NHUNG CHUNG MINH KHAC NHAU CUA DINH LY EUCLID
VE SU VO HAN CUA TAP HOP SO NGUYEN TO
Ha Huy Khoai (Vién Toan hoc)

Dinh Iy Euclid vé syt vo han ciia tap hgp s6 nguyeén to 1a mot trong nhitng dinh 1y ndi tiéng nhat
ctia toan hoc. That khé hinh dung sy phat trién ctia toan hoc néu khong c6 dinh 1y dé! Vi thé, khong
c6 gi dang ngac nhién khi ngudi ta thich tim kiém nhting chitng minh khac nhau cho dinh 1y Euclid.
Nhung trude khi trinh bay mot s6 chitng minh khac nhau, ta cling can ty héi: tai sao trong toan
hoc, ngudi ta thuong "chitng minh" lai nhiing dinh 1y da biét?

I. Nhitng chitng minh khic nhau: tai sao va dé lam gi?

Thuong thi sau khi c¢6 chiing minh cho mot dinh 1y quan trong nao d6, ngudi ta c6 ging tim
nhitng chitng minh don gidn hon. Viéc lam nay c6 hai muc dich: lam ré hon ban chat ctia dinh ly
va lam dé dang hon cho nhing ngudi mudn tim hiéu va st dung né. Lam r6 hon, vi ngusi dau tien
chiing minh dinh 1§ d6 c6 thé da phai lan mo qua nhiing con duong quanh co dé di dén dich, trong
khi thic ra c6 nhitng con dudng bing phing hon nhiéu ma ciing dan dén do, va ban chat van dé don
gidn hon nhiéu so v6i cai ma ta hinh dung ban dau.

Trong nhiéu truong hop, ngudi ta lai ¢é gang tim nhitng chiing minh khac khong phai vi don gian
hon, ma vi muén hiéu r6 hon ban chat van dé. Diéu nay diic biet hay xay ra véi nhitng dinh 1y ma
cach chitng minh c6 vé khong dé hinh dung tit truée. Mot trong nhing vi du noi tiéng la Dinh Iy
Dirichlet vé s6 nguyén to: Trong cap s6 cong ma cong sai va s6 hang dau tién nguyén to cung nhau,
c6 vo han s6 hang la so nguyén to. Dinh 1y nay duge Dirichlet chitng minh nam 1837, ma cong cu
chti yéu trong chiing minh 13 ham zeta Riemann va Iy thuyét ham bién phitc. R6 rang v6i phat bicu
nhu trén, khé c6 thé hinh dung la chitng minh Dinh 1y Dirichlet lai phai dung dén giai tich phic, va
ngudi ta hy vong cé cach chitng minh khong can dén cong cu d6. Sau nd liyc bat thanh ciia nhiéu
nha toan hoc, phéi dén hon 100 nam sau (1949), Alte Selberg méi dua ra mot chiing minh "so cap”
(khong ding ham bién phiic) ctia dinh 1y nay. Nam 1950, Selberg duge tang Giai thudéng Fields.

Ngude v6i vi du néu trén, c6 rat nhiéu dinh 1y ma ngay sau khi duge chiing minh, ngusi ta tim
thay rat nhiéu ching minh khac don gidn hon nhiéu. Tai sao sau hang chuc, tham chi hang tram
nam khong c6 duge mot cach chiing minh nao, ma sau khi ¢6 chitng minh dau tién, ngudi ta tim
ngay dugc nhitng chimg minh don gian hon? Va ngusi tim duge chiing minh don gian c¢6 "giéi" hon
ngudi da dua ra ching minh phiic tap truée dé khong?

Cau héi trén kha dé tra 1oi. Khi ban dang mudn tréo len mot dinh ndi nao d6 ma chua thay
duong, viec tim duong la khong dé. Nhung khi theo chan ai d6 (ngudi dau tién tim ra con dudng)
dé len dén dinh cao va nhin vé chd xuat phat, ban c6 thé sé phat hién ra rat nhiéu con duong khac
don gidn hon, "t nhien" hon dé leo dén dinh. Ciing c6 thé vi mdi "dinh Iy" (dtng hon 1a gid thuyét)
chua duge chiing minh giéng nhu mot bidc tudng sting siing chan 16i tién lén clia toan hoc. Ban can
duc mot 16 dé thong sang phia bén kia. C6 thé mat nhiéu ngay, nhidu thang, nhiéu nam mdi c6 ai
dé6 duc xuyen duge biic tudng dé ban di qua. Nhung khi da sang dugc phia bén kia, ban c¢6 thé phat
hién ra rang, héa ra bic tuong sing sting dé khong phai 14 qui chan chan, ma phia sau n6 c6 nhiéu
chd rat yéu, tham chi c¢6 chd gan thing! Quay lai phia ban dau va duc vao chd d6, ban pha dudc biic
tuong kha dé dang! Ciang nhu vay, chiing minh dau tién cho ta thay ro hon ban chat van de, va vi
thé c6 thé dé dang chiing minh duge gia thuyét bang nhitng cach khac.

Trong truong hop Dinh 1y Euclid ma ta sé nhic dén trong bai nay, khong c¢6 chiing minh ndo don



gian hon chiing minh ctia Euclid! Vay ta con can tim nhitng chiing minh khac (thuong 1a phic tap
hon) dé lam gi? Van dé ¢ day la: leo lén dinh nii khong phai 1a muc tiéu duy nhat ctia ching ta (vi
dén d6 c6 thé chi con viéc...quay vé!), ma chiing ta con muén tim kiém nhitng diéu tha vi trén con
dudng di dén do, con mubén ngdm nhin chung quanh, dé hiéu ré hon vi tri ma ta dang huéng dén
trong khung canh chung ctia ca khu rting. Nhitng chiing minh khac nhau cta dinh ly Euclid gitp ta
hiéu r6 hon méi lien hé ctia dinh 1y nay v6i nhiéu van dé khac nhau ciia toan hoc.

II. Nhitng chitng minh khac nhau ctia Dinh ly Euclid.
Dinh 1i: Tap hop s6 nguyén to la vo han.

Nhitng chiing minh trinh bay trong bai nay dude suu tam tit tap chi Kvant.
Chitng minh 1 (Euclid - thé ki III truéc céong nguyén)
Gia stt tap hgp s6 nguyéen t6 1a hitu han. Goi p 14 s6 nguyén t6 16n nhat. Xét k 1a tich ciia tat ca
cac sd nguyén to cong them 1:
k=2-3-5----p+ 1.

S6 k khong c6 uée nguyen t6 bdi vi khi chia cho s6 nguyén t6 tity ¥ ta duge phan du bang 1. Trong
khi d6 dé thay rang uéc sd6 bé nhat m > 1 ciia s6 tu nhién & 1a s6 nguyen t6. Mau thuan nay chitng
minh dinh Ii.

Chitng minh 2 (Kummer, 1810-1893)

Thuc chat ctia chiing minh Eculid 1a & chd, véi gid thiét vé tinh hitu han ctia tap hgp s6 nguyén
t6, nguoi ta xay dung s6 nguyén k nao doé khong chia hét cho mot s6 nguyén t6 ndo. Nha toan hoc
Ditc Kummer da thay trong lap luan ctia Euclid chi mot dau trong dinh nghia ctia k:

k=2-3-5---p—1.

Truée khi di dén cac ching minh khac ta ¢6 bd dé sau:

Bé dé Néu ton tai day vo han cic sé nguyén, nguyén t6 cung nhau timg cap, thi tap hop so
nguyén to la vo han.

That vay, cidc sd nguyén t6 ciing nhau tiing cap khong c6 uéc nguyen t6 chung. Vi thé néu lay
mot e nguyen t6 clia moéi mot so6 trong day, ta sé nhan dude mot tap hop vo han s6 nguyeén t6.

Bay gio dé chiing minh c¢6 vo han s6 nguyén t6 ta chi can di tim nhitng day s6 nguyén tb ciing
nhau ttng cap.

Chitng minh 3 (Silvestre, 1814-1897)

Xét day a, xac dinh bdi quan hé sau:

a; — 2,

Ap+1 = (ak)Q — ai + 1,l€ e N.

Ching han mot s6 s6 hang dau tién cta day la: 2,3, 7, 43.

Ta sé chitng minh bing quy nap rang véi moi n € N ta c6 dang thiic sau:

(pt1 = Q1 - Qg -+ *Ap_1 * Ay + 1.
V6i n = 1: hién nhién ding.
Bay gio gia st quan hé dang véi n, tic la
(py1 = Q1A Ap_1 - Ay + 1.

Khi do ta co:
an+2 = (an—i—l)Q — Qp41 + 1,



Q- Qg Upeq + 1=
aj-as---apf(a;-ag---ap_1-a,)+1]+1=
[(a1~a2"~~an)2—|—a1~a2'an]+1=
(A1) = 2ap1 + 1+ anig — 1+ 1= (any1)? — anys + 1.

Suy ra rang moi phan tit ctia day Silvestre nguyén to cting nhau véi tat ca cac phan ti ding
truée d6. Nhu vay ta duge mot day vo han cac sd nguyén té ciing nhau ting cap.

Chitng minh 4 (Goldbach, 1690-1764).

Giastta, =22 +1

Ta sé chitng minh ring hai s6 tly ¥ trong day 3,5,17,...,2%" + 1, ... 1a nguyén t6 cling nhau ting
cap.

Gia st nguge lai, a, va a, trong d6 n > k, khong nguyén t6 cling nhau, tic 1a ¢6 uéc chung nao
d6 d > 1. Ta nhan thay ring day dang xét gom toan s6 18, do d6 d > 2.
Xét dong nhat thic:

(142)- (1422 -(1+2%)..(1+27 ) =2""—1.

Dong nhat thic trén chiing té rang s6 a, — 2 = 22" — 1 chia hét cho ay, vi do dé chia hét cho d.
Nhung khi d6 2 = a,, — (a, — 2) cling chia hét cho d, mau thuan.

Ching minh 5
Ta sé chi ra mot cach xay dung tong quat ma hai chiing minh trén day chi la truong hop rieng.
Gia st a va b 13 nhitng s6 nguyén t6 cing nhau. Xét day a, thiét lap nhu sau:

a; = a, ak+1:a1-a2-...~ak—|—b.

Ta thay rang cac day trong hai chting minh truéc day nhan duge khi lay a = 2, b =1, vi a = 1,
b = 2 tuong ing.

Ta sé chiing minh rang hai s6 tuy ¥ ctia diy a, nguyén to ciing nhau. Truéc tién ta nhan xét
rang khin >k, s6 a, —b=a; -as - ... - a,_; chia hét cho ay.

Gia st d 1a wée chung cia a, va ay. Do a, chia hét cho d va a,, — b chia hét cho aj, ma a; chia
hét cho d, nén b chia hét cho d. Ta lai dung quy nap.

Hién nhién a;, a; nguyén t6 cting nhau. Gia st a, as, ..., a; nguyén t6 cling nhau timg cap. Gia
stt d > 1 14 mot wde s6 tiy ¥ clia clia agyq. Ta sé chiing minh ring d khong 1a uéc clia cac s6 ay,
as, ..., ap. Gid st nguge lai, ki hieu a; 1a s6 bé nhat sao cho a; chia hét cho d. Néu ¢ > 1 thi s6
@; = ai-as- ... aj_1 + b chia hét cho d, ma vi b chia hét cho d nén tich a; - as - ... - a,_; ciing chia hét
cho d. Diéu nay mau thuan véi gia thiét a; nguyén t6 cting nhau véi cac sé ditng trude no. Con véi
i = 1 thi a; = a chia hét cho d, mau thuan véi giad thiét a va b nguyén té ciing nhau.

Chting minh 6.
C6 thé tong quat hoa cau tric ciia Silvestre theo cach khac. Gia sit

a; = a Z 2,(Zk+1 =1+ (lk((lk - 1)bk,

trong do by, 1a day tuy ¥ cac s6 ty nhién (day Silvestre ting véi a = 2, by, = 1).

Ta sé chi ra rang diy a, lap nén tit cdc s6 nguyén t6 cling nhau titng cip.

That vay, néu m > k thi a,, — 1 chia hét cho a,,_; — 1, chia hét cho a,,_» — 1, ... chia hét cho
ap+1 — 1, chia hét cho ay.



Tw d6 a,, =1 (mod ay), tic 1a a,, va a;, nguyén t6 cing nhau.

Nhan zét. Nam 1978 trong ky thi Olympic toan ctia Lién X6 c¢6 bai toan sau day: Gid st fix) =
23—z +1, a>11lamot so tu nhien. Chiing minh rang cdc s6 cia day vo han: a, f(a), f(f(a)), ...
nguyén to cung nhau ting cdp.

Tiép theo, ta can két qua sau day (chiing minh c6 thé tim thay trong nhiéu sach gido khoa vé s6
hoc):

Bo6 dé Gid stk > 1,a,b la cdc so tu nhién. Khi dé

(k* —1,kb — 1) = k@D — 1,

trong dé (x,vy) la wdc chung l6n nhat cia hai s6 x va y.
Hé qua: Néun va m nguyén to cung nhau thi 2™ — 1 va 2" — 1 ciing nguyén to cung nhau.
That vay(n, m) = 1 cho nén (271,27~ 1)=20mn) _ 1=2! — 1=1,

Chitng minh 7 (Kholsinskii, 1994)

Gia stt F' = {ny,nq,n3, - -,np} 1a tap hop tat ca cac so6 nguyen to: ny = 2,m9 = 3,n3 =5, -
R6 rang rang cac sd thudoc F nguyén t6 cing nhau ting cap. Do Hé qua trén day, cac so 2 — 1
va 2% — 1 cling nguyén t6 ciing nhau. Bay gio v6i mdi i = 1,2, - -, k ta lay mot uée nguyeén t6 p; nao

d6 ctia 56 2% — 1. Khi d6 cac s6 pq, pa, - - -, pr 56 khac nhau timg ciap. Nhu vay ta duge tap hop

G= {plap% te 7pk}

gom céac s6 nguyén to. Cac phan tit cia G déu 1a cac s6 1é, va do cac tap hop F va G ¢6 cing s6
phan tit, nén G phai chita phan tit khong thuoc F, mau thuan.

Nhitng chiing minh ctia dinh 1§ Euclid ¢6 thé nhan duge bang cach xay dung day {a,} ma s6 cac
uéc nguyén to ciia s6 hang thi n tang mot cach khong gisi noi.

Ching minh 8

Ta sé chiing minh riing s6 a, = 22" 4+ 22" 4+ 1 ¢6 khong dudi n uéc nguyen té khac nhau.

Trong dong nhat thic

st 2?4+ 1= (2" +1—2) (2 +1+2)
ta dat
r=2""

Ta nhan dugc:

ap = 227 427 p 1= (204 1-2) (20 + 142 ) = (274127 an

Nhu vay a,,; chia hét cho a,.

Cac s6 22" — 22" + 1 vaa, = 22" + 22" 4+ 1 nguyen t6 cung nhau, bdi vi néu ching c6 ude
chung ¢ thi uéc chung ¢ d6 1é, ddng thoi hieu clia hai sé bing 22" 1 chia hét cho ¢, vo 1.

Nhu vay khi chuyén tit a, sang a,,;, s6 cac udc nguyen t6 tang lén. Do dé s6 hang thit n ciia
day dang xét c6 it nhat la n u6c nguyén t6 khac nhau.

Chting minh 9.

Céc chiing minh sau day xuat hién khi xét biéu dién s6 n! duéi dang tich ctia liiy thita cac sb

nguyen toé
nl =[] ™.
p<n

Nhu ta da biét boi f, ciia s6 nguyén td p trong khai trién chinh tic ctia s6 n! duge xac dinh nhu
sau:



Nhu vay, véi f, ta c6 uéc lugng
Tt d6, suy ra rang

(tich 1ay theo moi wdc clia n).
Bay gio ta sé chiing minh bat dang thic sau:

Unl>" ()
e
Bat ding thtc tren day tuong duong véi bat ding thic sau

1
—(In24+m3+...4lnn) >Inn—1.
n

Bét déng thiic nay dude chiing minh bing cach lay tong cac bat déng thic dang
k
Ink > / In zdz,
k-1
trongdo k=1,2,... ,n:

n

1 1
= —(nlnn—n+1)= Inn—14+—>Inn—1.
n n

-

1 17 1
In2+In3+---+Inn) > —/lnxdx = —(zlnz — x)
n n 1
1

Két hgp bat déng thitc (1) va (2), ta nhan dugc
[Ip7 >

Nhu vay, vé trai ctia bat dang thic 1a dai lugng khong giéi noi, suy ra phai ton tai vo han sé nguyéen
t0.

Ching minh 10.

Gia stt P(z) 1a da thiic c6 hé s6 nguyen, ta goi mot sé k 1a wde ctia da thic P(x) néu véi s6 tu
nhién n ndo d6, P(n) chia hét cho k. Ta sé& chitng minh rang trong cac ude ciia da thitc P(x) bac lén
hon hoiic bang 1, c6 vo han s6 nguyén to.

Gia stt rang P(z) chi ¢6 hitu han u6c nguyen t6 py, p2, p3, - -, P

Gié st P(a) = b # 0. Xét da thic

o3

Q(z) = P(a + bpips - -prx)/b.

Do da thtc P ; P
Qz)—1= (a + bpips bpkl’) — P(a)

chia hét cho bpyps - - - - pp nén cac s6 p1, pa, - - -, pr, khong phai 1a wée clia Q(x).




Mat khac, da thitc Q(z) khac hing s6 sé nhan mdi gia tri mot s6 hitu han 1an. Do d6 trong sb cac
gia tri clia n6 c6 nhitng sé6 khong bang 0,1 vd —1. Nhu vay né phai c6 cac ude nguyen té. Hon nita,
moi udc clia Q déu la ude cltia P, bdi vi khi t = a+ bpy - py - - - -pra thi ta c6 dang thitc P(t) = bQ(z).

Nhu vay da thic P(x) c6 u6c nguyen t6 khac véi py, po, - - -, pr, mau thuan.

Nhéc lai, dinh lf néi tiéng ctia Dirichlet khéng dinh ring néu a; vd d nguyén t6 ciing nhau thi
trong sb cac s6 hang clia cAp s6 cong véi s6 hang dau a; va cong sai d ¢6 vo han sé nguyen t6. O
phan tiép theo ta sé xét mot s6 truong hop riéng ctia dinh 1f Dirichlet.

Ching minh 11.

Ton tai vo han s6 nguyén to c¢é dang 3n + 2..

Gia st ngudc lai p; = 2, po = 5, p3 = 11, ..., p, 1a tat ca cac s6 nguyén t6 c6 dang da noéi.

Ta xét s6

k=3p1-py-...-ps— 1.

R6 rang rang k khong chia hét cho 3 va khong chia hét cho cac s6 py, po, ..., ps. Néu moi uéc nguyén
t6 ctia k khi chia cho 3 du 1 thi k cling phai c6 tinh chat d6. Nhung K =2 (mod 3)), suy ra k phai
c6 uSc nguyen to6 ¢ = 3n + 2. S6 ¢ khac vdi cac s6 pi, pa, ..., ps, mau thuin.

R6 rang néu 3n + 2 1a s6 nguyen to thi n 1é, diéu d6 c6 nghia la khéng dinh vita ching minh
tuong duong véi viéc noéi rang, ton tai vo han sé nguyén t6 dang 6n + 5.

Ching minh 12.

Ton tai vo han s6 nguyén to dang 6n + 1.

Trude hét ta can bo dé sau day:

Bb6 dé Udc nguyen té tuy ¢ p > 3 ciia da thic x* +x +1 ¢ dang p = 6n + 1.

That vay, néu p = 3k + 2 va 2% + x + 1 chia hét cho p, thi > =1 (mod p) va x khong chia hét
cho p. Nang hai vé léen liiy thita k ta co:

2 =1 (mod p).

T do suy ra
' =2 (mod p).

Mit khac, theo dinh i Fermat nhé thi

' =1 (mod p).

Nhu vay:
=1 (mod p),

?*+2+1=3 (mod p)

va p chia hét cho 3, mau thuan vi p chia 3 du 1.

Bay gio ta gia thiét rang p; = 7,po = 13,- - -, p, 12 tat ca cac s6 nguyeén té6 dang 6n + 1. Gia si
m=p-pr---psvak=m?>+m+1. Khidosdmcédangm =6r+1vak=236r>+18r+3=3
(mod 9)).

S6 k 1é va khong la liiy thita ctia 3 nén né cé uée nguyen té6 ¢ > 3. Theo bd dé, véi s6 n nao do
ta c6 g = 6n + 1. Dong thoi s6 ¢ # p1, pa, - - -, ps Vi khi chia k cho s6 p; tuy ¥ thi phan du 1a 1, mau
thuan.

Lap luan trén day c6 thé mé rong nhu sau:

B6 dé Gid st m va p la cdc s6 nguyén té khdc nhau. Néu p la ude clia s6 o™ 4+ 22 4+ +
2> +x+1, trong dé x € N th

p=1 (mod m).



Gid st p = mk +r,r = 1,2,---,m — 1. Can ching minh rang r = 1 . T gia thiét suy ra z = 1
(mod p), tiic 1a x khong chia hét cho p. Trudc tién ta ching t6 rang

2" '=1 (modp). (3)

Néu p < m thi p = r, vd diéu néi trén suy ra tit dinh i Fermat. Néu p > m thi ta nang hai vé len
Ity thita & = 2= va nhan dudc
27" =1 (mod p).

Mat khac theo dinh i Fermat bé 2P~ =1 (mod p), nén ta c6
""" —1)=0 (mod p).

Do x khong chia hét cho p nén suy ra (3).
Bay git dé chitng minh bé dé bing phan chiing, ta gia thiét rang r > 1. Khi dé m va r — 1 1a cac
s6 nguyén t6 ciing nhau béi vi m 1a s6 nguyén t6 va m # r — 1. Ta c6

(2™ — 1,2 ' —1) =2 1 =2 1.

Tt d6 suy ra rang, p 1a uwée chung ciia cac s6 2™ — 1 va 2" ! — 1, nghia 1a UCLN ctia ching 1a = — 1.
Nhu vay = 1( (mod p)). Tt d6 p(z) = m (mod p), va do gia thiét, p(z) =0 (mod p). Nhu
vay m chia hét cho p, mau thuan.

Chting minh 13.
Ton tai vo han s6 nguyén to dang mn + 1, trong dé m la s6 nguyén to.
Xét da thiic

Plx)=a" +2™ 2+ .. 422+ 2+ 1.

Gia st p1, pa, ..., ps 12 tt cd cac sd nguyen t6 dang mn + 1. Xac dinh s6 k£ béi ding thic

Theo b6 dé da chitng minh, moi u6c nguyeén to g ctia k c6 dang ¢ = mn + 1. Trong khi dé ¢ khac vé6i
P1, P2, - -, Ps, Vi khi chia k cho s6 p; tiy ¥ ta c6 phan du 1, mau thuin.

Trong hai chitng minh tiép theo, ta dimng phuong phap t& hop.
Chting minh 14.

Gia stt 2" > (1 +n)™. Ta sé chiing minh ring trong cac s6 1,2,3,- - -,2" ton tai it nhat m + 1 s6
nguyén to.

Gia st trong cac s6 1,2,3,---,2" ¢6 s < m s6 nguyén to pi, pa, - - -, ps. Khi d6 méi s6 khong vuot
qué 2" déu biéu dién duge dudi dang pi*, p52, - - -, pP. RO rang méi s6 mi k; déu khong vugt qua n.

Tuy nhién s6 cac s6 dang (1 +n)" it hon 2", mau thuan.
Do ham mt tang nhanh hon ham lay thita nén vé6i moi m, khi n da 16n ta c¢6 2" > (1 4+ n)™, va
nhu vay ta nhan dugc chitng minh vé tap hop vo han sé nguyén to.

Ching minh 15.

Trude tien ta ching minh rang trong cac s6 1,2,3,- -+, n c6 khong qua 1/4 s6 khong c6 wdc la
mot s6 chinh phuong khac 1.
Trong cac s6 1,2,3,- -+, n c¢6 khong qua = s chia hét cho p?. Do d6 sb cac s6 chia hét cho binh

phuong cia mot s6 nguyen t6 khong vuot qué

n n n n "
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Bay gio gia st py, 1a s6 nguyéen to thit k, k — 1 s6 nguyén t6 dau tién sinh ra 2¥~! s6 khong c6 wéc
chinh phuong. Do dé trong cac s6 tit 1 dén 4 - 28-1 = 2% ¢6 it nhat 1a k s6 nguyen t6 (néu nguge
lai thi s6 cac s6 khong c6 udc chinh phuong phai nhé hon 1/4), tiic 1a p,, < 281

Diéu d6 khong chi chiing minh dinh 1i Euclid ma con cho mot wée luong trén clia sd nguyén to
thi k.

Chitng minh 16, Euler(1707-1783).
V6i mdi s6 nguyeén to p, chudi
1 1 1
1+ =+ 5+ +..
p D p
hoi tu. Néu cdc s6 nguyén to6 1a hitu han (gom cac s6 py, p2, ps3, ..., ps) thi khi nhan cac chudi hoi tu
tren day, ta lai nhan duge mot chudi hoi tu. Trong khi d6, s6 hang tong quat ciia chudi ¢6 dang

1
Sk ke k)
pl ap2 )ty Mg

trong dé k; 1a cac s6 nguyen t6 khong am. Do dinh 1f co ban ctia s6 hoc, chudi dang xét chinh 1a tong
cac sO dang %, ma chudi nay phan ky, mau thuan.

Ching minh 17.
Véi s6 nguyen t6 p ta c6
1Lyt by o]
p2  pt o pb _p2—1'
Néu tap hop cac s6 nguyen t6 1a hitu han (py, pa, ..., ps) thi khi nhan céc chudi tuong ting ta lai nhan
duge mot chudi hoi tu vé6i tong
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R6 rang S 1a s6 hitu ty, s6 hang tong quat ciia chudi c6 dang
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trong d6 k; 1a cac s6 nguyén khong am. Do dinh li co ban ctia s6 hoc, chudi dang xét 1a chudi gom
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tat ca cac so hang dang # Nhung ta da biét tong cua chuoi nay la %, ma % lai la mot so vo ty,
mau thuan.
Chiing minh 18.

Gia thiét rang tap hop cac sd nguyéen to 13 hitu han, gom céc s6 py, pa, ....ps. Ta xét tich

P =pi.ps...ps.

R6 rang khong c6 s6 nao ngoai s6 1 ¢6 thé nguyen t6 ciing nhau véi P. Do d6 ¢(p) = 1, trong dé ¢
1a ham Euler. Mat khac ¢(p) = ¢(p1.p2....ps) = (p1 — 1)(p2 — 1)....(ps — 1) > 1, mau thuan.

Chting minh sau day dua vao khai niém khong gian topo. Nhac lai rang, mot tap X khéac rong
goi 1a dudgc trang bi mot cau tric ciia khong gian topo néu ta dinh nghia mot 16p cic tap con cla
X, dudc goi 1a cac tap md, thdéa man cac diéu kién: tap rong va X 1a tap md; giao hitu han cac tap
md 1a tap md, hop tuy ¥ céc tap md la tap md. Phan bul clia mot tap md goi 1a tap déng. Suy ra
hop cta hitu han tap déng la tap dong.

Chitng minh 19, Furstenberg,1955).



Ta dua vao tap hop cac sb nguyén mot t6 po sau day: Mot tap hop dude goi 1a md néu né biéu
dién duge duéi dang hgp ciia mot s6 cap sé cong vo han.

Dé thit lai rang dinh nghia trén thoéa man cic tién dé ctia khong gian to po.

Xét tap hop A, = {t, | t € Z}. N6 khong chi 1a md (bdi vi n6 1a cap s6 cong véi cong sai p,) ma
con la tap déng vi phan bui ctia n6 1a hogp ciia nhitng tap mé:

A, ={t,+i|teZ},i=1,2,3,....p—1.

Néu tap hop céc s6 nguyén t6 1a hitu han thi hop cta hitu han tap déng B = UA, sé la tap dong.
Mt khéc, s6 tuy ¥ khac 1 v —1 déu 1a boi ciia s6 nguyén t6 ndo do, nghia 1a phai thudc tap hop
B. Nhu vay B = Z \ {1,—1}. Do d6 tap hop {1, —1} 1a tap md vi n6 1a phan bu cia tap dong B.
Nhung diéu ndy mau thuan véi dinh nghia clia tap md.

Nhu vay, ching ta da trinh bay 19 chiing minh khic nhau ctia dinh 1y Euclid. Con s6 19 c¢6 vé
khong dep 1am, va c6 1& can phai tim thém mot chiing minh cho tron s6 20. Nhung...da hét gio roi,
danh danh viéc d6 cho ban doc.



