CHUNG MINH CUA ERDOS POI VOI BO PE BERTRAND
VE CAC SO NGUYEN TO
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I. Giéi thigu.

Vao nim 1832, Bertrand phat biéu mot bd dé vé sb nguyén té rang: “Giza hai sé tir nhién n va
2n, ludn ton tai mét s6 nguyén té, n> 0 va 6ng d4 chirng minh duoc ring né ding véi moi n bé
hon 3 triéu nhung chua biét rang né thuc sy dung véi moi s tu nhién n hay khong. Nam niam
sau, Tchebyshev d4 c6 mot ching minh sir dung phwong phép giai tich cho bo dé trén va né da
dugc c6ng nhan. Dén nim 1932, Erdos cling d& dua ra mot chirng minh so cap cho bo dé trén,
chi sir dung céc kién thuc va cac danh gia don gian. Dudi day, ching ta s& cing tim hiéu rd
chirng minh nay.

I1. Bo dé va chirng minh.
1. B dé Bertrand.
“Vgi mpi 6 twr nhién n> 0, tén tgi it nhdt mgt sé nguyén té p théaman n< p<2n.”
2. Céc bo dé phu.
Truéc hét, goi 0, (n) 1a s6 mii 16n nhat cua s nguyén to p trong phan tich tiéu chuan cia so

nguyén duong n. Khi d6, voi moi s6 nguyén dwong a, b thi:

0,(ab)=0,(a).o,(a) va o, [ED =0,(a)-0,(b).
e Bodél.

Néu khéng c6 sé nguyén té nao nam giiza n va 2n thi tdt ca cdc wéc nguyén té cia CJ. sé nam

trong khodng tir 2 dén Z?n
Chirng minh.
fp sz e N (Zn)l . N N S ~_ 2N ..
Xetgiatri C,, =, VoI p 14 s6 nguyén to thoa mén ?< p<2n thi
ntn!

n (Zn)l ~ 2 n A 7 z A A
0,(C;,) =0, [m =0,((2n)!)—20,(n!)=2-2.1=0, nghia 1a C;, khong c6 udc nguyén to

\ s . 2N
nao thoa man ?< p<n.
Do d6, néu ton tai sé nguyén duong n théa man riang khdng ton tai s nguyén té nao voi

N Ay oz s . ALK, U , | ;2N
n< p<2n thitat ca cac udc nguyén toé cia C; s& nam trong khoang tir 2 den —.
2n 3



e Bodé2
V6i n 14 s6 nguyén dwong, néu p la wéc nguyén té cua CJ. thi po"(cz") <2n.

Chirng minh.
Goi r(n) la sb nguyén duong théa man p"® <2n< p" ™", Ap dung bit dang thirc vé phan

nguyén 0<[2x]-2[x]<1 véi moi sé thuc x, ta co:

-2 S[3] 55815 ]

o(Ch) ¢ p'® <2n. Tacod dpem.

e B6dd3.
Tich cua tdt ca cac so nguyén to khéng virot qué n thi khdng vieot qué 4" .

Chwng minh.
Ta s& chirng minh bang quy nap rang [ [ p<4" (ki hi¢u p 1a s nguyén to). (*)

p<n

- Véi n=2,3, ménh d& (*) hién nhién dang.
- Xét n 1a s6 chin va ménh dé (*) dung dén n—1, vi n 1a s6 chin nén khong thé 1a sé nguyén td,
dodo,taco: [Tp=] p<a<4".

p<n p<n-1

- Xét n 1a s6 1é va ménh dé (*) dung dén n—1. Pat n=2m+1,me N. Khi d6:

_ m+1 (2m+1)|_ m+l ~m
[Te=1]p [JI p<4 '—(m+1)!_4 Cch ..

p<n p<m+l  m+l<p<2m+l
2m+1

Tacingcd Y Cj,=2""", maCj  =Cr? nén 2CJ + > Ci...=2""" nén:
i=0

2m+1 2m+1 2m+1
0<i<2m+1,izm+1,izm

2CMt <2l - cMml < 4™ Do d6:

2m+l — 2m+1

H p < 4m+1.Cm < 4m+1.4m — 42m+1.

2m+1 —
p<n

Suy ra (*) ciing dung véi n, theo nguyén Ii quy nap (*) dang véi moi sb ty nhién n.

e Bbdéa
Véi moi s6 neuyén dwongnthi C» > —
( guy g =50
Chwng minh.
Ta s& chirng minh b d& nay bang quy nap.



- Véi n=1, b6 dé hién nhién dung.
k

. - . N 4 X , N A , o
- Gia str bo dé dung dén n=k >1, tac 1a C, > L ta can chang minh rang né ciing dung véi
+

k+1
n—k+1, ticla CAL >
2k +3
Tacs cli (k42U (2K (2k+1)(2k+2) 4 (Kk+D(k+2) _ 44 4
CTRR T k+DL(k+D)! Kk (k+D)?  2k+1T (k+1)®  2k+2 2k+3

Do d6, bd dé ding véi n=k +1.
Theo nguyén Ii quy nap, b dé dugc chirng minh.

3. Ching minh b dé Bertrand.
Ta xét ddy s6 nguyén t6 sau: 2,3,5,7,13,23,43,83,163,631,1259, trong d6 mdi s6 hang lién sau
nho hon 2 1an s6 hang lién truéc. Didu d6 c6 nghia 1a voi moi n <1024 thi trong tap hop
{n+1L,n+2,n+3,...,2n—1,2n} lubn ton tai it nhit mot s nguyén t (1a mot trong cac s6 nguyén
t6 cua déy trén). That vay, vi néu nguoc lai, ton tai mot tap hop khdng thoa man diéu kién vira
néu thi ta goi p 1a s6 nguyén té thudc day trén va gan véi n+1 nhit; do p khdng thudc tap hop
{n+L,n+2,n+3,..,2n-1,2n} nén p<n+1= p<n=2p<2n, tic la sé nguyén 4 lién sau
ctia p s& nho hon 2n, nghia 1a n6 s& thuoc tap hop {n+1,n+2,n+3,...,2n—1,2n}, mau thuan.
Do d6, bd dé Bertrand dung véi moi n<1024.
Gia str ton tai s6 nguyén duong n sao cho khdng co sé nguyén td nao nam giira n va 2n, véi nhan
xét trén thi ta chi can xétn >1024 va khi d6, theo bo dé 1 thi moi wéc nguyén té cia CJ. nam

giita 2 va 2?” Theo b d& 2 va 3, ta c6 danh gid sau:

@
Ch=11r< ] o J] p< ] o1 p<(2n)™.43.

2<p<2t 2<pVan pcp<dt IKpsvan 2
3 3 3

(chiyrang T p <(2n)¥® suy ra tir sb céc uéc nguyén té cua CJ khong vuot qua +/2n thi
1<p<2n
nho hon v/2n va mdi udc d6 dong gop khong qua 2n vao gia tri ciia CJ theo bd dé 2).
n 2n n

Theo bd dé 4: <@n)* 4% o 43 <2n+1).2n)"7" < 2—3” <log,(2n+1)++/2n.log,(2n).

2n+1
048

Xét n=1024, bat dang thirc trén tro thanh 2048 _ log, 2049 +/2048.10g, 2048 , nhung ta thay

rang 2048 2046 405 v

log, 2049 +/2048.l0og, 2048 < log, 4096 ++/2048.l0og, 2048 =12 + 3242.11<12+ 32.%.11 =540.
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Do d6 bt ding thirc trén khong ding véi n=1024 va dé thdy rang vé trai ting nhanh hon vé
phai nén bit dang thirc Z?n <log,(2n+1)++/2n.log, (2n) ciing khong dung v&i moi n>1024 .

Diéu mau thuin nay dan dén diéu gia sir ban dau 1a sai.
Vay véi moi sb ty nhién n> 0, ton tai it nhat mot sé nguyén té p thoamén n< p<2n.
B dé Bertrand dugc chirng minh hoan toan.

1. Mot sb véan dé lién quan.
1.Dinh li cia Greenfield.
Véi Moi n nguyén dwong, tap hop {1,2,3,...,2n—1,2n} cd thé dwroc phan chia thanh n cgp:

{a,b}{a, b} {a;,b}...{a, b}
théa man: véi moi i=1,2,3,...,n thi tong a +b, 1a sé6 nguyén ta.
Chirng minh.
Ta s& chirng minh dinh Ii nay bang quy nap.
- Véi n=1, dinh Ii hién nhién dung.
- Gia sir dinh 1i ding dén n—1, ta can chirng minh riang no ciing dung v6i n. That vay:
Theo bd dé Bertrand, ton tai s nguyén té p nam gitra 2n va 4n, tac 1a p=2n+m véi 1<m< 2n.
Do m 1a s6 1é nén néu ta chia tap hop {1, 2,3, ...,2n} thanh hai tap hop roi nhau {1,2,3,...,m-1}va
{m,m+1,...,2n—1,2n}, ddng thoi mdi tap nhu thé cd s6 phan ti la chin.

Theo gia thiét quy nap thi ta cd thé chia {1, 2,3,...,m—1} thanh mT—l cap 6 tong 1a sb nguyén to.

Pong thoi ta thay rang cd thé chia cac sé thudc tap{m, m+1,...,2n—1,2n} thanh 2n-—m+l cap

2n—-m-1

co téng 13 (2n—k)+(m+k)=2n+m,0<k < va 2n+m= p la sb nguyén té.

Do do, theo nguyén Ii quy nap, dinh li dang v&i moi s6 nguyén duong n nén ta c6 dpem.
2. Pinh li vé danh gia mat dd cac s6 nguyén to.
Ton tgi hai hang sé dwong ¢ va C théa man véi moi o thuc x thi:

c.Inx C.Inx

<7(x) < trong d6 7(X) chinh 14 sé c&c s6 nguyén to khéng virot quéa X.

Chirng minh.
Xét s6 nguyén duong n thoa mén CJ <z(x)<C),.

n

Theo b dé 4 thi CJ, z%, ma véi n>3thi 2" >2n+1 nén
n+

on > 4 =2" 2 >2"=log,C,, >n,Vn>3.
2n+1 2n+1



I ] 2 2
Ta ciing c6: CI :CI*% = (2n).: @n+2)t (4] S (n+1) : :3
ntn! (n+)L(n+1)! (2n+1)(2n+2) (2n+2)° 4
Do do: ZOUINX 7(CL)InC, | n7(C1)
X Cznr::rz 4C2nn
Theo b dé 2, mdi sb nguyén té 1a wéc CJ. dong gop khong qua 2n vao gid tri ciia CJ. nén

ﬁ, suy ra: n(x).lnxz n.n((im) 2£<:>7z(x)2 :
2n X 4C,, 8 8.Inx
Theo b6 dé 3, ta ciing co:

7 (X)-m(x/2) _
A>T p2x 2 SZXZM.IO%XQH(X)SIM

p<x 2

(Con)

+7(x/2).

Tiép tuc thyc hién danh gia nay [log, x] 1an nira, ta co:

+7(2) < 9x =9In2.x.

m(x) <
09, X log, x  Inx

Do d6, ta co thé chon ¢ =%,c =9In2. Vay dinh li duoc ching minh.

Nguoi ta ciing chirng minh dwoc rang 7 (x) — Ii khi x —> .
nx

3.C4c két qua manh hon bd dé Bertrand.

(1) Vi moi ¢ >0, tdn tai n(g) >0 sao cho: véi n>n(e) thi ludn tdn tai sé nguyén té p thoa
11

man: n<p<n+n2 22

(2) V6i moi £ >0, tdn tai n(¢) >0 sao cho: véi n>n(e) thi ludn tdn tai s6 nguyén té p thoa

1
“te

man: n< p<n+n?

(3) V6i moi £ >0, tdn tai n(¢) >0 sao cho: véi n>n(e) thi ludn tdn tai s6 nguyén té p thoa
man: n<p<n+(l+g)In°n.

M6t cau hoi thi vi lién quan dén bo dé Bertrand nay 1a: “Cé diing hay khong khi cho rang véi
Moi S6 nguyén dwong n>1, lubn ton tai mgt s6 nguyén té p véi n? < p < (n+1)%?”.

Day van la mot cau hoi me.




