s06 (u,) dugc goi 1a day bi chan néu né vira bi chan trén vira bi chan dudi,
tirc 12 ton tai cac s6 m, M saocho  m<u, <M,Vne N
(©IM>0:|u,|<M,VneN")
2.3. Gioi han day so.
DN 1. Day s6 (u,) cé gidi han 0 néu vdoi moi s6 duong nho tuy y cho trudc, moi sé
hang ctia ddy s6, ké tir mot s6 hang nao dé tré di, déu co gid tri tuyét doi nho
hon so duong do. Ta viét lim(u,) = 0 hodc limu, = 0 hodc u,— 0.

Cach phat biéu méi nay gidp hoc sinh hinh dung dugc day s6 ¢6 gidi han 0 mot cach
thuan 10i hon, tuy nhién dinh nghia nay khé dién dat trong khi chiing minh mét s6 dinh
1y vé gidi han. Do vay toi xin trd lai dinh nghia truéc day:

DN 2. Ta néi rdang ddy so (u,) c6 gidi han 0 néu vdi moéi s6 duong & bat ky, ton tai
mot s6 nguyén duong N sao cho VneN ,n>N=|u_ e
Ta viét lim(u,) = 0 hodc limu, = 0 hodc u,— 0.
DN 3. Ta n6i day s6 (u,) cé gidi han la s6 thuc L néu lim(u, — L) = 0.
Ta viét lim(u,) = L hodc limu, = L hodc u,— L.

DN 4.

- Ta néi ddy so6 (u,) c6 gidi han +co néu véi moi s6 duong tuy y cho trudc, moi s6

hang ctia ddy s6, ké tir mot s6 hang nao dé tré di, déu lon hon sé duong do.
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- Ta néi ddy so6 (u,) c6 gidi han -co néu vdi moi so dm tuy y cho trudc, moi sé
hang ctia ddy sé, ké tir mot s6 hang nao dé tré di, déu nho hon s6 duong dé.
Dinh li 1. Cho hai day so (u,) va (v,).
Néu | u | <v, véi moi n va limv, = 0 thi limu, = 0.
Dinhli2. Néulql< 1 thilimq"=0.
Dinh li 3. Gia su lim u, = L. Khi d6:
a) limlu)=1L1va limfu, =3/L.
b) Néuu, >0 véimoin thiL >0 va lim\/g =JL.

Pinh li4. Giad st limu, =L, lim v, = M va ¢ 1a mot hiang s6. Khi do:

lim(u, v )=L+tM. lim(u,.v,)= LM

lim(cu, )=cL lim 2z _L néu M = 0.
v M

n

Dinh 1i 5. Néu lim lu | = +o thi lim——=0.
u

Van dung cac két qua trén, ta c6 thé ching minh duoc cac dinh 1y sau:
Dinh li 6.(Piéu kién can) Mot ddy sé co gidi han thi né bi chan.
Dinh li 7. (Duy nhdt) Mot ddy sé co gioi han thi gioi han do la duy nhiit.
Dinh li 8. (Gioi han kep) Cho ba day so6 (u,), (v,), (w,) thoa man:
1. v, <u,<w,VneN .
2°. limv, =limw, = 4 thi limu, = A.
Ta thira nhan dinh I sau day.
DPinh 1i 9. (Piéu kién du- Pinh li Waiesstras)
Mot ddy tang va bi chdn trén thi cé gioi han.
Mot dady gidm va bi chdn duoi thi co gioi han.
Hién nay bon Dinh ly trén khong duoc gioi thiéu trong chuong trinh, tuy nhién co
thé chitng minh duoc Pinh li 6, 7, 8 tir cdc dinh ly c6 san. Trong bdo cdo nay téi van

xin duoc sit dung dé cdc dang todn duoc da dang hon.
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2.4. Cap so cong.
Pinh nghia. Cip s6 cong 1a mot day so, trong do, ké tir s6 hang thit hai méi s6 hang
déu 12 tong cha s6 hang lién trudc véi mot s6 khong doi goi 1a cong sai.
Tinh chat. Cho cép s6 cong (u,) cong sai d, khi d6 Vre N"ta c6:
1 u, =u,+d; u, =u+(n-1)d.

— un + Z’thrZ

20' Z’anrl
2

3. S, =u tu, Fotu, =%(u1 +Ltn)=%[2u1 +(n—l)d].

2.5. Cap so nhan.

Pinh nghia. Cip s6 nhan 1a mot ddy so, trong d6, ké tir s6 hang thit hai mdi s6 hang
déu Ia tich ctia s6 hang lién trudc véi mot s6 khong doi goi 1a cong boi.

Tinh chat. Cho cdp s6 nhan (u,) cong boi g, ta co:

0 _ . _ n—1
owu,  =u.q u =u.q" .
= V un 'un+2
n

-1
3", Sn=u1+u2+...+un=u1.q T (g#1)

2° |u

n+l

Téng cha cip s6 nhan vo han cong boi q (| q| <1)

n

S=limS, =limu.Z 1=1L. (g #1)

M. Mét 86 dang todn vé day 86 thuong gap.

1. Chitng minh ddy so ting, giam, bi chdn, ddy cé gioi han.
Chitng minh ddy so ldp thanh cdp sé cong, cdp s6 nhdn, tinh chdt cua cdp so.
Tim cong thiic tong qudt cua ddy so.

Chitng minh ddy so6 co gioi han va tim gioi han ddy sé.

A

Mot s6 dang khdc: BDT vé ddy so, chitng minh tinh chdt chia hét, chitng minh

ddy so nguyén.....

VT. 05 - 2009 7
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DHAN 2. AD DUNG TRONC GIAI TOAN
I. Chiing minh dy s6 ting, giam va bi chén.

u =lu,=2.

Bai 1.1 Cho ddy (u,): { CMR: «, g@ neN'.

u,=2u,,+u, ,,n=3.
Gidi
O bai todn nay u, cho béi cong thiic truy héi, duoc tinh theo u,, va u,_, do dé ta
vdn dung nguyén li quy nap thir hai dé chitng minh.

- Véin =1, n =2 ménh d¢ ding.

n—1 n
_Gia sirmd ding véin=k — 1, van =k (k >1), tc 1 ¢6: u_ . s@ " s@ |

- Ta ching minh md ding véin=k + 1.

TV. Tacod: u,=2u,  +u, ,< 2.(% +(§j < (gj .(dpcm)
2 2 2
u, =1.
Bai 1.2 Cho day (u,): ) n N 3(n+2) B

o) " 2+
a). CM day so bi chan trén.
b). CM day s6 tang.
Giai
Day la bai todn khong kho néu du dodn duoc ddy so bi chdn trén boi s nao thich
hop nhdt? Ta c6 thé xudt phdt tir yéu cdu thir hai cua bai todn:

_(B-u,)n+2)
- n+l

Co:u_ —u

n+l n

>0=u, <3.

a). Ta CM quy nap theo nguyén li th& nhat: u, <3,Vne N'.
- Gia sir md ding véi n = k khi d6 c6:

k 3(k+2) 3k 3(k+2)
U = U, + < + =3.
2(k+1) 2k+1) 2(k+2) 2(k+1)

- Vay md ding v6in =k +1.

B-u,)(n+2) 0.

b). Theo phan (a) ¢6: u, , —u, =
n+1

Vay day (u,) tdng va bi chan trén.
VT. 05 - 2009 8
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Bai 1.3 Ching minh day u, =(1+-) 12 ddy tang va bi chin trén.
n
Gidi
+) Ta chiing minh u, <3,vne N".
- Vé6in=1,n=2. BDT hién nhién diing.

2
- V6in > 3, ta chitng minh BDT phu sau day: (l+l)" < 1+5+k—2,v1c:13 k<n. (1)
n n n

TV.-Véik=1,BDT ding .
o , . , 1, k K
- Giasu (1) ding voi Kk (1<k<n-1), tic: 1+-)" <l+—+—.
n n n

2 2 2
Khi dé: (1+l)"“<(l+1)(l+l)" <(l+l)(l+ﬁ+k—2)=l+ﬂ+k tk+k—3.
n n n n n n n n

n

Ktk K _(k+])

2 3 2
n n n

Mt khac dé dang CM:

2
k+1+(k+1)

1 ey Vay BDT dang v6i k + 1.
n n

:>(1+1)"+1 <1+
n
KL. BDT (1) ding v6i moi s6 nguyén duong k, (1<k<n)

Z,° z 1 2
-)Véik=ntaco: 1+-)" <1+£+n—2=3.
n n n

+) Chitng minh day tang.
Ap dung BDT Cauchy cho n + 1 s6 duong khong dong thoi bing nhau, ta duoc:

1+(l+l)+(l+l)+...+(l+l)>(n+l)n+1 (1+1)”.
n n n n

n+l

>u ,VneN .

n+l

<:>1+L>n+l (1+l)” :>(1+L)
1 n n+1

1
>(1+-)"=u
n+ n

Bai 1.5 Xét tinh don diéu, bi chan cua céac day so sau:

o =2 0 ulzx/z
1' un+1 * 2 *
U, , = > ,ne N . u,,=+2+u,,neN .

Gidi
1°. Bing quy nap ta chiing minh (u,) la diy gidm va bi chan dudi bai 0.

2°. Bang quy nap ta ching minh (u,) 1a ddy tang va bi chian trén boi 2.

VT. 05 - 2009 9
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Il. Cong thiic tong quét clia diy &6.

u, =2,u, =3.

CMR u, = 2"1'+1.Tinh S,.
n=2.

Bai 2.1 Cho diy (u,): {

u,, =3u —2u,,,
Gidi
Quy nap. Véin =1; n = 2. Diing.
Gia st md ding v6i k-1 va k (k > 1), ta chiing minh md ding v6in =k + 1.
Thdt vay: Co u,_, =2 +1, u, =2"+1=u,_, =3Q2""+1)-2Q2" 2 +1) =422 +1=2" +1.
Ménh dé dugc ching minh.

Khido: S =u +u,+..+u, =1+(1+2)+..+(1+2"")=2"+n-1.
Bai 2.2 Cho day (u,):

a) CMR: u, <0,YneN".

u, +1

b) Pat v =“* cMR Vn:%—n,Vn.

u

¢). Tim CTTQ tinh u_,S, =u,+u, +...u,.
Gidi
a). Ching minh bang quy nap.
- V6in =1 md dung.

- Gia str md ding véin =k (k >1), tic u, <0.Khi d6 u, <0,1-u, >0=u, , =—2—<0.

- Vay md ding v6in =k +1.

. u u +1 u +1 u —u
. — n — _ _ _ _n+l _n _ n n+l
b). Taco: u,, = Sy, =u,  —U,. >V —V = =

1-u u u u u

n n+l n n*"n+l

=—1.

_u+l 2+1 1

=v,  =v,-1=(v,)[aCSC congsaid=-1, y,

u, 2 2
1 3
=v, =v+(n-1)d==—+n-1)(-1)==-n.
2 2
Tu vn=u”le =u,= L _ =2 .
u v,—1 2n-1

n n

Cdch 2. CM quy nap.

VT. 05 - 2009 10
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u,=1u,=2.

Bai 2.4 Cho day (u,): { CMR: u, =(n-1)’+1. Tim S, ?

U, =2u,—u, +2,n=2.

Gidi
- Hién nhién cong thic ding véin=1,n=2.
- Gia su cong thic ding véin=k - 1,n=k tic: u,_, =(k-2)"+Lu, =(k-1)"+1
Khi d6: u,, =2u, —u,_ +2=2[(k-1)> +1]-[(k=2)* +1]+2=k> +1=[(k+1) -1 +1
Vay cong thitc ding v6in =k + 1.

Khi d6: S, = (n—1) +(n-2)’ +..+1? +n:w_n_

,

Chu y: Néu bai todn yéu cau chitng minh u, -1 la s6 chinh phuong thi cdch lam
hoan toan van nhu vdy.

Bai 2.5 Cho ddy (u): { =3t =2

u,,, =3u,—2u,  —l,n=2.

n-1 __

CMR: u, =2 llvl+n+2=—2"+n+4. Tinh S, ?
q_

Gidi
Quy nap: Gia stt: u, , =-2"+(k-)+4u, =-2"+k+4

=u,, =3u —2u,  —1=3[-2"+k+4]-2[-2"" +k+3]-1=82""+k+5=-2""+(k+1)+4

Bai 2.6 Cho diy (u): u, ——"9— 4 =L vne N, Tim CTTQ ciia u,?
2u,  +1 2n

Gidi
-Néu u,=0=u,=0,VneN.
- Néu u, # 0. Bing quy nap ta chiing minh duoc u, #0,Vne N.

Khi d6: LZM:2+L_

u

n-1 n

bat v, _L =v,=2+v,, =(v,) 1a CSC cong sai d =2.
u

n

1 1 u
=V, =v,+hd=—+2n=u, =—-= o
u, v, 2nu,+1

n

VT. 05 - 2009 11
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L. Tim gii han clia déy s0.

Néu ddy so cho boi CTTQ thi ta thuong s dung cdc phuong phdp tinh giéi han cua
ddy sé dé tinh. Trong nhiéu truong hop ta phdi bién doi CTTQ doé vé dang don gidn
hon trudc khi tinh gioi han.

Mt s6 phuong phdp tinh gioi han cua ddy so:

- Nhdn lién hop, dii vdi gici han dang oo - oo

. 2,2 \ X ~ N 2 W, 2 Ao pe e g o0
- Chia ca tw va mau cho luy thira bdc cao nhdt cua n, doi voi gioi han dang —;

(e8]
- Két hop hai phuong phdp trén cho gidi han dang =—2, 2 2~% ;9.
0 00—00 -0 0
- Surdung dinh ly gioi han kep
- St dung diéu kién dii dé ddy so cé gidi han, thiét lap biéu thiic vé gidi han.
Két qud gidi han la nghiém cua mot phuong trinh nao do.
Bai 3.1 Tinh cic gi6i han sau:
2
A=lim@fn? —i* +n) B lim Mt
Un* +n—=~In
2 31 _,,6 n n+l
C—lim" 1= D=lim-t%
"l’l4+1—l’lz 2n+5.3n
E—lim4'3n+7n+l F_hm\/4n2+1—2n—l
2.5"+7 NP +4n+1-n
HD.
A=l;B=oo; C=0; D=l; E=T7, F:—l.
3 5 2
Bai 3.2 Tinh gi6i han cua cac day so sau
A=Ilim L+L+...+ ! B=1lim ! + ! +..+ !
1.2 23 n(n+1) 1.23 234 n(n+1)(n+2)
C =1im(1—iz)(1—i2)...(1—i2) D =hm(i2+iz+iz+...+ 2”2_1j
2 3 n n n n n

E=limL( ! + ! +..+ ! )
Jn 143 B+5 T V2n—1+42n+1

(Dé thi BSC Ip 11 ném 2007)

VT. 05 - 2009 12
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Hoc sinh thuong dp dung sai cong thirc tinh gici han cia téng va tich cdc ddy sé.
Hai cong thitc nay chi dp dung doi véi tong va tich hitu han cdc ddy so. Hoc sinh

thuong dp dung cho tong, tich vo han ddn dén két qud sai.

Gidi
a). Nhanxét; —— D= 1 1 o oy
’ n(n+1) n(n+1) n n+l
:un:i+i+...+ ! :(l—l)+(l—l)+...+(L—l):l—l
1.2 23 n(n+1) 27 2 3 n-1 n n

= A=limu, = lim(l—l) =1.
n

1 _(n+2)—n=l | 1 )VneN'

b). Nhan xét: = 5
nn+)(n+2) 2nn+1) 2 nn+l) (n+1)(n+2)

| | | | |
T 03 234 T n(n+1)(n+2)_§[(§_2_3) (2_3_3_4) (n(n+l)_(n+l)(n+2))]

1 1
:>Mn=———:>B .
4 2n+1)(n+2) 4

22-13 -1 n*-1 1324 ~)(n+1 1 1
u =2 131 nol 1324 (=DerD _n+l o 1
2 3 n 2 33 n.n 2n 2
. 2
d). u, =1+3+5+..2.+(2n 1) =n_2 —D-1.
n n
e). Ta c6: 1 :J2n+1—J2n—1:\/2n+1_\/2n—1’v”>1_
Ln-1+2n+1 @n+1)-(@2n-1) 2 2
1 1 1

1
=>u, =$(\ﬁ+\/§+\/§+\/§+m+\/2n—l+\/2n+l)
RERNE fs o el 1 e

A e R R
L Flimu —fmY2lTl_ N2
S 2 2

Bai 3.3 Tinh céc gi6i han sau

2 2 2
A=lim1+2j3+"'+n B=liml+2 +33 +...+n
2n - +n+3 4n” +1
3 3 3 2 2 C1\2
C=hm1+24+3 42—+n C=lim1+3 +53+...+(2n 1)
n +3n°+1 3n"—n+4
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Gidi
Pé don gidn biéu thirc ta chitng minh quy nap cdc cong thirc sau:
_n(n+1)

1°. 1+2+3+...+n_T 20 1+22+32+._'+nz=”(”+1)6(2n+1)

3 1+23+33+...+n3=1+8(n—1)+19w+(n—1)(n—2)(n_3)+(”‘1)(”‘2)45”‘3)(”—4)

4 1+3+5%+..+2n-1) :%n(2n—l)(2n+l).

- Khi d6 ta c¢6 duoc cac két qua sau:

- L c=1 p=12
12 4 9

Trong nhiéu bai todn ta khong thé don gidn duoc CTTQ dé sit dung hai phuong phdp

nhdn lién hop, hodc chia cho lity thiva ciia n. Khi dé hdy nghi dén Dinh [ gidi han kcp

A=

NG

Bai 3.4 Tinh gi6i han sau.

A:hm( R S j B i 135720 D)
\/n2+1 \/n2+2 n’+n

2.4.6.....2n)
Giai
. 1 1 1
a). Ta co: < < NkeN,I<k<n.
\/n2+n \/n2+k \/n2+1
n 1 1 1 n
>—<u, = + +..t < )
n*+n \/n2+1 \/n2+2 \/n2+n \/n2+1
< .. n ) n )
ma lim =lim =1 =limu, =1= 4=1.
n’+n n’ +1
5 1.3.5.7....2n—-1 1.325°7%....2n-1)* 13 35 (2n-1.2n+1 1
b). bat u, = 3.57...2n-1) =u = 325272 (2n 2) :—23.3—25...( " )(2n+ ).
2.4.6....(2n) 2°.4°.6".....2n) 2° 4 (2n) 2n+1

=0<u’< ! =0<u < !
" 2n+1 " 2n+1’

=0 = B=limu, =0.

ma lim

1
V2n+1
Doi voi nhiing bai todn ma ddy so cho boi cong thiic truy hoi, hodc cho mot hé thiic
lién hé giita cdc phan tit thi ta tién hanh nhu sau:
- Tim CTTQ cua ddy so6 sau doé tim gidgi han.
- Néu khong tim duoc CTTQ thi ta s dung diéu kién dvu dé day so cé gidi han.
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Chitng minh ddy tdang va bi chdn trén hodc gidm va bi chdn dudi. Sau do ddt givi
han vao cong thiic truy hoi hodc hé thirc lién hé giita cdac phan ti ta thu duoc mot

phuong trinh véi dn la giéi han cdn tim.

Bai 3.5 Cho day (u,): u, =%(u”1 +-2),Yn=2. a>0,u, >a.

n—1
CMR (u,) c6 gi6i han. Tinh gi6i han dé.
Gidi

-CM quy nap u, >~a,vneN".

BDT Cauchy: u, :l(un4+ 2y > 1.2 /uH. 2
2 unfl 2 un—l

D4u bing khong xay ra. = u, >+/a.

=

- Ta chiing minh (u,) 1a day giam.

G, +2)
Tacé: o — S
u 2u, , 2 u

<%+§=1 =u, >u,_,vn>1 = (u,)la ddy giam.

n—-1°

1
2
n-1 n-1

2

— 3L =limu, >0.Ta cé: Lzlimunzlim%(un1+L):TL:>L=\/;. Vay limu, =a.

n-1
Chii ¥: O bai todn trén, thuc ra chi can gid thiét a>0,u, > 0.Khi dé viéc chirng minh
hoan toan tuong tu.
-Néu u,=\Ja =u =-Ja,yneN =limu =a.

-Néu u,#Ja =u,>a,vn>1 =u,>0,Yn. = limu, =~/a.

Bai 3.6 Cho day (u,): u, =%(2un1 +%), Vn>2. a>0,u >a.

n—1
CMR (u,) c6 gi6i han. Tinh gi6i han do.
Gidi
- Tuong tu bai 4.6 ta CM quy nap. u, >3a,Vne N";(u,)1a diy tang.

2L+£2

a L
)= = L=3a.
n—1

-bat =3 L=limu, >0.Theo gt cé: L=1limu, = lim%(2un1 +
u

Vaylimu, =3/a.
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s,z

Chii y: 0 bai todn trén, thuc ra chi can gid thiét a>0,u, >0.Khi dé viéc chitng minh
hoan toan tuong tu.

-Néu u,=Ja =u, =Va,vneN =limu =Ja.

-Néu u, #Ja =u, >Va,vyn>1 =u, >0,Yn. =limu, =/a.
Bai 3.7 Cho diy (u,): 0<u, <1 va un+1(l—un)>%. Tinh limu,?

Gidi
- Ching minh day (u,) tdng va bi chan trén.
Theo gt hién nhién (u,) bi chén trén.

Ap dung BDPT Cauchy: u,, +(1-u,) >2u (1+u) > 2% =1 =u,,>u,VneN .

=(u,) tang
A T < . . 1 1 1
Vay (u,) c6 gidi han, dat a =limu,. = lim[u, (1-u,)]> 7> a(l-a)> 7 ©e=5

Bai 3.8 Choday (u,): u,=3, wu,, =u —3u, +4,Vn>1.

a). CMR (u,) Ia day don di¢u nhung khong bi chan.

Lo +—1 451 c6 gi6i han, tinh giGi han d6.
u, -1 wu,-1 u,—1

n

b). Day (v,) xd: v, =

Gidi
a). Quy nap. - Tacéd: u, =u’ -3u,+4=4>3=u,

-Giastu,>u, . TaCM u, >u,. (*

nl
TV. ®ou,, =u -3u,+4>u, < (u,-2)° >0 (ding). Vay (u,) la diy tang.
+) Gia st (u,) la day bi chan khi d6 (u,) 1a day c6 gidi han, dat limu, =a.
Khi d6 -). (u,) la day tang, u, >3,Vne N = a=limu, >3.
). a=limu , =lim@’ -3u +4)=d*-3a+4 =a=2.(VOly)
Vay (u,) 1a day khong bi chan. = limu, = +oo.

1 1 11
(w,-D(u,-2) u,—-2 u,—1

b). T u,, =u -3u +4=u,  —2=w,-)u -2) =

un+1

1 1 1
= = - .
=2

u -1 u -2 u

n n n+
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1 1 1 1 1 1 1 1 1
=V, = + +...+ = - + - +..+ +
u -1 wu,-1 u, -1 \u,-2 u,-2 u,—2 u,—2 u,—2 wu,, -2

=0<vy, = L1 < ! =(w,)b/c.
w—-2 wu,,—2) u-2

- Viu,>3=(v,)]a day tang.

- limvy, =lim( L )= =1.
w—-2 u,, -2 u-2
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IV.M&t 86 dang toan khéc

2

< - *
I NGV SR v
u, >0,Vne N . n

Bai 4.1 Cho day (u,): {
Gidi
Chirng minh Quy nap.
- Véin=1,¢6: v <u,—u,<u, =uw,-1)<0 =u <l.(dou,>0,n)
Vay md ding v6in = 1.

. P 1 1 1 1
- Véin=2,¢6: u} <u,—u, <u, :uzéul—uf=z—(ul—§)z SZ<§.
Vay md ding véin = 2.
- Gia su co: un<l,(n22). Ham s6 f(x)=x-x" dong bién trén doan [O,%].
n

1 1 n+1 n+1 1 1 1 1

1 1
Do 0<u, <;:>f(”")<f(;)_n n nn+1) nm+l) n+l am+l) A+l a(n+)

1 : 1 <
+1 n(n+l) n+l

:>un+1£f(un):n .Vay md ding v6i n +1.

Ménh dé duoc chitng minh.

Bai 4.2 Cho hai day (a,) va (b,) xdc dinh bédi: a_, =a +bi; a,,b, >0,

n

bn+1:bn+i,VneN*. CMR: a,+b >22n,Yn>2.
a

Gidi
Chitng minh bdang Quy nap.

- Dé rang chiing minh a b, >0,Yne N’

-V6in=3tacéd: a,b =(q +l).(b1 +i) =a.b, PRI 4.
b, a, a,.b,

a,.b, =(a, +bi).(b2 wti)zaz.b2 +2+i.i24+2:6.

) a, a, b,

= a,+b,>2,Ja,.b, >2+/2.3  Vay md ding v6in = 3.
- Gia sir md diing v6i n = k (k >2), ttic: q, +b, > 2+/2k.

- Ta ching minh md ding v6in =k + 1.
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TV.Tacéd: o, =(q +i)2 =a; !

+—2+2&; b, =(b, +i)2:bk2 +i2+2b—".
k by k a, a, a,
2

2a,.,b,.,=2a,b, +4+

a, b,

Cosi
Suy ra: (a,,, +b,,)" =(a, +b,) J{(i eri)2 +4ak.bk}+4 >(a, +b,) +4+4>8k+8.
a

k k

=a, +b, >22(k+1). Vay md diing v6in =k + 1. Kétluan. a +b, >22n,Vn>2

Bai 4.3 Cho day(u,): uo=%,uk=uk1+l.u,§l CMR:1-<u <1.
n n
Gidi

+) Tacod: u, —u,, =l.u,i1 Bang quy nap ching minh dugc u, >u, ,,Vk=1n
n

U, —u,_, :l_ulil = Uy U,y — U, PN 1 _i _ U, '
u,u, nu, u,, U nu,
— 1 1 1. 1 1 1 L1
Do u, >u, ,Vk=ln =—-—<—; —— = j———=—.
W U 11 Uy Uy N u, u n
:i_i:(L—i)+(i—i)+-..+(L—i)<kSl. :>2—i<1:>uk <1.
Uy Uy Uy Y u u, u,_, u, n U,
+) Lai c6: b w1 1

2 - .
u,, u, nu, nu_,+u_, n+u_, n+l

1 1 1 1 1 1 I 1 1 I 1 n 1
> ; > jg———>— > ———>——=1-———.
u,, u, n+lwu, u_, n+l u, u, n+l wu, u, n+l

:>uk>n+l=1— L L Vay md dugc ching minh.
n+2 n+2 n

Bai 4.4 Cho day s6 xac dinh: u, =4"+15n-1; v, =10" +18n-28.
CMR: u,:9; v, :27,VneN.
Gidi
+) Chitng minh «:9.
- Dé thdy md ding v6in=0,n= 1.

Gia st md ding v6i n =k, c6 nghia u, :9.

Khi d6: u,., =4 +15(k +1)—1=4(4" +15k —1)+18 =4u, +18:9 Vay md diing v6in = k+1.

Bai 4.5 Gia st p/t: ax” +bx +¢ =0 (a #0) c6 hai nghiém x,,x,. Pat S, =x! +x3,neN".
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a. CMR: aS_+bS,  +cS, ,=0,YneN,n>3.
b. Giasta=c= 1,b=-4.CMR: S _khong chi hét cho 3.
Gidi.
o Ta o {axl2 +bx,+c=0 {axln +bx," " +exr =0
ax,” +bx,+c=0 |ax,"+bx," " +cxi72 =0
=ax] +x))+b(x]" +x) ) +c(x]?+x57)=aS, +bS_, +cS, , =0,Yne N,n>3.
b. Tacé: S, =x, +x, =4. khong chia hét cho 3.
S, =x; +x3 =(x,+x,)’ —2x,x, =16 —2 =14 khong chia hét cho 3.
Giasu S, |, S, (k>1)khong chia hét cho 3, ta ching minh S,,, cling khong
chia hét cho 3. That vay. Theo (a) c6: S, =4S, _, —S,_,khong chia hét cho 3.
Bai 4.6 Gia st x,,x,.1a hai nghiém cta p/t: x> -x-5=0. CMR: x*” +x2*”eZ
Gidi.
Chiing minh quy nap: S, =x! +x5 € Z,VneN".
St dung két qua bai 5.9: S, —S_, —5S._, =0,Vn e N,n>3.Trong dé: S,=1; S,=11.

Bai 4.7 Tinh giGi han cta day so

2 2 . :\/2—\/2+...+ﬁ

1) un:%. ..... 2) u,

22402 \2u2v a2 22+

Gidi. Trong bai nay ta thira nhan két qua: lim YL
xX—> X
2 1
1. Quy nap CT: = .
\/2+\/2+...+\/§ COSF
. T
.y 1 1 1 N . SMom g

Khi d6: u, = —_— =2"sin—— = limu, = —lim ==.

COSz COSz COS " 2 72;1 2

4 2" 2"

2. Quy nap CT: \/2+\/2+...+\/§=2.0052£n; \/2+\/2+...+\/_=2.cos37;n

/2—20051 sini
_ 2" _ 2n+1

2—-2cos i sinL1
32" 3.2""
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DHAN 3. BAI'TAD TUONG TU
Bail. CMR: u, =3+3+3+..+3"":30. v, =127 411771133
Bai 2. Cho x,, X, la nghiém ctia phuong trinh x* —27x+14=0.

CMR S, =x +x},Vne N. khong chia hét cho 715.

Bai 3. Ky hiéu Rn:\/2+\/2+\/2+...+ﬁ can bac hai n lan.

sin— 1 2-R ,.
2" 2

n—1°

CMR : cosi =1R
2" 2

Bai 4. Cho day (a ) xac dinh : (n+2)(n+1)a,,,-n’a, =0,Yne N ,a,=0,a,=1. Tima,_?

n+2

2 3 n
n+11 (2+2—+2—+...+2—),Vn eN.
2" 2 3 n

Bai 5. Cho day (S,): S, =

CM day (S,) don diéu giam va bi chan dudi.
Bai 6. Cho cic s6 nguyén a, b, c théa man di€u kién > =b+1.
Day s6 (u,) dugc xac dinh:  u,=0,u,,, =au, ++/bu’ +c’,VneN.
CMR moi s6 hang cua ddy déu la s6 chinh phuong.
Bai 7. Cho haiday s6 a, =2*"""+2""+1; b, =2""-2""+1,YneN .
CMR v6i mdi n chi ¢c6 mot va chi mot trong hai s6 a,_, b, chia hét cho 5.
Bai 8. Day(a ) 1a mot CSC, a, >0,Vne N'.

co o I 1 1 P
Giasu: g +a,+..4a, =a; —+—+.+—=4 Tinh P=aq,.aq,...a, theo a,p.
a, a, a

n

Bai 9. Cho diy (u,): u,,, =44, +5 (n21),u,=1. Xdc dinh CTTQ tinhu, ? S, ?

u =a,u,=p.

au, ,=(a+bu,—bu, ,—c,n=2.

Bai 10. Cho day (u,): { Tim CTTQ ctau,, S, ?

Bai 11. Ba s6 +/2,4/3,/5 ¢6 thé cling ¢6 mat trong mot CSC hay CSN duoc hay khong?

Bai 12. CMR VrneN'cH: 1. l2+i2+___+iz<§_ 2. l+ ! + ! ot ! <2.
— P’ 2 n 3 2 32 43 (n+DJn

Bai 13. Tim CTTQ cua cac day so sau:

u, =1 u, =u, =1
a) D).
u,,=u,+n(n+1),vn>1. u,,=u, +u,n>0.
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1
c) { _u;=2,u26=5 ; d) uI:E,uZ:O
Uy =OU, 4 — un’n> . u —un7]+2un72+l=0,n>2.

n

Bai 14. Cho day (u,) xd:

1
“=3
CMR: limS, =1.

u :2n— u ., vn>1.

n n-1°

n

Bai 15. bat f(n)=n"+n+1)°>+1,Vne N". Day (u,) xd:

y oS OSOf @nD) e
£Q)f@).... f2n)

Bai 16. Cho day s6 (u,) c6 tinh chat: u,,, —2u, +u, , = K,(Const)Vn > 1.

1
CMR: limnu, =—.
SEEN)

Tinh gi6i han limu—; =7
n
0<u,<2

. CMR: n(u
u,—2u,,, +u, ,20VneN .

~u, )<2,Vne N,

n

Bai 17. Cho day (u,): {

u, =2
u, =3u,  +2n° -9n* +9n-3, n>1.

Bai 18. Cho diy (u,): {

CMR vé6ip la s6 nguyén to thi S, :p.

Bai 19 Cho day (a,): ¢, =l,a, =+/2.a., +1,Vne N". CMR: aq, =/b,—1=~2"-1.

Bai 20 Cho day (a,): q =l,a2 =l,an = %% CMR: a, :+,Vn eN".
2 3 3a,,-2a,, 2" +1
u =1
Bai 21 Cho day (u,): u,+8 , vaday (v):v,=u,—2, VneN".
u,, = ,Vn

CMR: v = (—%)"

Bai 22 C6 ton tai CSN chita dong thoi 3 phan ta: 2, 3, 5 khong ?
C6 ton tai CSC chita dong thoi 3 phan tir: 1, +/3, 3 khong ?
Bai 23 Cho q,a,,...,a, >0;k>2 théa man: a, +a, +...+a, > k.

bat u, =a' +a} +..+a],Vne N". CMR (u,) 1a day tang.
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Tai liéu tham khdo

1. SGK Dai s6 16p 11. ( Chuong trinh khéng phan ban)

2. SGK bai s6 16p 11. ( Chuong trinh phan ban)

3. Phuong phép quy nap toén hoc. Nguyén Hitu Dién

4. Mot s6 bai toan chon loc vé day s6. Nguyén Van Mau

5. Co s8Iy thuyét va mot s6 bai toan vé day s6. Vo Giang Giai
6. 10.000 bai toan so cap — Day s6 va giéi han. Phan Huy Khai
7. B4t dang thic.Phan Dt Chinh.

8. Nang cao giai tich 12. Phan Huy Khai.

9. Bbi dudng dai s6 11. Phan Huy Khai.

10. Tuyén tap dé thi OLIMPIC 30-4, lan X — 2004.

11. Tuyén tap dé thi OLIMPIC 30-4, lan XI — 2005.

12. Tuyén tap dé thi OLIMPIC 30-4, lan XII - 2006.

13. Tuyén tap dé thi OLIMPIC 30-4, lan XIII - 2007.

14. Tuyen tap dé thi OLIMPIC 30-4, lan XIII - 2008.

15. B&o Toén hoc va tudi tré.
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