Chapter 8

Final problem set

8.1 Applications

19. Let a,b, c be positive numbers such that abc = 1. Prove that

a+b b+ec c+a
> 3.
\/b+1+\/0+1+\/a+1 23

(Vasile Cirtoaje, MC, 2005)

20. Let a,b, ¢ be positive numbers such that abc = 1. Prove that

a n b n c >§
Vo+3 Ve+3 Va+3—2°

(Vasile Cirtoage, MS, 2005)

21. Let a, b, c be non-negative numbers such that a + b+ ¢ = 3. Prove that

5—3bc 5—3ca 5—3ab

> ab+b .
11a 140 L 4c = athetcea

(Vasile Cirtoaje, MS, 2005)

22. Let a, b, c,d be non-negative numbers such that a® + b + ¢ + d? = 4.
Prove that

(abc)® 4 (bed)® + (cda)® + (dab)® < 4.
(Vasile Cirtoaje, MS, 2004)
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372 8. Final problem set

23. Let a, b, c be non-negative numbers, no two of which are zero. Then,

a n b n c <1
Vda+5b V4b+5¢  V4de+5a —

(Vasile Cirtoaje, GM-A, 1, 2004)

24. Let a1,a9,...,a, be positive numbers. Prove that

(a1 +ag+ -+ ay)? - (n—1)n1

(a)

(@®+1)(a3+1)...(a2+1) = nn2
(b) a1 +as+ -+ apy < (2n—1)”_%
(@?+1)(a3+1)...(a2 +1) = 2npn—1
(Vasile Cirtoaje, GM-B, 6, 1994)
25. Let a1, a2,...,a, and by, bo, ..., b, be real numbers. Prove that

2
arby+- - .+anbn_|_\/(a%+ e a%)(b%—i— co - b2) > = (ag+ - Fap) (bit - 4by).

n
(Vasile Cirtoaje, Kvant, 11, 1989)

26. Let k and n be positive integers with k < n, and let ai,a9,...,a, be
real numbers such that a1 < as <--- < a,. Prove that

(a1 4+ as + -+ an)® > n(arag1 + agagio + -+ - + anay)

in the following cases:
(a) for n = 2k;
(b) for n = 4k.
(Vasile Cirtoage, CM, 5, 2005)

27. Let a,b, c,d be positive numbers such that abcd = 1. Prove that

1 1 1 1
> 1.
1+CL—|—(12+CL3+1+b+b2+b3+1+0+02+63+ 1+d+d?>+d® —

(Vasile Cirtoaje, GM-B, 11, 1999)
28. If a, b, c are non-negative numbers, then
9(a* + 1)(0* + 1)(c* + 1) > 8(a?b*c* + abe + 1)2.

(Vasile Cirtoaje, GM-B, 3, 2004)
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29. If a, b, ¢, d are non-negative numbers, then

(1+a®)(1+63)(1+ )1+ d°) o 1+abed
1+a®)(14+2)Q+A)(1+d> — 2

(Vasile Cirtoaje, GM-B, 10, 2002)

30. Let a, b, c be non-negative numbers, no two of which are zero. Then,

1 1 1 9
> .
a2+ab+b2+b2+bc+02+02+ca+a2 T (a+b+c)?

(Vasile Cirtoaje, GM-B, 9, 2000)

31. Let a, b, c be positive numbers, and let

1 1 1
r=a+-—-1,y=b+—-—-1, z=c+——1.
b c a
Prove that
xy +yz + zx > 3.

(Vasile Cirtoaje, GM-B, 1, 1991)
32. Let a, b, ¢ be positive numbers, no two of which are zero. If n is a positive
integer, then

2a" — b —c 2" — " — " 20"—an—b”>0
b — be + 2 ¢z —ca+a? a2 —ab+0b2 —

(Vasile Cirtoaje, GM-B, 1, 2004)

33. Let 0 < a < band let ay,aq,...,a, € [a,b]. Prove that

2
ai+as + -+ ap —niYaias ... a, < (n—1) (\/l;—\/@ :
(Vasile Cirtoaje and Gabriel Dospinescu, MS, 2005)

34. Let a,b,c and z,y, z be positive numbers such that xt+y+2z =a+b+c.
Prove that
az? 4+ by? + ¢z® + xyz > dabe.

(Vasile Cirtoaje, GM-A, 4, 1987)

35. Let a,b,c and x,y, z be positive numbers such that r4+y+2 =a+b+c.

Prove that
z(3z +a) n y(3y + a) n 2(3z+a)

> 12.
be ca ab -
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36. Let a,b, ¢ be positive numbers such that a® 4+ b? + ¢ = 3. Prove that

a b c 9
- t+t-+-=2——.
b ¢ a  a+b+c
37. Let ay,a9,...,a, be positive numbers such that aias...a, = 1. Prove
that
1 1 1 4dn
—+— 4+ +—+ >n+2.
al ao Qn, n+a+ax+---+apy
(Vasile Cirtoaje, MS, 2005)
38. Let aq,a9,...,a, be positive numbers such that aias...a, = 1. Prove
that
n—1 1 1 1
ay+ax+---+ap—n+1=>"4/—+—+---+—-—n+1.
ai az Qnp

(Vasile Cirtoage, MS, 2006)

39. Let r>1 and let a, b, ¢ be non-negative numbers such that ab+bc+ca=3.
Prove that
a"(b+c)+b"(c+a)+c(a+b)>6.

40. Let a, b, ¢ be positive real numbers such that abc > 1. Prove that

(Vasile Cirtoaje, CM, 4, 2005)
41. Let a,b, ¢, d be non-negative numbers. Prove that
4(a® 4+ 1> + & + d®) + 15(abe + bed + cda + dab) > (a4 b+ ¢ + d)>.

42. Let a, b, ¢ be positive numbers such that

1 1 1
(a+b—6)<a+g—g>—4

Prove that 1 1 1
(a* +b* + b (g +ot 6—4) > 2304.

(Vasile Cirtoage, MC, 2005)
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43. Let a, b, ¢ be positive numbers. Prove that

1 1 1 2
> .
a2+2bc+62—|—26a+c2+2ab ab + be + ca

(Vasile Cirtoage, MS, 2005)

44. Let a,b,c be non-negative numbers, no two of which are zero. Prove

that
alb+c)  blc+a) c(a—l—b)>1 ab+ be+ ca

a?+2bc  b>+2ca 2 +2ab a?+ b +c2
(Vasile Cirtoaje, MS, 2006)

45. Let a, b, ¢ be non-negative numbers, no two of which are zero. Then

(b+c)?  (c+a)® (a+b)?
> 6.
a2+bc  b24+ca  Z+ab —

(Peter Scholze and Darij Grinberg, MS, 2005)

46. Let a, b, c be non-negative numbers, no two of which are zero. Then

b+c c+a a+b 6
202 +bc  202+ca  2c2+ab T a+b+c’

(Vasile Cirtoaje, MS, 2006)

47. If a,b, c are non-negative numbers, then

a\/a2 + 3be + b\/b2 + 3ca + C\/02 + 3ab > 2(ab + bc + ca).
(Vasile Cirtoaje, MS, 2005)
48. Let a, b, ¢ be non-negative numbers, no two of which are zero. Then

a? — be n b2 — ca n 2 —ab >0
Va2 +be Vb2+ca VE+ab
(Vasile Cirtoaje, MS, 2005)

49. If a,b, ¢ are non-negative numbers, then

(a® — be)y/ a2 + 4be + (b2 — ca)\/b% 4 4ca + (¢? — ab)y/ 2 + 4ab > 0.

(Vasile Cirtoaje, MS, 2005)
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50. If a, b, ¢ are positive numbers, then

a?® — be b2 — ca 2 —ab

> 0.
\/Sa (b+c)? \/Sb2 (c+a)? \/8(: (a+0b)?

(Vasile Cirtoaje, MS, 2006)

51. If a, b, c are non-negative numbers, then

\/a2+bc+\/b2+ca+\/c2+ab§ g(a—&—b—i—c).
(Pham Kim Hung, MS, 2005)
52. Let a,b, ¢ be non-negative numbers such that a® + b? + ¢ = 3. Then,
21 4 18abc > 13(ab + bc + ca).
(Vasile Cirtoaje, MS, 2005)

53. Let a, b, ¢ be non-negative numbers such that a? + b> 4+ ¢ = 3. Then

1 n 1 n 1 <1
5—2ab 5—2bc 5—2ca ~

(Vasile Cirtoaje, MS, 2005)
54. Let a, b, c be non-negative numbers such that a® + b?> + ¢ = 3. Then,
(2—ab)(2 —bc)(2 —ca) > 1.
(Vasile Cirtoage, MS, 2005)

55. Let a, b, c be non-negative numbers such that a + b+ ¢ = 2. Prove that

bc+ca+ab<1
a?+1 b2+1 2417

(Pham Kim Hung, MS, 2005)
56. Let a, b, c be non-negative numbers, no two of which are zero. Then,

a® + 3abe b3 + 3abe n e + 3abe
(b+ c)? (c+a)? (a+b)?

>a+b+ec.

(Vasile Cirtoaje, MS, 2005)
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57. Let a, b, ¢ be positive numbers such that a* + b* + ¢* = 3. Then,

a c
LT 8

e) b+c+a_’

b) @ BB
b+c c+a a+b 2

(Alexey Gladkich, MS, 2005)

58. If a, b, ¢ are positive numbers, then

<
a+b + b+c c+a — 8

-0 - S—-ad  (a—b2+(b-c)?+(c—a)?

(Marian Tetiva and Darij Grinberg, MS, 2005)

59. Let a,b,c be non-negative numbers, no two of which are zero. Prove
that
a? L b? n c?
(2a+b)(2a+¢)  (2b+c¢)(2b+a)  (2¢+a)(2c+b)

1
< —.
-3
(Tigran Sloyan, MS, 2005)

60. Let a,b,c be non-negative numbers, no two of which are zero. Prove
that

1 1 1 1
> .
5(a2+b2)—ab+5(b2+02)—bc+5(02+a2)—ca T a?+ b+

(Vasile Cirtoage, MS, 2006)

61. Let a, b, ¢ be non-negative real numbers such that a?+b%+c? = 1. Prove

that
be ca ab 3

< —.
il Bil @yl
(Pham Kim Hung, MS, 2005)

62. Let a,b,c be non-negative numbers such that a? 4+ b?> + ¢ = 1. Prove

that
1 1 1 9

+ <z,
3+a2—2bc+3+b2—26a 34+ c¢2—2ab~ 8
(Vasile Cirtoaje and Wolfgang Berndt, MS, 2006)
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63. If a, b, c are positive numbers, then
4a® — > — 2 +4b2—cz—a2 +402—a2—b2 <3
a(b+c) b(c+a) cla+b) — 7
(Vasile Cirtoaje, MS, 2006)

64. If a, b, c are positive numbers such that abc = 1, then

3 1 1 1
f+h?+8+62—<a+b+c+f+f+—>.
2 a b ¢
(Vasile Cirtoaje, MS, 2006)

65. Let a1, ao,...,a, be positive numbers such that ay +as + -+ a, = n.
Prove that

1 1 1
a1az . ..0an (7+7+__,+7_n+3> <3.
al an Qnp,
(Vasile Cirtoaje, MS, 2004)
66. Let a,b, ¢ be the side lengths of a triangle. If a® 4+ b> 4+ ¢ = 3, then
ab+ bc+ ca > 1+ 2abe.
(Vasile Cirtoaje, MS, 2005)
67. Let a,b, ¢ be the side lengths of a triangle. If a® 4+ b> 4 ¢® = 3, then
a+b+c>2+ abe.
(Vasile Cirtoage, MS, 2005)

68. If a,b, c are the side lengths of a non-isosceles triangle, then

a+b b+c cHa
> 5;
@) a—2>b bfc+cfa
> +0* b+ P ta
b) > 3.
202 T2 T2 _g2

(Vasile Cirtoaje, GM-B, 3, 2003)

69. Let a, b, c be the lengths of the sides of a triangle. Prove that

a2<b—1>+b2<c—1)+c2(a—1>>O.
c a b

(Vasile Cirtoage, Moldova TST, 2006)
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70. Let a, b, c be the lengths of the sides of an triangle. Prove that

111 b
(a+b+c)(a+g+ )26( 4 +— >

c b+c¢c c¢c+a a+bd

(Vietnam TST, 2006)

71. If a1, a9, a3, a4, a5, ag € {,\/g , then
V3
ap—ap az—az G/G—alzo
as + as as + aq a; + ag

(Vasile Cirtoaje, AJ, 7-8, 2002)

72. Let a, b, ¢ be positive numbers such that a® 4+ b> 4+ ¢ > 3. Prove that

a® — a2 b — B2 D2

>
a5—|—b2—|—02+a2+b5+02+a2—|—b2+c5 -

(Vasile Cirtoaje, MS, 2005)

73. Let a,b, c be positive numbers such that x +y 4+ z > 3. Then,

1 1 1
+ + <
B+y+z r+y3+z r4y+23

(Vasile Cirtoaje, MS, 2005)

74. Let x1,x9,...,x, be positive numbers such that x1xs...2z, > 1.
If a > 1, then

ry
> T 2L
Y tr2+---+ay
(Vasile Cirtoaje, CM, 2, 2006)

75. Let x1,x2, ..., T, be positive numbers such that z;zs...2, > 1.

Ifn>3and —— < a < 1, then
n—2

(Vasile Cirtoage, CM, 2, 2006)
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76. Let x1,x9,...,x, be positive numbers such that x1xs ...z, > 1.
If @ > 1, then

x1
> <1
e I )
(Vasile Cirtoaje, CM, 2, 2006)
77. Let x1,x2,...,T, be positive numbers such that z;zs...2, > 1.

2
If—1—72§Q<1,then

I >
Zxo‘—i—x TN
1 2 Tn
(Vasile Cirtoaje, CM, 2, 2006)

78. Let n >3 be an integer and let p be a real number such that 1 <p<n—1.

pn—p—1
If 0<zy,29,...,2y < ————— such that z;z5...2, = 1, then
p(n—p—1)
1 1 1 n
>

+ + -t > .
1+prr 1+ pxs 1+pr, = 1+4+p
(Vasile Cirtoaje, GM-A, 1, 2005)
79. Let a, b, c be positive numbers such that abc = 1. Prove that

LS SR B 2 .
(1+a)? (1402 (1+4¢)?2 (A+a)(1+b)(1+c)

(Pham Van Thuan, MS, 2006)

80. Let a, b, ¢ be positive numbers such that abc = 1. Prove that
a® + b2+ +9(ab + be + ca) > 10(a+ b + ).

81. Let a,b, c be non-negative numbers such that ab + bc 4+ ca = 3. Prove
that
a(®®+c?)  b(?+a?)  c(a® +b?)
> 3.
a? + be b + ca A+ab —
(Pham Huu Duc, MS, 2006)

82. If a, b, ¢ are positive numbers, then

2 b2 2 6 2 b? 2
a+b+c+i+7+izw
b c a a+b+c

(Pham Huu Duc, MS, 2006)
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83. If a, b, ¢ are positive numbers, then

a? N b? N c? 3(a® + b3 + %)
b+c cH+a a+bdb T 2@+ +c2)’

(Pham Huu Duc, MS, 2006)

84. If a, b, c are given non-negative numbers, find the minimum value E(a, b, ¢)

of the expression
ax by cz

= + +
y+z z+x x4y

for any positive numbers z, v, z.
(Vasile Cirtoaje, MS, 2006)
85. Let a, b, ¢ be positive real numbers such that a + b + ¢ = 3. Prove that
1 1 1 9 .9 o
(Vasile Cirtoaje, Romania TST, 2006)

86. Let a, b, c be non-negative real numbers such that a + b+ ¢ = 3. Prove
that
(a® — ab + b*)(b? — be + ) (¢* — ca + a?) < 12.

(Pham Kim Hung, MS, 2006)

87. Let a, b, c be non-negative real numbers such that a + b+ c = 1. Prove
that

Va+02+/b+c2+\e+a2>2

(Phan Thanh Nam)

88. If a, b, ¢ are non-negative real numbers, then
a® + 0% + ¢+ 3abe > 3 bey/2(02 + 2).
89. If a, b, ¢ are non-negative real numbers, then
(1+a®)(1+*)(1+ %) > % (I+a+b+c)

(Vasile Cirtoaje, MS, 2006)
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90. Let a,b, ¢, d be positive real numbers such that abed = 1. Prove that
(1+a®)1+)1+A)(1+d*) > (a+b+c+d)?
(Pham Kim Hung, MS, 2006)

91. If z1,29,...,x, are non-negative numbers, then

ad+as4 -t ad
n

1+ T+ -+ Ty > (n—l)m+\/
(Vasile Cirtoaje, MS, 2006)
92. If k£ is a real number and 1, zs, ..., T, are positive numbers, then
(n=1) (27 +af ™+ fal ) faiay g (a4 al) >
> (w1t@at o da,) (27T T R
(Gjergji Zaimi and Keler Marku, MS, 2006

93. Let a,b,c be non-negative numbers, no two of which are zero. Prove

that
a* bt ct S a+b+c

a3+b3+b3+c3+c3+a3_ 2

8.2 Solutions

1. Let a,b, c be positive numbers such that abc = 1. Prove that

a+b b+c c+a
> 3.
\/b+1+\/0+1+\/a+1 =3

Solution. By AM-GM Inequality, it follows that

a+b b+c c+a s (@a+b)(b+c)(c+a)
\/b+1 +\/c+1 +\/a+1 Z3\/(b+1)(c+1)(a+1)'

Thus, we still have to show that

(@+b)(b+c)(c+a)>(a+1)(b+1)(c+1).

Let A=a+ b+ cand B = ab+ bc+ ca. The AM-GM Inequality yields
A >3 and B > 3. Since

(a+b)(b+c)(c+a)=(a+b+c)(ab+bc+ ca) —abc = AB — 1



