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Bai tap luyén thi Olympic Todn hoc todn mién Nam I4n thit XVIII - Danh cho HS 16p 10 chuyén Toan

BAI TAP LUYEN THI OLYMPIC TOAN HQC TOAN MIEN NAM LAN THU XVIII
Chi dé: SO HQC
( VAN PHU QUOC- GV. TRUONG PH QUANG NAM)

1. Tim hai s6 nguyén duong thoa man PT: x** 4+ y** = (2013)2011.

HD:
Gia str x,y la hai sb nguyén duong théa man PT d4 cho. Suy ra: X,y < 2013.
Khong mét tinh tong quat, gia si: X>y .

Do 2013 > x nén 2013>x+1 ( xeZ")

2011

Suy ra: 2013 > (X +1) XM 420117 4.+ 2011 +1=> XM + y?H > x4+ 2011.x7

=y > 2011.x*°,

. Nhu vay: 2011< X,y <2013=> x = y = 2012,

) {x”“ > 2011x%0° {x > 2011
Do x>y nén =

y2011 > 2011y2010 y > 2011

2. Tim phan nguyén trong biéu dién thanh sé thap phan cua sé:

Q=\/x2+\/4x2+\/36x2+10x+3 ; xeN".

HD:

Véi xeN" thi:

(4x+1)° <36x° +10x+3<(6x+2)" = 4x+1</36X* +10x+3 < 6x + 2

Cong 4x? vao mdi vé cia BPT trén ta c6: (2x+1)° <4x® ++/36x* +10x +3 < (2x+2)°

= 2x+1<\/4x2 +4/36X° +10X+3 < 2X+2.

Cong thém x* vao mdi vé ciia BDT ta co: (x+1)2 <x? +\/4x2 +4/36x* +10x+3 < (x+ 2)2

= x+1<\/x2 +\/4x2 ++/36X% +10X+3 < X +2.

Vay [Q]=x+1.
3. Chirng minh réng néu x, y,Xx €N théa mén: x* + y**? = 7% thj Min{x, y} >2012.

HD:
Khong mét tinh tong quat, gia sit X <y thoa man PT :

2012

2012 2012 2012 2012
X +Yy =

I =17 >y T 2 I>y=>22y+1
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= 72> (y4+1)"" = y?2 4 2012y™H 4 41> y?? 1 2012y

= X 4 y?P >y 4 2012yP M = x* > 2012y > 2012y*™ (vi x<y)
= x>2012.
Vay Min{x,y}=x>2012.
4.S6 a=1"+9" +19* +2013" v6i k € Z* c6 phai la sb chinh phuong khong?
HD:
Véi k eZ vak lé ta co:
1=1(mod4) ; 9“ =1(mod4); 19 =—-1(mod4) ; 2013“ =1(mod4).
Do dé: a=2(mod4). Vay a khong phai 1a s chinh phuong.
5. Ching minh rang néu x*+2y la mot s6 chinh phuong véi X,y € Z* thi x* +y la tong ciia hai s6
chinh phuong.
HD:
Taco: x> +2y>X.
Gia thiét= x* + 2y =(x+t)2 VoiteZ =2y =t +2tx=1t chin=>t=2k, ke Z".
Do d6: 2y =4k* +4kx =y =2k* + 2kx = x* + y = (x+ k)2 +2kx (dpem).
6. Tim s6 nguyén té p sao cho 2p+1 1a lap phuong ctia mot sé ty nhién.

HD:

RGrang: p=2= p=>3.

Giasir ap+1=t>; teN < 2p=t'-1< 2p=(t-1)(t* +t+1).
Vi (t*+t+1,2)=1 nén t-1:2.

Mt khac do p 12 sb nguyénténén t-1=2 < t=3= p=13.

7. Chirng minh rang c6 vo sb sb tu nhién a sao cho b =n*+a khong phai la sé nguyén t6 v&i moi
neN.
HD:

Xétsd a=4k* keN va k>1. Ta co:
b=n4+4k4=(n2—2nk+2k2)(n2+2nk+2k2).
VGi n2—2nk+2k2=(n—k)2+k2>1 : n2+2nk+2k2=(n+k)2+k2>1

Vay b khong phai 1a sé nguyén tb.
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8. Cho p la so nguyén to bat ky khac 2 va khac 5. Chirng minh rang trong day 9,99,999,9999,... cé vo

s6 s6 hang chia hét cho p.

HD:

Do p lasé nguyén t6 khic 2 vakhac5nén (p,10)=1 (1)

Vi p la sé nguy@n t nén theo dinh 1y Fermat nhd, ta co: (10p 10) p :>10( 107 —1)3 p (2
Tur (1) va (2) suy ra: 107" —1ip=10°""=1(mod p).

Do do, voi moi n nguyén duong thi 10"*Y =1(mod p) =10""Y ~1ip véi n nguyén duong.

Mit khac, 10" —1=99...9. Tir do6 suy ra tdn tai vo s6 sb hang ctia ddy 9,99,999,9999, ... chia hét
n(p-1)

cho p.

9. Cho p lasé nguyén t6 1¢. Chirng minh: ZC (2p +1) chia hét cho p°.

p~p+k

HD:

Taco: T = Zcp f—(2°+1) = Zcp . (icgﬂj
k=0

p-1

k=0

CECE, +1+C), (jc;wj Zc( = )+(c;p—2)

k=1

- Chitng minh: ZC (Chi—1)ip véil<k<p-1 (viCkip).

! (p+k)=k!
Thatvay: C,, (Pt (pr1)(p+2)(p+k)—k!
kl.p! Kl

Vi (p+1)(p+2)...(p+k)=k!(mod p)= (p+1)(p+2)..(p+k)—k! chiahét cho p va k!.

Ma (p,k!)=1suyra: (p+1)(p+2)..(p+k)—k! chiahét cho
klp=(Ck, -1)ip= CH(Ck,-1)ip* (1)

- Chirng minh: (Czpp —2)5 p?

2p p o p . .
That vay: (1+ x)zp =(1+ x)p (1+ x)p &) Cpx :(ZCLx'j[ZC;xp‘j.
i=0 =0

k=0
5 . . . s D k\2 2
Dong nhat hé s6 cua x” hai vé ta duge: C) = Z(Cp) < CJ =2+ (Cp) :
k=0 k=0
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Ctip = (C;)ZSp2 véimoi 1<k < p-1=>Cf, =2(mod p*)=(CJ, -2)ip* (2)

Tu (1) va (2) suy ra: T:p?.

10. Giai PT nghiém nguyén: X, + X, +...+ X, =1599 V&i X, X, ,..., X, € Z

HD:

Xét n 12 mot s nguyén tay y.

- Néu n=2k, ke Z thi n* =16k* =0(mod16).

-Néu n=2k+1, keZ thi n°~1=4k(k+1):8 = n*-1:16 < n* =1(mod16).
Do do: X' +X; +...+ X, =r(mod16).

VéireN var<14.

Mat khac, ta c6: 1599 = 15(m0d16) .

Do d6 : PT d4 cho khong thé c6 nghiém nguyén.

21In+4

11. Ching minh rang véi moi sd ty nhién n, phan sb sau day tbi gian: i3’
n+

HD:

Goi d =(21In+4;14n+3).
Taco: 2In+4=kd ; 14n+3=hd véi k,heZ". Suyra: 7n+1=(k-h)d .

Do d6: 2In+3=3(k—h)d .

Vivay: 1=(21n+4)—(2in+3)=kd -3(k —h)d = (3h-2k)d =d =3h -2k =1.
Vay phan s6 dé cho t6i gian.

1,18, 82,

1 3 o e,
12. Chirng minh B=——x°-—x X° +—X nhan gia tri nguyén v&i moi gia tri nguyén
g 630 21 30 63 35 an g 1 nguy 01 g 1 nguy

cua X.

HD:
Xét A=x(x*-1)(x* —4)(x* -9)(x* -16)
= (x=4)(x=3)(x=2)(x-1)x(x+1)(x+2)(x+3)(x+4).

Con Bziz A .
630 25.7.9
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13. Chimg minh ring véi moi sb nguyén a,b ta co: (3a +5b,8a +13b) = (a, b) :

HD:

Taco: 8a+13b=2(3a+5b)+(2a+3b) ; 3a+5b=1(2a+3b)+(a+2b); 2a+3b=2(a+2b)-b.
Vay (8a+13b,3a+5b)=(3a+5b,2a+3b)=(2a+2b,a+2b)=(a+2b,b)=(a,b).

14. Cho da thitc P(x) véi hé s6 nguyén, biét rang ton tai sé nguyén duong a sao cho khong c6 s6 nao
trong cac s6 P(1),P(2),..., P(a) chia hét cho a. Chimg minh ring véi moi s nguyén z ta co
P(z)=0.

HD:

Gia str ton tai s nguyén b sao cho P(b)=0. Khidé ta c6: P(x)=(x—b)Q(x) véi Q(x) la da thic
co hé s6 nguyén. Pat b=aq+r, 1<r<a.Tacos: P(r)=(r-b)Q(r)=-aQ(r):a ( mau thudn gt)
15. Chimg minh ring cac s6 2° —1 va 29 -1 Ia nguyén té cing nhau khi va chi khi p va g nguyén tb

cung nhau.
HD:

K can: Gia sir (2°-1,2°~1)=1 va k=(p,q). Dat p=ku,q=kv.
Khi do: 2° —1=(2")" -1i2" ~1. Twong ty: 2°-1:2" -1.
Nhu vay 2 -1 la mot uwéce chung ctia 2° —1 va 29 —1. Két hop véi gia thiét suyra: 2 —~1=1<k =1.
Vay p va g nguyén té ciing nhau.
DK du: Gia sit (p,q)=1. Khi d6 ton tai céc s6 nguyén s,t sao cho ps+qt=1. Goi d =(2° -1,2°-1),
-XétTH: s>0.Khid6 t<0.Patv=-t>0.Suyra: ps—qv=1.Tacd: 2" -1:2° -1= 27 -1:d.
Tuong tw: 2% —1id . Tir d6 suyra: (2% -1)—(2" -1):d hay 2% (2% % -1):d. Két hop voi dang thirc
ps—qv=1suyra: 2%:d.
Mt khac do 2° —1 lamot sb 1énén d 1é. Tirdo suyra: d =1.
- Xét TH: s <0, t >0 talam tuong tu.
Tom lai: (2" -1,2° -1) =1.
16. Cho a,b Ia hai s6 nguyén sao cho (a,b)=1. Tim (5% +7°,5°+7°).
HD:

Khong mat tinh tong quat, gia st a>b. Dat s, =5 +7°.
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Néu a>2b taco: s, =s,5, , —5°7"S, ,, . Do d6: (S,,S,) =SSz 20 )-

Tuong tu néu b<a<2b thitaco: (s,,S,)=(S, S0 )-

Viy tir thuét toan Euclid suy ranéu a+b 1as6 chdn thi (s,,s,)=(s,,s,) =12, connéu a+b lasd1¢
thi (s,,s,)=(5,,5,)=2.

17. Tim [ 2" +1,2"-1] véi neN.

HD:

-Néu n=0 thi 2"-1=0.

-Néu n>0 thi 2"+1=(2"-1)+2. Do dé: (2" +1,2"-1)=(2"-1,2)=2.

‘(2“ +1)(2"—1)‘

(2"+1,2"1) =4t

Suyra: [2"+1,2"-1]=

18. Cho p va 2p+1 1 hai s6 nguyén t 16n hon 3. Chirmg minh rang 4p+1 1a mot hop sé.

HD:

Do p la s nguyén t6 1on hon 3 nén p ¢ dang p =3k 1.

- Néu p=3k+1 thi 2p+1=6k+3=3(2k+1) khdng phai la mot s6 nguyén t nén truong hop nay
khong thé xay ra.

-Néu p=3k-1, k=2 thi 4p+1=12k-3=3(4k-1). Do 4k -1>7 nén 4p-+1 Ia mdt hop so.

19. Tim sé nguyén tb p sao cho haisé p+4 va p+8 ciing 1a s6 nguyén té.

HD:

-Néu p=3thi p+4=7, p+8=11 déu 1 nhitng s6 nguyén to.

-Néu p=3k+1thi p+8=3k+9=3(k+3) lahop sb.

-Néu p=3k-1thi p+4=3k+1=3(k+1) Ia hop sb.

Vay p=3 lasé nguyén té duy nhét phai tim.

20. Ching minh ring v6i m>2 , gitta m va m! c6 it nhit mot s6 nguyén t. Tir d6 suy ra rang c6 vo
s6 sb nguyén tb.

HD:

Do m>2 nén ml-1>4.Goi p la mot udc nguyén té cia a=m!-1tacod: p<a= P<ml.

Bay gio chimg t6 p > m. Gia sir nguoc lai rang p<m. Khi do: p 1a woc caa m! va do do6 p 1a wdc

clia m-(m!-1)=1, diéu nay 1a vo ly. Vay p 1a s6 nguyén to théamdn m< p<m!.

Vin Phu Quéc, GV. Trudng PH Quang Nam - DD: 0934 825 925 -Mail: vpquocdhgn@gmail.com 6
www.MATHVN.com



MATHVN.COM - Toan Hoc Viét Nam
Bai tap luyén thi Olympic Toan hoc toan mién Nam lan tha XVIII - Danh cho HS 16p 10 chuyén Toan
21. Cho rang cac sb tu nhién a,b va n. Biét rang k" —a chia hét cho k —b v&imoi k e Z*, k b .

Chirng minh rang: a="h".

HD:

Taco: k" —b":k—b voi k,beZ va k=b.

Talaico: k" —a:k—b.Suyra: a—b":k—b véimoi beZ, keZ" k#b.

Diéu ndy chi c6 thé xdyra < a=b".

22.Cho A=2"+3"B=2""+3"";C=2""%4+3""2,

a) Chirng minh: A va B nguyén t6 ciing nhau ; b) Tim d =(A,C).

HD:

a) Taco: B-2A=3".

Néu A va B c6 mot uéce chung d =1 thi d[3"=d|2" (V6 Iy). Do d6 A va B nguyén té ciing nhau.
b) Ta co: C—4A=5.3". Didu ndy ching t6 udc chung 16n nhit cia A va C ¢6 thé 1a 5 hoic 1.

Muén cho (A,C)=5 thi 5| A< nlé.

Vay d =5 néun lé; d=1néu n chin.

23. C6 ton tai mot sb tw nhién n o thé viét dudi dang: n= x4+ y! voi X,y € Z* vd x <y bing hai
cach khac nhau hay khéng?

HD:

Gia str ton tai mot s6 tu nhién n c6 thé viét dudi dang:

N=XH4X1=XHy,! Voi X,¥,,X,,Y, €Z" Va X <Y, % < Y,.

Khong mat tinh tong quat, gia sit 0< X, <X, = ¥; > X,. Do d6: X, y, -y, x, 1= x Lx,! Vo ly.
24. Tim nghiém nguyén duong cta PT: X2 +X2°% + ...+ X202 = 2011X, X, ... Xy,

HD:

Ta corx™ + X% +...+ Xos = 2012X X, .. Xopp, > 2011X X, .. X0, VO 1.

25. Ching minh rang néu c6 6 sb nguyén a,b,c,d,e, f thoa man diéu kién: a® +b*+c®>+d* +e* = f?
thi ca 6 s6 d6 khong ddng thoi 1a sb 1é.

HD: ( D& dang chirng minh duoc binh phuong ciia mot sé nguyén Ié chia cho 8 du 1

Gia str ca 6 s6 d6 déu 1a s6 1¢. Thé thi mdi sb hang & vé trai khi chia cho 8 déu du 1. Nhu vdy ca vé trai

chia cho 8 du 5. Trong khi d6 vé phai 13 s6 chia cho 8 du 1. Piéu ndy mau thuin.
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26. Cho s6 nguyén t6 p >3 vam, n la hai s6 nguyén té cting nhau sao cho m=112+%+...+( 11)2 .
n p—
Ching minh ring m chia hét cho p.
HD:
2m 211 1 1 :
Ta co: 1)) —= - | = +=+..+———— | la mot sd nguyén.
9 , <4 A A A 11 1 L A s
Mat khac do p la so nguyén to nén Oiz—l la mot hé thang du day du theo mod p.
p_

p-1)p(2p-3)
6

Do do: 132+%+...+ 5124r22+...+(p—1)2 :( =0(mod p)(do p=5 nén

(p-1)

(p.6)=1). Suyra: ((p-1)!)’ [li+2—12+...+

2}:0 (mod p) hay (( p—l)!)2%5 p.

(p-1)
Ma (p-1 p)=1nén m chia hét cho p.

27. Cho s nguyén n>3. LAy n s6 X, X,,..., X, Va Mdisd X, bang 1 hoic —1 sao cho:
XX, + X, X, + ..ot X X, + X, X =0. Hay ching minh rang n phai 1a bgi sb cta 4.

HD:

Dat: X, =XX,, X, =X, X5,.00, X, =X X,

Mbdisé X, bang 1 hodc -1, va X, + X, +..+ X, =0.

Nhu vy néu co p s6 X, bang 1 thiphaico p sb X; bing —1.Suyra: n=2p.

Mt khac: X, X,...X, = (%%,..%,)" =1

Ma X,X,..X, =(-1)". Vay p chdnva n=2p 1a mot bdi sb ctia 4.

28. Chitng to réng s6 444444 +303030+/3 khong thé biéu dién dudi dang (x +y4/3 )2 Véi X,y eZ.
HD:

Néu (A+ B\/§)2 —C+D+/3 thi C = A?+3B2,D = 2AB. Suy ra: (A—Bﬁ)2 _C-D43.

Do d6 néu (x +y3 )2 = 444444 +303030+/3 thi ciing cé(x ~y\3 )2 = 444444 -303030v/3 <0 V0 ly.
777 6666 4444 3333 2222

29. Chirg minh ring da thirc: P (x)= X% + x®% 4+ X777 4 x*% 4 x4 4 ¥ 4 x4 "1 1+ 1 chia hét

cho da thire: Q(X) = X"+ Xx°+ X" +x° +x* + x* +X* + x* + x+1.
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HD:

Taco: P(x)-Q(x)= (X" =x*)+(x*® = x*)+..+ (x"" = x)

= () <2 ((62)" <) ot () -1).

= P(x)~Q(x)x" -1 vado do: P(x)-Q(x):Q(x) = 1= P(x):0(x).

30. Cho p la mt s nguyén t6 théa mdn p=1(mod6) va dat q= [2—;)} :

Ching minh néu i+i+...+ _m ;. mneZ thi p|m.
1.2 34 (a-1).g9 n

HD:
. y 2p
Taco: p=1(mod6). Bat p=6k+1, suy ra: q=[?}=4k.

.., m 1
Khidd —=—+ +..+ = + +...
n 12 34 (4k—1).4k 2k +1 2k +2 4k

_( 1 1) ( 1 1 j (1 1 j

= +— |+ |+ttt

2k+1 4k ) \2k+2 4k-1 3k 3k+1
P P P

(2k+1)4k+(2k+2)(4k—1)+"'+3k(3k+1)'

1 1 1 1 1

Suy ra: p|m.

31. Tim nghiém nguyén ctia PT: x*+2011x+2012y* +y = xy + 2011xy” + 2013.

HD:

PT < (x*+2011x - 2012) +(2012y” — 2012xy” )+ (y — xy) =1 < (x—1)(x+ 2012 2012y* — y ) =1.
Vi X,y € Z nén hai thira s trong vé trai ciia PT nay déu 1a uée sb cua 1.

32. Cho n 1a s6 tu nhién, a 14 u6c nguyén duong cua 2n®. Chirng minh n? +a khdng 1a sé chinh
phuong.

HD:

Giastr n*+a=x? (1) V6i xeZ. Theo gia thiét: 2n*> =ka véi ke N .

2 2
Taco: (l)<:>x2:n2+2%©(k_)z(J =k2+2keZ:>ﬁeZ.
n n

Vivay k?+ 2k phai 1a s chinh phuong ( V6 1y vi k? <k? +2k < (k+1)" ).
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33. Chirng minh rang sd: 222°° +555%? chia hét cho 7.

HD:
Taco: 222=7.31+5=222=5(mod7)= 222%° =55 (mod7).

Mat khac: 52 =2554(mod 7)

Lap luéin tuong ty, ta ¢6:555=7.79+ 2 =2(mod 7) = 555°* = 2 (mod 7).
2°=1(mod7)= 2% =1(mod7).
Ma 222 =3.74 = 2** =1(mod 7). Tic 555* =1(mod7).
Vay 222%° +555%” =7(mod 7)=0(mod 7) tirc 1a: 222%° +5557” chia hét cho 7.
34. Tim bo s6 nguyén duong (m;n) sao cho p=m*+n? 1as6 nguyén tb va m®+n®—4 chia hét cho p
HD:

Taco: m*+n°-4=0(mod p) < —-mn(m+n)—4=0(mod p) < 3mn(m+n)+12=0(mod p).
Két hop v6i m*+n°—4=0(mod p) suy ra:
(m+n)3+850(mod p) c>(m+n+2)[m2 +n? +2nm—2(m+n)+4}zo(mod p).

Do p la sb nguyén t6 nén ta c6 2 kha ning:

m=n=1
- TH1: Néu m+n+2§(m2+n2) thi m*+n*<m+n+2< m(m-1)+n(n-1)<2<|m=2n=1.
m=1n=2

Thir lai ta thay: b s (m,n) 1a (1,1),(2;1),(1;2) thoa bai toan.
- TH2: Néu m2+n2+2nm—2(m+n)+4§(m2+n2):>2nm—2(m+n)+4§(m2+n2).
Do 2nm—2(m+n)+4=2[(m—1)(n—1)+1]>0:>2nm—2(m+n)+42m2+n2

(chixayrakhi m=n=1).
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35. Tim tat ca cac so nguyén to a,b,c sao cho: abc <ab+bc+ca.

HD:
Khong mét tinh tong quat, gia st a<b<c. Suy ra: ab+hbc+ca<3bc.

Néu a> thi 3bc < abc = ab+bc + ca < abc méau thuin véi bai ra. Vay a=2 (vi a nguyén td).
. 1 1 1
Do do: 2bc<2b+bc+20:>E+—>E:>b<5.
c

- Véi b =2=c nguyén t} bat ki.
-V6ib=3=c=3 hodac c=5.
Vay nghiém ctia bai ton 1a: a=2,b=2,c=p nguyén tb va cac hoan vi, hoic a=2,b=3,c=3 va céc

hoan vi.

36. Chirng minh ring v&i moi sé ty nhién n> 2 ta co: ZCZHLK C! . chia hét cho 4",
k=0

HD:
nl L n 2k.(2n +1)! 2n +1&
T cAr) ot k kC2¢ = C2k1
a CO g 2n+l nk — k=o n )C2n+1 ; 2n+l = 2(2k)'(2n—2k+1) 2 = 2n
Mat khac 4" = (1+1)" —(1-1)"" = 2202k .

Nhu vay: ZCM Cr=(2n+1)4"" 4,

n
37. Chlrng minh rang: zczzrf:fZSk khong chia hét cho 5 voi moi n la so6 tu nhién.
k=0

HD:

2n+l 2k 2Kty 2k+l
Ta co: (1+ X z C2n+l = ZCZnuX + ZCZnu

k=0

n

2n+1 _ 2k 2k 2k+1 2k+1
1_ z C2n+1X ZCZnuX Z C2n+l
k=0

k=0
2
Suyra: (1+x)™" ) (ZC2n+1 j (Zczﬁl Zk”J (*)
Cho x=+/8, tir (¥) suy ra: 79" = A*—8B? v6i A=) C;¥,2% , B=) Cii2%.
k=0 k=0

Vi (-7

)2n+1

=+2(mod5) nén :

- Néu B:5 thi A’ ==+2(mod5) **)
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Tuy nhién Vae N, a=5k,a=5k+1,a=5k+2.Taludncé: a*=0(mod5); a’ =1(mod5);

a’=4(mod5). Suy ra: A* #+2(mod5) (***).
Tir (*%) va (***) ta c6 diéu mau thuin.

Vay B khong chia hét cho 5.
1999 N /
38. Tinh: [(45+ \/1999) } , trong d6:[a] 14 ky higu phin nguyén cua sb a.

HD:

1999

k
Taco: (45+1999)  +(45-+1999) chkggglgggz 45155 +Z Ch, (1) 19995 45

999

= 2) Cl36e199945°% % =2m véi me N,
k=0

Ma 44 <1999 < 45=> 0 < 451999 <1=> 0 <(45- 1999 )1999 <1

999

Nen [(45 ¥ \/1999)1999} = 2m—1véi m=Y C2%,1999" 45" %
k=0

39. Chung minh rang: [(2+\/§)n} a 56 1¢ v6i moi s ty nhién n.

HD:

5 x=2+4/3
at
y=2-3

bat: S, =x"+y".

= X,y langhiém cua PTX*+4X +1=0.

(x+y)(x” + y”)—xy(x”’1+ y”’l):48n -S.

Taco: S, =x""+y™
+S,,=0.

Suyra: S, , —4S,
$,=2,5,=4=S5,e€Z VneN.

Vi 0<2-+/3<1 nén 0<(2—ﬁ)" <1
Do do: (2+\/§)n+(2—\/§)n—1<(2+\/§)n <(2+\/§)n+(2—\/§)n.
Suy ra: {(2+\@)"}=(2+\@)"+(2—\@)"—1 lasé 1¢ (vi S,,S, chinnén S, chin).

40. Ching minh rang biéu thic A= (9 +4\/§)n + (9—4\/§)n nhan gia tri nguyén va khong chia hét cho

17 véimoi gia tri nguyén cua n.
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HD:

Lam tuong ty nhu bai 39
41. Tim n nguyén duong sao cho: [%] +[§/§] +...+[\3/n3 +2n +4J =7225.
HD:

Vi me N, xét | Im [=k o k<[ Im |<k+le K <m<(k+1)’ -1,
Suy ra: voi mdi k cho trude, s cac s6 m thoa: [ m =k Ia: (k+1) —k® =3k” +3k-+1,
Goi tong tuong tng ctia ching 1a S, , taco: S, = k(3k2 +3k +1)=3k3 +3k? +k.

Do: [{’/n‘"’ —1J=n—1 : [Q/FJ=[\‘°’/n‘°’+1}=...=[\3/n3+2n+4}=n Vi n>2
n-1 4 3 2
Nén [i/ﬂﬁ{%/ﬂf..{\s/ns+2n+4}= Sk+(2n+5)n=..=3n 2N+ 77 +20n _oo0g

1 4

D¢ dang tim duoc: n=10. ’
42. Cho p laso nguyén to khac 2 va a,b la hai so tu nhién I¢ sao cho a+b chiahétcho p va a-b

chia hét cho p—1. Chig minh rang: a” +b? chia hét cho 2p.
HD:

Giasr a=b.

Goi r la du trong phép chia a cho p thi a=r(mod p).

Do a+bip nén b=-r(modp).

Suyra: @’ +b* =r®—r*(mod p) hay a® +b* = rb(l—ra’b) (mod p).
Mat khac: a—bip-1nén a-b=k(p-1).

Vi r khong chia hét cho p nén theo dinh Iy Fermat nho ta c6:
r"* =1(mod p) = r*** =1(mod p) = r** =1(mod p).

Tur d6 suyra: a” +b* =0(mod p) tuc 1a: a°+b*ip.

Ngoai ra a°,b? la cac sb nguyén lé nén a° +b*:2.

Vay a° +b*:2p.

N A 5 , A1~ ” Y 1 1 Y z A A
43. Tim tat ca cac so hitu ti dwong X,y sao cho x+y va —+— la cac so nguyén.

X
HD:
X+y=m (x+y=m
Diat £+£:n© xyzm = X,y la nghiém ciia PT: nX>—mnX +m=0.
Xy n

Taco: A=mn(mn-4)

-Néu A=0< mn=4. Giai tim m,n sau d6 tim X,y .

-Néu A>0< mn>4. Ma (mn-3)° <A <(mn-2)" = A khdng Ia s6 chinh phuong
= Khong ton tai X,, X, € Q.
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