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TONG HOP CAC BAI SO HOC VA TO

HOP TRONG CAC KI OLYMPIC THI NAM
2013-2014

Luu Giang Nam
Chuyeén Todn, k20, Chuyén Phan Ngoc Hién, Ca Mau.

1 L&i néi dau.

Trong céc ki thi Olympic Toan & Viet Nam va trén thé gi6 thi S6 hoc va T
hop luon 1a phan quan trong va quyét dinh giai cho hau hét hoc sinh dy thi.Néu hoc gioi
phan nay thi hoc sinh sé c¢6 thé dat dugc thanh tich cao trong cac ki thi nay. Tuy nhién day
la phan khoé hoc va ciing khé lay diém, tuy nhién né dude sit dung lai ¥ tudng rat nhidu qua
cac ki thi.Day c6 thé 1a mot 1gi thé cho cac hoc sinh hoc khong t6t phan nay.

Bai viét tong hgp céac bai S6 hoc va T6 hgp qua cac ki thi HSG cac cap nam 2013-
2014. Phan bai gidi dugc lay lai tit cac thanh vien VMF diang trén dién dan va 1 s6 bai do
minh ty gidi. Mot s6 bai kha khé minh giai khong ra va ciing khong tim thay bai gidi trén
mang nén minh dé T lam. Do lam trong mot thoi gian ngan nén cé thé cé sai sét, hy vong
cac ban c6 thé tim thay va tu stta diim minh. Hy vong bai viét sé gitp ich it nhiéu cho cac
ban trong qué trinh hoc S6 hoc, T6 hgp va thi HSG cac cap. Chiic cac ban c¢6 nhing ki thi
hoc sinh giéi t6t trong nam 2015 va cac nam sau, dic biet 1a c6 thé xit 1f gon cau S6 hoc va
cau To hop .

Dén mot liic nao dé, ban lam todn vi ban thich chit khong phdi dé chiing to mot cdi gi nia.

Gido su Ngo Bdo Chau
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2 Dé thi

2.1 Deé thi cap tinh, thanh phd va cac ki thi phong trao
BAI 1. Taxép mot hoan vi ctia (1,2, 3, ...,2014) lén vong tron va ki higu cac s6 bdi ay, as, as, ..., aso14

theo chiéu kim dong ho. Quy u6c a; = aggs va ag = aspra. Goi N 1a s6 cac chi s6
1 <i <2014 sao cho hodc a;,_; > a; > a;41. Tim tat ca cac gia tri c6 thé co clia N.

Dé thi chon doi tuyén tham du VMO 2014 THPT chuyén Khoa Hoc Ty Nhién, vong

1

BAI 2. Cho 100 s6 nguyén duong khong 16n hon 100 c6 tong bing 200. Chiing minh ring tit
cac s6 dé co thé chon dude it nhat mot bo cac s6 co tong bang 100.

(Dé dé nghi duyén hdi DBBB thpt chuyén Hung Yén nam 2014 )

BAI 3. Tim s6 nguyén duong n nhé nhat dé 2013" — 1 chia hét cho 2204,

(Dé dé nghi duyén hdi DBBB thpt chuyén Hung Yén nam 2014 )

BAI1 4. Cho 10 s6 nguyen duong ay, as, ..., ajg. Chiing minh réng tong tai cc s6 ¢; € —1,0, 1

khong dong thoi bang 0 sao cho 2]1.0:1 ¢;.a; chia hét cho 1023.

(Dé dé nghi duyén hdi dbbb thpt chuyén bac giang nam 2014 )
BA1 5. Chitng minh rang tir 19 s6 tu nhién tuy ¥, luon tim dugc 2 s6 sao cho hiéu cac binh
phuong ctia ching chia hét cho 36.
(Dé chon doi tuyén thi Trai hé Hung Vuong 2014 - Chuyén Yén Bdi )
BAI 6. Trén mit phing c¢6 25 diém, khong c¢6 3 diém nao trong ching thing hang. Tim s6
mau k& nhd nhat sao cho ta c6 thé to mau tat ci cac doan thang ndi hai diém trong
mit phang bsi k mau (mdi doan thang dugc to ding mot mau) va cac canh clia mot
tam giac bat ki tao béi 3 diém trong chiing duge t6 bdi ding hai mau.
(Dé dé nghi chon HSG khu vyc duyén hdi va DBBB chuyén Bién Hoa - Ha Nam)
BA1 7. Cho tap hop S =1,2,3,...,2014. Tim s6 cach chon ra tit tap S m s6 chdn va n s6 1é

sao cho trong cac s6 vita chon, khong c6 hai s6 hon kém nhau 1 don vi.

(Dé thi chon dot tuyén tham du VMO 2014 THPT chuyén Khoa Hoc Tuw Nhién,
Cau 2 ngay 1)

Dén mot lic nao dé, ban lam todn vi ban thich chit khong phdi dé ching té mot cdi gi nita.

Gido su Ngo Bdo Chau
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BAI1 8.

BA1 9.

BAT1 10.

BAr1 11.

BAI 12.

BAT1 13.

C6 ton tai hay khong mot tap hitu han cac diém xanh va dé trong mit phang sao
cho v6i moi dudng tron don vi ¢6 tam la mot diém xanh déu c¢6 ding 10 diém do, va
s6 diém xanh nhiéu hon s6 diém do.

(Dé thy chon doi tuyén tham du VMO 2014 THPT chuyén Khoa Hoc Tu Nhién,
Cau 4 ngay 1)
Tim cac s6 nguyén m,n théa man diéu kien 2n? + 3|m? — 2
(Dé thi chon doi tuyén tham du VMO 2014 THPT chuyén Khoa Hoc Ty Nhién,
Cau 1 ngay 2)
Tim s6 nguyén duong k sao cho phuong trinh
P+t +y=kry

c6 nghiém nguyén duong (x,y)

Deé thi chinh thic Olympic 30-4 todan 10 lan thi XX nam 2014, ciu 4.

Cho trudc s6 nguyén duong n > 2. Trong mot giai dau cd vua c6 2n van dong vien
tham gia, mot ngudi dau véi mot ngusi khac ding mot van. Tai mot thoi diém trong
gidi, ngusi ta thay c6 n? + 1 van dau da dién ra. Chiing minh rang khi d6 c6 thé chon
ra ba van dong vién sao cho hai ngudi bat ki trong ba ngusi duge chon déu da thi
dau vé6i nhau.

Dé thi chinh thic Olympic 30-4 todn 10 lan thit XX nam 2014, ciu 5
C6 n ban nam va n ban nit xép thanh mot hang théng. Chitng minh ring tong khoang

cach giita hai ban cting giéi nhé hon hodc bang tong khoang cach gitta hai ban khéac
gidi.

Dé thi HSG thanh phé Hdi Phong bang A1 nam 2013-2014, ciu 5

Goi S 1a tap hop tat ca cac s6 tu nhién c6 2011 chit s6 ¢6 dang @a011G2010...a201 thoa
man diéu kién a; = ¢ (mod 2) v6i moi ¢ = 1,2,3...,2011. Tinh s6 tat ci cac cap sb
(x,y) v6i x,y € Z, x < y sao chox + y chia hét cho 5211

Dé thi Hudng tdi Olympic Todn 2013,trong GGTH 2013, cau 3, khoi 11

Dén mot lic nao dé, ban lam todn vi ban thich chit khong phdi dé ching té mot cdi gi nita.

Gido su Ngo Bdo Chau
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BAI 14.

BAI 15.

BAI 16.

BAI 17.

BAI 18.

Trong chuong trinh Gap g6 Toan hoc lan IV c6 tong cong 673 tia sach va quyét dinh
to chitc dang ky mua sach cho cac thanh vién tham gia. Sau khi thu phiéu dang ky,
ban t6 chiic phat hién céc diéu thad vi sau:

1) Tt ca cac ban déu dang ky mua ding ba tita sach.

2) Hai ban bat ki didng ky mua giéng nhau it nhat mot tya sach.

3) Khong ¢6 tia sach nao duge tat ca cac thanh vien dang ky mua.

4) Khong c¢6 ba ban nao mua ba tya sdch giéng nhau.

Chitng minh ring & ky Gap g6 Toan hoc lan nay c6 nhiéu nhat 2011 ban tham gia
giao luu va hoc tap.

Dé thi Hudng téi Olympic Todan 2013,trong GGTH 2013, cau 4, khoi 11

Tim tat ca cac s6 nguyén duong n chin sao cho néu dit

1 1 1

=1 3m-3! " monL

Ay —

thi phuong trinh 2*» = a,(2y, + 1) c6 nghiém nguyén duong (x,, y,)-

Dé thi Hudng tdi Olympic Todan 2013,trong GGTH 2013, cau 3, khoi 12

Trong mot dat nuée c6 54 thanh phd, moéi thanh phé c6 mot san bay. Gitta hai thanh
phd bat ki c6 ding mot dudng bay ndi tryc tiép gitta chiing v mdi dudng bay thuoc
sd hitu ctia mot hang hang khong duy nhat. Biét rang c¢6 4 hang hang khong dang
hoat dong trén nuéc nay. Chitng minh réng ton tai mot hanh trinh bay vong quanh
mot s6 thanh phé (16n hon 2) sao cho tat ca cdc duong bay trén hanh trinh dé déu
thudc s6 hitu cia mot hang hang khong.

Dé thi Hudng tdi Olympic Todan 2013,trong GGTH 2013, cau 4, khoi 12

. . -1 . , . .
a) CMR véi moi s6 nguyén to p thi p* + pT khong phai 1a tich ctia 2 s0 tu nhién
lien tiép.
b) Cho cac s6 nguyén duong a, b sao cho ab 1a s6 chinh phuong. Chiing minh rang da
thiic % + 2® 4+ 1 khong chia hét cho da thic 22 +z + 1.

Dé kiém tra chat hiong doi tuyén THPT Chuyén Ha Tinh 2013-2014, cau 2

a) Ton tai hay khéng cac s6 thuc a;; € [0;1]Vi = 1,2013, 5 = 1,2014 thoa méan diéu

kien — a2—1Vm—12013n—12014

b) Trén ban ¢ vua c6 mot s6 quan co. Biét rang néu mot 6 nao d6 con trong thi
tong s6 lugng nhitng quan cd ding ciing hang va ciing c¢ot véi 6 dé khong nhd hon 8.
Chitng minh rang trén ban cd dé c6 it nhat 32 quan co.

Dén mot lic nao dé, ban lam todn vi ban thich chit khong phdi dé ching té mot cdi gi nita.

Gido su Ngo Bdo Chau
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BAT1 19.

BAT1 20.

BAI 21.

BA1 22.

BATI 23.

BA1 24.

BAT1 25.

Dé kiém tra chat hiong doi tuyén THPT Chuyén Ha Tinh 2013-2014, cau 4

Tim tat ca cdc bo ba s6 (z,n,p) véi x,n 1a cac s6 nguyén duong va p 1a s6 nguyeén t6
thoa man: a® 4+ 2z = 3(p™ — 1).

Dé thi Olympic chuyén KHTN 201/

Trong mot phong thi c6 n > 2 thi sinh, duge xép xung quanh mot ban tron . Trong
ngan hang de co6 4 loai dé khac nhau , méi loai c6 nhiéu hon n ban . Mot cach phat
dé ducc goi 1a hop 1é néu moi thi sinh duge nhan chi 1 dé va hai thi sinh bat k¥ ngoi
canh nhau thi nhan dugc 2 loai dé khac nhau. Héi ¢6 nhiéu nhat bao nhiéu thi sinh?
Biét rang s6 cach phat dé hop lé khong vugt qua 2013.

Dé thi chon doi tuyén HSG QG tinh Hdi Phong nam hoc 2013-2014, ciu 4 ngay 1
Cho a,b € N théa man 1 < a < b va dat M = [“2]. Gid st f : Z — Z la ham
s6 cho bdi f(n) =n+anéun < M va f(n) =n—bnéun > M, Vn € Z. Dat
fr(n) = f(n), f*Yn) = f(fi(n)) Vi > 1. Tim s6 k nhd nhit sao cho f*(0) = 0.

Dé thi chon doi tuyén HSG QG tinh Hdi Phong nam hoc 2013-2014, cau 1 ngay 2
Cho p nguyén t6 va p = 3 (mod 4). Hay tim s6 du ctia phép chia (12 + 1)(2% +
- ((p—1)2+1) cho p.

Dé thi chon doi tuyén HSG QG tinh Hdi Phong nam hoc 2013-2014, ciu 3 ngay 2
Trong mdi 6 cia bang 2013 x 2013 ta dién mot s6 thyc bat k¥ trong doan [—1, 1] sao
cho tong 4 s6 trong hinh vuong con 2 x 2 bat ky thi bing 0. Tim gié tri 1én nhat ciia
tong tat ca cac sd trén bang 2013 x 2013.

Dé thi chon doi tuyén HSG QG tinh Hdi Phong nam hoc 2013-2014, cau 4 ngay 2
Cho hai s6 tuy nhién m va n sao cho m > n > 1. Biét rdng hai chit s6 tan cliing ctia
2014™ bang vdi hai chit s6 tan cung ctia 2014 theo cuing thit ty. Tim cac s6 m va n
sao cho tong m + n c6 gia tri nhd nhat.

Dé thi chinh thic Olympic 30-4 todn 11 lan thit XX ndam 2014, ciu 5
Cho da giac déu 9 dinh A;A,...Ag. M6i dinh clia da giac hodc ¢c6 mau doé hoac c6 mau

xanh. Ching minh rang ton tai hai tam gidc phan biét bang nhau c6 tat ca cac dinh
la dinh ctia da giac cuing mau.

Dén mot lic nao dé, ban lam todn vi ban thich chit khong phdi dé ching té mot cdi gi nita.

Gido su Ngo Bdo Chau
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BAI 26.

BAr1 27.

BAI 28.

BA1 29.

BAI 30.

BAI 31.

Dé thi chinh thiic Olympic 30-4 todn 11 lan thit XX nam 2014, ciu 6

n|m?+2

m | n?+2

1) Tim mot cap gom hai s6 nguyén duong (m,n) théa man diéu kién trén ma
m,n > 10 va m,n déu 1é.

2) Chting minh 4mn | m? 4+ n? + 2.

Cho hai s6 nguyén duong 1é m, n théa man {

Deé thi HSG todn 10 tinh Dong Nai 2013-2014, cdu 4
Véi moi s6 nguyén duong n, hiy xac dinh theo n s6 tat cd cac cip thi ty hai s6

nguyén duong (x,y) sao cho
x? — y* = 100.30%"

. bong thoi chiing minh s6 cap nay khong thé 1a s6 chinh phuong.

CDT Olympic todn 10 THPT Chuyén Lé Hong Phong TpHCM 2014,lan 3, cau 2
Cho tap X gom n phan tit. Hoi ¢6 bao nhieu bo thit tu (A, B,C) véi A, B,C la cac
tap con cua X sao cho X = AUBUC.

CDT Olympic toan 10 THPT Chuyén Lé Hong Phong TpHCM 2014,lan 3, ciu 5
Cho p 1a mot s6 nguyen to, n 1a s6 nguyén duong va a, b, ¢ 1a cic sd nguyen thoa man

a" +pb=0b"+pc=c"+pa

. Chitng minh rdng a = b = c.

Dé thi dé nghi chon HSG toan 10 THPT Chuyén Lé Hong Phong TPHCM
2015-2014, ciu 4

Gia st S 1a tap hop c6 2011 diém trén mat phang, hai diém bat ki ctia S cach nhau
it nhat 1 don vi do dai. Chitng minh ring S c6 chita tap con T gom 250 diém ma hai
diém bat ki cach nhau it nhat mot doan bing /3.

Dé thi dé nghi chon HSG todn 10 THPT Chuyén Lé Hong Phong TPHCM
2013-2014, cau 5
Trén mit phang cho 2014 diém phan biét théa man diéu kien : v6i 2 diém bat ky ta

luon tim duge it nhat 1 diém thit 3 thing hang véi 2 diém d6 . chiing minh ring 2014
diém da cho la thang hang.

Chon doi du tuyén THPT Chuyén Quoc Hoc ngay 2 ,nam 2013-2014, cau 2

Dén mot lic nao dé, ban lam todn vi ban thich chit khong phdi dé ching té mot cdi gi nita.

Gido su Ngo Bdo Chau
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BA1 32.

BAT1 33.

BAT1 34.

BAT 35.

BAT 36.

Co s6 dit lieu tap chi ctia thu vien Quoc Gia c6 ding 2016 loai khac nhau . Thu vién
nay cho phép 2013 thu vien dia phuong két ndi dé cé thé khai thac co sé dit lieu tap
chi cia n6. Biét moi thu vien dia phuong duge phép khai thac it nhat 1008 loai tap
chi khac nhau va 2 thu vién dia phuong bat ki ¢6 t6i da 504 loai tap chi ma ca 2 thu
vién dia phuong d6 ctiing dc phép khai thac. Chiing minh rang khong c6 qua 1 loai
tap chi trong co sd dit lieu ctia thu vien Qubc Gia ma cd 2013 thu vien dia phuong
déu khong thé khai thac duge.

Dé chon doi tuyén thi Quoc Gia Khoi chuyén DHSP 2013-2014, ciu 4 vong 1

V6i méi s6 nguyén duong k ta dat f(k) = 6% + 9% + 10F 4+ 15%. Mot cap 2 sd nguyéen
duong (m;n) duge goi 1a cip doi hanh phic néu f(m) va f(n) cing chia hét cho mn.
1) Cho 2 s6 nguyén 16 m,n > 1 va (m,n) la 1 cip doi hanh phtc. Chiing minh rang
25|mn nhung 125 fmn.

2) Chitng minh ring ton tai s6 nguyen duong k dé (k, k) 1a ciap doi hanh phic va
néu phan tich k = p®*...p% thi g + ... + o, = 191119, G day p1,pa, ..., p, 12 céc s6
nguyen t6 doi 1 phan biét va oy, ...a, 1a cac s6 nguyén khong am.

Dé chon doi tuyén thi Quoc Gia Khoi chuyén DHSP 2018-2014, ciu 2 vong 2

Cho 2 duong gap khic khép kin khong tu cit, mdi duong c6 2013 canh. Biét rang
dudng théng chita cac canh ctia 2 dudng gap khiic néi trén khong c6 3 dudsng nao
dong quy. Ching minh rang ta c6 thé chon ra tit mdi duong gap khic 1 canh sao cho
cac dau mat ciia ching 1a 4 dinh ti giac 16i.

Dé chon doi tuyén thi Quoc Gia Khoi chuyén DHSP 2013-2014, ciu 4 vong 2

V6i x va a 1a hai s6 thyc, ta néi s6 y 1a sb tuong tng véi z dé dude a néu: y + z = a.
Cho tap hop X = {x € Z,—10 < z < 5}. Gia st xy, 79, 23 12 ba s6 thuoc tap X lap
thanh mot cap s6 cong véi cong sai d = 2 va diit S = 1 + 29 + 3. Ky hiéu ; lan lugt
la s6 tuong tGng véi x; dé duge 95, véi i = 1,2,3.. Ky hieu z; lan lugt 1 s6 tuong ting

? 1 £
véi y; dé duge 583, v6it =1,2,3.. Ky hieu F = z1+ 29+ 23, tim gia tri [6n nhat cta F.

KI THI CHON POI TUYEN QUOC GIA TINH CA MAU NAM 2013 - 2014, ciu 3

Cho day céac s6 ty nhién 1,2,3,...,2013(x) c¢6 2013 s6 va By, Bs, ..., B, 1a céc bang
hinh vuong ké o, trong d6 bang By ¢6 k dong k cot (k = 1,2,...,n). Viét cac sb tu
nhién trong day (*) vao cac 0 clia cac bang néi trén thda man hai diéu kieén sau:

1) Méi s6 ciia day (*) chi viét trong mot 6 duy nhat;

2) Viét s6 1 vao 0 clia By, viét cac s6 2, 3,4, 5 vao cac 0 clia By. Sau khi viét day cac
0 clia bang By thi viét cac sb tiép theo ctia day vao (*) vao cac 0 clia bang By, vi
k=1,2,..,n—1 va bang B, diung lai ngay sau 6 dugc viét s6 2013.

Tim n va tong tat ca cac sé viét trong bang B,,.

Dén mot lic nao dé, ban lam todn vi ban thich chit khong phdi dé ching té mot cdi gi nita.

Gido su Ngo Bdo Chau
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BA1 37.

BAI 38.

BAT 39.

BAT 40.

BAT1 41.

KI THI CHON DOI TUYEN QUOC GIA TINH CA MAU NAM 2013 - 2014, ciu 5

Cho cac s6 nguyen duong n, k,p v6i k > 2 va k(p+ 1) < n. Cho n diém phan biét
cling nam trén 1 duong thang. To n diém dé bang 2 mau xanh, dé (mdi diém chi to
ding 1 mau). Tim s6 cach t6 mau khac nhau, sao cho cac dk dong thoi xay ra:

1) C6 ding k diém duge t6 béi mau xanh.

2) Gitta hai diém mau xanh lién tiép (tinh tit trai qua phai) c6 it nhat p diém dugc
to mau do.

3) O ben phai diém t6 mau xanh cudi ciing c6 it nhat p diém duge t6 mau doé.

(Hai cach t6 mau dugc goi la khac nhau néu c6 it nhat mot diem duge to6 mau khac
nhau trong hai cach do).

Dé chon doi tuyén Qudng Binh 2013-2014, cau 9

S6 nguyéen duong x dude goi la s6 thi vi néu hai chit s6 tan cling clia x va x? gidng
nhau. Vi du cac s6 1,25,100 la cac s6 tht vi. Hoi ¢6 bao nhiéu s6 tha vi trong tap
hop tat ci cac sd nguyén duong khong 16n hon 20137

Dé thi chon doi tuyén HSG QG tinh Dong Thdp nam hoc 2013-2014, cav 4 ngay 1

CLB du khdo ¢6 n thanh vien. Nam ngoai CLB da t6 chitc dude 6 chuyén du khao,
mdi chuyén c¢6 5 thanh vién tham dy. Mot thanh vien CLB nhan xét rang hai chuyén
du khao bat k¥ c6 khong qua hai thanh vién chung. Héi CLB d6 c6 it nhat bao nhiéu
thanh vien?

Dé thi chon doi tuyén HSG QG tinh Dong Thdp nam hoc 2013-2014, cau 2 ngay 1

C6 bao nhiéu hoan vi ctia day (2;4;1;0;2;0;1;3) thoa man cic chit s6 gidng nhau
khong ding ke nhau.

Dé thi chon doi tuyén HSG QG tinh Qudng Ninh nam hoc 2013-2014, cau 4

Trong mot hoi nghi khoa hoc ¢6 5000 dai biéu tham du, mdi mot dai biéu biét it nhat
mot thit tiéng. Mot uy ban gom mot s6 dai biéu dude goi 1a uy ban lam viéc néu
tat cd thanh vién trong uy ban déu biét chung mot thit tiéng va dude goi la uy ban
thach thitc néu khong c6 hai thanh vién nao ctia uy ban biét chung mot thi tiéng
(uy ban c6 thé gom 1 thanh vién; uy ban nay goi 1a lam viéc ciing duge, thach thic
ciing dugc). Chiing minh riang c6 thé chia cac dai biéu thanh ding 100 uy ban i
nhau (mdi dai biéu thudc diing moét uy ban) sao cho cic uy ban nay hoic 1a uy ban
lam viéc hoac 1a uy ban thach thiic.

Dé thi chon doi tuyén todn truong PTNK nam 2013-2014, ngay 1 , ciu 3

Dén mot lic nao dé, ban lam todn vi ban thich chit khong phdi dé ching té mot cdi gi nita.

Gido su Ngo Bdo Chau
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BA1 42.

BAI 43.

BA1 44.

BAT 45.

BAI 46.

BA1 47.

Cho n 1a s6 nguyén duong va A 1a tap con khéc réng cia X = {1,2,...,n}. Tinh gia

tri ctia tong S(A) = Y. (—1)PY4l trong d6 E lay trén tat ca cic tap con cia X (ké
ECX

cd tap rong). Cho m € N*| xét m tap con khéc réng ctia X 1a Ay, A, ..., A, va m 86

nguyén khac 0 14 ay, as, ..., a,, sao cho a; + as + - - - + a,, < 0. Chiing minh rang ton

tai tap con F ctia X sao cho Y. (—=1)FY4lg; > 0. (Ky higu |A| chi s6 phan ti ciia
ECX
tap hop A, s6 phan tt ctia tap rong 1a 0).

Dé thi chon doi tuyén todn truong PTNK nam 2013-2014, ngay 2 , ciu 3

Cho 10 s6 nguyén duong ay, as, ..., ajo. Chiing minh ring ton tai cac s6 z; € {—1;0;1}
khong ddng thoi bing 0 véi i = 1,2, ..., 10 sao cho s6 1%, xa; chia hét cho 1023.

Yén Bair TST, bai 5 ngay 1

a) Cho day s6: 1,101,10101, 1010101, .... Tim céc s6 hang trong day 1a s6 nguyén t6.
b) Hoang tif mudn citu cong chiia khoi mot con rong c6 100 cai dau. Hoang tit ¢6 2
thanh kiém. Néu duing thanh kiém thit nhat thi mdi lan chit duge ding va chi dung
21 cai dau. Néu dung thanh kiém thit hai thi mdi lan chat duge ding va chi ding 5
cai dau nhung con rong lai moc lén 2014 cai dau khac. Hoang ti sé cttu duge cong
chiia néu toan bo s6 dau rong bi chat hét. Hoi chi v6i hai thanh kiém trén hoang tit
c6 thé citu duge cong chiia hay khong? Vi sao?

Yén Bai TST, bai 4 ngay 2

Tim tat ci sd nguyen duong n c6 ding 12 wée nguyen duong di, ds, ..., dio thod man
cac dieu kién sau:

Nl =d <dy <..<dy <dp=n,

ii)da, 1 = ds(dy + do + o).

Nguoi ta xép 2014 béng den dang bat sang thanh mot hang dai, tit trai sang phai.
Hai nguoi ciing thie hién mot tro choi nhu sau: Lan lugt tung ngudi chon tuy ¥ 5
bong deén lien tiép, trong d6 bong den dau tién beén trai trong 5 bong den duge chon
phai dang sang va thay doi trang thai ctia 5 bong den d6 (tit sang thanh tit va tit
tat thanh sang). Ai khong thé thuc hien dugce nita thi thua cudc. Ching minh ring
dén mot lac nao d6 tro choi phai két thic va dit cho ¢6 choi nhu thé nao thi ngudi
dau tién luon thua cudc.

Dé thi chon doi tuyén todn tinh Ba Ria Ving Tau 2013-2014, cau 5

Tim s6 thyc p, ¢ sao cho phuong trinh 2% + pz +1 = 0 vi 2% + g + 2 = 0 ¢6 nghiém
chunng va A = 2|p| + 3|q| nho nhét.

Dén mot lic nao dé, ban lam todn vi ban thich chit khong phdi dé ching té mot cdi gi nita.

Gido su Ngo Bdo Chau
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BAT 48.

BATI 49.

BAT1 50.

BAT1 51.

BAI 52.

BAI1 53.

DE THI CHON DOI TUYEN HSG QG TP.HO CHI MINH NAM HOC 2013-2014,
cau 3 ngay 1

C6 ton tai hay khong mot tap con A gom 2014 phan tit cia tap S = {1;2;...; 3020}
théa 2z ¢ A Vr € A?
DE THI CHON DOI TUYEN HSG QG TP.HO CHI MINH NAM HOC 2013-201/,

cau 5 ngay 2

Tim s6 nguyén duong n nhé nhat sao cho 3" — 1 chia hét cho 22013,

Dé thi chon doi tuyén HSG QG tinh Bdc Ninh nam hoc 2013-201/4, ciu 4
1. Chitng minh réng:

S )

n

e
=

v6i moi s6 nguyén duong n.

2. Cho bang hinh chi nhat kich thude m x n (m la hang, n 1a cot m < n). Dat mot
sO vien bi vao mot s6 0 clia bang sao cho mdi cot ¢6 it nhat mot vien bi. Chitng minh
rang c6 it nhat hai vien bi ma hang chita n6é c6 nhiéu bi hon cot chita no.

Bdc Ninh 201}

Tim cac s6 nguyén duong z,y théa: 2% + (v + 1)% = (v + 2)%.

DE CHON DOI TUYEN CHUYEN NGUYEN DU (VONG 2) - 2013/201} , ciu 2

Cho da giac 16i 2014 dinh.Mot diém P ndm trong da giac ma khong thuoc bat ki
duong chéo ndo cia da giac.Chitng minh rang s6 tam giac c6 dinh thudc 2014 dinh
tréen ma chita duge P (P thuoc mién trong tam giac do) 1a s6 chén.

DE CHON DOI TUYEN CHUYEN NGUYEN DU (VONG 2) - 2013/2014 , cau 6

C6 bao nhieu bo sip thi tu (a,b,c), v6i a,b,c 1a cac s6 nguyen duong thoa méan:
[a,b, c] = 23.35.57.71 ? (K{ hieu [a, b, ¢] 12 boi chung nhé nhat clia ba s6 a, b, ¢ nguyén
duong).

Dé thi chon doi tuyén hoc sinh gici truong THPT chuyén Lé Quy Pon Binh Dinh,
nam hoc 2013-2014, ciu 3

Dén mot lic nao dé, ban lam todn vi ban thich chit khong phdi dé ching té mot cdi gi nita.

Gido su Ngo Bdo Chau
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BATI 54.

BATI 55.

BA1 56.

BA1 57.

BAI 58.

BAT1 59.

B — a2y?

14 mot sd nguyen
(z +y)? '

3
N s 2 z S ~ x
Tim ta ca cac soO nguyén duong x, y sao cho P =

khong am.

DE THI CHON DOI TUYEN TOAN 12 TRUONG THPT CHUYEN PHAN
NGOC HIEN, nam 2013-2014, cau 5

, éll’ Wllf T113 Ngudi ta bién doi day bang cach xoa
di 2 s6 a, b bat ky va thay bing s6 a + b+ ab. Sau 1 lan bién ddi s6 cac s6 hang gidm
di 1 don vi so v6i diy truée. Chitng minh rang gia tri ctia s6 hang cudi sau 2012 lan
bién doi khong phu thudce vao thit ty thye hién va tim gia tri dé.

Cho day cac phan so:

Wl

1
727

[l

Dé chon doi tuyén HSG Dong thdp vong 1

Cho (H) 1a mot da gidc déu 24 canh. Méi dinh ctia (H) sé duge t6 béi chi mot trong
hai mau xanh va d6. Khi d6, néu (K) 1a mot da gidc déu thod man dong thoi hai diéu
kién:

- Tap dinh cta (K) la tap con cta tap dinh cia (H).

- Tat ca cac dinh cta (K) duge t6 bdi cing mot mau.

thi ta goi (K) 1a mot mau don sdc. Hay tinh s6 cach t6 mau cac dinh ctia (H) sao cho
khong c6 mau don sac ndo duge tao ra.

Dé chon HSG Da Ning 2014
Cho béng ké 6 vuong kich thuée (2n)z(2n + 1). Hay tim gia tri 16n nhat cta k sao
cho k thod méan diéu kién: ta cé thé t6 mau k 6 vuong don vi ctia bang sao cho khong
¢6 hai 6 vuodng don vi nao duge t6 ma c6 dinh chung.

Dé chon HSG Da Néng 201/
CMR trong 39 s6 tu nhien lien tiép bat ki luon c6 it nhat mot sé ¢ téng cac chit s6
chi hét cho 11.

HSG Qudng Binh 2014

Trong mot thu vién ngudi ta quan sat thay dudc:
- Mdi ngay ¢6 5 ngusi doc sach.

- Hai ngay bat ki thi s6 nguoi doc sach 1a 9.
Hay tinh xem trong 1 thang c6 bao nhiéu nguoi dén doc sach.Biét thang do6 c6 30 ngay.

Chon DT Luong Thé Vinh, Dong Nai

Dén mot lic nao dé, ban lam todn vi ban thich chit khong phdi dé ching té mot cdi gi nita.

Gido su Ngo Bdo Chau
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BAI1 60.

BAI 61.

BAI 62.

BAI 63.

Cho mot bang 6 vuong khong gidi han s6 dong va sé cot. Ban dau nguoi ta viét hai
s6 1 va 3 vao hai 6 khac nhau ctia bang. Tiép theo, ngudi ta dién vao cac 0 trong cac
s6 nguyéen duong theo quy tic sau: Néu trén bang da c6 2 sb a, b thi ngudi ta ¢ the
diéu s6 ¢ = a + b + ab vio mot 6 con trong nao dé trén bang. Hoéi bang cach do trén
bang c¢6 thé xuat hien duge cac s6 2509 va 20132014 hay khong? Giai thich cau tra 10i.
Céan Tho 2014
Chitng minh rang trong 18 nguoi bat ki luon ton tai 4 ngudi doi 1 quen nhau hoic
doi 1 khong quen nhau.
Thai Binh 2014
Cho n, k 1a cic s6 nguyen duong ma n + 1 > 2k. C6 bao nhiéu tap con gom k phan
t1 clia tap hop gom n sd nguyén duong dau tién ma khong chita 2 s6 lién tiép.
Ninh Binh 2014
Cho s6 nguyen n > 1. C6 tat ca bao nhiéu day s6 (xq, s, ...,x,) V6i x; € a,b,c;i =

1,2,...,n théa man diéu kien 2, = z,, = a vd 2; khac x4 v6imoi i = 1,2,...,n — 1.

Khanh Hoa 201}

Dén mot lic nao dé, ban lam todn vi ban thich chit khong phdi dé ching té mot cdi gi nita.

Gido su Ngo Bdo Chau
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2.2

Bar 1.

BA1 2.

BA1 3.

BA1 4.

BA1 5.

Dé thi qubc qia, qubc té

Cho day s6 nguyén duong vo han ag < a; < ag < ..... , chitng minh rang ton tai duy
nhéat chi s n > 1 sao cho :
ag + a1 + ... + a,

an < S Any1
n

IMO 201/, P1

Cho s6 nguyén duong n > 2, va bang 6 vuong n x n gom n? 6 vuong nho. 1 cau hinh
n 6 vuong nhé duge goi 1a "thanh binh" néu mdi hang va mdi cot ciia bang chia
ding 1 6 vuong nhé. Tim s6 nguyén duong k 16n nhat sao cho v6i méi cau hinh n 6
vuong nhé "thanh binh" luoén ton tai 1 hinh vuéng k x k ctia bang khong chita 1 6
vuong nhoé nao (trong n 6 vuong "thanh binh").

IMO 2014, P2

V6i mdi s6 nguyen duong n. Ngan hang Cape Town déu phat hanh dong xu c6
ménh gia —. Cho mot bo suu tap gom hitu han cac dong xu nhu vay (cac dong xu
khong nhézcl thiét c6 ménh gia khac nhau) ma tong ménh gia clia ching khong vugt
qua 99 + % Chitng minh rang c6 thé phan chia bo suu tap doé thanh khong qua 100

nhém sao cho tong ménh gia ctia cac dong xu trong mdéi nhém khong vugt qua 1.

IMO 2014, P5

Mot tap hop cac dudng thing trén mat phing ducc goi 1a & thé téng quat néu
khong c6 2 duong thang nao trong tap hop song song va khong cé 3 duong thang nao
trong tap hop dong quy. Mdi tap hop dudng thing & thé tong quat phan chia mat
phéng ra cac mién, trong dé mdi mién c6 dieén tich hitu han; ta goi nhitng mién nhu
vay la nhitng mién hiu han. Chitng minh ring v6i moi s6 n du 16n. Trong méi tap
hop gom n dudng thing & thé tong quat, ta déu c6 thé to khong it hon /n béi
mau xanh sao cho khong c6 mién nao trong sé cac mién hétu han c6 toan bo duong
bién la mau xanh.

IMO 2014, P6
Trong mit phing toa do Ozy, xét cac diém nguyeén co toa do thudc:

T = {(z;y) : ||, |yl <20, (z;y) # (0;0)}.

T6 mau céac diém thudc T sao cho v6i moi diém c6 toa do (x,y) € T thi c6 ding mot
trong hai diém (x;y) va (—x; —y) dude t6 mau. Véi mdi cach t6 nhu thé, goi N 1a

s6 cac bo (w1;y1), (T2;92) ma cd hai diém nay cliing dudc t6 mau va x; = 219,y =
21»(mod41). Tim tat ca cac gia tri c6 thé c6 ciia N.

Dén mot lic nao dé, ban lam todn vi ban thich chit khong phdi dé ching té mot cdi gi nita.

Gido su Ngo Bdo Chau
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BAI 6.

BA1 7.

BAI1 8.

BA1 9.

BA1 10.

Vietnam TST 201/, P2

Cho m,n,p 1a cac so ti nhién khong dong thoi bang 0. Khong gian toa do dugc
chia thanh céc mat phang song song cach déu nhau. Mot cach dién vao mdi khéi lap
phuong don vi mot trong cac s6 tir 1 dén 60 duge goi 1a cach dieén Dién Bién néu thoa
man: trong moi hinh hop chit nhat v6i cac mat trén cdc hé mat da cho va tap hop do
dai ba canh xuét phat tit mot dinh 1 {2m + 1,2n + 1,2p + 1}. Khdi 1ap phuong don
vi ¢6 tam triing vdi tam ctia hinh hop chit nhat duge dién s6 bang trung binh cong
clia cac so dien ¢ tam ctia 8 hinh lap phuong & cac géc ctia hinh hop d6. Hoi co tat
ca bao nhiéu cach dién Dién Bien?

Nhitng cach dién 1a gidng nhau néu cac s6 duge dien vao cac khoi lap phuong don vi
c6 ciing toa do trong cac cach nay deu giéng nhau.

Vietnam TST 2014, P6

Cho da giac déu c6 103 canh. To mau dé 79 dinh ciia da gidc va to mau xanh cac
dinh con lai. Goi A 1a s6 cap dinh dé ké nhau va B 1a s6 cip dinh xanh ké nhau.

a. Tim tat ca cac gia tri c6 thé nhan duge ctia cip (A, B).

b. Xéc dinh s6 cach t6 mau cac dinh ctia da giac dé B = 14. Biét ring hai cach to
mau dude xem 1 nhu nhau néu ching c6 thé nhan dude nhau tit mot phép quay
quanh tam ctia duong tron ngoai tiép da giac.

VMO 2014, P3

Tim tat ca cac bo s6 gom 2014 s6 hitu ti khong nhat thiét phan biét, théa man diéu
kien: néu bé di mot s6 bat ki trong bo s6 dé thi 2013 s6 con lai c¢6 thé chia thanh 3
nhém roi nhau sao cho méi nhém gom 671 s6 va tich tat ci cac s6 trong mdi nhom
bang nhau.

VMO 2014, P6

Chitng minh rang véi moi s6 nguyén duong k va n, ton tai cidc s6 nguyén duong
mi, Mo, ..., My sao cho:

2k —1 1 1 1
1+ =(1+—) (1+4—]).. [1+—=).
n mi mo mi

Trén mat phang cho 2013 diém mau dé va 2014 diém mau xanh, trong dé khong co
ba diém nao thang hang. Ta chia mat phang bdi cac duong thang (khong di qua bat
ki diém nao trong céc diém da cho) thanh cac vimg, sao cho khong c6 bat ki vimg
nao chita cac diém cé hai mau khac nhau. Héi can it nhét 1a bao nhiéu dudng thang
dé luon thuce hien duge céch chia do6 ?

IMO 2013, P1

Dén mot lic nao dé, ban lam todn vi ban thich chit khong phdi dé ching té mot cdi gi nita.

Gido su Ngo Bdo Chau
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BA1 11.

BA1 12.

BAI 13.

BA1 14.

BATI 15.

BAI 16.

IMO 2013, P2

Cho s6 nguyén n > 3 va xét n+ 1 diém nim cach déu nhau trén mot duong tron. Ta
danh s6 cac diém nay bing céc gia tri 0, 1, ..., n, khong nhat thiét theo thi tu, va hai
diém khac nhau thi duge danh hai s6 khéc nhau. Hai cdch danh sé duge xem 1a nhu
nhau néu tit cach nay cé thé nhan duge cach kia bang cach xoay dudng tron. Mot
cach danh sd dugce goi 1a dep néu, véi bat kibénsdba<b<c<dvéia+d=>b+ec,
day cung ndi cac diém dugc danh s6 a v d khong cit day cung ndi cac diém dugc
danh s6 b va c. Goi M 1a s6 cach danh s6 dep va N 1a s6 cic cap sO nguyen duong
(x,y) duge sdp thi tu (nghia la: (z,y) va (y,x) 1a khac nhau, trit khi x = y) sao cho
r+y <nvaged(r,y) = 1. Chitng minh rang M = N + 1.

IMO 2013, P6

1. Chitng minh rang ton tai vo s6 s6 nguyén duong ¢ sao cho 2012t + 1,2013t + 1 déu
14 cac s6 chinh phuong.

2. Gid stt m, n 1a cac s6 nguyén duong sao cho mn +1, mn+mn+ 1 déu 1a cac s6 chinh
phuong. Chiing minh rang n chia hét cho 8(2m + 1).

Vietnam TST 2013, P2
V6i s6 n nguyén duong, dat S = {1,2,3,...,2n + 1}. Xét ham s6 f : (S x Z) — [0;1]
théa man dong thoi cac diéu kien:
i/ f(z,0) = f(z,2n+1) = 0.
i/ fle =Ly +fle+ Ly + fley+ D)+ fle,y—1) =1
Goi F' la tap hop tat ca cac ham so f thoa man.
1/ Ching minh rang |F| 14 vo han.
2/ Dat vy 1a tap hop tat ca cac anh ctia f. Ching minh rang vy 1a hitu han.
3/ Tim gia tri 16n nhat cta vy.

Vietnam TST 2013, P6

Tim cdp s6 nguyén a, b théa man a? + bla?b + a va b? — alab® + b.

Netherlands IMO Team Selection Tests 2014, P1

Tim cac s6 nguyén td p, ¢, r théa man 3p* — 5¢* — 4r? = 26.

Junior Balkan MO 2014, P1

Ki hi¢u p(n) la tich tat ca cac chit s6 khac 0 ctia n. Chang han, p(5) = 5,p(27) =
14,p(101) = 1. Tim u6c nguyén t6 16n nhat ctua:p(1) + p(2) + p(3) + ... + p(999).

Dén mot lic nao dé, ban lam todn vi ban thich chit khong phdi dé ching té mot cdi gi nita.

Gido su Ngo Bdo Chau
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BAr1 17.

BAI 18

BAI 19

BAI1 20

BAI1 21

BAT1 22.

Moldova TST 201/, day 2, P/

Tim tat ca cac sé nguyen khong am k, n théa man:22+! +9.2F 4 5 = n2.

Albania BMO TST 2014, P5

Tim tat ca cic bo s6 nguyén khong am théa man 7% — 2 -5Y = —1.

Bosnia Herzegovina Team Selection Test 2014, day 1 , P3

Cho da giac déu n canh, n > 6. C6 bao nhiéu tam giac bén trong da gidc nay sao cho
canh cua ching duge tao thanh tit cac duong chéo cta da giac va dinh ctia ching la
dinh ctia da giac.

Bosnia Herzegovina Team Selection Test 2014, day 2 , P2

Cho p 1a mot s6 nguyén t6 16n hon 5. Giad st rang ton tai s6 nguyén k sao cho
k? + 5 chia hét cho p. Chiing minh réng ton tai hai s6 nguyén duong m, n thda man:
p? = m? + 5n?.

Korean NMO 2014, P5
V6i s6 tir nhién bat ki n, chitng minh ring:
n n n
iR G R R R

1& s6 chén

Indian NMO 2014, P2

Cho n > 1 1a mot s ty nhien. Dat U = {1,2,...,n} va AAB la tap hop tat ca cac
phan ti ctia U ma chi thuoc vé ding mot tap A hoac B.

Chiing minh rang: |F| < 2771

O d6 F 1a ho céc tap con clia U sao cho bat ki hai tap phan biet A, B ctia F, ta luon
c6 |AAB| > 2. Tim F khi dau bang xay ra.

Indian NMO 2014, P6

Dén mot lic nao dé, ban lam todn vi ban thich chit khong phdi dé ching té mot cdi gi nita.

Gido su Ngo Bdo Chau
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3 Gagiy giai

3.1

BA1 1.

BAI1 2.

BA1 3.

BAT1 4.

?e

Goi y giai dé thi cap tinh, thanh phd va cac ki thi phong trao

Goi tap cac chi s6 théa man 1a T, tap con lai 1a S.

Xét khi ta doi chd 2 s6 a;,a; bat ki thi ta xét bo (a;_a, @;i_1, @i, @it1,air2) VA bo
(aj_9,a;_1,a;, a1, a;12) ,d& thiy khi chuyén nhu vay thi chi ¢6 cc chiséi—1,4,i+1
va j—1,7,7 + 1 1a c6 thé chuyén tit tap hop nay sang tap hop khac..

Khi ddi chd a; thanh a; néu ta lam thay doi dau gitta (a;, a;41) va (a;_1,a;) cling lic
thi chi s6 j ltc nay sé thuoc tap hop chita chi s6 ¢ vita chuyen di, con chi s6 ¢ + 1 va
i — 1 sé cung ldc chuyén sang tap hop khac tap hgp ban dau, tiic hiéu ctia hai tap
hop bat bién mod 2.

Néu ta chi lam thay doi dau clia mot trong 2 cap (a;, a;q1) va (a;_1,a;) , gid st 1 clia
cap (ag, a;;1), thi khi d6 chi s6 i — 1 giit nguyén, chi s6 i va i + 1 s& cuing ltic chuyén
khéi tap hop ban dau ctia né, mot lan nita ta c¢6 hiéu 2 tap hop T, S 1a bat bién mod
2.

Xét tuong tu v6i bo (aj_2,aj_1,0;,aj11,042) ta c6 moi 2 chuyén 2 s6 bat ki trén
vong tron thi hieu 2 tap T, S déu bat bién mod 2.

Con lai ding 2 TH 1a ddi (as, a;42) va (a4, a;q) thi ta xét sy doi dau tuong tu.

Ban dau xép 1,2, ...,2014 len duong tron theo dung thi ty thi ta c6 |T'] = 2012 suy
ra |T| chi c6 thé nhan cic gia tri chin.

Ta sé chi ra v6i moi |T| chdn thuoc [0,2012] ta déu c6 cach xép théa man do la:

(1,2,..,2k, (k4 1008, 2k + 1), (k + 1009, 2k + 2), ...., (2014, k + 1007))
Vay ....

Goi ay; ag; as; ...; alg 1a cac s6 tu nhién thoa de bai.
TH1: c6 mot s6 1a 100, ta c6 duge diéu phai chitng minh.
TH2: khong c6 s6 nao 1a 100.

Khong mat tinh tong quat ta xét cac tong sau:

S1 = ay;

SQ = ay + ag;

53 =ai + az + as;

S1o0 = a1 + az + az + ... + ay00;

C6 100 tong S; (1 < i < 100), ma S; chia 100 du tit 1 dén 99, nén theo nguyén li
dirichlet ton tai it nhat 2 tong S; c6 ciing s6 du, lay hiéu ciia ching ta chiing minh
dudgc ton tai it nhat 1 bo cac so6 chia hét cho 100.

Mat khéc: hieu ctia hai tong S; trén luon nhé hon 200 ma lai chia hét cho 100 nén
suy ra chiing bang 100.

Vay ta c6 diéu phai chiing minh.

Bai nay c6 thé giai bing b6 dé LTE.

, 1
Xét cac tong 6 dang > ¢a; ¢; € {051}
10

Dén mot lic nao dé, ban lam todn vi ban thich chit khong phdi dé ching té mot cdi gi nita.
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BAI1 5.

BAI 6.

BA1 7.

BAI1 8.

BA1 9.

BA1 10.

C6 1023 tong c6 dang nhu trén thod man dé bai.

Néu trong 1023 tong nay c6 1 téng chia hét cho 1023 thi ta c6 dpem.

Néu trong 1023 tong nay khong cé tong nao chia hét cho 1023 thi ton tai hai tong c6
cting s6 du khi chia cho 1023

1
Hi¢u ctia hai tong nay 14 mot tong c6 dang >_ cia; ¢; € {—1;0;1}
10

Ta ¢6 dpecm

Trong 19 s6 tir nhién tly ¥, ta luon tim duge 2 s6 c6 cling s6 du khi chia cho 18. Gia
str 2 86 d6 14 18m + a va 18n + a thi

(18m + a)? — (18n + a)* = 324(m? — n*) + 36(m — n):36

Ty lam.

Xay dung mot cau hinh 1a dudng tron xép céc s6 1,2,...,2k len d.tron (thay 2014
béi 2k),s6 sau hon s6 trude 1 don vi,sd tap con thoa dé chinh 1a s6 céch chon 1 s6 s6
ttt d.tron ma ko ¢6 2 s6 nao canh nhau(khong tinh cap (1,2k))

Nhan xét :Khong c6 cach chon nao c6 sd phan tit vigt qua k(CM nhan xét nay rat
dé,cac ban ty CM nhé,chia tap dugce chon ra 2 tap chan ,1é)

Roi sau do thiét lap 2 day truy hoi la A, B,

A,, dém sb cach chon thod dé ma cac s6 trén d.tron 1a chin.

B,, dém sb cach chon thod dé ma cac so trén d.tron 1a 1é.

Xét 2 s6 2k, 2k — 1

2k ducc chon ta loai 2k — 1 ra khéi d.tron,ta dc 1 cach chon ctua By,

2k — 1 dudgc chon ta loai 2k — 2,2k ra khoi d.tron,ta dc 1 cach chon ctia Ay

Ta, dCIAk = Ak,1 -+ Bk

Tuong tu ,ta cing ¢c6 By, = Ap_1 + Br_1

dén day thi chac dé roi

Tu lam .

Dung SCP mod p ,suy ra mdi uéc clia 2n? + 3 chi ¢6 dang 8k + 1,8k + 7,tit day dé
thay vo 1i.

Goi (79;90) 12 bo nghiem nhé nhat théa man PT tren .Gia st 2o > .
Ta c6 3 + ya + x,(1 — kyo) + yo = 0(x).

Do PT trén bac 2 nén con 1 no z; t/m PT x

Theo dinh 1i Vi-et

{Z‘0+Jfl :l{?yo—l
To.T1 = y% + Yo

Tu d6 z; nguyén duong
Do cédp (zo;y0) Min nén x; > zg

Dén mot lic nao dé, ban lam todn vi ban thich chit khong phdi dé ching té mot cdi gi nita.

Gido su Ngo Bdo Chau
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BAr 11.

BAI1 12.

BAI 13.

BAI 14.

%+m<%+%
Zo )

Ta c6 1 = =xp+1=2 <2

Vo i
Do d6 Diéu gia sit la sai tit d6

rvo=1=k=14

xozy0$2x3+2x0:km%:2§x0$ To=2= k=3

Vay ,...

Gia st khong ton tai bo ba van dong vién théa man ycdb
Goi T 1a tong s6 cap da thi dau tai thoi diém dé trong cac bo ba van dong vien
Ta sé dém 7" theo hai cach:

Céch 1:

Xét mot cap van dong vien da thi dau:

C6 2n — 2 bo ba van dong vién chita cap van dong vién trén.
Vay T = (2n — 2)(n? + 1)

Céach 2:

C6 C32n céach chon 3 van dong vién

Mbi bo ba van dong vién c¢6 khong qua 2 cap da thi dau
Suy ra T' < 2C3%2n

Tt 2 cach trén suy ra:

(2n —2)(n?* +1) <2C%2n

e m®+(n—2)7+1<0 (voli)

Suy ra dpcm.

Ban dau, goi x; 1a toa do ctia ban nam thit 7, y; 1a toa do ciia ban nit thit ¢

A,, B, lan lugt 1a tong khoang cach gitta hai ban ciing gidi va gitta hai ban khac giéi.
Xét n = 1: dé dang CM dugc.

Gia st Ay, < By,

Xétn=%k-+1:
k
Apy1 = A + Z (|Zrt1 — 25 + Yrgr — wil)
i=1
k
By = By + Z (|2h1 — @il + |Yrr1 — vil)
i=1
A1 < B
Suy ra dpcm
Ty lam.
Ty lam.

Dén mot lic nao dé, ban lam todn vi ban thich chit khong phdi dé ching té mot cdi gi nita.
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BAT1 15.

BAI 16.

BAr1 17.

Ta co:

1 1 1
=1  3m=3! " monL

n! n! n!
T U1 3m=3) oD
Sa,nl=Cr+C2+..+C!
Dé tinh dugc C’}Ll+ Ci4 .. +C 1t =2n—1.

Ay —

& ay,.n!

Suy ra a, = -
n!

V6i n=2 thi ay = 1, PT (1) trd thanh: 272 = 2y, + 1
PT nay c6 1 vé chin, 1 vé 1é nén vo nghiem.

Véi n > 4, PT(1) tr6 thanh:

n—1

2
2% = (2yn +1)

n—1

n!

Dé thay 2! < nlVn >4 va 2y, +11é nén VP =

o (2y, + 1) ho#c 1é ho#c khong

phai s6 nguyén.
Diéu nay trai nguge véi VT nén PT vo nghiem.
Vay v6i moi n thi PT vo nghiém.

Ty lam.

a) Gia ton tai s6 nguyen to p sao cho p* + b la tich hai so tu nhién lién tiep.

Dat p3+]%1 =ala+1)véiaeNthi2p’+p—1=2a(a+1) < 22p*+p+1) =
(2a +1)* + 3.

Hién nhién v6i p = 3 thi khong thod man. Khi dé p > 3 thi p = 1,
Néup =1 (mod 3) thi 2(2p* +p+ 1) =2 (mod 3) = (2a + 1)?
thuan.

Néu p = 2 (mod 3) thi 2(2p® +p+ 1) =2 (mod 3) = (2a + 1)*> = 2 (mod 3), mau
thuan.

[\

(mod 3).
2 (mod 3), mau

-1

Vay khong ton tai s6 nguyeén t6 p sao cho p® + b 1a tich hai s6 tu nhién tiép tiép.
b) Bai nay xin phép thay Luat cho them diéu kién 1a z > 1. Néu khong c6 diéu kien
nay thi chs ngusi giai lai bai.

Ta xét da thitc P =22+ 2°+1. Dat a =3k +r,b=3t +w (k,t € N,r,w =0,2).
Khong mat tinh téng quat ta gid st w < r.

Taco P =3 + 23w 4 1 =am(a3* — 1) + 29 (2® — 1) + 2" + 2% + 1

Ta luon c¢6 2% — 1]z%* — 1,22 + 2 + 1|2® — 1 = 2% + 2 + 1|23 — 1. Tuong tu thi
r? 4z + 123 — 1.

Glast2?+x+1Pthia?+ 2+ 12" +2°+1.Dat A=2"+2¥+ 1 Néur =w =2
thh A=222+1= 22— 1(mod2?+x+1). Déax®> +ax+1|A= 22+ o+ 122+ 1.
Ditunaylavolivi2e +1<2?+ 2+ 1v6iz > 1.

Néeur=2,w=1thi A=2*+z+ 1z +z+1

Neur =2,w=0thh A=224+2=1—2(mod 2> +x +1). D& 22 + x + 1|A thi

Dén mot lic nao dé, ban lam todn vi ban thich chit khong phdi dé ching té mot cdi gi nita.
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Luu Giang Nam —22— ©DIEN PAN TOAN HOC

2+ r+11—uz.

Dicunay lavolivil —x < 2? + 2 + 1.
Neur=w=1thiA=2z+1<2’+z+1=2*+o+11A=2>+z+14P.
Neur=lLw=0thiA=z+2<2?’+z+1=>2+r+1{A=22+2+11P.
Néur=w=0thi A=3<a2’+z+1v6iz >1.Dodé 2> +ax+1{A= 22 +x+11¢P.
Tu d6 suy ra a = 2(mod 3),b = 1(mod 3) = ab = 2(mod 3).

Diéu nay mau thudn véi gid thiét ab 1a sd chinh phuong.

Két luan : Gia thiét phan ching sai, ta c6 diéu phai chiing minh.

BAI 18. a) Tu lam.
b) Goi k 1a s6 céc 6 con trong.
Gia sit k > 33
Ta can CM trong mot hang (ho#c cot) khong ton tai 6 6 vuong trong.
Gia st ton tai 6 6 vuong trong trén mot hang.
Khi d6 trén mdi cot c6 it nhat 6 6 c6 quan cd, suy ra k < 28, vo 1i.
Vay trong mot hang (hodc cot) c6 nhiéu nhat 5 6 vuong trong.
Vi k > 33 nén theo nguyén tac Dirichlet ton tai mot hang c6 5 6 vuong trong.
Tuong tir, ton tai mot cot ¢ 5 6 vuong trong.
Hang do va cot dé giao nhau tai mot 6, 6 dé phai 1a 6 c¢6 co.
Goi cac hang chita 5 06 6 cot do6 la rq,ro, ..., 5.
Goi céac ¢ot chtta 5 6 & hang do 1a ¢y, ¢y, ..., 5.
Dé thay c6 it nhat 30 6 chita quan co.
Goi 6 dugc giao bdi cot 7 va hang j la a;; va ta bidu dién a;; =1 néu o6 a;; chita quan
co, ngugc lai a;; = 0.
Nhan zét: ¢6 nhieu nhat mot a;; = 0 (néu ¢6 2 a;; = 0 thi & < 32, mau thuan).
Vay c6 it nhat mot cot trong 8 cot khong chita bat ki quan cd nao trong 30 quan cd
trén.
Vi s6 6 chua dit quan cd nay khong vudt qua 5 nén ta cé it nhat 3 6 c¢6 quan cd.
Suy ra c6 it nhat 33 6 vuong c6 quan cd, mau thuan.
Suy ra dpcm.

BAI 19. Taco: 2® + 2z =3(p" —1) & 2 +22+3=3p" & (¢ + 1) (22 —z +3) = 3p"

Goi
d=(z4+ 1z —at3) =4 CTE Qe =2+5d _ .,
2? —x+3id x+ 1id
_ an+l
-p:3:>(x+1)(x2—x+3):3”+1:>{;jS_;_i__;’:l =2>—x+2=0(voly)

-p # 3. Ta xét hai truong hgp sau:
THl:d=5=p=5= (z+1)(2* — 2 +3) =3.5"

Suy ra:

Dén mot lic nao dé, ban lam todn vi ban thich chit khong phdi dé ching té mot cdi gi nita.
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BAT1 20.

BAT1 21.

BAI 22.

BAI 23.

BAI 24.

r+1=5 i i T = i
22 —x+3=35""1 {n:
r+1=35 r =14
22 —xr+3=5""1 571 =185
z+1=5""1 = r=4
22—z +3=35 n=
r+1=35""1 {x:2
2?2 —x+3=5 n=
TH2: i i i
(r— o]
{ r+1=3 p=
22 —x+3=p" n=1
d=1= A = | Py 1
{xQ—x+3:3 p=
n=1

Vay (z,n,p) = {(4,2,5); (2,1,5); (1,1,2)}

Goi a, 1& s6 cach xép hgp le, b, 14 s6 cach xép ma chi ¢6 thi sinh thi 1 va thit n c¢6
cing dé v6i nhau.

Dé dang thay rang a, = 2a,_1 + 3b,_1, by = 2ap,_1.

Dé& dang tinh dugc ag, by, suy ra cong thiic tong quét cia a, 1a a, = 3" + 3. (—1)".
Xét bat phuong trinh 3" + 3. (—=1)" < 2013 (n € N).

Vay Nmaz = 0.

Ty lam.
Ty lam.

Goi S, 14 téng cac 6 trén bang n x n, a; 14 s6 nam trén 6 c6 toa do (i,1).
Dé dang thay rang So,1 = Son—1 + G2n+1 — G2n.

) . 2n+1 i
Tit day c6 thé suy ra réing Sop1 = >, (=1 a; < 2n+ 1.

i=1

52013 < 2013.
Ta c6 thé xay dung duge bang thoa yéu cau dé bai biang cach dat cac sé 1 vao hang
thit 2k + 1, s6 —1 vao hang thi 2k.

Vim >n > 1 nén ta co:

2014™ va 2014™ ¢6 hai chit s6 tan cting bang nhau theo dung thit ty < 2014™—2014" =
2014".(2014™" — 1):100 (1)

Vim > nnén (2014™" — 1) la s6 1&. Do d6 tu (1) = 2014"4 = n > 2.

Tit (1) = (20147 — 1)i25 (2)

Dat m-n = 10k + r v6i k, 1 1& s6 tu nhien v& 0 <r < 9.

= 20147 = 147" = (14%)%%.14" = (5378242)% 14" = ((—1)?)k.14" = 14" (mod 25)
Nén tit (2) = 14" =1 (mod 25) . V6i 0 < r <9 chi ¢6 r = 0 théa méan.

Dén mot lic nao dé, ban lam todn vi ban thich chit khong phdi dé ching té mot cdi gi nita.
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BAT 25.

BAI 26.

BA1 27.

Vay m =n + 10k. Mam > nnén k> 1
Man>2nénm+n=2n+ 10k > 224+ 10.1 =14
Dau "=" x4y ra khi va chi khi:

m=mn -+ 10
n=2

N m =12
n=2

Vay {m =12

n=~2

Theo nguyeén 1y Dirichlet, ton tai 5 dinh c¢6 cing mot mau.

Ta vé duong tron ngoai tiép da giac déu 9 dinh, 9 dinh nay chia duong tron thanh 9
phan.

Goi (z,y, ) lan lugt 1a s6 do cac cung (don vi phan) ctia mot bo ba dinh.

Khong mat tinh tong quat, gia st z <y < 2.

Ta tinh duge s6 cac bo (x,y, 2) 1a 6.

Trong 5 dinh ciing mau c6 C3 = 10 tam giac.

Theo nguyén tac Dirichlet, ¢6 it nhat 2 tam giac c6 cung bo (z,y, 2) (dpem).

Cau nay c6 vé dé nhat:

2 o
Tacod™ © 2” = (m? + 2)(n® + 2)'mn = 2(m* + n® + 2)'mn
n?+2:m

Ma m,n 1é nén m? 4+ n? + 2imn

Dat m? +n? +2 = kmn & m? +n?+ 2 — kmn = 0(x)

Goi (a,b) 1a cip nghiém nguyen duong nho nhat théa man PT (*) a > b.
Ta ¢6 a® +b* +2 — kab = 0(1)

Coi (1) 14 PT an a Trong d6 k;b 14 tham sd.

PT (1) la bac 2 nén ¢6 1 no la a no con la no cia PT (1) 1a aq.

Theo Vi-et:
a—+ag= bk
a.ag = b> + 2
Do d6 ag € N 1a no nguyén duong.
_ R . . ¥+2 a?+2
Tu d6 (b, a,) cing la no PT (1) Ma (a,b) Min nén ag > a(2) ap = < =
a a

2 ,
a+—-<a+1doablé>1;a>b
a

Do d6 ap < a Két hop (2) ra vo liTu d6 Dieu G/s 1a sai nén b > a
Néu b>a cmtt
=b=a=20>+2=ka®>=2a>—a*=1=k=4= QED

Theo bai ra, ta c6: (z —y)(x +y) = 100.30*".
Suy ra x+y va x-y déu chén.

bat a = I+y;b: x—y’ ta dugc:
a.b = 221320 52042 — A

Dén mot lic nao dé, ban lam todn vi ban thich chit khong phdi dé ching té mot cdi gi nita.

Gido su Ngo Bdo Chau



Luu Giang Nam —25— ©DIEN DAN TOAN HOC

S6 cac uée ctia A la (2n + 1)2.(2n + 3)

—_

Via > bnénsuy raso cap (z,y) théaman lasd cap (a,b) théamanla = [(2n + 1)%.(2n + 3) — 1] =

(n +1)(4n* + 6n + 1)

Ta sé chitng minh n + 1)(4n? + 6n + 1) khong thé 1a sé chinh phuong.

That vay, gid st (n+1)(4n?+6n+1) 1a 6 chinh phuong. Vi ged(n+1;4n?+6n+1) = 1
nén 4n? + 6n + 1 phai 1a s6 chinh phuong.

Voly vi (2n+1)2 <4n®+6n+1< (2n+ 2)?

[\]

BAI1 28. Xét mot phan tit & bat ki thuoc S:
C6 2% — 1 = 7 céach chon dé ton tai it nhat mot trong cac tap A, B, C.
Vay c¢6 7" cach chon 3 tap A, B, C thdéa man ycdb.

BAI 29. Néu c6 hai trong ba sb a, b, ¢ bang nhau thi ca ba déu bang nhau. Gia st cac s6 a, b, ¢
doi mot khac nhau.
Tu gia thiét:

a® =" b —=c" c”—a”:> g at=b" 0" —=c" " —a”
J— — —p =

—P= a—b b—c c—a

a®—=b" bt —c" " —a"

a—b b—c c—a

b—¢c c¢c—a  a-—b»

. Néu n 1é thi a® — b", a — b cing dau, dan dén —p® =

> 0,
vo Ii.
Vay phéi ¢6 n chan.

. " pn
Néu p 16 thi 2

=a" ' 4+ a" %+ ...+ "' 1&, ma n chdn nén téng A =

a4+ a" 2 + ... + b"! gom mot s6 chin cac s6 hang, nhung A lai 1& nén a,b
khéac tinh chan 1é. Hay a — b =1 (mod 2).

Tuong tub—c=c—a =1 (mod 2).

Suyra3=(a—0b)+ (b—c)+ (c—a) =0 (mod 2), mau thuan.

Nhu vay phéi ¢6 p chan, tic p = 2.

Duogc:

a® —=b" bt — " " —a”

a—b b—c c—a

= -8

Vi n chin nén dit n = 2k. Dugc :

2k 2k

a“® —b
H(a+b)—a2 —

cyc

2k b2k

a
H a—2b

cyc

=8« |[[(a+b)(a® 2+ .. +*72)| =8

cyc

=8 &

Néu it nhat mot trong ba s6 a, b, ¢ bang 0, gia st a = 0 thi:
" =0"+2c

tu gid thiét ban dau ta dé dang c6 he { gy = 20" = & + 26 =

12" — ") = 2. Dé dang thay mau thuan 6 day.
Nhu vay ta chi viec xét |al, |b|, |c| > 1. Néu k > 2 thi:

8=[J(a+b)(@ 2+ ...+ %)

cyc

> [(a+b)(b+c)(c+a)(a* + 1) (b + ') (¢ +a*)| > 8|(a +

Dén mot lic nao dé, ban lam todn vi ban thich chit khong phdi dé ching té mot cdi gi nita.
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BAr1 30.

BAI 31.

BAI 32.

Dé dang chi ra dugc dieéu nay vo li.

Nhu vay phéi ¢6 k=1, titc n = 2. Khi d6 (a +b)(b+ ¢)(c+a) = =8 (x)

Mat khéc tir gid thiét dé bai dé thay a,b, ¢ cing tinh chin 1&. Két hop véi (x) ta c6
la+ b =|b+c|=|c+a|l =2, tit day dé dang suy ra a = b = c.

Trai gia thiét phan chitng. Diéu phai chiing minh.

Ty lam.
Téng quét 1a dinh 1i Sivestre.Chting minh bing qui nap.

Y tudng la dém bing 2 cach.

Gia st phan chitng c6 2 loai tap chi ma ko c6 bat ki thu vién dia phuong nao khai
théac né. ta chuyéen vé ngon ngit t6 hop:

bai toan: C6 ton tai hay ko 2013 tap con Ay, Ay, ..., Asgiz C X = {1,2,3,...,2014}
sao cho:

i) |A; N A;] <504 4i) |A;] > 1008 Muc dich ctia ching ta 1a chiing minh khong ton
tai thi khi Ay gid stt phan ching sé sai va bai toan dugce ching minh.

Ta sé dém bang 2 cach véi phép giao va phép hop.

1) Dat M = 3 |A; U Ay| 16 rang M = 30 |[A; U A = 30 [Ai[ + |A] — [4i 0 Ay >
(1008 + 1008 — 504).(*%?) (1)

Goi a; 1a s6 tap con trong s6 Aj, ..., Asgiz nhan i lam phan t1 clia no.

Khi d(’%otlim dém M theo 2 cach nhu sau:
M = > ((%) + (2013 — a;)a;) (2) that vay (%) la cap s6 A, A, dé a; cing ndm
i=1

trong ca A, A, con (2013 — a;)a; 1 cap s6 A,,, A, dé a; nim vao 1 trong hai A,,, A,

2014

Do d6 tir (1)(2) suy ra Y- (%) + (2013 — a;)a; > (1008 + 1008 — 504).(*}°)
i=1

2

2014

4015a; — a? 2013
& —— > 1512.
()
(2%1:4 ) 2§1:4 )
4015 a;) — a;
= = = 1512.(2013)
2
) 2014 1 2014
Ap dung BDT Cauchy > a? > —— (3 a;)?
=1 2014 =
Ta co:
2014 1 2014 2014 2014
4015(>° a;) — M(Z a;)?>  4015(>° a;) — > a? 013
=1 i=1 Z =1 i=1 > 1512 ( )
2 2
2014
bat > a; =95
=1
1
40255 — ——5? )

Suy ra S > 1512.(%°) 0> S0z S — 40255 +3024.(%°) (+)

Dén mot lic nao dé, ban lam todn vi ban thich chit khong phdi dé ching té mot cdi gi nita.
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BAI 33.

Theo dl vé tam thiic bac 2 , 11 < S < 5 v6i 21, 75 13 2 nghiém 16n nhat cta ()
Thit true tiép ta c6 2029609 < S < 6076471 (A)

X %k ok ok ok ok ok ok skk

2) bat N =) |A;, N A;| tuong tu trén ta cing Cm de N < 504.(20213)
2014

Mgt khac tuong tu ta ciing Cm de N = > (%)
i=1

Do do:

) 2014 1
Ap d BDT h P p—
p dung Cauchy z; @ 2 517
1
S?2 -8

Do d6 504.(*7) = 204

1
< 1008.(*%%) > o1 S

& ——.5%— 5 -1008.(*)%) <0

Gidi BPT bac 2 nay tuong ty tren 0 < S < 2028600 (2) (do S € N) (B)
Tu (A), (B) suy ra 2029609 < S < 2028600 dicu nay mau thudn => DPCM

1) (2" 4 3™)(3™ + 5™):mn va tuong tu véi m.

Ta dat p 1a wéc nguyén té6 nho nhat ctia n c6 2 kha nang.

Néu p|2™ + 3" — p|22" — 32" goi a nhd nhét sao cho 2% — 3%p nén a|2n ma a phai
chdn vi @ 18 thi a|n khi d62™ — 3":2* — 3*p — 2.3":p mau thuan, do d6 a = 2k suy
ra kln nén k 1é do d6 2klp — 1 va k 1é nén k = 1 vi néu k& > 1 thi ton tai r 1€,
rlk <p—1<p=r <pmar/n mau thuan do dé6 k = 1 nén p = 5 suy ra 5|n.

Néu p|3™ + 5" lap luan tuong tuw => p|3+5 =8 vo li vi p 1é do p|n 18.

Do d6 ta cm xong 5|n va tuong tu véi m dat 5%||n, 5Y||m theo LTE, 2" 4 3™:5* 1Y =
25" + 3555 = u5(2+3) +us(B*) > +y=1+r>r+y=y<1may>1neén
y =1 tuong tu z = 1 tit d6 ¢6 25|mn, mn /125.

2) Tir gia thiét c6 f(k)ik? = (2F + 3%)(3F 4- 5%)ik2.

Ta xay dung £ theo 2 cach:

Quy nay diéu sau: Ton tai k sao cho k = 5.py...p; V61 p; # p;.

Va pi|25vp2~-~pi71 4 35-P2--Pi-1

Dau tien k = 5.2; (p; = 5) tiép d6 k = 5.py.z9 VOi po|2° + 3° (py # 5 hay po = 11)

Dén mot lic nao dé, ban lam todn vi ban thich chit khong phdi dé ching té mot cdi gi nita.
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BAT1 34.

BAI 35.

BAI 36.

BAI1 37.

Gs quy nap ta c6 k = 5.py.p3...p; VOi p;|25P2+Pi-1 4 35P2Pi-1 c4c 56 p; doi 1 pb.

Ta cm ton tai s6 k dé k = 5.p2.p3...01. P11

That vay ta c6 2F + 5% = 25-P2:ps-pi | 35P2.P3-p1

Dat 25.p2.p3.-Pi—1 — A B = 35-p2-p3--Pi-1

Khi d6 AP + BPt = (A+ B)(AP~' — ..+ Br1),

Cht ¥ theo céch chon p;|25P2-Pi=1t do d6 5, pa, ..., py |25 P2 P3-Pi-1 4 35P2P3--Pi-1 = A4 B,
Mt khac ged((A + B); (APt — ..+ B2~ Y|p; (1) trong khi A + Bip; nén APl —
... + B Lip, mit khac vy, (AP + BP') = v, (A4 B) + vy, (p1) = vy (A+ B) +1 do do6
vp(APt — 4 BPl)y = 1ma (AP — ..+ BP7Y) > p; do d6 no con 1 ude nguyén
t6 khéac p; va khac hin 5, po, ..., pi_1 (do (1)) goi wdc nguyen to dé 1a pyyq

Do d6 k = 5.py...p1.pi41 dé kiém chiing diing nén quy nap ding.

Nhu vay tit cach quy nap trén ta c6 thé thay ton tai k 1a sb square-free tic 1a s6 ¢6
dang pips...p; v6i [ tuy ¥.

Ciing thay ring k = pipo...p; va 28 + 3%k v6i py, ps, .., pr dude chon theo phuong thiic
nhut cdch quy nap thi ta thay 2%+ 3k = 2pipz--Pi 3Pip2-pi thiy 2P1-Pi 4 3P1-Pitpy, 1 (theo
phuong thitc chon quy nap) do do v,,,, (2P1P2~Pr 4 3PP2P) — g, (2P1-Pi 4 FP1oPi)

Vpir Pig1-01) > 1+1=2= fp?H.
(v6i mooi i = 1,1) tit day suy ra 2% + 3*ik2.
Chon [ = 1911'% khi d6 oy + ... + a; = 1911'%3 day 1a dpcem.

Ty lam.
Ty lam.
Ta co:
n(n—1)12n—1) <6.2013
n(n+1)(2n+1) >6.2013
Suy ran =18

Vay ta c6 cac sd viét vao bang Big 1a 1786, ..., 2013.
Téng cac s6 viét trong bang Bg 1a 433086.

Goi x; 1a khodng cach gitta diém to mau doé tht ¢ — 1 va s.

Dat:

a1 = I

Gy =Ty — P

ag =3 —p

A1 = Tpy1 — P

Ta c6 s6 cach t6 mau thod man yéu cau dé bai 1a sé nghiém nguyeén khong am cia
PT:

ajt+ay+ ... +ap=n—k(p+1)

Ap dung bai toan chia keo Euler, ta tinh dugc bang Cs—p(k+1)+k

Dén mot lic nao dé, ban lam todn vi ban thich chit khong phdi dé ching té mot cdi gi nita.
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BA1 38.

BAT1 39.

BATI 40.

BA1 41.

BAI 42.

BAT1 43.

BAI 44.

x 1a 6 thu vi khi va chi khi z (x — 1) :100.

Suy ra: z = 4k hoac z = 4k + 1.

x = 25q hoac x = 25q + 1.

Theo dinh 1i thang du Trung Hoa ta tim ra duge x = 100k, 100k +1, 100k + 25, 100k +
76.

Vay s6 s6 thi vi thod yéu cau deé bai la 82.

Goi x; 1a s6 chuyén tham gia ctia thanh vién thi 7.
Suy ra xy + x9 + ... + x, = 30.
Ta sé dém s6 bo (thanh vien, chuyén, chuyén) bang 2 cach.
Céch 1: V6i mbi thanh vien c¢6 C2, cach chon 2 nhém tham gia.
Vay s6 bo can dém la >°" | C2 .
Céch 2: C6 C? cach chon 2 trong 6 nhém treén.
Ma véi 2 nhém bat ki ¢6 khong qua 2 thanh vién chung nén s6 bo can dém khong
qua C2.2 = 30.
Tir 2 cach dém trén suy ra Y C2 < 30.
i=1

n > 2
> C2 ==——15.
=1

2

Khong mat tinh tong quat, gia st 1 > o > ... > .

o (@)’ 450
~ 2n  n

Theo bat dang thitc Chebychev, *

Suy ra 22 — 15 < 30.
Hay n > 10.
Vay GTNN cta n la 10.

9
Ly
-
2

Ty lam.
Ty lam.

Ty lam.

10
Xét cac s6 c6 dang A; = > bya;, trong dob; = {0;1}, a;;4 = 1; 10.
i=1
Dé thay c6 2" = 1024 s6 nhu vay. Khi d6 trong cac A; sé ton tai 2 s6 Ay va Ay, thoa
man A, = Ap( mod 1023) = A, — A, = 0( mod 1023). Diéu nay chiing t6 riang:
> (bri — bui)uii1023; i = T;10; by = {0; 1}

Dit by — by = x; thi dé thay z; = {—1;0;1}. T d6 c6 dpem.

Ty lam.

Dén mot lic nao dé, ban lam todn vi ban thich chit khong phdi dé ching té mot cdi gi nita.
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BAT 45.

BAI 46.

BAT1 47.

BAT 48.

BATI 49.

BAT1 50.

GQi di:d1+d2+d4

Taco:1>5

MEult khéC, dgdZ = dd4_1 S n

Suyra: <5

Vay i =5, dy = 13

ds 1a u6c nguyen t6 nho nhat ctia n nén dy € {2,3,5,7,11}

n c6 12 u6c nén suy ra c6 nhiéu nhat 3 wéc nguyeén to.

Néu dy = 2 suy ra ds = 16 nén 4, 8 la wéc clia n, bé hon d, = 13, khong thod man.
Néu dy = 3 suy ra d; = 17. Dén day ta cé thé tinh duge n = 9.13.17 = 1989 la
nghiém.

Néu dy = 5,7,11 dé thay khong thod man.

Suy ra n = 1989.

Ty lam.

Gia st xp la nghiém chung thoa hé:
T34+ prg+1=0
{x% +qro+2=0
= (p—q)xg =1
Néu p = ¢q hoac o = 0 vo li.
= Ty = p%q
Thay vao hai phuong trinh duge 2p* — 3pg +¢*> +1 = 0.
Duing mién gia tri suy ra minA = 4 tai ¢ = 3.

Goi M 1a tap cic s6 c¢6 dang 4".k trong S, n khong am va k 18.
Ta dém dugc | M| = 2013 (cho n chay tit 1 — 6 r6i dém k).
Goi S, = S({x; 2z} Ve € M va ' = U Sy

zeM
Nhan xét rang M da chita cac s6 dang 22".k va do d6 S’ 1a tap M bo sung thém céc
s6 dang 2?1 k. Suyra S’ = S.
Vay c6 thé phan hoach tap S thanh 2013 tap (dé thay 1a khong giao nhau) S, (z €
Do d6, theo nguyén ly Dirichlet, 1 tap con bat ki cia S ¢6 2014 phan ti sé chia 1
tap S, va do d6 khong thoa gid thiét.

Diing b6 dé LTE cho 6 2: vg(2™ — y™) = va(2? — y?) + va(n) — 1.

Ta sé& giai bai nay bang dém bang hai cach:
V6i 6 & hang thit i, cot thi j ¢6 bi, dat s (i,7) 1a hiéu s6 bi clia hang véi cot chita 6
do, a; 1a s6 bi ¢ hang thit 7, b; 14 s6 bi & cot thit i.
Nhan xét: > a; = > b;.
i=1

=1

Dén mot lic nao dé, ban lam todn vi ban thich chit khong phdi dé ching té mot cdi gi nita.
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Vay c6 it nhat mot vien bi thod yéu cau dé bai.

Dén day ta phan ching.

Gia stt chi ¢6 duy nhat mot s (¢, k) > 0.

Vi mdi cot ¢ it nhat mot vien bi va > s (4,5) > 0 nén ta suy ra dudc a; > m (vo 1i).
Suy ra dpcm.

BAI 51. Hién nhién néu x = 0 chi thda man khi y = 0.
Néu z = —1 thi dang véi moi .
Két luan (z,y) = (0,0), (—1,n) v6i n nguyén duong tuy §.

BAI 52. Ban dau, diat P nam ngoai 2014 giac trén. Ta xét thuat toan sau: Mai lan thic hién
cho P "nhay" qua mot va chi mot canh (hodc dudng chéo) ctia da giac nay. Ta thay
qua mot s6 bude thue hien thuat toan, ta c6 diém P xac dinh.

Xét 1 buée P "nhay" qua AB.

Goi k 1a s6 tam giac c6 2 diém A,B chita P.

Khi d6, sau khi thyc hién budce nay, s6 tam giac chita P ting len 2012 — k — k =
2012 — 2k.

Suy ra tinh chin 1é clia s6 tam gidc chita P khong doi.

Mat khéac, sd tam gidc lic chua thie hién thuat toan 1a 0, vay s6 tam giac chita P
luon chan.

BAI 53. Xét luy thita co s6 2:
Ta ¢6: maz {vy (a) vy (b),v2(c)} =3
Ap dung nguyen 1i bao ham va loai trit ta duge két qua 14:3.42 — 3.4+ 1 = 43 — 33,
Lam tuong tu nhu vay véi liy thita co s6 3, 5, 7 ta duge (43 — 3%) (6% — 53) (8% — 73) (123 — 113)
bd (a,b,c) c6 tinh thi tu.

BAI1 54. Ta chia ra 2 TH:
*) x =y , TH nay ta dugc nghiém x =y = 2
Nr#y.
bat d = (z,y) => z = dxy,y = dy,.
Chi ¥ rang 2° + % = (2 + ) (z +y)? — 32y(x +y) nén 2° + y° — 2%y?(x +5)? <=>
xy(3z + 3y + zy) cN.
(z +y)?
dr1ya2 (371 + 3y1 + dryyr)
(@1 + 1)
Goi p 1a mot udc nguyen t6 bat ki clia d. Néu s6 mil ctia p trong (z1 + y1)? 16n hon
trong d thi vo Ii vi (1,21 +y1) = (y1,71 + y1) = 1, ddn dén s6 mi cia p dudi mau
16n hon trén ti trong biéu thic (*).
Cu thé 1a khi d6 v, (dz1y1 (3z1 + 3y1 + dz1y1)) = vp(d) + v,(d) < vy(z + y)2.
Tu do6 suy ra (z1 4+ y1) | d.
Ta c6 2° +y° — 2%y® = d°(2{ + yf — daty})
Ma 23 + 3 = (1 + 1) (22 + 92 — 2191) < do?y? hay néi cach khac 22 +y° — 2%y? < 0,
khong thoa man.
Vay TH nay khong c6 gt thoa.

Hay e N.

Dén mot lic nao dé, ban lam todn vi ban thich chit khong phdi dé ching té mot cdi gi nita.
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BATI 55.

BAI 56.

BA1 57.

BATI 58.

Vay cap (z,y) théa man la (2,2) .

1 1
Xéttich: A==-+1)...| —+1].
ét tic <1 + ) (2013—1— >

Sau khi thuc hién méi phép bién déi, ta c6 tich trén khong doi.
Vay s6 cudi ciing sau 2012 lan bién déi 1a:

1 1
“4+1) . (=—=+1)—1=201
<1+) (2013+> 0L

B6 dé: s6 cach t6 mau cho da giac déu 12 canh sao cho khong ¢6 mau don sic nao la
906.

Xét da giac déu 12 canh:

Ta chi can dém s cach t6 mau khong c6 tam giac déu va tit giac déu ndo ciing mau
(c6 4 tam giac deu va 3 tit giac deéu).

Co6 6* cach to sao cho khong c6 tam giac déu nao cling mau.

Xét cac cach to sao cho c6 it nhat 1 t1i giac déu cing mau: Coé 3 x 2 x 3* cach to.
Xét cac cach to sao cho ¢6 it nhat 2 tit gidc déu cing mau: C6 3 x (2 + 2 x 2%) cach
t0.

Xét cac cach to sao cho ¢ 3 tit gidc déu cing mau: C6 6 cach to.

Theo nguyén li bi trit ta c6 téng cong 906 cach to.

Quay lai bai toan:

Ta nhan thay riang s6 cach to mau 24-giac déu sao cho khong c6 mot mau don sic
nao cungx chinh 1a s6 cach to mau 2 12-giac déu khong c6 mot mau don sac nao dude
tao bai 24 dinh trén: 9062 cach to (ap dung bo dé trén).

Tasé CM k <n(n+1).

Xét k<n(n+1).

Ta sé t6 mau nhu sau:

O hang 1 ta to cac 6 tht 1,3,5,..,2n + 1
0 hang 3 ta to cac 6 thit 1,3,5,..,2n 4+ 1

O hang 2n-1 ta to cac o thi 1,3,5,..,2n + 1

Ta s& CM k < n? 4+ n + 1 bing quy nap

Xét n = 1: dé dang suy ra dpcm.

Gia sit BDT trén dang véi n =i

Xétn=141:

Ta chia bang trén thanh 4 phan: 2i x (2i +1), 2 x 24, 2 X (2i + 1), 2 x 2.

Dé dang thay ring trong bang 2i x (2 + 1) s6 6 dugdc t6 mau bé hon 7% + i + 1, bang
2 x 2i 86 0 dugce t6 mau bé hon hodic bang i,bang 2 x (2 + 1) 6 0 duge t6 mau bé
hon hoiic bang i + 1, bang 2 x 2 s6 6 dugc t6 mau bé hon hoic bang 1.

Suyra k< (i+1)°+(i+1)+1.

Suy ra dpcm.

Vay mazy =n(n+1).

Gia st cac s d6 1a ay < ay < ... < as9.
Xét 20 s6 hang dau tién sé ton tai 2 s6 ¢ chit s6 tan cuing 1a 0 va sé c6 mot trong 2

Dén mot lic nao dé, ban lam todn vi ban thich chit khong phdi dé ching té mot cdi gi nita.
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s6 ¢6 chit s6 hang chuc khac 9. Goi s6 d6 1a n.

Xét 1986 n+1,n+2,...,n+ 19, ta co:

S(n+i)=S(n)+ivdii=1,..,9.

Va S (n+19) =S (n) + 10.

Ta c¢6 day s6 S (n) + 1,...,.5 (n) + 10.

Theo nguyeén tac Dirichlet thi mot trong cac s6 sau phai chia hét cho 11, suy ra dpem.

BA1 59. Goi tap hgp ngusi doc ctia ngay thit i 1a A;.
Bo de: |2, A =1
Goi a 1a phan ti ctia A; thuoc nhieu tap nhat. S6 tap hop ma a thuodc 16n hon hodc
bang 6.
Goi cac tap hop chita a la A7, ..., Al (m > 6).
Gia st ton tai tap B khong c6 phan tit a.
Ma |B| = 5 nén theo nguyén tac Dirichlet, ¢6 it nhét 2 tap Aj, A’ sao cho |[B N A; N A}| =
1.
Ma A;N A’ =anén a € B(voli) .
Suy ra (;2, A; = {a} (dpcm).
Quay lai bai toan:
Vi |22, Ai| = 1 nén d@ dang thay ring |2, 4;| =304+ 1 =121,

BAI 60. Goi ay, as, ... 1a cac s6 trén bang.
Xét tich sau:

A=(a1+1)(az+1)...(a, + 1)

Nhan xét: Moi s6 a; + 1 déu c6 dang 2*.
Mat khac, 2509+ 1 va 20132014 + 1 khong c6 dang nay nén khong thé xuat hien, suy
ra dpcm.

BAI 61. Chuyén bai toan vé dang hinh hoc, 18 ngudi biéu dién thanh 18 diém, ndi céc diém
nay lai v6i nhau. Doan thing dugce t6 mau xanh néu nhu 2 ngudi 6 hai dau mut quen
nhau va mau d6 néu ho khong quen nhau. Ta sé chitng minh ton tai 1 tit gidc ma cac
canh va duong chéo cua né duge to0 cuing mau.

Chiing minh: Mot diém M duge ndi véi 17 diém con lai tao thanh 17 doan théng,
theo nguyeén i di-rich-lé, ton tai 9 canh cting mau, gia sit 14 mau xanh.

Xét 9 diém khac M ¢ dau mit cac doan thing xanh ké tit M.

Néu ton tai tam gidc ndo c¢6 3 canh ciing mau xanh thi tam gidc dé6 tao v6i dinh M
1t giac théa ycdb.

Néu khong c6 tam gidc nao c6 3 canh cling mau xanh:

Néu ton tai diém A nao dé sao cho tit diem dé xuét phat it nhat 4 doan thang mau
xanh (gia st la AB,; AC, AD, AF) thi bai toan dugc ching minh.

Néu diém nao trong 9 diém ciing chi 14 dau mit ctia nhiéu nhat 3 doan xanh, ta thay

rang khong thé xay ra truong hop ca 9 diém déu la dau mit clia ca 3 doan xanh vi
X 3

nhu thé thi s6 doan thing xanh la khong 13 s6 nguyen.

Nhu vay ton tai it nhat 1 diém sao cho né6 la dau mut clia nhiéu nhat 2 doan thing

Dén mot lic nao dé, ban lam todn vi ban thich chit khong phdi dé ching té mot cdi gi nita.
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BAI 62.

BAI 63.

3.2

BAr 1.

BAT1 2.

xanh, dong nghia véi n6 1a dau mut ctia 6 doan do.

Gia sit 6 doan do6 la AB,AC,AD,AE,AF AG.

Theo bai todn quen thudc thi ta luén c6 3 tam giac c6 3 canh cing mau, gia sit la
BCD ma tam gidc nao ciing phai c¢6 it nhat 1 doan dé nén BCD c6 3 canh mau d6
tir d6 suy ra ABCD la ti giac théa yedb.

Ty lam.

Ta dém s6 bo (z1, 3, ..., ;) théa z1 = a.

V6i moi z;,7 = 2,3...n thi ¢6 2 cach chon nén sé bo nay c6 2"~ bo. Dit a, 1a sd day
théa z; = 1 va x, = a; b, 1a s6 day théa x, = b va z; = 1, ¢, 14 s6 diy thoa z, = ¢
va r; = 1.

Khi d6 dé c6 ctth: a,i 1 = b, + ¢, VA a, + b, + ¢, =271 (n > 3).

Tu day, ta duge ctthia, + a,41 = 2" véi a, 1a s6 day thoa yedb, n > 3.

Ggi y giai dé thi quéc qia, qubc té

n—1 n
Ta can CM ton tai duy nhat n sao cho: > (ap—a;)—a, < 0va > (apnsi1—a;)—ans1 > 0.
i=0 i=0
n—1
V6i moi n > 1 dat b, = > (a, — a;) — an, ta ¢6 by = —ag < 0 nén chi can CM (b,,)
i=0

tang khong bi chan la xong.
Ta thay by,y1 — b, = n(a,y1 — a,) > n do a; € Z+ nén ta c¢6 dpem.

k tot nhat 1a /n — 1.

V6i k = v/n — 1 dé chitng minh ton tai mot hinh kxk khong c6 6 vuodng nao thi chi
can dung Dirichlet cho hen ding nak.

Khi d6 c6 k cot nén sé c¢6 k 6 nhé de danh dau. Theo dirichlet thi ¢6 2 6 ¢6 hiéu toa
do ding khong nhé hon k£ + 1. Suy ra ton tai 1 hinh kxk khong chita 6 nao.

Véi k = v/n—1+1 ta chi ra 1 cach danh dau cac 6 vudng nhoé sao cho khong thoa
man. Danh s6 toa do cac 6 1a tit 1 dén n. Gia st n = k.m + ¢t Khi d6 ta danh sb céc
o ntn (i; (1 — 1)k + 1) v6i ¢ chay tit 1 dén m va ((i — 1)k + 1;1). Tic 1a ta chia hinh
nan thanh cac hinh kzk, sau khi danh dau nhu vay thi mdi hinh kzk déu chita mot
hinh (k —m)x(k —m) ma cac hang va cac cot 16n chita moi 6 trong hinh dé déu chua
c6 0 danh dau.

Ta lai diing cac danh dau tuong tu nhu trén, lam cac bude nhu thé sé danh dau duge
k.m 6 va cudi cling con mot hinh tat & géc phai ta danh dau theo duong chéo hv nay
dé c6 them t 6 danh dau nita 1 hoan thanh n 6.

C6 thé cac ban vé ra sé thay ¥ tuéng danh dau ctia minh vd § day minh ciing chi
néu y tudng danh dau nhu vay, khong biét c6 gi sai s6t khong, néu ding thi mong la
c6 ban nao dé thé hién né mot cach ré rang hon. Va dua theo cach danh s6 nhu vay
thi v6i 1 6 bat ki (x,y) khong duge danh dau thi ton tai it nhat mot o (z1,y;1) ma
|z — x1| < k hodic |y — 1| < k.

Dén mot lic nao dé, ban lam todn vi ban thich chit khong phdi dé ching té mot cdi gi nita.
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BA1 3.

BAT1 4.

BAI1 5.

Gia st n 1a s6 nho nhat ma meénh dé khong ding, ttic 14 ton tai mot sd dong tién c6
tong ménh gia khong qua n-1/2 nhung khong chia duge thanh n nhém, mdi nhém c6
tong meénh gia khong qua 1.

Khi d6 trong tat ca cac phan vi du véi gia tri n nay, ta chon phan vi du véi s6 luong
tien nho nhat. Goi m 14 dong tién nhe nhat.

Theo tinh nhé nhat, ta c6 thé chia cac dong tién con lai thanh n nhém, méi nhom
khong vugt qua 1 nhung lai 16n hon 1-m (vi néu c6 nhém <=1-m thi ta c6 thé bo
sung dong tién trong lugng m vao do).

Vay ta ¢6 n-1/2 > n(1-m) + m, suy ra m > 1/(2n-2). Tiép theo, néu c6 2 dong tién
ménh gid 1/2k thi ta c6 thé thay bing 1 dong tién menh gid 1/k trai véi tinh nho
nhat ciia s6 dong tien.

Tuong ti, néu ¢6 p dong tién ménh gid 1/p thi ta ¢ thé bo p dong tién nay di. Nhém
con lai sé khong thé chia duge thanh n-1 nhém, méi nhém cé tong ménh gia khong
vuot qua 1 (néu chia duge thi cac dong tién cii ciing chia duge). Mau thuan véi tinh
nhé nhat ctia n.

Vay tong ménh gia cac dong tién sé nhd hon:

11 1 1 1 1 1 1 1 1 1 1 3 5 2n —3 3

R R A A R A R P S R S R T 2

va nhu vay phén vi du nay dang cho n — 1, mau thuan.

Tham khao bai giai tai day.
( C6 thé vao artofproblemsolving.com/Forum/ xem dap an).

Trong bai toan da cho, ta thay hoanh do va tung do hoan toan doc lap véi nhau nén
dé dé& hinh dung, c6 thé xét rieng thanh phan hoanh do.

Trude hét, ta viét cac s6 tit —20 dén 20 (bd s6 0 ra) thanh cic day ma lién sau s6 =
1a s6 2o theo mod 41. Khi do, ta duge 2 day nhu ben dudi:

A:1,2,4,8,16,—9,—18,5,10,20, —1, —2, —4, —8, —16,9, 18, —5, —10, —20, 1
B:3,6,12,—17,7,14, 13,15, —11,19, —3, —6, —12,17, -7, —14, 13, =15, 11, —19, 3

T6 mau cac s6 clia day nay sao cho trong 2 s6 déi nhau thi c6 ding 1 s6 duge t6 mau.
Ta quan tam dén s6 lugng cac cip so lién tiép ciing dude to mau trong day.

Do c6 st lap lai & ca 2 day nén dé dé hinh dung, ta chuyén thanh vong tron va phat
biéu lai bai toan nhu sau:

Cho 20 diém chia déu mot dusng tron sao cho trong 2 diém déi xitng qua tam thi c6
ding 1 dinh dugce t6 mau. Tinh s6 cac cip dinh lien tiép duge t6 mau c6 thé co.
Xét cac truong hop sé dinh chén nho hon:

- Da giac 4 dinh: 1 cap.

- Da giac 6 dinh: 0-2 cap.

- Da giac 8 dinh: 1-3 cap.

- Da giac 10 dinh: 0-2-4 cap.

Nhu thé, dy doan tong quat la:
V6i n 1 s6 chén, goi S, 1a tap hop s6 cac ciip ké nhau ciing dude t6 mau c6 thé co ciia
da gidc c6 n dinh thi:Sy, = {2k + 1|0 < k <n —1} va Sy, 2 = {2k|0 < k <n —1}.

Dén mot lic nao dé, ban lam todn vi ban thich chit khong phdi dé ching té mot cdi gi nita.
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BAI1 6.

Diéu nay c6 thé chitng minh bing quy nap nhu sau:

- V6i n = 2 thi nhan xét ding.

- Gia stt dang dén n.

Xét da giac c¢6 4n + 2 dinh. Da giac nay c6 thé tao thanh bing cach them dinh A vao
gitta hai dinh thit 2n, 2n+1 va thém dinh B vao gitta hai dinh thi 4n, 1. Ta xét céc
truong hop:

- Néu dinh 2n va 2n + 1 déu duge to va A khong duge to thi tuong tng: dinh 4n, 1
khong dude t6 va B duge to. S6 cap ké nhau cling duge to gidm di 1.

- Néu dinh 2n va 2n + 1 déu dudc to va A cling duge t6 thi tuong tng: dinh 4n, 1
khong dude t6 va B khong dude t6. S6 cip ké nhau ting lén 1.

- Néu trong hai dinh 2n v& 2n + 1, ¢6 1 dinh dugc t6 vad A cling duge to thi tuong
ting: trong hai dinh 4n, 1 ¢6 1 dinh dugc to va B khong dugc to. S6 cip ké nhau ting
lén 1.

- Néu trong hai dinh 2n va 2n + 1, ¢6 1 dinh dugc t6 va A khong dugde to thi tuong
ing: trong hai dinh 4n, 1 ¢6 1 dinh dugc t6 va B dugc t6. S6 cap ké nhau ting lén 1.
Do d6, Synie = {z £ 1|z € Sy} hay Sy = {2k]0 < k < n}.

Tuong tu, ta cling ¢6 Sy,q = {x + 1|z € Syny2}. Tat nhien khong xady ra truong hgp
Sinta c6 chita s6 —1 vi dé co trudng hgp 0 cip s6 & 4n + 2, cac dinh phai dudc t6 xen
ké va truong hop gidm di s6 bo khong xay ra, suy ra Sy, = {2k + 1|0 < k < n}.
Nhan xét duge chiing minh.

Tt d6 suy ra Sy = {1,3,5,7,9}.

Do d6, két qué cho bai toan phu sé 1a 255, v6i dinh nghia 25 = S+S5 = {a+bla,b € S}.
Quay trd lai bai toan ban dau, dé chuyén tit 1 thanh phan 2 & trén thanh 2 thanh
phan (x,%), ta c6 thé hinh dung nhu sau:

Ung v6i mdi vong tron chita cac s6 thuoe day A, ta lay mot vong tron méi ciing gdm
cac s6 thuoc day A dat len do6 sao cho mdi s6 thuoe duong tron cit khép véi mot s6
thuoc duong tron mdi. Viét cac cap s6 khép nhau thanh mot day, day dé chinh 1a
day cac toa do diém ma lién sau ctia (z1,y1) 1a (221, 2y;) theo mod 41.

D@ thay c6 tat ca 20 cach ghép nhu thé (c6 dinh vong tron cii va xoay vong tron
méi). Tuong tt v6i viec ghép cac diy A — B, B — A va B — B nén c6 tong cong la 80
cach ghép tao thanh 80 day.

Tuy nhién, ta ciing xét them 4 day diic biet, tuong ting véi cac diém niam trén truc
tung va truc hoanh.

Cu thé 1a xét them day C gom 20 s6 0 va xét 4 cach ghép: A—C,C—A,B—C,C —B.
Do d6, tong cong c6 84 day cac toa do.

Theo chiing minh & trén thi ¢ mdi day, sé cac cip cé thé co 1a Sy vay nén dap sb cta
bai toan 1a 84Sy, cling chinh 1& cac s6 chén tir 84 dén 9 - 84.

Bai toan dén day la két thuc.

Ta thit dat van dé trong truong hgp thay 20 va 41 béi cac s6 khac.

Chang han néu thay 41 béi 11 thi thay vi c6 84 day ma mdi day do dai 20, ta sé c6
dén 168 day ma mdi diy c6 do dai 1a 10. Dap sb sé 1a 168S),.

Huéng dan:

1) Trong hinh kich thuéc 2m +1,2n+1,2p+ 1 thi 8 6 § gbc va 6 trung tam co6 cing
mot so.

2) Hai 6 thudc cting "mit phang", cach nhau 2m 6 thi ¢6 s6 bang nhau. (vi ching la
2 dinh trong mot hinh kich thuée 2m + 1,2n 4+ 1,2p + 1).

Dén mot lic nao dé, ban lam todn vi ban thich chit khong phdi dé ching té mot cdi gi nita.
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BA1 7.

BAI1 R.

BA1 9.

On

3, Nhu vay hai 6 thuoc cting "mit phang", cach nhau 2d = 2ged(m,n,p) 6 thi c6 s
bang nhau.

a. Ta dinh nghia mot nhém cac dinh xanh 13 mot day cac dinh xanh lién tiép trén
duong tron va bi chan hai dau béi mau d6. Tuong tit v6i nhom cac dinh dé.

R6 rang s6 nhém dinh xanh phai bang s6 nhém dinh do.

Dat cac nhém lugng dinh trong céc do 1a 71, 7, ..., 74, va s6 luong dinh trong cac nhom
xanh 1a by, b, ..., bg.

Hon nita, trong mot nhéom c6 kich thude 1a ¢ thi sé cap dinh cing mau 1a ¢ — 1.

k k
Khi do, ta c6 A =5 (r; — 1) va B =5 (b — 1).
=1 i=1

k k

Ngoai ra, ta ciing c6: > r; =79, b; = 24.

i=1 i=1
Tudésuyra A=79—kva B=24—k.
Ta can c6 1 < k < 24 va dé dang suy ra c¢6 24 cap cap (A, B) c¢6 dang (A, B) =
(79— k,24 — k) voi k = 1,2,3, ..., 24.
b. Theo cau a thi v6i B = 14, ta tim dugc s6 nhém k = 24 — 14 = 10.
Khi do, ta co by + by + ... + bip =24 var; +ro+ ... + 119 = T79.
Ta thiy tng v6i mdi bo (by, by, ...,b19) va mot bo (71,79, ...,719) 1& cac bo nghiém
nguyén duong ciia hai phuong trinh trén thi c6 ding 1 cach to thoa man dé bai.
Do d6, theo bai toan chia keo Euler, s6 cach to can tim la C9;.C%.

Xét 2 truong hgp : Trudng hgp 1: ¢6 it nhat 1 s6 bang 0
Ta lan lugt suy ra:

i) C6 it nhat 3 s6 bang 0

ii) C6 it nhat 4 s6 bang 0.

Suy ra 1 bd nghiém

Truong hop 2: khong c6 s6 nao bang 0.

Ta dua bai Toan vé s6 nguyén , rdi tiép tuc.

Goi cac s6 do6 1a x4, .., Tao1a

bat P =22 2.

Ta thay x% déu 1a s6 lap phuong , béi thé: In; € N, SL’](CI) Xy = nl.[x,(:)]?’
Tiép theo 1a 1i vo han.

Dé thay viec i vo han chi dimng lai khi tat ca cac s6 déu déu mang gié tri 1 hodc
—1.

C6 thé dé dang nhan thay dang bai nay sit dung quy nap, va ta sé quy nap the0 k.
Ta c6 khiang dinh dé bai ding v6i k = 1 vA moi n € N*. (Chon m; = n).

Gia stt khang dinh ding dén k va ding Vn € N*. Ta sé chitng minh khiang dinh nay
dang véi k + 1.

That vay dé c6 diéu nay ta sé chting minh 2 diéu : Néu dé bai dang véi bo (k;n) thi
né cung dang véi (k + 1;2n) va ding véi (k4 1;2n — 1).

+) Cm Néu dé bai dung v6i bo (k;n) thi cing dang vé6i (k + 1;2n) :

2k 1 1 1 1
1+ :(H_)(H_)...(H_).
n mq me my

Dén mot lic nao dé, ban lam todn vi ban thich chit khong phdi dé ching té mot cdi gi nita.
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ok+l _ 1 1 1 1 1
Sl1l+—— — =1+ — 1+— ) ... (14+ —
2n 2n my Mo my

ok+1l _q 1 1 1 1
Sl+—— =1+ — 14— ... [14+— ) +—
2n my Mo my 2n

Mat khac :

Vay nén:
ok+1 _ 1 1 1 1 1 1 1
+—— =14+ — 1+— ... (1 4+ — _ (14 — 14+ —
+ 2n ( +m1>( +m2) ( +mk>+2(2k+n—1) ( +m1)( +m2
1 1 1

Chon my41 = 2(2¥ +n — 1) ta c6 ngay dpem.
+) Cm Néu dé bai dang v6i bo (k;n) thi ciing ding véi (k + 1;2n — 1) :

2k 1 1 1 1
1+ (H_)(H_)...(H_).
n mg
@1+2k+1—1 n+28—-1 - 1 - 1
o2n — 1 ni2n—1) my ) m

14201 14— LY (142 R W it
om—1 mo my, n(2n — 1)
n+2F—1 1 1 1 1
n(2n —1) 2n —1 < +m1) ( +m2) ( +mk)

ok+l _q 1 1 1 1 1 1
+— =14+ — 1+— ) ... (14+— |+ A1+ — 1+4—...
2n—1 my ma my 2n—1 mi Mo

1 1 1 1
=1+ — 14— ... (14+— ). |1+
my Mo my 2n—1

Chon my1 = 2n — 1 ta cing ¢6 ngay dpcm.
Vay 101 giai duge hoan tat (the0 nguyéen 1y quy nap).

2013 + 2014

2
2013 + 2014J

BA1 10. Du doan la { J , gi0 chi can cm cai nay théa man, chic 1a quy nap, va da

cm duge L 14 nhé nhat.

That vay xét mot cau hinh 2013 4 2014 dinh nhu sau: Cho tat ca 2013 4 2013 dinh

Dén mot lic nao dé, ban lam todn vi ban thich chit khong phdi dé ching té mot cdi gi nita.
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BAT1 11.

BAI 12.

do va xanh nay lén dudng tron , cach déu nhau, sao cho cit mot diem xanh lai c6 mot
diém dé déi xting v6i né qua tam, xanh dé xen ké nhau.

Nhu vay sé lap du 2013 + 2013 dinh, con thita mot dinh xanh ta cho tiy ¥ vao vi tri
gitta hai dinh ké nhau bat ki trong cau hinh trén, khi d6 dé& thay khong cé ba diém
LQO 13 + 2014J

thing hang, s6 duong it nhat 1a , 2i6 cm 1n6 1a s6 théa man 1a xong.

B6 dé: Gia sit c6 cach danh s6 sao cho ag = 0,a; = a, a, = n thi ta phai c6 (a,n) =1
va a = ka (mod n) va cach danh s6 d6 1a duy nhat.

Ching minh: Ta ching minh bang quy nap theo k ring a;, = ka (mod n).

Ta c6 a; = a, nén khang dinh ding v6i k = 1. Ta chiing minh vé6i k + 1.

Gid st ag11 =2 # (k+ 1)a (mod n) ta xét céc trudng hgp sau:

Thl: z > a, khi d6 ta phai c6 x —a phai thuoc tap {ay, ..., ar} hay r—a = la (mod n)
v6i 0 <[ <k, ma agy1 # la (mod n) véi moi 0 <! < k nén vo ly.

Th2: x < a, khi d6 ta c6 n —a+x < n va dé thay vi (n —a+ 2 +a) = x +n nén ta
ciing phai ¢6 n — a + x xuat hién trude x, hay n — a + x = la(modn) véi 1 < 1 < n,
suy ra x = (I 4+ 1)(modn) (mau thuan).

T diéu trén ta dé thay 1a phai c6 (a,n) = 1.

Vay bo dé duge ching minh.

Tré lai bai toan:

V6i moi cach danh s6 théa man bai toan dat ag = 0,a; = a,a, = b. Gid st a < b
(truong hop a > b tuong tu). Néu b = n theo bo dé ta c¢6 (a,n) = 1 va véi mdi cip
(a,n) =1 thi c6 ding mot cach danh s6 théa man.

Néu b < n, dé thay la ta phdicoa+b>n. Dodogsb>anéntacoé L =n—b<a.
Tabd di L < asbéb+1,..n, khi dé ta thu duge cach danh s6 théa man véi ciap dinh
ké 0 1a @ vd b vi max 1a b. Theo bd dé ta c6 duy nhat 1 cach danh sb6 théa man véi
(a,b) =114 0,a (mod b),2a (mod b),...,b —a (mod b),b. Bay gio ta chen lai cac s6
b+ 1,...n vao cach danh sb nay.

Dé thay la cac s6 1,2, .., L lan lugt di lién sau cacs6 b—a+1,b—a+2,....b —a+ L
(chi y1al <mn—0b= L < a va hi¢u clia hai s6 lien nhau ctia cach danh s6 cho
(a,b) = 11a a hodic a —b). Dén day ta phéi chen s6 b+ 1 vao gitta b—a+ 1 va [. Cach
chén nay la duy nhat.

Mat khéc c6 thé ching minh ring cach chen lai cac s6 b+ 1,...,n sé thu dudc cach
danh s6 thoa man véi n so.

Téng hop ta c6 s6 cach danh sé thoéa man chinh bing s6 bo (a,b) = 1 ma a + b >

n,1 < a,b < n. Dé dang chitng minh duge 6 nay = 1+ > ¢(k). DPCM.
k=2

Ta chitng minh 2013 dudng thang la du.

Nhin vao dit kién ctia bai toan thi nghi ngay dén chitng minh bang quy nap véi N
diém dé va N + 1 diém xanh.

V6i N + 1 thi dé& thay chi 1 duong thing la di.

Ta xét v6i N. Néu N chin thi N duong thang la di (xét cac cip dudng thing song
song va chita ding 2 diém do).

Véi N 1é, xét bao 16i ctia 2N + 1 diém la mot da gidc > 3 canh.

Néu bao 16i ¢6 chita 1 diém do, thi ta ding 1 dudng thing chia doi mat phéng, mot
phan chita duy nhat diém dé d6 va phan con lai chita N — 1 dé vi N + 1 xanh. Ta
thay v6i N — 1 dudng thang nita thi dii cho phan mp nay. Vay ta ciing c6 N dudng

Dén mot lic nao dé, ban lam todn vi ban thich chit khong phdi dé ching té mot cdi gi nita.
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BAI 13.

BA1 14.

thang 1a du.

Néu bao 16i khong chita diém dé nao, thi c¢6 hai diém xanh ma véi mot dusng thing
thi ta chia duge thanh hai phan, phan chita 2 diém xanh va phan chia N — 1 diém
xanh va N diém dé. Dén day ding gia thiét quy nap thi ta N — 1 duong thang la du
cho phan mit phéng nay. Do vay N duong thang la du.

Vay ta két luan N duong thang 1a du.

Bay gi¢ ta can chi ra mot truong hgp ma N dudsng thang 1a can. That vay véi mot bao
16i gom N diém xanh vd N diém dé xen ké nhau. Khi d6 mdi canh c6 hai dinh khéac
mau ctia bao 16i phai bi cit bsi mot trong cac duong thing. Vi c6 2N canh va mdi
dudng théng chi cit khong qua 2 canh nén phai can it nhat 1a N dudng thing. DPCM.

B6 dé: Gia stt c6 cach danh s6 sao cho ag = 0, a; = a,a, = n thi ta phai c6 (a,n) = 1
vaa, = ka (mod n) va cach danh s6 d6 1a duy nhat.

Chitng minh: Ta chiing minh bang quy nap theo k rang ay = ka (mod n).

Ta c6 a; = a, nén khang dinh ding v6i k = 1. Ta chiing minh v6i k + 1.

Gia st ag11 =2 # (k+ 1)a (mod n) ta xét céc trudng hgp sau:

Th1: x > a, khi d6 ta phéi c6 x —a phai thuoc tap {ay, ..., ax} hay x —a = la (mod n)
v6i 0 <[ <k, ma agy1 # la (mod n) v6i moi 0 <! < k nén vo ly.

Th2: x < a, khi d6 tacon —a+x <n vadéthay vi (n —a+x+a) = x4+ nnén ta
ciing phai ¢6 n — a + z xuét hién truéc x, hay n —a+x = la (mod n) véi 1 <1 < n,
suy ra ¢ = (I + 1) (mod n) (mau thuan).

T diéu trén ta dé thay 1a phai c6 (a,n) = 1.

Vay bo dé duge ching minh.

Tré lai bai toan:

V6i moi cach danh s6 théa man bai toan dat ag = 0,a; = a,a, = b. Gid st a < b
(truong hop a > b tuong tu). Néu b = n theo bo dé ta c¢6 (a,n) = 1 va v6i mdi cip
(a,n) =1 thi c6 ding mot cach danh s6 thoa man.

Néu b < n,dé thay ta phdicé a+b>n. Dodagidsib>anéntaco L=n—b< a.
Ta bo di L < a s6 b+ 1,...n,khi thu dude cach danh s6 théa méan véi cap dinh ke 0
l& a va b] v max 1a b.

Theo bo dé ta c¢6 duy nhat 1 caAch danh s6 théa man véi (a,b) = 114 0,a (mod b), 2a
(mod b),...,b —a (mod b), b.

Bay gio ta chen lai cac s6 b+ 1,...n vao cach danh s6 nay.

Dé thay la cac s6 1,2, .., L lan luot di lien sau cacs6 b—a+1,b—a+2,....b —a+ L
(chi y1al < n—b= L < a va hiéu ctia hai s6 lién nhau ctia cdch dédnh s6 cho
(a,b) =1 1a a hoac a —b).

Dén day ta phai cheén s6 b+ 1 vao gitta b — a + 1 va [. Cach chen nay 1a duy nhat.
Mit khac c6 thé chitng minh ring céch chen lai céc s6 b+ 1,...,n sé thu duge cach
danh s6 thoa man véi n so.

Toéng hop ta c6 s6 cach danh sé théa man chinh bing s6 bo (a,b) = 1 ma a +b >

n,1 < a,b < n. Dé dang chitng minh duge s6 nay = 1+ > (k). DPCM.
k=2

DK1:

a’b+aia® +be b(a* +b) —b* +ala® +b<a—ba® +b
DK2:

Dén mot lic nao dé, ban lam todn vi ban thich chit khong phdi dé ching té mot cdi gi nita.
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ab® + b:b* —a < a(b* —a) + a* + bib* —a & a® + bV’ —a
Ta ¢6 2 TH:
TH1:

a+b=bV—-asd+ta=0-beda’+da+1 =40 —4b+1 & (2a+1)% = (2b—1)?
< a+ 1 = bhoca = —b TH2:

a’+b = a—b* & a’—a = —b*—b & da’—da+1 = —4b*—4b—1+42 & (2a—1)* = —(2b+1)*+2

Doan con lai moi ngusi lam nhé.

BAT1 15. Ta thiy 5¢* = 0(mod5) = 3p* — 4r* = 26 = 1(mod5)
+)Néu p, r khong chia hét cho 5 thi 3p* = 3(modb), 4r? = 4;1(mod5) = 3p* — 4r? =
—1;2(modb)
Suy ra phai c¢6 1 s6 chia hét cho 5 ma p, ¢, r 14 cac s6 nguyén t6 nén p,r c¢6 1 s6 bang
5.
+)Néup=5=5¢" +4r* =1849 = ¢ =3,r = 19
+)Néur = 5 = 3p*—5¢* = 126 = 3p* = 5¢* + 126 loai vi 3¢* = 3(mod5), 126+ 5r =
1(modb5)
Vay p=>5,q=3,r = 19.

BAI 16. Thuc chat yéu cau ctia bai toan chi 1a tim sb trung diém it nhat ctia n diém trong
mat phing.
Thoat dau ta nghi ct 2 diém sé cho ta 1 trung diém,nhung lai ¢6 thé ¢é cac hinh binh
hanh(2 doan chung nhau giao diém).Diém mau chét ctia bai toan 1a & do.
Vi ¢6 n diém nén theo nguyén tic cuc han sé ton tai 2 diém c6 khodng cach cuc
dai.Gia st AB max.
Ta sé chiing minh 5 trung diém sau day la phan biét:
+,trung diém M ctia AB
+,trung diém ctia AX
+ trung diém ctia BX
+.trung diém ctia AY
+ trung diém ctia BY
(v6i X,Y la 2 diém phan biét khac A,B trong n-2 diém con lai)
Hién nhién thay trung diém ctia AX,AB,BX doi 1 phan biét(vi néu tring nhau thi
A X B sé trung nhau).
Tuong tu trung diém ctia AB,BY,AY ciing phan biét
Ta chi can xét t6i su phan biét clia trung diém ctia AX va BY.
Goi N la trung diém chung ctia AX,BY= ABY X la hinh binh hanh AX = Y BhocXB =
AY sé 16n hon AB.
vo 1y vi ta da gia sit AB max.
Do d6 s6 trung diém dugc tao thanh it nhat 1A 1+ (n —2) + (n —2) =2n -3 .

BAI 17. Nhan thay ngay néu k > 3 thi n? = 5 (mod 8) 1a diéu vo 1i. Do vay chi viéc thit véi
k =0,1,2. Ta dugc cap (k,n) = (0,4).

Dén mot lic nao dé, ban lam todn vi ban thich chit khong phdi dé ching té mot cdi gi nita.
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BAI 18. Dé& dang kiém tra duge cap (0,0), (2,2) thdéa man. Ta xét x,y > 2.
Viét lai phuong trinh :49(7%72 — 1) = 50(5Y"2 — 1)
Ta ¢6 :
572 =1 (mod 49) = ordsg(5) |y —2 =42 |y — 2
Suy ra:31 | 5% — 1|52 — 1|52 —1
Do vay ma :
772 =1 (mod 31) = ordsy(7) |1 —2=30 |z —-2=15| 2 —2 (1)
Thé nhung lai dé& thay :

72 =1 (mod 5) = ords(7) |1 —2=4|1x—2 (2)
T (1)(2) ta suy ra :

60 |z —2=7"2-1:7%-1:125

Ma ta lai ¢6 1251 50(5Y~2 — 1), dén day ta gdp mau thuan.
Dap s6 ctia bai toan la (0,0), (2,2).

BAr 19. Huéng dan giai:
Ta chon 3 dinh ra dé tao tam gidc => c6 C2.
Sau do ta tru cac tam giac c¢6 1 hoac 2 canh thudc cac canh da giac.

BAT 20. Xét céc s6 c¢6 dang z + ky véi z,y € {0,1,..[/p]} , C6 > p gia tri nén ton tai:
4+ ky =u+ kv (mod p)
& a? 4562 =0 (mod p)(a,b > 0) Lai c6 a® + 5b* < 6p Ta xét 5TH:
TH1:a? + 50% = p . Khi do p? = (a? — 56%)2 + 5(2ab)?

2 2 C 39 a® — 5%, 2
TH2:a* 4 50° = 2p. Khi d6 p* = ( )? +5.(ab)
b —b —5b
TH3:a? + 56° = 3p . Khi d6 2p = (‘I;E’ )2+ 5(= —)" = (& 35 )2 + 5(2£2)2 Quay
tré ve TH 2 . ;
TH4:a? + 56° = 4p . Khi d6 p = (g)2 +5(3)* ( THY)

TH5:a* + 5b* = 5p Khi d6 p = 5a7 + b* (TH1)

BAI 21. B6 dé 1 : Véi s6 nguyén duong n va sé nguyén duong a.
Ta ¢6 :

i)

J - EJ khiatn+1

ii)

VHJ = || +1 khia|n+1

a

Dén mot lic nao dé, ban lam todn vi ban thich chit khong phdi dé ching té mot cdi gi nita.
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Chiing minh :
batn+1=ka+r, te€0,a—1].
Néu r = 0 thi:

- [ 2] omre 22

Néu r # 0 thi:

LQJ = {MJ =k+ V — 1J =k= VL i 1J B6 dé dugc chitng minh.
a a a a

Bo6 dé 2 : V6i s6 nguyén duong n, ta co :

i) |vn+1] = |v/n] néun + 1 khong la s6 chinh phuong.

ii) [v/n+1| = [v/n] +1néun-+11lasd chinh phuong.

Chiing minh :

Néu n + 1 chinh phuong, dat n + 1 = a? thi [\/n IJ = {\/?J =a

Cna—-1=+vVa2=2a+1<n=+vVa®2-1<Va®=a=|yn =a—-1=
L\/n + 1J — 1.

Néu n + 1 khong chinh phuong. Gia st |vn+ 1] = a,[y/n] =b = a > b. Ta c6
a <+vn+1= a* <n+1nhung do dau bang khong xay ra (vi n + 1 khong chinh
phuong) nén a> <n+1=a*><n=a<+n=a<|n]=> Kéo theo a =0.

B6 dé duge chitng minh.

Quay trd lai bai toan :

Ta chitng minh bing quy nap. Kiém tra duge dé dang véi nhitng gia tri dau tien. Gia
St :

A= PJ+PJ+...+EJ+N@:2m

2

Ta xét v6in+1:

Gia st n + 1 c¢6 ding k uéc nguyen duong, hién nhién céc uéc nay thuoc tap
{1,2,3,...,n+1}

Khi do6 :
n+1 n+1 n+1 n+1 n n n

B:L JJ{ J+ j{ JJ{ Jﬂ\/n = ([5]+ 5]+ + [ 3])+w+|v

1 2 n n+1 1 2 n

Néu n + 1 khong 1a s6 chinh phuong thi trong phan tich tiéu chuan ctia n 4 1 sé ¢6

mot thita s6 nguyen t6 c6 s6 mit 1é. Gia st n + 1 = pi'.pl...pk..pls v6i t; 1é. khi d6

2/k=(t+1)(ta+1)...(ts+ 1) vit; 16

Ttic truong hop nay k chén, dat & = 2k’

Mt khac theo b6 dé tren khi n + 1 khong chinh phuong thi [vn+1| = [/n].

Do vay ta ¢c6 B = 2m + 2k’ chan.

Néu n + 1 chinh phuong thi tat ci cac udc nguyen té trong phan tich tieu chuan déu

c6 s6 mi chén. Khi d6 s6 uéc ctia n + 1 18, tic k = 2k’ + 1.

Theo b6 dé lai ¢6 [vn+ 1| = [y/n] + 1.

Do vay ta ¢c6 B = 2m + 2k’ + 2 chén.

Theo nguyén li quy nap bai toan dugc chiing minh.

BAI 22. Ta giai bai nay bang tu tudng xich va déi xich.
Cho 2 tap hgp con ciia U la A va B. A va B ¢6 quan hé so sanh khi va chi khi

Dén mot lic nao dé, ban lam todn vi ban thich chit khong phdi dé ching té mot cdi gi nita.

Gido su Ngo Bdo Chau
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|AAB| > 2.

Goi ho tap con 16n nhat ctia U sao cho v6i bat ki hai tap phan biét A, thi
la K.

Khi d6 theo dinh 1i Dilworth, |K| bang s6 phan hoach nhé nhat ctia cac ddi xich hgp
thanh ho cac tap hop con cua U.

Goi T 1a s6 phan hoach ctia cac do6i xich hop thanh ho cac tap hdp con ctia U.

Ta sé xay dung mot s6 T sao cho T' = 271,

V6i n = 2 thi ton tai 7.

Gia st véi n = k, ton tai T = 2F 1.

Xétn=k+1.

Khi d6 c6 277! tap con ctia U chita phan ti n + 1 va néu ta bo phan ti n + 1 di,
theo gid thiét quy nap, ta c6 thé lap them 2"~! phan hoach ctia ho tap hdp con cua
U chia n + 1.

Theo nguyén 1y quy nap, suy ra dpcm.

Vi |K| bang s6 phan hoach nhé nhat ctia cdc doi xich hgp thanh ho céc tap hgp con
ctia U nén |K| < 2" L.

Vay |F| <27

AAB| > 2

Dén mot lic nao dé, ban lam todn vi ban thich chit khong phdi dé ching té mot cdi gi nita.
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4 Phu luc
Thé nao 1a S6 hoc va T6 hop?

4.1 S6 hoc

S6 hoc 1a mot phan nhanh toan hoc lau doi nhat va so cap nhat, duge hau hét moi
nguoi thuong xuyen st dung tit nhitng cong viéc thuong nhat cho dén céic tinh toan khoa hoc
va kinh doanh cao cap, qua cic phép tinh cong, trit, nhan, chia. Nguoi ta thuong ding thuat
ngit nay dé chi mot phan nhanh toan hoc chi trong dén céc thuoc tinh so cap ctia mot s6
phép tinh trén cac con s6. Nhitng nha toan hoc déi khi dung chit s6 hoc (cao cap) dé nhéc
dén mon ly thuyét s6, nhung khong nén nham 1y thuyét nay véi sé hoc so cap.

4.2 To6 hop

T6 hop (hay giai tich t6 hop, dai s6 té hop, 1y thuyét té hop) la mot nganh toan
hoc 13i rac, nghién citu vé cac cau hinh két hop cac phan tit ctia mot tap hitu han phan tu.
Cac cAu hinh do6 1a cac hoan vi, chinh hop, t6 hop,... cac phan tit ctia mot tap hop.

N6 c6 lien quan dén nhiéu linh viyc khac clia toan hoc, nhu dai s6, 1y thuyét xac suat,
ly thuyét ergod (ergodic theory) va hinh hoc, ciing nhu dén cic nganh ting dung nhu khoa
hoc may tinh va vat li thong ke.

Toan hoc to hgp lién quan dén ci khia canh giai quyét van dé 1an xay dung co s6 1y
thuyét, mic du nhiéu phuong phéap ly thuyét viing manh da duge xay duyng, tap trung vao
cudi thé ki 20 (xem trang Danh sach cac chii dé trong toan hoc to hop). Mot trong nhing
mang lau doi nhat ctia toan hoc t6 hop 1a 1y thuyét do thi.

Dén mot lic nao dé, ban lam todn vi ban thich chit khong phdi dé ching té mot cdi gi nita.
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