Neuyén Vin Théo Chuyén dé S8 Hoc - Phan I

Lo1i noi dau
’ Sb hoc 1a mot phan rit quan trong trong chuong trinh Toan phd thong. Trong hau
hét cac deé thi hoc sinh gioi thi bai S6 hoc thuong xuyén xuat hi€n va luén 12 mét thach
thirc 16n do1 véi hoc sinh.
Hién nay, khong con hé chuyén cap Trung hoc co so nén cac em hoc sinh chuyén
Toan ciing khong duoc hoc nhiéu vé phan nay nén thuong gap rat nhleu kho khén khi giai

céc bai toan d6. Vi vay, toi bién soan tai liéu nay nham giai quyét phan nao nhiing khé
khan do6 cho cac em hoc sinh chuyén Toan.

Chuyén dé gdm ba chuong:
-Chuong I. Cac bai toan chia hét
-Chuong II. Céc bai toan dong du
-Chuong III. Cac bai toan khac.

O mdi bai déu dugc trinh bay ba phan: Hé thong li thuyét; hé thong cac vi du va
cudi cung 1a hé thong cac bai tap tu giai. Cac vi du va bai tap ludn duge sap xép véi do
kho ting dan - theo quan diém cua tac gia.

Tuy nhién, do trinh d§ c6 han nén khong thé tranh khoi nhiéu thiéu sot, rat mong
dugc cac thay c6 dong gop dé hoan thién hon. Xin chan thanh cdm on!

NGUYEN VAN THAO
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Chuwong 1
CAC BAI TOAN VE CHIA HET
I.1 Chia hét

I.1.1 Li thuyét

[.1.1.1 Dinh nghia

Cho m va n 1a hai s nguyén , n # 0. Ta ndi rang m chia hét cho n (hay n chia hét
m) néu ton tai mdt sO6 nguyén k sao cho m = kn.

Kihiéu: m n, (doc1a m chia hét chon) hay n|m, (doc la n chia hét m).
I1.1.1.2 Céc tinh chit co ban

Cho cac sb nguyén x, y, z. Ta co:

ayx: x, x=0.

b) Néux : yvax =0 thilx >y

c)Néux iz y:zthiax+ by |z voi moisd nguyén a, b.
d)Néux:zvaixFyizthiy:z

e)Néux : yvay : xthifx|=1]]

fyNéux :yvay zthix 'z

g) Néux|yvay=0 thi £|y.

Chtrng minh
a) x=1lxnénx :x véimoix#0.
b) Néux :y,x=0thitdntaik € Zsaochox=ky, k#0
= x| = [klyl = [y[ do [k] = 1.
Céc phan con lai ciing khéa don gian, viéc chiing minh xin nhuong lai cho ban doc.
I.1.2 Cacvidu
Vidu 1. Cho n 1a mét s6 ty nhién 16n hon 1. Ching minh rang
a) 2" 1aténg cta hai s6 1¢ lién tiép.
b) 3"1a tong cua ba sd ty nhién lién tiép.
Loi giai
a) Tac62" ="' -1)+@Q"" +1) suy ra dpcm.
b) Taco3"=@3""-1)+3"")+ (3" + 1) suy ra dpcm.
Vidu 2. Chang minh rang:
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a) néu m — n chia hét mp + ng thi m — n cling chia hét mq + np.
b) néu m — n chia hét mp thi m — n ciing chia hét np.
Loi gidi
Nhan xét: Hai biéu thire (mp + ng) va (mq + np) la hai biéu thirc ¢é hinh thirc glong nhu

“doi xirng logi hai” vi vy khi xét cac biéu thirc loai ndy thwong nguoi ta kiém tra hiéu
cua chung.

a) Ta c6 (mp + nq) — (mq + np) = (m -n)(p - q) : (m - n)
Nén néu (mp + nq) : (m - n) thi hién nhién (mq + np) : (m - n).
b) Chirng minh tuong tu.

Vidu 3. Ching minh rang néu @’ + b° + ¢ chia hét cho 9 thi mét trong ba s a, b, ¢
phai chia hét cho 3.

Loi gii
Nhin xét: Vi nhitng bai todn chitng minh a chia hét cho mét s6 cu thé luén khd don

gidn! Ta c6 thé xét hét cdc truong hop xdy ra cia sé dw khi a chia cho sé dé. ( Céng viéc
do chinh la xét vé hé thang dw day du - day la tap hitu han nén co the thu truc tiep)

Gia sir khong c6 s6 nio trong ba s6 a, b, ¢ chia hét cho 3. Khi d6
a=3m+ 1;b=3n+ 1l;c=3p + 1
Dodoa®+b+c=0Bm+ 1)’+@Bn+ 1 +Cp £ 1)

94+3

9a+1
= khong thé chia hét cho 9.

9a -3

94-1

Tu d6 suy ra dpcm.

Vidu 4.
Chimg minh rang néu @ + b* chia hét cho 3 thi ca a va b déu chia hét cho 3.
Loi giai
THI: c6 1 s6 khong chia hét cho 3, gia sir 1 a
Khidéa=3k + 1;b=3gsuyraa®+b* =3k + 1)*+ (3¢)
=3(3k* + 2k + 3¢%) + 1 khong chia hét cho 3.
TH2: ca hai s6 khong chia hét cho 3.
Khidoa=3k + 1;b=3¢g + lsuyraa® +b° =34 +2
Do d6 cé a va b phai chia hét cho 3.

Vidu 5. Ching minh rang v1 moi s6 ty nhién chan n va moi s6 ty nhién 1€ £ thi

3
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S=1+2%+ ... 4+ #* 1luén chia hét cho n + 1.

Loi giai
Tacd 2S=(1"+rY+ Q"+ -DH+ ... in+1
Manchinnénn+11énén (2, n+1)=1
DodoS:n+l.

2p

Vidu 6. Choplasdnguyéntd, p>3van= .Chtrng minh rang

2" -2:n.
Loi gidi
Vip lasé nguyén té va p>3 = 27 =1(mod3)
Mat khac (2, p) = 1 nén theo dinh li Fermat ta c6
277" =1(mod p)
Dods 27" -1i3p

Ta co
n_1:22”—1_1:4”—4:4(2”’1+1)(2"’1—1)
3 3 3
suyran-1:2p = 2" —1:2% -1
) 2% —1 5 . - N .
Vin= =27 -1:n=2" -1:n =2"-2:n.

Tir d6 suy ra diéu phai chimg minh.
Vi du 7. Cho x, y 14 hai s6 nguyén khac -1 sao cho
3 3
X +1+y +1

14 mot s6 nguyén
y+1  x+1

Chtng minh rang x** —1 chia hét cho y+1.
Loi gidi

3

Trudc hét ta dat al HZE ;y +1—C
y+1 b x+1 d

Vol a, b, ¢, dnguyénvab>0,d>0, (a,b) =1, (c,d) = 1.

Taco

£+£—ad+bc nguyén
b d bd s

Do d6
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ad+be ibd ad+beib = adib=dib vi (ab)=I (1)
Mat khac
ac x+1y +1 5 5
4 XYYl (2 xi )i —yel)eZ
bd y+1 x+1 (=D y D e

= ac:bd = ac:d = a:d )
Vi (¢, d)=1 néntur (1) va (2) suy ra
a:b suyrab=1 vi (a,b)=1
Vi

x> +1

=4 = x +l=a(y+1) = x*+1:y+1 (3)
y+1 b

Ma x> —1=(x*)*-1: x* +1
Két hop véi (3) suy ra diéu phai chimg minh.
Vidu 8. Chon>5 lasd ty nhién .Ching minh rang

[M} ‘on-1.

n
Loi giai
a) Truong hop 1. n 13 sb nguyén td
Theo dinh ly Winson (n-1)!=-1(mod n) suyra ((n-1)!+1 :n

Ta co

[(n—l)!}[(n—l)m_l}: (n-DH1 i 0<1<1)
n

n n n n

_(n=-D=(n-1

n

:(n-1) vi(n,n-1)=1

b) Trudng hop 2. n 13 hop s6
+) n khong 13 binh phuong ciia mot s6 nguyén td.
Khidd n=rsvéi 1<r<s<n.
Do (n,n-1)=1 suyras < n-1= (n-1)! =kn(n-1)

suy ra

[(”_l)l} =k(n—1)}(n-1).
n

+) n=p? véip la mot sd nguyén to.



Neuyén Vin Théo Chuyén dé S8 Hoc - Phéan I

Do p’=nn=>5 suyrap >3 =p >3p>2p+1
=2p<p’-1 hay2p<n-l.
Nén 1l <p<2p<n-1
Suy ra (rn-1)! : p.2p.(n-1) = 2n(n-1).
—1)
Tu do suy ra {M}(n-l).
n

Viy ta c6 diéu phai ching minh.
Vidu9
Tén tai hay khong mot s6 nguyén x sao cho x> +x+1:2003 ?
Loi giai
Ta ¢6 2003 1a s6 nguyén t6 c6 dang 3k + 2.
Gia str ton tai x nguyén thoa man x” +x + 1 : 2003
Tir do suyra ton tai a e {1,2,....,2002} théa man a*> +a+1 : 2003
Ta co
a’-1=(a-1)(a’+a+1) : 2003
= a™' -1 1 2003 hay a®™' =1 (mod 2003)
= a” =a (mod 2003)

Theo dinh li Fermat ta co
a®” =1 (mod 2003)
Tu(l)va(2)tacd a=1 (mod2003) suyraa=1(vo li)

Viay khong t6n tai x nguyén sao théa man dau bai.

(1)

2)

Vi du 10. (30 - 4 - 2006) Chtrng minh rang v&i moi m, tong tai mot sé nguyén n sao cho

n’-11n*-8Tn+m
Chia hét cho 191.
Loi giai
Pit P(x) =x" - 11x* - 87x + m.
Ta ching, ton tai a, b nguyén dé P(x) = (x +a)’ + b (mod 191)

X +3ax’ +3a’x+a’ +b=x-11x* - 87x+ m (mod 191)

Chon a nguyén sao cho 3a=-11 (mod 191)
<> 3a =180 (mod 191)
< a=60(mod 191),do (3, 191) =1,
6
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= 34* =3.60° (mod 191) = -87 (mod 191)

Vay v6i moi m, chi cAn chon b =m - @® (mod 191)
1a duoc P(x) = (x + )’ + b (mod 191).
Ta c6, vo1 moi i, j nguyén thi P(i) = P(j) (mod 191)
o (i+a) =@ +a)’ (mod 191)
= (i+a)®(+al=(G+a)>? (mod 191)
=(j + a) (mod 191)
= (j+a)Y=(+a) ¥+ a)’ (mod 191)
= (i + a)"”* (mod 191)
= (i + a)* (mod 191)
= (i +a)®(G+a)’=3G+a)¥.(+a) (mod191)
=i+ a (mod 191)
Tu d6 suy ra
P(i) = P(j) (mod 191) < i =j (mod 191)
Tir d6 suy ra tap {P(1), P(2), ..., P(191)} ¢6 191 s6 du khac nhau khi chia cho 191
Do doé phai tdn tai mot sd nguyén n € {1, 2, ..., n} sao cho P(n) : 191

Viy ta c6 diéu phai ching minh.
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1.1.3 Bai tip
Bai 1. Chtng minh rang véi moi sb nguyén m, n ta co:
) n’+11ln:6
2) mn(m*—n?) 3
3) n(n+1)2n+1):6.
H rP+m+ 1)’ +m+2)7> 9.
5) n’(n*-12) : 12
6) mn(m*—n*) 30
7) n’—n 30
8) n'+6n’+11n"+6n 24
9) n*—4n’ —4n*+ 16n : 384 (nchinvan>4)
10)n* +4n+3 : 8
1)n* +3n*—n—3 48
12)n2—n*—n*+1:512
13)n*—n®—n*+n* 1152
14) n’ — 4n * 48 (n chin)
15) n* — 3n + 5 khong chia hét cho 121.
16) (n+ 1)(n +2)...(2n) : 2n
17)n®—n*—n*+1: 128 (nlé)

Bai 2. Chung minh ring tich cta n s nguyén lien tiép luon chia hét cho n!

Bai 3. Cho p 1a sb nguyén t6 1é. Chirng minh rang v6i moi k € N, ta ludn co
S=1#*"1+2%"1+ +(p-1)*"" chia hét cho p.

Bai 4. Chung minh ring néu a® + b° + ¢ chia hét cho 9 thi mot trong ba sb a, b, ¢ phai
chia hét cho 9.

Bai 5. Cho a, b nguyén. Chitng minh rang néu ¢” : »"thia * b.

Bai 6. Tim s6 nguyén duong n sao cho # chia hét cho moi sé nguyén duong khong vuot
qua Jn.

Bai 7. Chung minh ring o + 5> + ¢* khong thé dong du véi 7 modulo 8.

Bai 8. Tdng n sb nguyén lién tiép co chia hét cho n hay khong? tai sao?

Bai 9. Chimg minh rang khong ton tai cip sd nguyén (x, y) ndo thoa min mot trong
nhitng dang thac sau:

a) x> +1 =3y
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b) x> +2=15y.
Bai 10. Chung minh rang v6in > 1 thi
n+1)(n+2)..(n+n)

chia hét cho 2".
Bai 11. Tim chit sb tan cung cua s6 Fermat F,= 2% +1,n>2.
Bai 12. Tim cic s nguyén duong p, g, r sao cho

pgr-1: (p-1)g- D@ -1).

Bai 13. Chung minh rang ton tai mot s ty nhién ¢ 1997 chit s6 gdm toan chir s6 1 va 2
sao cho s6 d6 chia hét cho 2"

Bai 14. Cho a 1a mot sd nguyén duong va ¢ > 2. Ching minh rang ton tai vo sb sb
nguyén duong n théa man

a-1:n.
Bai 15. Ching minh rang t6n tai vo sé s6 nguyén duong n sao cho

2"+1:n
Bai 16. Chung minh ring trong 12 s nguyén t6 phan biét bat ki ludn chon ra dugc 6 sb
ai, ay, ..., dg Sa0 cho

(a1 - ax)(as - ag)(as + ag) : 1800.
Bai 17. Cho a, b, ¢, d nguyén bat ki. Chirng minh rang
(a-b)a-c)a-d)(b-c)b-d)c-d): 12

Bai 18. Tim sé tu nhién n sao cho 2" - 1 chia hét cho 7. Chimg minh riang véi moi sb tu
nhién 7 thi 2" + 1 khong thé chia hét cho 7.

Bai 19. Tim s tu nhién 7 sao cho n° - n chia hét cho 120.
Bai 20. Tim tit ca cac cip sb nguyén x > 1, y > 1 sao cho
3x+1:y
3y+1:x.
Bai 21. Cho x, x; 1a hai nghiém cia phuong trinh ¥ -mx+1=0voimlasd nguyén lon
hon 3. Ching minh rang v6i moi s6 nguyén dwong n thi S, =x/ +x; 1a mot s6 nguyén va
khong chia hét cho m - 1.
Bai 22. Tim tat ca cac cip sb nguyén duong a, b sao cho
a’-2
ab+?2

1a mot sO6 nguyén.

Bai 23. (30.4.2003) Tim ba s6 nguyén duong d6i mot phan biét sao cho tich cua hai sb
bat ki déu chia hét cho so6 thu 3.
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B ai 24. Ching minh rang véi moi sb ty nhién n thi gitta n”> va (n + 1)* ludn ton tai ba s6
tu nhién phan biét a, b, ¢ sao cho at+ b

Bai 25. Cho sb ti nhién 4, = 19981998...1998 (gdm 7 s6 1998 viét lién nhau)
a) Chirng minh rang ton tai sé nguyén duong n < 1998 sao cho 4,, : 1999.
b) Goi k 1a s6 nguyén dwong nhé nhat sao cho 4; : 1999. Chirng minh rang
1998 : 2k.

Bai 26. Cho hai s6 nguyén duwong m va n sao cho n + 2 : m. Hay tinh sO cac bo ba sb
nguyén duong (x, y, z) sao cho x + y + z : m trong d6 moi s0 x, y, z déu khong 16n hon n.

Bai 27. (APMO 98) Tim s6 nguyén dwong n 16n nhat sao cho n chia hét cho moi s6
nguyén duong nho hon Un.
Bai 28. Tim tt ca cac sb nguyén duong m, n sao cho n° + 1 chia hét cho mn - 1.
Bai 29. Tim tat ca cac cap s6 nguyén duong a, b sao cho
a’+b
ab® -1

12 mot s6 nguyén.

Bai 30. Tim tat ca cac cip sb nguyén duong sao cho
a’b+a+b
ab®> +b+7

12 mot s6 nguyén.

Bai 31. Chonla sO nguyén duong 16n hon 1. p la mot u6e nguyén t6 ctia s6 Fermat F,.
Ching minh rang p - 1 chia hét cho 2™,

2002

Bai 32. Chox, y, p 1a cac s6 nguyén va p > 1 sao cho x**** va y*** déu chia hét cho p.

Chtng minh rang 1 + x + y khong chia hét cho p.
Bal 33. (USA - 98) Chting mlnh rang v6i mdi s6 nguyén duong n > 2, t6n tai mot tap hop
n s6 nguyén sao cho voi hai s6 a, b bat ki (a = b) thudc tap do thi (a - b)* chia hét ab.
Bai34. Gia su tap S = {1, 2,3, ..., 1998} duogc phan thanh céc cdp ro1 nhau

{a,, b 1 < i <1998} sao cho |¢; - b;| bang 1 hodc bang 6. Chttng minh rang

999
Yla,=b,| =10k +9.
i=l

Bai 35. Tim tat ca cac cdp sd nguyén duong a, b sao cho

a’* -2
ab+?2

la mot sO6 nguyén.

N , . M y . . * A A . X A
Bai 36. Chung minh rang véi moin € N ludn ton tai s6 ty nhién a sao cho

10
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64a* +2la+7: 2"

Bai 37. (Nga - 1999) Cho tip 4 14 tAp con cia tip cac sb tu nhién n sao cho trong 1999 sb
tu nhién lién ti€p bat ki ludn c6 it nhat mot s6 thudc A4.

Chimng minh rang ton tai hai s6 m, n thuoc 4 sao cho m * n.
Bai 38. Tim x, y, z nguyén duong va x <y <z sao cho
2%+ 27+ 27=12336.
Bai 39. Cho x, y, z 1a cac sb nguyén duong thoa mén
x-Yy-z)z-x)=x+y+z
Ching minh rang x + y + z chia hét cho 27.
Bai 40. Cho m, n 1a cac s6 nguyén duong sao cho m < % va moi udc sb6 nguyén td ctia m
déu nhé hon hoic bang n. Chirg minh rang
n!:m.

Bai 41. Tim tit ca cac cip s6 nguyén duong a, b sao cho

a’+b b’+a

b -a @b

1a cac sb nguyén.
Bai 42. Cho x, y 1a hai s6 nguyén dwong sao cho x> + y* + 1 chia hét cho xy.
Chung minh rang
x'+y’+1
Xy

Bai 43. Cho ham sd fix) =x> + 17. Ching minh rang mdi s6 nguyén duong n lu6n ton tai
mot s6 nguyén duong x sao cho f{x) chia hét cho 3" nhung khong chia hét cho 3"

=3.

Bai 44. Chop la s6 nguyen t6 16n hon 2 vap - 2 chia hét cho 3. Chirng minh ring trong
tap hop cac s6 c6 dang x° -y + 1, v6ix, y la cac s nguyén khong 4m nho hon p c¢6 nhidu
nhat p - 1 sb chia hét cho p.

Bai 45. Ching minh rang V61 moi n nguyén duong luén t6n tai mot s ty nhién c6 n chir
s6 chia hét cho 2" va s6 nay chi gdm cac chir s6 1 va 2.

Bai 46. Cho s6 nguyén duong n > 1, thda man 3" - 1 chia hét cho n. Ching minh rang n
12 s6 chén.

11
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1.2 Ubéec s6 chung 16n nhat - Boi sé chung nhé nhat
I.2.1. Li thuyét
1.2.1.1. Uéc s6 chung 16n nhat
I.2.1.1.1 Dinh nghia 1

Cho a, b 1a hai sd nguyén. S6 nguyén duong d 16n nhét chia hét ca a va b dugc goi
1a udc chung 16n nhat cia a va b.

Ki hi€u: d = (a, b) hoac d = gcd(a, b)

Néu d = 1 thi ta ni a va b 13 hai s6 nguyén té cung nhau.
1.2.1.1.2. Cac tinh chat ciia wéc chung 16m nhat
a) Néu p 1a mét s6 nguyén t6 thi (p,m) = p hoic (p, m) = 1.
b) Néu (@, b) =d thi a =dm, b=dn va (m, n) = 1.
¢)Néu(a, b)=d a=d'm,b=dnva(m n)=1thid=d".
d) Néu m 1a mot udc chung cta a va b thi m | (a,b).

e) Néu p* || m va p¥ || n thi p™ Y || (m, n).

f) Néu a = bg + r thi (a, b) = (r, b).

g)Néu c |ab va (a,c)=1thic|b.

h) Néu (g, ¢) =1 thi (ab, ¢) = (b, ¢).

1.2.1.2 B{i so chung nhé nhat.
1.2.1.2.1 Dinh nghia.

Cho a, b 12 hai s6 nguyén. S6 nguyén duong nho nhét chia hét cho ca a va b duoc
goi 1a bdi s6 chung nho nhat cta a va b.

Ki hi€u: [a,b] hay lcm(a,b).

1.2.1.2.2. Cac tinh chit ciia bdi chung nhé nhit.
a)Néu [a, bl=mvam=a.a’=b.b thi(a’, b’)=1.

b)Néum’ =a.a’=b.b’va(a’ b’)=1thi[a b]=m.

c) Néum= [a, b] va m’ 1a mQt bdi chung cua a vab thi m | m’.
d)Néua |mvab|mthi[a b]|m.

e) Cho n 1a mot sd nguyén duong, ta ludn ¢b n[a, b] = [na, nb].

my

HNeu a= p".py..p{*s b=p".py..p

12
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k
Thi[a, b] =[] p/™"™ .
i=1

1.2.1.3 Dinh li Bézout
Phuong trinh mx + ny = (m,n) ludn c6 vo sb6 nghiém nguyén.
Nhéan xét: Phuong trinh ax + by = ¢ ¢6 nghi¢ém nguyén khi va chi khi ¢ 1a
boi cua (a, b).
Phuong trinh ax + by = 1 ¢6 nghiém nguyén khi va chi khi
(a, b)=1.
1.2.1.4 Mbi quan hé giira wéc s6 chung 16m nhat va bdi s6 chung
nhé nhat
Cho a va b 1a cac s nguyén khéc 0, ta c6

_ab
~ (a,b)

[a,b]

1.2.2 Cac vidu
Vi du 1. Chirng minh rang v&i moi sé nguyén a, b ta luén c6
(3a + 5b, 8a + 13b) = (a, b).
Loi gidi
Taco (3a+ 5b,8a+ 13b) = (3a + 5b,8a+ 13b —2(3a + 5b))
=(3a+5b,2a+3b)=(a+2b,2a+ 3D)
=(a+2b, b)=(a, b).
Dpem.
Vi du 2. Néu (g, b) = d thi (a +b, a - b) c6 thé nhan nhiing gia tri nao?
Loi gidi
Tacom=(a+b,a-b)=(a+b,2a)=(a+b,2D).
Do d6 m la uéc chung cua 2a va2bvaa + b.
Néua+bléethi(a+b,a-b)=d
Néu a + b chan thi (a + b, a - b) = 2d.
Vi du 3. Ching minh riang phan sb sau tbi gian
21ln+4
14n+3

Loi giai
Taco 2ln+4, 14n+3)=(Tn+ 1, 14n +3)

13
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=(Tn+1,14n+3 -2(7Tn+ 1))
=(Tn+1,1)=1

Tir d6 suy ra diéu phai chting minh.

Vidu 4. Cho g, blacac s6 nguyén duong phan biét sao cho ab(a + b) chia hét cho a* +
ab + b*. Chung minh rang

la—b|>3ab
Loi gai
Datg=(a, b)=>a=xgvab=ygvoi(x,y)=1.
Khi do
ab(a+b)  gxy(x+y)

a’+ab+b> x*+xp+y’

12 mot s6 nguyén.
Ta co (x2+xy+y2,x)=(y2,x)= 1
(x2+xy+y2,y)= 1.
Vi(x +y,y)=1néntaco
W+ ) x+y) =05 x+y) =1
Dod(')x2+xy+y2|g
SuylragZxZ-1-xy-|-y2
Mit khac |a - b = g’x - 3
=g’ -)l'g
> g 1. (> +xy + %) = ab.
Tur d6 ta c6 dicu phai chirng minh.
Vi du 5. Cho n 13 mot s6 nguyén duong, d = 2n + 3, n + 7).
Tim gié tri 16n nhat cua d.
Loi giai
Ta co
Cn+3,n+7=Qn+7)-2n-3,n+17)
=(11l,n+7)<I11.
Mat khackhin=11k+4thin+7=11(k+ 1)
= ((11,n+4)=11.

Do d6 gia trj 16n nhit cua d1a 11.
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Vi du 6. (India 1998) Tim tat ca cac bd (x, y, n) nguyén duong sao cho
(x, n+1)=1
va x"+1=y""
Loi giai
Tu (2) taco
M=yt
=(-DO" YT D)
Datm=)y"+y""+ ... +1
Suyrax" i m
Ma (x, nt1) =1 nén ta phai cé (m, n +1) =1
Ta lai co
m=y"— "+ 20" ="+ -1+l
=(y-DO"+2"+ ) +n+1
=>n+l:i(my-1)
Ma(mn+1l)=1=(my-1)=1
Tir (*) va (**) suy ra m phai 14 lu§ thira n ciia mot s6 nguyén duong.
Tacla m = ¢" voi ¢ 1a mot sb nguyén duong nao d6
Viy>0nén tacoy"<py"+3"' + ... +1<y"+ Cy"" +..+C" véimoin> |
hay y" <¢" <(y + 1)" v4i moi n > 1 (v0 li)
Vayn=1=x=)"—1
Vi, n+1)=(x,2)=1nénx =2k+ 1= ychin

Do d6 (x, y, n) = (4d*- 1, 2a, 1) v6i a nguyén duong.

(1)
2)

*)

(**)

Vi du 7. Ching minh rang néu mot s6 nguyén duong c6 s6 udc so 1a 1¢ thi d6 phai 1a so6

chinh phuong.
Loi gidi

Goi n 1a s6 tu nhién nhu vay.

A X A A LA . nooL A (A
Nhén thay, néu d 1a mot udc s6 cua n thi 2 cling 1a mot udc so cua n.
A e ‘o . \ n s A g , e 1 &
Do vay néu voi moi d ma d ;tg thi s6 udc cua n phai la chan.

A A et iqx i n
Nén ton tai d 1a udc ctiia n sao cho d = 7 < n=d* (dpcm).
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Vi du 8. (APMO - 1999) Tim s6 nguyén duong n 16n nhat sao cho # chia hét cho moi s6
tu nhién nho hon Vn.

Loi giai
Cau tra 16i 12 420.
That vay, ta co
[1,2,3,4,5,6,7] = 420. 7 < ¥420 <8.

Gia sir n > 420 va thoa man diéu kién dau bai = Yn >7 = n  420.
Do d6 n>2.420 =480 = /n >9.
Ta co

[1,2,..,9]=2520 = n 2520 = ¥n >13.
Goi m 1 s6 nguyén duong 16n nhit nhé hon ¥n = n>13vam’ <n < (m +1)°.

Don:[1,2,...ml]=>n:[m-3,m-2,m-1, m]

Mat khac
[m—=3,m-2,m—1,m]> m(M—l)(m6— 2)(m-3)
nén
mim=D)m=2)(m=3) (m+1)°
6 <n<
suy ra
< 6(m+1)°
(m—1)(m—2)(m—3)
2 3 4
<:>’”56(1+m_1)(1+m_z)(Hm_3)
& fmy=m=60+ )4 )1+t )< 0
m—1 m—2 m-—3

Mo rong tip xac dinh cta m trén tap s thuc ta dé dang chimg minh duoc f(m) 1a ham sb
dong bién trén tap [13; +o0)

Do d6 v&i moi m > 13 thi f(m) > f(13) > 0 (v i)

nén di€u gia su 1a sai. Tt do suy ra diéu phdi ching minh.
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1.2.3 Bai tap

Bai 1. Cho m, n 1 hai s6 nguyén duong phéan biét va (m, n) = d.
Tinh (2006™ + 1, 2006" + 1).
Bai 2. Chung minh rang néu céac sé a, b, ¢ d6i mot nguyén té cung nhau thi
(ab + bc + ca, abc) = 1.
Bai 3. Tim
a) (21n+4, 14n + 3)
b) (m® + 2m, m* + 3m* + 1)
c) [2"-1,2"+1].
Bai 4. Chimg minh rang (2P - 1,29 - 1)=2®9 .1,
Bai 5. Cho g, m, n 1a cac s6 nguyén duong, @ > 1 va (m, n) = 1. Ching minh rang
(@a-1D)(@™-1): (@@ -1)a"-1).
Bai 6. Chirng minh rang
[1,2,..2n]=(mn+1,n+2,..,2n)
Bai 6. Ching minh rang véi moi s6 nguyén duong m >n ta cd

[m,n]+[m+1,n+1]> 2mn

m—n
Bai 7. Chung minh réng day 1, 11, 111, ... chtra v6 han cap (x,, x,,) nguyén td cung nhau.
Bai 8. Cho n 1a mot sd nguyén duong, a va b nguyén duong va nguyén t6 cling nhau.

n n

2 b ,a—D>b) bénglhoécn.

Chimg minh rang (——
a f—
Bai 9. Cho m, n 1a cac s6 nguyén duong, a 1a mot sd nguyén duong 16n hon 1.
Chung minh rang
(a" -1,a" -1)=a"™" -1.

Bai 10. (Han Qudc 1998) Tim tat ca cac sd nguyén duong I, m, n doi mot nguyén td cling
nhau sao cho

1 1 1

(l+m+n)(=+—+-)

[ m n

13 mét s6 nguyén.

Bai 11. (Canada - 97)Tim sb cac cip s6 nguyén a, b (a < b) thoa man
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(a,b)=5!
[a,b]= 50!

Bai 12. (Hungari - 1998) Tim # nguyén duong sao cho ton tai cac cip sd nguyén a, b thoa
man

(a, b)=1998 va [a, b] = n!
Bai 13. (Nga - 2000) Cho 100 s6 nguyén duong nguyén t6 cting nhau xép trén mot vong
tron. Xét phép bién d6i nhu sau: V61 moi sO nguyén trén vong tron ta co thé cong thém

wéc chung 16n nhat ctia hai s6 ke bén nd. Chirng minh rang sau mot s6 hitu han phép bién
d6i do, ta co thé thu duge cac s moi déi mot nguyén td cuing nhau.

Bai 14. (Hungari - 1997) Cho tap 4 gom 1997 s6 nguyén phén biét sao cho bat ki 10 s6
nao trong A cting c6 boi chung nho nhat nhu nhau. Tim s6 16n nhat cac s6 d6i mot nguyén
t6 cing nhau c6 thé co trong A.

Bai 15. Cho s va t 1 cac s6 nguyén duong khac 0. Vi cip (x, y)’bét ki, goi T 1a phép bién
d6i (x, y) thanh cap (x - ¢, y - s). Cap (x, y) dugc goi la “T6t” néu sau hiru han phép bién
d6i T ta thu dugc cip méi nguyén t6 cling nhau.

a) Tim (s, ¢) sao cho (s, #) [a mot cap “Tot”
b) Chirng minh rang v&i moi s, ¢ thi ludn ton tai cap (x, y) khong “Tot”.
Bai 16. Ton tai hay khong céac cip sd nguyén duong a, b sao cho
(30a + b)(30b + a) = 4°™"?
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I1.3. S6 nguyén To
1.3.1. Li thuyét
[.3.1.1 Dinh nghia

Mot s6 nguyén duong p dugc goi la s6 nguyén to, néu no6 chi ¢é hai udc sé6 duong
la 1 va chinh nd.

Néu p khong phai s6 nguyén t6 thi p dugc goi 1 hop so.
Nhén xét: 2 1a s6 nguyén t6 chin duy nhat.
1.3.1.2 Pinh 1y 1 (Pinh Iy co ban ciia sb hoc)

Moi s tir nhién 16n hon 1 déu c6 thé phan tich mot cach duy nhat thanh tich cac
thtra s6 nguyén to.

1.3.1.3. Pinh ly 2

Tap hop cac s6 nguyén to 1a v6 han.

1.3.1.3. Pinh 1y 3

Cho p 1a mot s6 nguyén t6. Néu p | ab thi p | a hodc p | b.

(Viéc chimg minh cac dinh ly trén kha don gian va ta c6 thé tim dugc trong bt ki mot
quyén sach s6 hoc nao, vi vay s& khong duoc trinh bay tai day)
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1.3.2 Cacvidu

Vidu 1. Tim tat ca cac s0 nguyén duong » sao cho cac s0 3n — 4, 4n— 5, 5n — 3 déu la cac
sO nguyén to.

Loi gii
Taco(Bn-4)+(5n-3)=8n—71asb1é
Do dé trong hai s6 trén phai c6 mot s6 chin va mot sb 1é.
Néu3n—4chinthi3n-4=2<n=2 = 4n—5=3va5n—3="7deu la cic s6 nguyén
t6.
Néu5n—4chinthi5n—-3=2<n=1=3n—4=-1 (loai)
Vayn=2.
Vi du 2. Tim sb nguyén t6 p sao cho 8p* + 1 va 8p” — 1 ciing 13 nhirng sé nguyén td.
Loi gii
Néu p =2 thi 8p* + 1 =33 : 3 nén khong thoa man.
Néup=3thi8p*+1=73va8p’—1=71deéu lasb nguyén t nén p = 3 thoa méin
Néu p > 3 va p nguyén t6 nén p khong chia hét cho 3.
Dodop=3k+1hoacp=3k—-1
Hp=3k+1=8>+1=83k+1)y>+1

=72k +48k+9 3
Va hién nhién 8p> + 1 > 3 nén 8p* + 1 1a hop sb.
+Hyp=3k—1=8p*+1:3va8p’—1>3nénkhoéng thoa min.
Vayp=3.

Vi du 3. Cho p > 5 thoa man p va 2p + 11a s0 nguyén t0. Chimg minh rang 4p + 1 1a hop
sO.

Loi giai.
N p=3k+2=4p+1=4Bk+2)+1=12k+9:53= 4p+11a hop sb.

+p=3k+1=2p+1=20Bk+1)+1=6k+3:3(volivi2p+11lasdnguyén tb 16n hon
11.)

Vi du 4. Tim s6 nguyén t6 p sao cho 2p + 1 14 1ap phuong cta mét sd ty nhién.
Loi giai
Taco2p+l=n’<2p=n-1=m-1)n*+n+1) (*)

Do v&i moi sb tu nhién 7 thi n” + n+ 1> n — 1 va moi sd nguyén tb p thi p >2
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n-1=2

n+n+l=p

Nén tur (*) ta c6 {

Tur do tim dugce p = 13.

Vi du 5. Chtirng minh rang voi moi s6 nguyén duong a > 2, ton tai vo s0 sO6 nguyén duong
nsaocho:a"—1 : n.

Loi giai
Xét day s6xo=1,x,1 = a" —1
Ta s€ chung minh v&i moi & € N thi o™ —1:k (*)
+) n = 0, hién nhién (*)dtng.
+) Gia su (*)dang téi n <k, ta co

a* —l=mx, =>a™ -1=a"“"" -1=a"* -1

=(@)"-lia* -1=x,,,
Tu d6 suy ra (*)duogc chirng minh.
Do a > 2 nén (x,) la ddy so tang suy ra (x,) 1a day s6 vo han.
Dpem.
Vi du 6. Cho p, ¢ 13 hai s6 nguyén t6 phan biét. Chimg minh rang

p+q" ~1ipg.

Loi gidi
Do p va ¢ 13 hai s6 nguyén t6 phan biét nén (p, ¢) = 1
Theo dinh Ii Fermatnhotacop? '—=1:g=pT +4"" -1 1 4.
Tuong tytacingcopt™ +¢"' -1 g
Do d6 ta c6 diéu phai chtimg minh.
Vi du 7. Biét ring 2" — 1 13 mét s6 nguyén t6. Chimg minh rang » 13 s6 nguyén té.
Loi giai
Do 2" — 1 14 s6 nguyén to nén n > 1.
Giai str 7 1a hop sb
Khi d6 n = pg trongdé pvigdéulénhon1 =2"—1=2"—-1:2" -1 va2i—1
Ma 2P — 1 va 29— 1 déu 16n hon 1 nén 2" — 1 khong phai s nguyén t& (mau thuén)
Viy ta c6 diéu phai ching minh.
Vi du 8. Chimg minh ring a" + 1 (a va n nguyén duong) 1a s6 nguyén t6 thi n =2.

Loi giai
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Gia st n # 2" thi n = 2™.¢ trong d6 ¢ 1a mot s6 nguyén duong 16 .
Khidoa"+1=a"""+1=(a" ) +1=(a* +1)(a® ™" +...+1)

Suy ra " + 1 khong thé 1a sé nguyén t6 (Mau thun)

Viy ta c6 diéu phai ching minh.

Vi du 9. Tim tt ca cac sb nguyén té p va qsao chop + ¢ = (p - ¢)°.

Loi gidi

Vi(p-q) =p+q=0nénpva g phan biét va (p, g) = 1.

Mait khac talaicop — g =2p (mod p + q)

Suy ra 8p° chia hét cho p + ¢

Laico 1=(p, q)=(p + ¢, p) do dé p’ vap + g ciing nguyén tb cing nhau

p+q=2
s o pt+q=4
Nén 8 : ptqg =
p+q=28
p,q<8.

Thtr truc tiép dugc p =5, g = 3.

Vi du 10. (Baltic 2001). Cho a 1a sé nguyén duong 1¢, m va n 1a hai s6 nguyén duong
phan biét. Ching minh rang: (¢* +2%,a> +2*)=1.

Loi giai

Giasum > n>0.

Goi p 1a mot udc nguyén tb cia a” +2° = a* =-27 (mod p) (*)

Binh phuong hai vé ctia (*) m — n 1an ta duoc:

a® =2% (mod p)

Do d6 a® +2% =2.2" (mod p) nén p khong thé 1a uéc ciia a® +2° .
Tir d6 suy ra diéu phai chting minh.

Vidu 11. (Nga - 2001) Tim s6 nguyén duong 1é n > 1 sao cho a va b 13 hai udc nguyén
t0 cung nhau bat ki ctia n thia + b — 1 cling 1a udc cua n.

Loi giai

THI: n=p" trong d6 p 13 mot sé nguyén t6 thi # thoa man yéu cau.
TH2: n khong 1a luy thira ciia mot s6 nguyén to.

Goi p 1a mot ude nguyén td nhod nhét cia n. Khi dé n = p*.s va (p,s) = 1.

=>p+ts—1]|n
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Goi ¢ 1a mot udc nguyén td cua s thi g > p.
D&thdys<s+p—1<s+qg=s+p—1khong thé chia hét cho ¢
Tudésuyra (s, s +p-1)=1.Dodés + p— 1 chicd udc nguyén to 1a p
>st+tp-1=p"=s=p°—p+1
Do p°|nva (p°,s)=1nénp°+s—11aude chan
= 2p°-pln
Vi(2.p°—1,p)=1nén2p°—11a udc cuas.
Mit khéac ta dé dang ching minh duoc
p2—1<p;;cpjl<p;1

Hay

p—1< s <p+1 _ p—1
2 2p°—1 2 2

+1

Suy ra s khong thé chia hét cho 2p° — 1.
(méu thuin voi gia thiét)

Vay n = p"“ v6i p 1a sé nguyén to.
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1.3.3 Bai tap

Bai 1. Cho ¢ € N". Chirng minh ring néu a™ + 1 13 s6 nguyén t6 thi m = 2". Didu nguoc
lai c6 dung khong?

Bai 2. Gia sir phuong trinh X*+ax+b+1=0(a b € Z) c6 nghiém nguyén. Chirng minh
rang a” + b 1a hop so.

Bai 3. Cho g, b, ¢ 1 cac s nguyén khac 0 va a # ¢ thoa min
a_ a’+b’
c c+b’

Chung minh rang a® + b* + ¢* khong phai 1a sé nguyén t6.

Bai 4. Tim n sao cho " + 4" 1a mot s nguyén t6.

Bai 5. Cho p 1a s6 nguyén t6. Chirng minh rang s6
11...122...2..99...9 - 123456789

p P p

chia hét cho p.
Bai 6. Tim s6 tu nhién n sao cho
A = 2005 2006 L2 g
12 mot sb nguyén to.
Bai 7. Tim n nguyén duong dé mdi sb sau ddy la s6 nguyén t6:
a)n'+4
b) n* + n* +1.
Bai 8. Chirng minh rang néu p 1a mét s6 nguyén t6 16n hon 3 thi
pr-1124.
Bai 9. Cho 2™ - 1 1a m6t s6 nguyén t6. Chirng minh rang m 13 mot sd nguyén t6.
Bai 10. Tim s6 nguyén t6 p sao cho 2p + 1 = &, v6i a nguyén duong.
Bai 11. Tim s6 nguyén tb p sao cho p + 4 va p + 8 ciing 12 s6 nguyén té.
Bai 12. Tim s6 nguyén té p sao cho 8p> + 1 va 8p” - 1 14 nhitng s6 nguyén td.
Bai 13. Cho p 13 m6t s6 nguyén té va p = 30k + r. Ching minh rang
r=1 hoic r 1a mot s6 nguyén td.
Bai 14. Choa € ™', a> 1. Chung minh ring ¢" + 1 1a mot s6 nguyén t6 thi n = 2",
Bai 15. (Iran 1998) Cho a, b, x 13 cac s6 nguyén duong théam méan
LRSI

Chimg minh rang x =a va b = x".
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Bai 16. Chirng minh rang ton tai mot ddy vo han {p,} cic sd nguyén té phan biét sao cho
pn=1(mod 1999") véimoin=1, 2, ...

Bai 17. Tim tat ca cac s6 nguyén t6 p sao cho
fP)=2+3)-2*+3)+...- (2" + 37 ')+ (2° + 3P) chia hét cho 5.

Bai 18. (Trung Quéc 2001) Cho cac sb nguyén duong a, b, c saocho a, b, c, a + b - ¢,
c+a-bb+c-avaa+ b+ clabaysdnguyén td phan biét. d 1a s6 cac sd nguyén phan
biét nam giita s6 bé nht va 16n nhat trong bay s6 d6. Gia sur rang s6 800 14 mot phan tir
ciatap {a + b, b + ¢, ¢ + a}. Tim gia tri 10n nhét coa d.

Bai 19. Chtng minh rang véi moi sb nguyén a thi ludn ton tai mot diy vo han {ay} sao
cho day {ay + a} chtra hitu han s6 nguyén to.

Bai 20. Chtiing minh ring mdi s6 ty nhién déu biéu dién dugc dudi dang hiéu cta hai so
tu nhién c6 cung s6 udc nguyén to.

Bai 21. Cho p 1a s6 nguyén t0 1é va ay, ay, ..., a, ., 1a ddy cac s6 nguyén duong sao cho p
khong 14 wéc cla ay va a " - 1 voimoik=1,2, ....p - 2.

Chung minh rang ton tai mot s6 phan tir trong dy trén co tich khi chia cho p du 2.
Bai 22. Chirng minh ring néu udc sd nguyén td nho nhat p ciia s6 nguyén duong n khong

: T A LA
vuot qua A/n thi — 1a s0 nguyén to.

Bai 23. (Balan 2000) Cho day cac s6 nguyén to py, p, .. thda man tinh chat: p, 1a uéc
nguyén to 1én nhat cua p, .| + p,., + 2000. Ching minh rang day so trén bi chan.

Bai 24. Cho ay, ao, ..., a, 13 cac s6 tu nhién ddi mot khac nhau va co uée nguyén t khong
16n hon 3. Ching minh rang

i+i+...+L<3.

a, a, a,

Bai 25. Goi A 1a tap cac s6 nguyén td p sao cho phuong trin
CHx+1l= py

c6 nghiém nguyén x, y. Chitng minh rang A 1a tap vo han.

Bai 26. Chimg minh ring ton tai vo sd s6 k nguyén duong sao cho p* + k 1a hop s6 véi
moi sO nguyén to p.

Bai 27. Cho n 1a s6 nguyén duong sao cho n* + n + 1 phan tich duoc thanh tich cua 4 sb
nguyén t6. Chung minh rang n > 67.

Bai 28. Ching minh rang khong thé phan tich bat ki s nguyén t6 nao thanh tong binh
phuong cuia hai so tu nhién theo hai cach khac nhau.

Bai 29. Tim ba s nguyén td p, ¢, r sao cho p* + ¢* + #* ciing 1a s6 nguyén t6.

Bai 30. Tim cac s6 nguyén td p sao cho 2''" 2 chia hét cho 11p.
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Chuong I1
CAC BAI TOAN VE PONG DU

I1.1. Pinh nghia va cac tinh chat co ban ciia dong dw
I1.1.1. Li thuyét
I1.1.1.1 Dinh nghia

Cho ba s6 nguyén a, b, m (m # 0). Ta ndi a ddng du v6i b theo modulo n néu a —b
chia hét cho m.

Ki hi¢u: @ =b (mod m).
I1.1.1.2 CAc tinh chat

a)a=b(modm)<=a—-b:m
b) Néu ¢; = b; (mod m) véi moii=1,2, ..., nthi Y a, =) b, (mod m).
i=1 i=1

¢)Néua=b (modm) vac=d(mod m)
thi a — ¢ =b — d (mod m).

d) a=b (mod m) va b =c (mod m) = a =c (mod m).
e) Néu a; = b; (mod m) v6imoi i = 1,2, ..., nthi [ [a, =] |5, (mod m)
i=1 i-1

f) Néu a = b (mod m) thi ¢" = b" (mod m).

g) Cho P(x) 14 da thirc tuy ¥ v6i hé s6 nguyén

néu a = b (mod m) thi P(a) = P(b) (mod m)
Ching minh

a) Hién nhién

b) Do a; =b; (mod m) nén ta c6 a; — b; : m
Ma Zn:ai —Zn:bi = Zn:(al. -b) im

=) ) )

Tu d6 suy ra dpcm.

¢) Do a = b (mod m) va ¢ = d (mod m)
nén a —b va ¢ — d déu chia hét cho m

Ma(a-c)—(b-d)=(a-b)—(c-d)=o(mod m)
Suy ra dpcm.
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d)Gidsta =mq +r
Via=b(modm)nén b =mp +r
Vib=c(modm)nénc =ml +r
= a =b (mod m).

(Cac phan con lai xin nhudng ban doc)

27



Nguyén Vin Thao Chuyén dé S6 Hoc - Phan I
I1.1.2. Cac vi du

Vidu 1. 4 va B 13 hai s6 c¢6 7 chit s6 khac nhau tir 1 dén 7 va 4 > B.

Chung minh rang A khong chia hét cho B.

Loi giai
Ki hiéu S(n) 14 téng cac chit s6 cia n.
Khi @6 S(4)=SB)=1+2+...+7=28.
MaA=S(4) (mod9); B=S(B)(mod9).
T doésuyrad=B=1 (mod?9).
Giad st 4 : Bhay 4 = pB, p nguyén duong.
DoA4 >Bnénp>1.
Vi A va B c6 7 chit s6 khac nhau tir 1 dén 7 nén
1111111 <B<A4<7777777
Suy ra

—<7

Tudoésuyra 1<p<7

MaB=1(mod9)nénB=9%+1=A4=p9%% +1)=p (mod?9)
MatkhicA=1(mod 9) nénp=1(mod9). Volivil <p<7.

Viay diéu gia sir 1a sai.

Suy ra A khong chia hét cho B.

Vi du 2. Chimg minh rang 10°™"" khong thé biéu dién thanh tong hai 1ap phuong.

Loi giai
| @* = 0(mod7)
Ta thay v6i moi s6 nguyén a thi | ¢® =1(mod7)
a’ =—-1(mod7)

 @* +b° =0(mod7)
Do d6 v6i moi a, b nguyén thi @’ +b’ =+1(mod7)
a’ +b’ =+2(mod7)

Ma 10" =33 =327"=3(-1)" = + 3 (mod7)

Nén suy ra dpcm.
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Vidu3.Cho 11 sb nguyén duong ai, a, ..., di1- Chtrng minh réng ludn ton tai cac sb x; e
{-1,0,1},i=1,2, ..., 11 khong dong thoi bang 0 sao cho:

x;a; + Xxoa, + ... +x;;a;; chia hét cho 2047.

Loi gidi
DétS: {b1a1 + szlz +...+ b116111| bi S {O, 1}}
Khi d6 |S] = 2048

Do d6 khi chia céc s6 ctia S cho 2047 phai c6 2048 sb du.
Vi vay phai ton tai hai s6 trong S ma khi chia cho 2047 ¢6 ciing s6 du

Gia st hai s6 d6 1a
11 11
A, = Zbl.al.,An = ch.al. :
i1 i=1
Tacod Ay — A, : 2047.
11 11
Ma 4,-4,= Z(bi —¢)a; = inai
i=l1 i=l1

Vib;, c;e {0,1} nénx; € {-1,0, 1}

Lai ¢ (by, by, ..., byy) # (c1, ¢a, ..., ¢11) nén x; khong dong thoi bang 0.
Dpem.

Vi du 4. Xét 100 s6 ty nhién lién tiép 1, 2, ..., 100.

Goi 4 la s6 thu duoc bang cach xép mot cach tuy y 100 s6 d6 thanh mot diy, B 14 sb thu
d}rqc bang cach gieflt mot cach tu}‘f y cac dau cdng vao gitta cac chir so cia 4. Chung minh
rang ca 4 va B déu khong chia hét cho 2010.

Loi giai
Ki hiéu S(n) 1a tong cac chit s6 ciia s6 tu nhién 7.
Ta thay tir 1 dén 100 xuat hién 21 chir s6 1, 20 chirs6 2, 3,4, 5,6, 7, 8, 9.
Do d6 S(4)=21.1+202+3+... +9)=901
Ma 4A=S5(4)=1 (mod 3)
Nén 4 khong chia hét cho 3 do d6 4 khong chia hét cho 2010.
Gia sur sau khi d3 dit cac dau cong vao gilra cac chir sb cua 4 ta duoc
B=b +by+...+bh,

Khi do

B=by+by+ ...+ b,=8b))+Sby) + ... +8(b,) (mod 3).
Ma S(by) + S(by) + ... + S(b,) = S(4) = 1 (mod 3)
Suy ra B =1 (mod 3). Do d6 B khong chia hét cho 2010.
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Vi du 5. Chirng minh rang 11" + 12*™"' chia hét cho 133 v&i moi sb tu nhién n.
Loi giai
Tacd 11™%+ 122" = 121.11" + 12.144"
= 133.11"+ 12(144" — 11"
Ma 144" — 11" © 144-11 = 133
Nén ta c6 dpem.
Vi du 6. Ching minh rang 19.8" + 17 1a hop sé véi moi sd tu nhién x.
Loi giai
Ta co
19.8"+ 17=19.(-1)" + 17 (mod 3)
Néu 7 chan thi
19.¢-1)"+ 17=19+ 17 = 0 (mod 3)
Ma 19.8"+ 17 >3 nén 19.8" + 17 13 hop s khi n chén.
Néun=4k+1
Ta co
19.8"+17=19.8*%""1+17
= 48.64** + 17 (mod 13)
=48.(-1)™ + 17 (mod 12)
=( (mod 13)
Do d6 19.8" + 17 13 hop sb.
Néu n =4k + 3 thi
19.8%3 + 17 = 0 (mod 5)
Tom lai véi moi n thi 19.8" + 17 13 hop sb.
Vi du 7.(Nga 2000) Tim cac s nguyén t6 p va g sao chop + ¢ = (p - q)°.
Loi giai
Ta co
(P-9’=p+q=0
Nén p va ¢ 1a hai s6 nguyén t6 phan biét.
Ta co
p—gq=2p(modp +q)
= (p-¢)’=8p’ (mod p +q)
= 8’ =0(modp +q). (*)
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Do (p.g)=1=>@ptqg=1

=>@L,p+q=1
Tr(*)=8:p+gq

=>p+qg<8

Map, g>2nén 2<g<p<5
Do do (p, q) = (5, 3).
Vidu 8. Cho a 1a mdt s6 nguyén duong 1¢. Ching minh rang

a’ +2%,a" +2%
nguyén t6 cing nhau véi moi s6 nguyén duong m #n.
Loi gidi
Giasaum > n
Goi p 1a mot wdc nguyén té cua a® +2%
Ta co

a*' =2 (mod p) (*)

Binh phuong hai vé ctia (*) m — n 1an ta dugc:

a® =27 (mod p)
Do d6 a* +2% =2.2" (mod p) nén p khong thé 1a u6c cia a® +27 .

Tir d6 suy ra diéu phai chimg minh.
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I1.1.3. Bai tap

Bai 1. Ching minh rang voi moi n nguyén duong ta co:

a) 47 +2" +1 =0 (mod 7)

b) 27" +15n—1=0(mod9)
Bai 2. Tim cac sb tu nhién x, y, z thda man

2°3+1=17%
Bai 3. Tim tét ca cac s6 nguyén duong n sao cho 5" = - 1 (mod 7°°%).
Bai 4. Chirng minh rang v&i moi 7 1é thi
1"+2"+ .. +n" 142 +..+n
Bai 5. Cho p 1a s6 nguyén tb. a, b 1a hai s6 nguyén bat ki. Ching minh rang
(a + b)’ =d” + b® (mod p).
Bai 6. Cho g, n nguyén duong, p nguyén t6 thoa man
2P + 3P =3"

Chimng minh rang n = 1.
Bai 7. Tim x nguyén sao cho [x| < 1997 sao cho x*+ (x + 1)*  1997.
Bai 8. Tim s6 nguyén duong 7 = 2°3% sao cho n + 25 13 mét sb chinh phuong.

Bai 9. Cho cic s6 nguyén khong am a; , a, < ... < ajo; < 5050. Chtrng minh rang ton tai
bon sO0 nguyén phan biét sao cho

(ax t a1 - ay - ay) : 5050.

Bai 10. Chimg minh rang ton taj sb nguyén duong a sao cho moi s6 nguyén k thi cac sd
m=k+k-3avan=k +k+1-3a déukhong chia hét cho 2000**""

Bai 11. Chirng minh réng ton tai mot sb tu nhién 2001 chir sd gém toan chir s6 1, 2 va
chia hét cho 2°"",

Bai 12. Chuing minh ré‘mg tu 1’1 s6 tu nhién tuy v luén chon dugc ra hai s6 sao cho hiéu
binh phuong cua chiing chia hét cho 20.
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I1.2. Pinh ly Fermat, dinh ly euler va dinh ly Wilson

I1.2. 1. Hé thing dw day di va hé thing dw thu gon.

I1.2.1.1 Dinh nghia 1

Néu x = y (mod m) ta néi y 1a mot thing du ctia x modulo .

Tap S = {x, X, ..., Xm} duoc goi 1a mot hé thing du ddy di modulo m néu mbi sd
nguyén y tuy y déu ton tai duy nhat mét so x; sao cho y = x; (mod m).

I1.2.1.2 Cac tinh chit co ban
+) Tap {1,2, ..., m - 1} 1a mot hé thang du day du modulo m.
+) Moi hé thing du day du modulo m déu c6 diing m phén ti.

+) Mot h¢ gom m phan tir 12 hé thang du ddy di modulo m khi va chi khi hai phan
tir khac nhau bat ki cua né khong dong du véi1 nhau modulo m.

+) Mbi s6 nguyén m ludn c¢6 vo s6 hé thing du ddy du.

+) Vi mdi s6 nguyén a, m > 0. Tap tat ca cac sd x nguyén thoa man x = a (mod m)
1ap thanh mdt cap s6 cong. Tap hop nay dupc goi 1a mot 16p thang du modulo m.

+) V6i mdi s6 nguyén duong m thi ludn c¢6 m 16p thing du modulo m.
11.2.1.3 Pinhli 1
Cho a, b, m 14 cac s6 nguyén. Khi d6 a = b (mod m) thi (a, m) = (b, m).
Chirng minh
Tacoa=b(modm)=>a—-b=0(modm)=>a=>b+mgq
= (a, m)=(b + mq, m) = (b, m).
Dpem.

I1.2.1.4 Dinh nghia 2

Tap S = {x1, x2, ..., Xx,} V01 céc $6 x; phan biét g01 la mot hé thang du thu gon
modulo m néu (x;, m)=1véimoii=1,2, ..., nvamoi s nguyén y nguyén t6 cing nhau
v&i m déu ton tai so x; sao cho y = x; (mod m).

Nhan xét:

+) Ta co thé thu duoc mot hé thang du thu gon béng cach loai ra khoi hé thang du
day da nhiing s6 khong nguyén t6 cung nhau vdi m.

+) Moi hé thing du ddy du déu c6 cing sb phan tir, s6 phan tir ciia mot hé thing du
thu gon ki hiéu 1a @(m). ¢(m) got 1a phi ham Euler.

+) Néu p 1a s6 nguyén té thi ¢(p) =p -1.

+) ¢(m) bang so6 cac s6 nguyén khong vuot qua m va nguyén to6 cung nhau véi m.
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I1.2.1.5 Pinh li 2

Cho (a, m)=1. Néu S = {x1, X2, ..., Xy 1} 1a mot h¢ thang du thu gon (hodc dﬁy da)
modulo m thi aS = {ax,, ax,, ..., ax, } cling la m6t h¢ thiang du thu gon ( hodc tuong
ung day du) modulo m.

Ching minh

Taco (a, m)=1= Néu ax; = ax; (mod m) thi x; = x; (mod m)

Do d6/ voi i # j thi x; khong dong du véi xj = ax; cling khong dong du véi ax; (mod m).
Suy ra cac phan tir ciia ctia aS d6i mot phan biét theo modulo m.

Ma S va aS c6 cung s6 phan tir do d6 néu S 1a hé thang du ddy du thi aS ciing 13 hé thing
du day du.

Néu S 1a hé thiang du thu gon thi ta chi can chimg minh cac phan tir ciia aS déu
nguyén to6 cung nhau véi m.

That vay, vi (@, m) =1 va (x;, m) = 1 v61 moi i = (ax;, m) = 1 = aS 1a h¢ thang du
thu gon modulo m.

I1.2.1.6 Dinh li Eurler
Cho a, m 13 cac sb nguyén thoa man (a, m)= 1. Khi d6
a’"™ =1(mod m)
Chirng minh
Go1y1, V2, ..., Yo(m) 1a mot hé thang du thu gon modulo m.
Vi(a, m)=1nénay,, ay,, ..., ayem) cling la mot h¢ thang du thu gon modulo m.

Do d6, véimoii € {1,2, ..., o(m)} déu ton tai duy nhatj € {1, 2, ..., ¢(m)} sao cho y; =
ay; (mod m).

Tur do ta co
p(m) p(m) p(m)

[1v.=[T@r=a""]]» (modm)

P P i=l
Ma (y,m)=1voimoii=1,2,..., ¢ (m)
Suy ra ¢®™ =1 (mod m).
I1.2.1.7 Dinh li Fermat
Cho p 12 mét s6 nguyén t6, a 1a mot sé nguyén bat ki khong chia hét cho p. Khi do
a*' =1 (mod p).
Chirng minh
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Do a khong chia hét cho p nén (4, p) = 1. Do dé, theo dinh 1i Euler ta c6
a®® =1 (mod p)
Ma p 14 s6 nguyén té nén (p)=p—1=d"" ' =1 (mod p)
dpcm.
+) Nhan xét
Tir dinh 1i Fermat suy ra voi moi sd nguyén a va sd nguyén t6 p thi
a” = a (mod p).
I1.2.1.7 Dinh li Wilson
Cho p 12 mdt s6 nguyén t6. Khi d6
(p-1)!'=-1(modp)
(Phan chtg minh cua dinh 1i kha don gian, xin nhudng cho ban doc )
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I1.2.2. Cac vi du

Vi du 1. Cho n 13 mét s6 tu nhién bét ki. Chirng minh rang

n’ —n=0 (mod 42).
Loi gidi
Do 7 12 mét sb nguyén t6 nén, theo dinh li Fermat, ta c6

n —n=0(mod 7).
Ta lai co
n—n=nn’-1)=- Dnn + ("' +n*+1)=0 (mod 6)

Ma (6, 7) =1 nén tur (1) va (2) suy ra dpcm.

Vi du 2. Cho p 13 mét s6 nguyén t6 16n hon 7. Ching minh rang
(3P —2°- 1)} 42p.
Loi giai
Ta co
3P -2P-1=(3"-3)-(2"-2)=0 (mod p).

Mait khac

P2 [ =(3P-1)-2":2
Map>T7=plé
Do do

3P-2P—1=-(-1)-1=0(mod 3)
Bay gio ta can chimg minh 3° — 2P — 1 : 7

Taco

Do (p,3)=1nénp=3k+ 1 hodcp=3k+2
Néup =3k + 1 thi
ptl o p-l Pl pHl
22 422 -27-1=8"-1+422 -27=27-22 (mod7)

p+l p-1 p+l

=22 (22 -1)=22 (8 —1)=0(mod7)
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Néu p = 3k + 2 ta chitng minh tuong tu.
Tu d6 suy ra dpcm.

Vi du 3. Cho x 13 mét s6 nguyén t6. Khi d6, phuong trinh x* = -1 (mod p) (1) ¢6 nghiém
khi va chi khi p =2 hoac p =1 ( mod 4).

Loi giai

Néu p = 2, phuong trinh ¢6 nghiém x = 1.

Néup =1 (mod 4) = 1a s6 chén

p—1
2
: . -1 .
Khi dé ta s€ ching minh x = (pT)! 1a mot nghi€ém cua (1).

That vay, ta co

=—(p—1)(mod p)
2=—(p—2)(mod p)

rl —<p7“><modp>

Do do
p-1

(pT‘1>!s<—1>2<p—1)(p—1>..."7” (mod p)

p-l,_ 2 p=l p+l
= ( 5 N =(-1)2 .1.2..( 5 ). 5 ..(p—1)(mod p)

p-1
=D * (p-1!
Ma theo dinh 1i Wilson ta cé (p - 1)! = -1 (mod p)

p =1 (mod 4) nén p 1a s6 chin

p-1

T dé suyra (1) 2 (p—1)!=—1(mod p)
N Lt TR TU .
Do d6 x = T! 1a mdt nghiém cua (1).

Nguoc lai, néu p 1a s6 nguyén t6 1& va (1) c6 nghiém
Khi do, goi a 12 mdt nghiém cua (1)

Taco
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p-1 p-1

a’'=(a’)? =(-1) * (mod p)

Ma theo dinh li Fermat, ta c6 ¢*' = 1 (mod p) nén

p-1

1=(-1) * (mod p)

chin hay p = 1 (mod 4)

p—1
suy ra
Y 2
dpcm.

Vidu 4. Cho g, b 1a hai 5O nguyén thoa mén 244* + 1 = b*. Ching minh rang c6 mot va
chi mdt trong hai s6 do chia hét cho 5.

Loi giai
Ta c6 24a” — b* = 1 khong chia hét cho 5 nén a va b khong thé cung chia hét cho 5.
Gia sir a va b ciing khong chia hét cho 5
Theo dinh li Fermat ta co
a*—1=0 (mod 5)
b*—1=0 (mod 5)
Do d6
(@* = b (@ +b*) =a* - b* =0 (mod 5)
Néu a” + b* =0 (mod 5) thi 254> + 1 = a* + b* = 0 (mod 5) (v6 1i)
Vay a* — b* = 0 (mod 5)
= 23a*+1=0b"-a*=0(mod 5) = 234>+ 1 =0 (mod 5)
Vi(a,5)=1néna=+1(mod5)hodca= + 2 (mod 5)
Néua = +1 (mod 5) thi
0=23a"+1=23(x1)’+1 =-1 (mod 5) (v6 li)
Néu a = +2 (mod 5) thi
0=23a>+1=23(+2)*+1=3 (mod 5) (v6 li).
Vay diéu gia st 13 sai
Tu d6 ta c6 dpem.
Vidu 5. Cho p 1a mot s6 nguyén t6, a va b 13 hai s6 nguyén duong.Chimg minh rang:
ab® — ba” = 0 (mod p).
Loi gii
Ta co
ab® — ba® = ab(b*' —a*)
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Néu ab : p thi hién nhién ab® — ba® * p.
Néu ab khong chia hét cho p = (a, p) = (b, p) = 1
= '~ 1=0(mod p) va 5" — 1 = 0 (mod p)
= "' — p"' =0 (mod p)
= ab® — ba” = 0 (mod p)
dpcm.

Vidu 6. Cho a 12 mét sé nguyén. Chting minh rang «” + 1 khong c6 u6c nguyén té dang
4k + 3. Ttr d6 suy ra cac phuong trinh sau khong c6 nghiém nguyén duong.

a) dxy—x—y=2
b) x*—y’=7.

Loi giai

Gia sir a* + 1 ¢6 udc nguyén td p = 4k + 3 = (a, p) = 1.

Khi do
ap-l+1:a4k+2+1:(a2)2k+1+1 e (1)
Mat khac, theo dinh li Fermat, ta co
A -1:p )

T (1) va(2)suyra2 : p = p =2 (vd li vi 2 khong c6 dang 4k + 3)
Vay a+1 khong c6 uéc nguyén td dang 4k + 3.
Ap dung
a) Ta co
4y —x—y=2"
S (dx-D@dy-1)=427+1
o @Ax-D@y-1)=Q27+1

Do 4x — 1 > 3 voi moi x nguyén dwong va c6 dang 4k + 3 nén né co it nhat mot udc
nguyén to dang 4k + 3

Ma (2z)* + 1 khong c6 uéc nguyén té dang 4k + 3 nén phuong trinh trén v nghiém.
b) Ta co
xz—y3=7<:>x2+ 1 =y3+8
X +1=y+2)(7 -2 +4)
Néu y chén thi
(+2)0° -2y +4) i 4
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=x*+1:4=x*=-1(mod4) voli
Dodoylé =>y=4k+1hodacy=4k+3
Néuy=4k+1
= y+ 2 =4k + 3 nén c6 c6 it nhat mot udc nguyén té dang 4k + 3.

Ma x* + 1 khong c6 udc nguyén t6 dang 4k + 3 = phuong trinh trén khong co nghiém
trong truong hop nay.

Néuy=4k+3 ="~ 2y+4=(-1)>-2(-1) (mod 4) = 3 (mod 4)
nén phuong trinh trén cling vo nghi¢m trong truong hop nay.

Tu do6 ta c6 dpem.

Vi du 7. Cho a, b 1a cac s6 nguyén. p la mot s nguyén té cé dang 4k + 3. Ching minh
rangnéux’+y* i pthix i pvay : p. Tir d6 suy ra phuong trinh sau vo nghiém nguyén:

X +2y+ 47 =37
Loi giai
Gia st p = 4k + 3 1a s6 nguyén t6 thoa mén x* + y* : p nhung x khong chia hét cho p = x*
khong chia hét cho p = y khong chia hét cho p.

Theo dinh li Fermat ta co

2+l

Lo lip= () ip

Tuong tu, ta cung co
(y2)2k+1 “1ip

suy ra

(x2)2k+1 + (y2)2k+1 =2 (modp)
Ma ) T+ DT Y i p =2 i pp=2(vo i)
Vayx:pvay:p.
Ap dung
Ta co

X+ 2x+ 4 =37

S+ +(2y)=38:19=44+3
Dodox+1:19va2y: 19,
Vix + 1 va 2y khong thé cing bang 0 nén |x + 1| > 19 hoic |2y > 19
Khi d6 (x + 1)* + (2y)* > 197 > 38 nén phuong trinh trén v6 nghiém.

Vi du 8. Cho p > 7, p nguyén td. Ching minh rang sé S=11...1 (p — 1 chit s6 1) chia hét
cho p.
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Loi giai
Ta co
g 107" —1
9
Vip>T7nén (10,p)=1
Do do
10°° "= 1:p

10°"'—1:(10-)=9
Ma(p,9)=1nén10° '—1:9p
T dosuyrasS : p.
dpcm.
Vi du 9. [IMO - 2005] Cho day s6 (a,) xac dinh nhu sau
a, =2"+3"+6"-1voin=1,2, ...

Tim s6 ty nhién nguyén t6 cling nhau v6i moi s6 hang cia ddy trén.
Loi giai
Ta s& ching minh ring véi moi sé nguyén té p déu ton tai mot s6 hang a, chia hét cho p.
That vy, ta c6 a, = 2° + 3> + 6> — 1 = 48 chia hét cho 2 va 3.
Xétp>5
Ta co

2,p=1G.p=1(,p)=1
Do dé, tir dinh 1i Fermat suy ra

2P 1=3P"1=6""" =1 (mod p)
Tu d6 dé dang ching minh dugc 6a, ; : p
Ma (p,6)=1néna, ,:p
Do d6 chi ¢6 s6 1 1a s6 tu nhién duy nhat nguyén té cung nhau voi moi sé hang cua diy
(an).
Vi du 10. [IMO - 2003] Tim s0 nguyén duong k nhé nhat sao cho ton tai cac so xi, x, ...,
Xy sao cho:

XPFx ...+ xe =20022%
Loi giai
Ta ¢6 2002 = 4 (mod 9) = 2002° =4’ = 1 (mod 9)
20022 = (2002°)°7.2002 = 2002 (mod 9) = 4 (mod 9)
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Mit khac, véi moi s nguyén a ta ¢6
a’ =+ 1 (mod 9) hodc a® = 0 (mod 9)
Do do
XX xS xS g khong thé déng du vo1 4 modulo 9 duoc.

Tlc 1a voi k < 3 thi phuong trinh trén khong c6 nghiém nguyén.
Ta sé chimg minh k = 4 13 gia trj can tim.
That vy, ta ¢6 2002 = 10>+ 10° + 1° + 1°
Ma 2002 = 3. 667 + 1

= 2002°"% =2002. (2002°°7)’

=(10°+10° + 1° + 17 ) (2002%°7)*

= (10.2002%7Y* + (10.2002°°")* + (2002°¢7y* + (2002°¢7)*
Vay vai k = 4 thi phuong trinh trén c6 nghiém.
KL: k=413 gi4 tri can tim.
Vi du 11. (Balan - 98) Cho diy s6 (a,) dugc xac dinh nhu sau:

a=1, a,=a,, +a[£] vl moin > 2.
2

Chung minh rang ddy (a,) ¢6 vo s6 sd hang chia hét cho 7.
Loi gidi

Gia sir trong day trén c6 hitu han sb hang chia hét cho 7.
Khi d6 goi ay 14 s6 hang cubi cung cua diy chia hét cho 7.

Diéunaylatontai vicoas=7: 7.

Ta co
Aok = Aokl T Qs Ao+ = Aok T Ak
Do do
Ay +1 = Ay = Ay~ =X (mod 7).
Véix 1.
Mat khac
Qa2 = Qa3 T A1 = age 3+ x (mod 7)
Qa1 = Qa2+ A1 = ag >+ x (mod 7) = a3 + 2x (mod 7)

Qg = Qgx—1 T Ao = ag—3 + 3x (mod 7)
Qg +1 = A t Ao = age—3 + 4x (mod 7)

Qg +2 = Qg+ + Ao+ 1 = age 3 + Sx (mod 7).
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Qg +3= Qg+ + Ao+ = dgg— 3+ 6x (mod 7)
Ta co a3 D 7vax: 7nén trong cac $O ag 5+ ix (i=1,2,...,6.) phdico s6 chia hét
cho 7 nén trong cac s6 as _3+i,1=1,2, ..., 6 phai c6 so chia hét cho 7.
Vay diéu gia str 1a sai
Tir d6 ta c6 diéu phai ching minh.
Vi du 12. Ching minh ring néu p 1a mot s6 nguyén t6 thi (p - 2)! — 1 : p.
Néu p > 5 thi (p - 2)! — 1 khong 14 lu§ thira cua p.
Loi giai
Theo dinh li Wilson ta c6
-D!'=-1(modp)=p—1(modp)
S @-Dp-2)!=p-1(modp) *)
Do(p,p-1)=1nén
(") < (p-2)!=1(modp)
Véip>35, giast(p-2)!—-1=p"
Ta co
p-2)!:p-1=p"+1:p-1
Ma
prtl=p"-1)+2=2(modp-1)
= 2=0(mod p—1)
Volivip>5
Viy c6 diéu phai chimg minh.
Vidu 13.

a) Cho a 1a mot sd nguyén dwong. Chirng minh rang moi udc nguyén té p cia a” +
1 voi p > 2 thi p déu co6 dang 4k + 1.

b) Chirng minh rang c6 vo s s6 nguyén to c6 dang 4k + 1.

Loi giai
1) Gia st p 1a s6 nguyén t6 dang 4k + 3 vap | a* + 1
Khi do

p-1

a*=-1(mod p) = (a*) 2 =(a*)*" =-1 (mod p)
Mat khac theo dinh li Fermat, ta co
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a* '=1 (mod p)
Do do
2 =0 (mod p)
Volivip>2
Viy c6 diéu phai chimg minh
b) Theo phan a) ta c6 moi udc nguyén td cua (n!)* + 1 déu c6 dang 4k + 1

Gia sir ¢ hiru han uéc nguyén té dang 4k + 1 khi d6 goi p 1 s6 nguyén té 16n nhat ¢o
dang 4k + 1.

Ta c6 moi udc nguyén t6 16n hon 2 cia (p!)* + 1 déu c6 dang 4k + 1 va déu khong 16n
hon p (do p 16n nhat dang 4k + 1)

(P + 1, 9) =1 véi moi g <p dé do (p!)* + 1 khong c6 uée nguyén t6 nhd hon hodc
bang p (vo i)

Vay ta c6 diéu phai ching minh.

Vi du 14. Ching minh rang voi moi s6 nguyén to p, ton tai vo han cac s6 nguyén duong
n sao cho

2'—nip (*)
Loi gidi
Néu p = 2 thi moi n chan déu thoa man (*)
Néu p > 2, theo dinh li Fermat, ta c6
2°"'=1 (mod p)

< 2"° D=1 modp
Chonm=kp-l,n=m(p-1)=(kp-1)(p-1)=1(modp)
Khi do6
2" -p=2"°"Y_y=1-1=0(modp)
Tu d6 suy ra dpcm.
Vi du 15. (Bulgarian — 95) Tim s6 cac s6 ty nhién n > 1 sao cho
a® —a =0 (mod n)
Vi moi s tu nhién a.
Loi giai

Véi moi s6 nguyén to p thi

@, p°-p)=p=p°-pip
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Dodon : P’ v6i moi p nguyén to.
suy ra n 1a tich cua cac sb nguyén t6 phan biét
(Sé tu nhién nhu vay dugc goi la sb squarefree)
Mat khac
2% -2=23%5.7.13.17.241
Nhung n khong thé chia hét cho 17 va 241 vi
3% _3=-6(mod 17)
va 3% —3 =29 (mod 241)
Bay giotaxétp=2,3,5,7, 13.
+) p =2, ta c6 véi moi a nguyén thi ¢ —a : 2.
+)p=3.Néua :3thia®-a:3
Néua 3=d*=1(mod3) = a* = ()" a=a(mod 3)
=a”—a’3.
Tuong tu chop =5, 7, 13 thi a® — a * p véi moi a nguyén.
Do d6 # chinh 1a tich cta k (1 <k < 5) s6 trong 5 6 trén
Tir d6 suy ra c6 2° — 1 = 31 s6 tu nhién nhu vay

Vidu 16. Cho n>5 1a s6 ty nhién .Ching minh rang

[—(n_l)!} :on-1.
n

a) Truong hop 1. n 1a sé nguyén td
Theo dinh 1y Winson (n-1)!=-1(mod n) suyra ((rn-1)!+1 :n

Taco

Loi giai

n n n n

{(n—l)!}:{(n—l)!ﬂ_l}: (n-D+1 i 0<l<1)
n

—0ZD=0ED sy vigen- D=1
n

b) Trudng hop 2. n 1 hop sd

+) n khong 14 binh phuong ctia mot s6 nguyén to.
Khidd n=rsvoi I<r<s<n.
Do (n,n-1)=1 suyras<n-1 = (n-1)! : rs(n-1)=n(n-1) hay (n-1)! = kn(n-1)
suy ra
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{(n—l)/
n

}zk(n—l)f(n—l).

+) n=p? voipla mot sd nguyén to.
Do p’=n,n>5 suyrap >3 = p’=3p>2p+1
=2p<p’—1 hay2p<n-1
Nénl<p<2p<n-1
Suy ra (n-1)! : p.2p.(n-1) =2n(n-1).
(n—1)!
n

T do suy ra [ } (n-1).

Viy ta cd diéu phai ching minh.
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11.2.3. Bai tap

Bai 1.
a) Cho a 13 s6 nguyén sao cho (a, 7) = 1. Chirng minh ring
a?-1:7.
b) @ 14 s6 nguyén duong sao cho (a, 240) = 1. Chtrng minh rang
a'-1:240.
Bai 2. Choa; +a, + ... + a, : 30, va ay, a, ..., a, nguyén. Chung minh rﬁng
a +a+..+a :30.
Bai 3. Chirng minh rang
n-nt42
v6i moi s6 nguyén n.
Bai 4. Cho n nguyén duong. Chirng minh rang
a) 227" +30 11,
b) 22" +19 : 23,
¢) 2% =16 (mod 37).
Bai 5. Cho p 1a s6 nguyén t6 16n hon 17. Ching minh rang
P'® =1 (mod 16320).
Bai 6. Cho p 13 s6 nguyén té 1é. Chimg minh rang
2(p-3)! = -1 (mod p).
Bai 7. Cho n 13 hop sd, n # 4. Chirng minh rang (n - 1)! = 0 (mod n).
Bai 8. Cho p va ¢ 13 hai s6 nguyén t6 phan biét. Ching minh rang
¢ +p? " =1 (mod pg).
Bai 9. Cho g, b 1a cac s0 nguyén, p 1a s6 nguyén t6. Chirng minh rang
(a + b)’ =d” + b” (mod p).
Bai 10. Ching minh rang n va n + 2 13 cip s6 nguyén t6 sinh doi khi va chi khi
4[(n- 1!+ 1]+ n=0 (mod n(n + 2)).

P

Bai 11. Cho p 1a mét s6 nguyén t6 1é. Ching minh rang s6 m = 14 mot hop sb 1¢,

khong chia hét cho 3 va 3™ ' = 1 (mod m).
Bai 12. Chirng minh rang v&i moi s6 nguyén td p, ton tai vo han sd nguyén duong n thoa
man
2"-n i p.
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Bai 13. Tim tat ca cac s6 nguyén t6 p sao cho
5" =1(mod p)

Bai 14. Cho a, b 1a hai §6 nguyén duong sao cho 2a - 1,2b-1vaa +b déu 1a cac sb
nguyén t6. Chimg minh ring a* + b° va a® + b* déu khong chia hét cho a + b.

Bai 15. Tim sd nguyén duong n sao cho n = @* + b” v6i a, b 1a hai s6 nguyén duong
nguyén t6 cliing nhau va ab chia hét cho moi s6 nguyén t nhé hon hoic bang Jn.

Bai 16. Cho p 1a mét s6 nguyén t 1é. Chirng minh rang khong ton tai x, y nguyén thoa
man hé thirc

x*+ )P =plp - DIT.

Bai 17. Tim ba sb nguyén t6 p, g, r sao cho p* + ¢* + #* ciing 1a s6 nguyén to.
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IL.3. S6 chinh phwong mod p
I1.3.1. Li thuyét
I1.3.1.1 Dinh nghia 1

Cho sb nguyén t p. S6 nguyén a duoc goi 13 sé chinh phwong (mod p) néu ton tai
sd nguyén x sao cho x* = a ( mod p).

Nhan xét:

+) Moi s6 chinh phwong déu 14 s6 chinh phuong (mod p)

+) a = 0 (mod p) thi a* = a (mod p) nén moi a = 0 (mod p) déu 1a s6 chinh phuong
(mod p). Do d6, tir day vé sau, ta chi xét s6 nguyén a sao cho (a, p) = 1.

+) Moi s nguyén 1¢ déu 1a sé chinh phwong (mod 2)
I1.3.1.2 Ki hiéu Legendre
Cho p 12 s6 nguyén t6 1¢.

{ﬁ] =1 néu a 1a s6 chinh phuong mod p
P

(ﬁj = -1 néu a khong 13 s6 chinh phwong mod p.
P

Ki hi€u trén goi 1a ki hi¢u Legendre.

11.3.1.3 Pinhli 1

Cho p 12 mot s6 nguyén t6 1¢. Khi do

(ﬁ} Cled =1(mod p) (1)

P

(i) e = Imod p) @)
P

Ching minh

Gia st a 14 s6 chinh phuong mod p, khi do, tdn tai sb tu nhién x sao cho
x> = a (mod p)

Do (a, p) = 1nén (x, p) = 1.

Theo dinh li Fermat ta co

p-1

1=x""=a ? (mod p)

Nguoc lai, néu c6 (1) thi véi mbéi k € {1,2, ...,p- 1} co duy nhat moétsé k” € {1,2, ..., p
- 1} sao cho k.k’=a (mod p)
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Néu ton tai k = &’ thi k.k’ =k’ = a (mod p) = a 1a s6 chinh phwong (mod p).

Trai lai, tap {1, 2, ..., p - 1} duoc chia thanh % tap con {k, k’} ro1 nhau sao cho k.k’ =

p-1

a(modp). = (p-1)!=a? =1(modp)
Mat khac, theo dinh 1i Wilson, ta co6
(- 1D!'=-1 (mod p)
Tu d6 suy ra
=-1(modp)=p=2(voliviplé)
Vay (1) dugc ching minh xong.
Theo dinh li Fermat, ta c6 a® ' = 1 (mod p)

Do 406, (2) dugc ching minh.

I1.3.1.4 Dinh li 2 (Bo dé Gauss)
Cho p 12 s6 nguyén t6 1¢, a 1a s6 nguyén, (a, p) = 1. Xét tap

fkalk=1,2, ..., pT_l}.

Goi 7 =ka (mod p), 1 <r <p.

p-1

Goi n 14 s6 céc s r thudc khoang (%; p).Khidé a 2 =(-1)"(mod p).

(n chinh 14 s6 boi s6 clia a trong khoang (g; p))

Chirng minh
Ta co
ka = r, (mod p)
Cho k chay tir 1 dén (p - 1)/2 r6i nhan cac dang thtrc d6 lai ta dugc:

p-1
2

p_l!a
2

p-1
2
=] [7(mod p)
k=1
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Goid= {rk|rk>§};B= {rk|rk<§}

Khi do

-1

=

—1|

n=11nl1n=CD"T1®-r] 7 (modp)

1 ned neB neAd neB

=~
Il

-l

Taco véi moir, € Athip—ry
MétkhécNéurieA,rj eBthip—ri;trjVinéup—rizrjthiri-l-rj:p
= a(i +j)=0 (mod p) = i +j =0 (mod p).

p—1

Diéu nay khong thé vi i vaj thudc (L5—) nén 1 <i+;<p.

o g _
Tir d6 suy ra pzl!az =[[r =12 L (*)

p-1

1
Ma (p2 L, p)=1nén tir (*)suyra a > =(-1)"(mod p)

dpcm.

Tir d6 ta c6 mot s6 hé qua quan trong sau.
Hé qua 1. Cho p 1a s6 nguyén t6 16. Goi n 13 sb cac sb chin thudc (%; p) thitaco

p-1

22 =(-1)"(mod p).
Ching minh
Tir dinh 1 2, cho a = 2 ta ¢ diéu phai ching minh.
Hé qua 2. Cho p 1a s6 nguyén t6 1é. Khi d6
-1 1
(=)=(1"
P
Chirng minh
(Hién nhién)

H¢ qua 3. Cho p 1a s6 nguyén t6 1é. Khi d6

(z):l < p= =1 (mod38)
p

51



Neuyén Vin Théo Chuyén dé S8 Hoc - Phan I

p-1
va (zj =(-1)
p
Ching minh

Gia str p = 4k + 1, tip cac sb chdn trong khoang (0; p) 1a {2i|1 <i<2k}

Khi 6, s6 cac sb chin trong khoang (g; p)lan==k

Tuong tu nhu vy, néu p = 4k — 1 thi ta ciing tinh dwoc s cac sé chin trong khoang
(g; p)lan=rk

Do do, theo hé qua 1, ta co

p-1

22 =(-1)"(mod p) = (-1) (mod p)

p-1

2 1a s6 chinh phwong mod p < 1=2 2 =(-1)"(mod p)
& kchin < p=+1 (modp).

2 khong 14 sé chinh phuong mod p < k1é < p = +3 (mod p)

dpcm.
Hé qua 4. Cho p 13 s6 nguyén 6 1¢. Goi n 13 sb cac bdi ctia 3 trong khoang (%; p).
Khi do
p-1
32 =(-1)"(mod p)
Ching minh

Pugc suy ra hién nhién tir dinh li, trong trudng hop a = 3.

Hé qua 5. Cho p 13 s nguyén t6 c6 dang 6k + 1. Khi d6, 3 1a s6 chinh phuong
mod p khi va chi khi p = + 1 (mod 12).

Chirng minh

Gia str p = 6k + 1. Tap hop cac sb 12 boi cua 3 trong khoang (0; p) 1a
{3i| 1 <i<2k}

Ma

3i>§<:>i>§=k+%<:>i2k+l
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Do d6, sb cac sb 1a boi cua 3 trong khoang (%;p) lan=*r

Tuong tu khi p = 6k — 1, ta cling ching minh dugc n = k.
Vay trong ca hai truong hop ta déu chimg minh duoc sb cac sé 13 boi cua 3 trong khoang

P \
—:p)lan==Fk
(2 p)lan

Vi vay, theo hé qua 4, ta co

p-1

32 =(-1)"(mod p) = (-1) (mod p)
=N (i)zl & (-1)¥=1 (mod p)
p

< k chan

< p=+1(mod 12).

dpcm.
I1.3.1.5 Dinh li 2
Cho p 12 s6 nguyén t6. a =b (mod p), (a, p) = (b, p) = 1. Khi d6
a b
(=) =(=).
p p
Chirng minh

p-1 p-1

Doa=b(modp) = a2 =b? (modp) = (£)=(2)
p p

dpcm.
I1.3.1.5 Dinh li 4
Cho p 1a mot $6 nguyén td. ay, a, ..., a, 1a cac sb nguyén khong chia hét cho p.
Khi d6
aa,..a a, .. a a
(1) =()()..(1)
p YZ % p
Chtrng minh

(Phan chimg minh kh4 don gian, xin nhudng cho ban doc)

11.3.1.6 Pinhli5
Cho p 12 s6 nguyén t6 1¢, a 1a s6 nguyén khong chia hét cho p. Khi d6
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o[

= (=1)"(mod p)

p-1

vas- 3]

k=1l P

Ching minh
Goi 7 12 sd cac bodi cia a trong khoang (g;p), theo dinh 1i 2, ta c6

-1

N‘“

= (=1)"(mod p)

Vi vay, ta chi can chiing minh s — n 1a s6 chan.

a

(Phan nay kha don gian, xin nhudng lai cho ban doc).
I1.3.1.6 Dinh li 7 (Luit twong hd Gauss)
Cho p, ¢ 12 hai s6 nguyén t6 1¢ phan biét.

Khi dé:
a) Néu c6 it nhat mot trong hai s6 c¢6 dang 4k + 1 thi

E=.
q p

b) Néu ca hai s6 c6 dang 4k + 3 thi

E=-h.
q p
Chirng minh
a) bat
r1 q-1
1= — | =21
=1 | P ’ =1 9
Khi d6

aﬂf@%&%%

(tinh chat ndy d3 dugc ching minh trong tai liéu “Mot sb bai toan vé phan nguyén ” cia
cung tac gia).

< . Y 2l VL Bl TR
Do p hoac g c6 dang 4k + 1 nén (T)(T) 1a sO chan.

Nén s, va s, c6 cung tinh chan 1é.
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Theo dinh 1i 5, ta c6

%lz(lf%nwdp)
a
p? =(-1)*(modq)
Tir d6 dé dang suy ra diéu phai chting minh.
b) Chirng minh tuong tu.

I1.3.2. Cac vi du

Vi du 1. Cho p 14 s6 nguyén t c6 dang 8k + 5 hodc 8k + 7. x, y 14 hai s6 nguyén théa man
x* + 2y chia hét cho p.

Chtng minh raing x : pvay * p.

Loi gidi

Gia st nguoc lai x ?p:>2y2 ?p:>y ?p.

Ma
X +2) 1 p=x*=-2) (mod p)
o

= 1= (=)=, (1)
p p P PP

P-
2 —

(—) (= 1)
Néup=8k+5=

A
p

Thay vao (1) dugc 1 =-1 (v0 li).

P-
2 —

(—) (= 1)

Néup=8k+1= cling khong thoa man (1)

p2-1

=1+ =1
p

Vay diéu gia st la sai

Tu d6 suy ra dpcm.
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Vi du 2. Cho k =2” +1 v&i n nguyén duong. Ching minh rang k 1a s6 nguyén t6 khi va
k-1
chi khi kla udc cua 32 +1.
Loi giai
, ket
Neéu klaude cua 32 +1 thitacod

k-1
32 =-1(mod k) (1)
< 3"=1 (mod k) )
Goi d la bac cia 3 modulo &
k—1

Tir (1) va (2) ta cd d | k— 1 nhung d lai khong chia hét -

= d =k—1 = k1a sd nguyén to.
Nguoc lai, k 13 s6 nguyén td

Ta c6 k 1a s6 nguyén t6 dang 4/ + 1 nén theo luat twong hd Gauss ta co
3 k
( k) =( 3)
. .k 2 . v A o
Ma k =2 (mod 3) nén (E) = (E) =—1 (do 2 khong phai s6 chinh phuong mod 3).

Tu d6 suy ra

k1 ket
2

32 =—](modk) <32 +1=0(modk).
dpcm.

Vi du 3. Chimg minh ring véi moi n nguyén duong, sé 2"+ 1 khong c¢6 uéc nguyén tb
dang 8k + 7.

Loi giai
Gia st ton tai s6 nguyén td p = 8k + 7 sao cho p | 2"+ 1
Néu 7 chin, ta ¢

2"=-1 (mod p)
Suy ra -1 1a s6 chinh phuong mod p
Do do

I=(—)=(-D? =(=D"? =-1 (v li)
p

Néu n 1é, ta co
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2"=-1 (mod p) = 2" "' =-2 (mod p)
Suy ra -2 1a s chinh phwong mod p

Do do, ta co
1= (_—2) = (_—1)(2) =—1.1=-1.(vo li)
p p p

Viy ta c6 diéu phai ching minh.
Vi du 4. Tim x, n nguyén duong sao cho
X +2x+1=2"
Loi giai
Do x nguyén duong nén x> + 2x + 1 >4 = n > 2.
Néun =2, ta d& dang tim dugc x = 1.
Xét n>3
(1) o x(x*+2)=2"-11asd1énén x 1é
Do d6,x*+2 :3=2"=(1 mod 3) < (-1)"=1 (mod 3)
Tur d6 suy ra n chan.
Mait khac
X2+ 1=2"

X+ +3=2"+2

S+ DEE—x+3)=2"+2.
Gia st p 1a mot wéc nguyén té ciax’ —x+3 = p 1é
Khi do

2"+2 =0 (mod p) < 2" =-2 (mod p)

. -2
Ma n chan suyra (—) =1
P

Ta co

1= =S =cnT ey
p pp
Twur do suy rap =8k + 1 hodc p = 8k + 3.
Ma n>3=2"=82"""=0(mod 8)
Do d6 ta suy ra
x4 2x+1=0 (mod 8).
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Maxlé=>x=8k £1,x=8k +3

Néux=8k+ 1 =>x +2x+1=(+1)°+2(£1)+ 1 =0 (mod 8) (v6 li)

Néu x = 8k + 3 thi x’ + 2x + 1 ciing khong thé chia hét cho 8.

Néu x = 8k + 5 thi thoa man.

Khi d6

X¥—x+3=5"-5+3=7(mod 8)
Hay
X—x+3=81+7
Ma s6 dang 87 + 7 thi khong thé c6 uwéc nguyén té dang 8k + 1 hodc 8k + 3
Do d6 (1) vo nghiém khi n > 3.
Vayx=1,n=2.

Vi du 5. Cho p 13 s6 nguyén té dang 12k — 1. Tim x, y, n nguyén khong 4m sao cho
3a*+b° 1 p" (1)

V6i a va b khong chia hét cho p.

Loi giai

Néu n = 0 thi moi @, b nguyén khong am va a : )2 b p déu thoa man (1)

Néun#0=a>0=3a>+b":p

Do d6
b* =-3a* (mod p)
p-l r-l r-l
= (b*) 2 =(-3) ? (a”) * (mod p)
-1
=b" "= (=3)2 & ' (mod p)
Ma
(ap)=0Bp)=1=d" '=p""'=1(modp)
Suy ra
-1
(=3) * =1(mod p)
Mat khac

=) =)= =D =-) )
p p p p p P
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Lai c6 p = 12k — 1 nén 3 1a s6 chinh phwong mod p hay (i) =1
p

Thay vao (*) ta dugc 1 =-1 (vo li)
Viy khi n > 0 thi khong ton tai @, b, n thoa mén.
Vidu 6. (Serbi - 2008) Giai phuong trinh

12* + y* = 2008”
Véi x, y, z 1a cac sb nguyén khong am.
Loi gidi
Néuz=0=x=y=0.
Néuz>0=y>0vil2* © 251 ma 2008 =251.8
TH1: x chin

Taco 12° +y* = (122)* + (1*)* = a* + b*
Véia=12"% b=y~
Vi2008 =251.8 = a’+ b’ ! 251

Ma 251 1a s6 nguyén t6 va 251 = 4k + 3 nén ca a va b déu phai chia hét cho 251

Vo livi 12¥% 1 251,
TH2. x 1€ 1am tuong tu.
Vay phuong trinh c¢6 nghiém duy nhatx =y =z=0.
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11.3.3. Bai tap

Bai 1. Ching minh rang moi wdc nguyén tb ctia n* - n” + 1 déu c6 dang 12k + 1.

Bai 2. (Ba Lan 2007) Chung minh rang phuong trinh x* + 5 = )° khéng c6 nghiém
nguyeén.

Bai 3. Ching minh rang véi mdi s6 nguyén t6 p thi ton tai cac sé nguyén a, b sao cho a* +
b* + 1 chia hét cho p.

Bai 4. Cho s6 nguyén t6 p. Chtrng minh rang 3° + 7p - 4 khong 1a binh phuong ctia mot sb
nguyén.

Bai 5. (IMO 2006) Tim tat ca cdc nghiém nguyén cua phuong trinh
1 +2x+22x+1 :yz.
(m+3)"+1

12 mot sd nguyén. Chung
3m

Bai 6. Cho m, n 1 cac sb nguyén sao cho A4 =
minh rang 4 1 s 1¢.

Bai 7. (D¢ nghi IMO 2004)Chimg minh rang 2" + 1 khong c6 u6c nguyén to dang 8k + 7.
Chtng minh rang 2* +1 c6 it nhat n udc nguyén to dang 8k + 3.

Bai 8. Tim tit ca cac s nguyén duong n sao cho 3"-1:2"- 1.
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I1. 4. Dinh li thang du Trung Hoa

I1.4.1 Li thuyét

I11.4.1.1. Pinh li 1 (Pinh li thing dw Trung Hoa)

Cho h¢ phuong trinh
x=71(modm,)
x =r,(modm
A ( 2) )
x=r,(modm)
Trong d6 my, m,, ..., m, la cac sb nguyén déi mdt nguyén td cung nhau. Khi dé h¢

phuong trinh trén ludén c6 nghi¢m. Néu x; va xo 1a hai nghi¢m cua (1) thi x; =x, (mod
m\ms...nmy).

Chirng minh
n
[ I
Dé.t S = = .
m.
1
Do my, m,, ..., m, d61 mQt nguyén té cung nhau nén (s;, m;) = 1.

Nén v6i moi s6 nguyén duong s; ludn ton tai mot s6 nguyén 4; sao cho

Sihi =1 (mod mi).

bat x, = ishr

[ AR
i=1

Vis; : m; v6i moij # i nén
Xo = Sihil"i (mod mi) =7 (mod Wli)
Do d6 x, chinh 12 mot nghi¢m cua (1).
Gia su x; cling 1a mdt nghiém cua (1)
Ta co
x1 =X (mod m;) = x| — Xo : m;.véi moi i
Ma my, my, ..., m, d6i mét nguyén tb cung nhau nén
X1 — X mymy...my.

Tir d6 suy ra diéu phai chimg minh.
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11.4.1.2. Pinh 1i 2
Cho h¢ phuong trinh

x =r(modm,)

x=r,(modm,)

(1)

x=r,(modm,)
Diéu kién can va du dé hé trén c6 nghiém 1a
ri = rj (mod (m;, m;)).
Khi d6 hé trén c6 nghiém duy nhét theo modulo [my, mo, ..., my)].
Chirng minh

(xin nhuong cho ban doc)

I1.4.1.3. Phwong phap giai hé (1) trong trwong hop cac s0 m; doi
mot nguyén to cung nhau.

Buwoéc 1. Dat m=mm,...m,= Mim; voii1=1, 2, ...,n.
Budre 2. Tim cac s6 N; nghiém ding phuong trinh

Mx =1 (mod m)
Budce 3. Tim dugc mot nghi¢m cua hé 1a

X = iM,.Nirl. l1a mot nghiém cua hé

i1

Budre 4. Két luan x = x, + mt.
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11.4.2 Cac vi du
Vidu 1. Gidi h¢
x =4(mod11)
{x =3(mod17)
Loi giai
Xét phuong trinh
17y =1(mod 11)
< 6y=1(mod11)
Ta dé dang tim duoc mot nghiém 1a N, = 2.
Xét phuong trinh
Ily=1 (mod 17)
Ta ciing dé dang tim dugc mot nghiém 1a N, = 14.
Suy ra mét nghiém laxy=17.2 .4 +11.14.3
Twr d6 tim dugc nghiém cuahé¢ la x=17.2.4 +11.14. 3 + 11.17t.
Vidu 2. Gidi h¢

x = 1(mod 2)
x =2(mod 3)
x =3(mod>5)
Loi giai
Xét phuong trinh

15y=1 (mod 2)
Phuong trinh nay c6 mot nghiém la Ny, =1
Xét phuong trinh
10y =1 (mod 3)
Ciing dé dang tim duoc mot nghiém 1a N, = 1.
Xét phuong trinh
6y =1 (mod 5)
Ciing tim dugc N; = 1 1a mot nghiém.
Vay xo=15.1.1 + 10.1.2 + 6.1.3 = 53 1a mgt nghi¢m cua h¢
Do do6 hé phuong trinh da cho c6 nghiém la

x =53 (mod 30) = 23 (mod 30)
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Vi du 3. Giai hé

x = 0(mod 2)
x = 0(mod3)
x =1(mod5)
x = 6(mod7)
Loi gidi
Xét phuong trinh

42y =1 (mod 5)
<2y =1 (mod 5)
Tim duogc N; = 3.
Xét phuong trinh
30y =1 (mod 7)
< 2y=1 (mod 7)
Tim duoc N; =4
Tu d6 suy ra xo=42.3.1 + 30.4.6 1a mdt nghiém cua hé
Vay h¢ co nghiém 1a x =

Vi du 4. Chimg minh rang véi moi sé nguyén duong & tuy ¥ ludn ton tai k s6 nguyén lién
ti€p toan hop so.

Loi giai
Goi p < pr < ...<py 1a cac s6 nguyén t6 tuy y. Khi d6, theo dinh 1i thing du Trung Hoa,
luon ton tai n sao cho

n=-1(modp,)
n=-2(modp,)
n=-k(modp,)

Dodoévoimoii=1,2,.., kthin+i: p.
Do d6 chi can chon n > py thi ddy {n +i|i=1,2, ..., n} ludn 13 hop sd.

Vi du 5. (VMO - 2008) Cho m = 2007°"%®. Hoi ¢6 tit c4 bao nhiéu s6 tu nhién n<m sao
chom | n(2n +1)(5n + 2)?

Loi giai
Ta c6 m = 32098 2232008,

Talaico (n,2n+1)=1;(n,5n+2)=(n,2) <2
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2n+1;5n+2) =2n+1,n)=1
Do d6 m | n(2n + 1)(5n +2) khi va chi khi xay ra mdt trong céc truong hop sau:

)ym|n

2ym|2n+1

3)ym|S5n+2

4) 3% | jp va 22329 | 25 +1

5) 3% nva 23329 | 5p+ 2

6) 3*%% | 5 +2va 223%% | 2n + 1
7) 349% | 55 + 2 va 233798 |

8) 3% | 2n+ 1 va 223" | 5n+2
9) 3% 20 + 1 va 223%% | n

Trong mdi truong hop ay, theo dinh 1i thang du Trung hoa, ¢6 duy nhat mét s6 tu nhién n
(modulo m) thoa man.

Nén co tat ca 9 so tu nhién thoa man dé bai.

Vi du 6. (P& nghi IMO 12002) Trong ludi dlem nguyén cia mat phang toa do Oxy, mot
diém co toa d6 1a cac sb nguyén A(x y) e Z* duoc goi 1a nhin thay dugc trr O néu trén
doan O4 khong co6 diém nao thudc Z°, trir O va 4. Chirng minh rang v6i moi s6 ty nhién n
tuy y, ludn ton tai hinh vudng n x n ¢6 cac dinh nguyén va moi diém nguyén bén trong va
trén bién ctia hinh vudéng déu khong nhin thay duoc tir O.

Loi giai

Taconéu (x, y) =d

thi diém M(g;f) la didm nguyén thude doan O4 véi A(x; v).

Do d6, A(x, y) 1a diém nhin thay duoc tir O khi va chi khi (x, y) = 1.
Goi p, ; lacac s6 nguyén t6 d6i mot khac nhau véi0 < 4, j < n

(c6 (n +1)* s6 nguyén té nhu vay)

Xét hai hé sau:

X = O(modpo,opo,1 "'pO,n)
X = —l(modpljopu "'pl,n)

= —I’l(mOd pn,opn’l "'pn,n )
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xX= O(mOde’Opl,()"'pn,O)

NE _l(mOdpo,1p1,1'--pn,1)
va

X = _n(mOdpo,npl,n"'pn,n)
Theo dinh li thing du Trung Hoa, tdn tai cac sb tu nhién y nhu vay.
Max +iva y+j déu chia hét cho Dij

Do d6, moi diém trong hinh vuéng n x n véi (n + 1)* diém nguyén Aij(x + i, y +j) trén
déu khong nhin thay dugc tur O.

Vi du 8. (Nordic - 98) Ton tai hay khong mot day co han céac sé ty nhién
{X1, X2y ey Xy e} = 41,2, ., 1, .0}
Sao cho x; # xj v6i moi i #j va
Xpt+tx,t . +x i kvoimoik=1,2, ..
Loi giai
Ta xdy dung mot diy théa man dé bai nhu sau:
Chonx;=1,x,=3,x3=2.
Gia su xy, xp, ..., X, la day s6 thoa man
Xitx,t . +x i kvoimoik=1,2, .., n.
Goim 1a sb nguyén duong bé nhat khong nam trong day xi, Xy, ..., Xp.

Do (n+ 1, n + 2) = 1 nén, theo dinh 1i thang du Trung Hoa, tdn tai sb nguyén x lon hon
max {xi, X, ..., X,} va thoa man

{ =—s(modn+1) .

VOlSs =X txpt ...t x,
=-m—s(modn +2)
Khi do, dat x,,.; =x, x,.,=m
Tu d6 ta dugc day xi, X2, ..., Xp+1, Xn +2 thod man

X;p+x,+ .. tx, tx,.; =5 +x:n+l.

X tx,+ . tx, tx, =8s+tx+n:in+2.
Do do

X;p+x,+ .. tx i kvoimoik=1,2,...,n+2

Cu tiép tuc nhu vay ta thu duoc day s6 v6 han thoa mén yéu cau bai toan.
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I1.4.3. Bai tap

Bai 1. Giai cac hé phuong trinh sau:

x=1 (modll)
V1523 (mod?)

x=1 (mod3)
b) Jx=3 (mod5)

x=5 (mod7)

5x=1 (modl12)
c) 15x=2 (mod8)
7x=3 (modll)

Bai 2. (IMO 1989) Chtrng minh rang v6i moi sb tu nhién , ludn ton tai z sb tu nhién lién
tiép ma ca n s6 d6 déu khong phai luy thira cia mot s6 nguyén to.
Bai 3. (Han Qudc 1999) Tim tit ca cac sd tw nhién #n sao cho 2" - 1 chia hét cho 3 va ton

tai m e Z sao cho 4m* + 1 chia hét cho 2 -1 )

Bai 4. Ching minh ring véi moi sé nguyén dwong k 16n tuy ¥ déu ton tai k s nguyén
lién tiép gébm toan hop so.

Bai 5. Cho S = {ay, a5, ..., a,} < Z. Chiing minh réng tdn tai mot s6 b € Z sao cho tap

b.S = {ba;, ba,, ..., ba,} ma moi phﬁn tir ctia no déu la luy thtra 16n hon 1 cua mot $6
nguyeén.

Bai 6. Cho f(x) 1a mot da thirc voi hé 5O nguyén. Gia str ¢6 mot tap hiru han cac 5O nguyén
t6 {p,, P2, Pn} Ma vOi moi £ thi déu ton tai p; | f{n). Chimg minh rang ton tai mot sb
nguyén to p sao cho v&i moi n thi f{n) © p.

67



Nguyén Vin Thao Chuyén dé S6 Hoc - Phan I
Chuong II1
MOT SO VAN PE KHAC
IIL.1. Luy thira ciia mdt s6 nguyén
I11.1.1 S6 chinh phwong
I11.1.1.1 Dinh nghia
2

S6 ty nhién n dugc goi 1a mdt s6 chinh phuong néu ton tai m nguyén sao cho n =m".

Nhin xét: Néu phan tich tiéu chuan n = pf p&..p* thi:
+)nla s6 chinh phuong khi va chi khi o; chdn véimoii=1, 2, ..., k.
+) n 1a luy thtra s cia mot $6 nguyén khi va chi khi o : s voimoii=1,2, .., k.
II1.1.1.2 Cacvidu
Vi du 1. Tim tit ca cac s6 chinh phuong c6 dang 4 = 1985ab
Loi giai
Ta co
4457 = 198025 < 4 < 198916 = 446
Tir d6 suy ra khong cé sé chinh phurong nao thoa min yéu caubai toan.
Vi du 2. Chirng minh rang néu abe 1a sb nguyén to thi b” - 4ac khong phai 1a s6 chinh
phuong.
Loi giai
Gia st b” - 4ac 14 sb chinh phuong thi
b* - 4ac = k*, k nguyén duong.
Ta co
4a.abc = 400a* + 40ab + dac
=400a> + 40ab + b* - (b* - 4ac)
=(20a + b)* - K
=20a + b + k)20a + b - k)
Vi abc 1a sd nguyén tbnén ¢ #0 = ac >0
Do do
b>k=20a+b+k>20a+b-k>20a

Tir do suy ra

— (20a+b+k)20a+b-k)

abc m.n
4a
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Ma 20a + b + kva 20a + b - k déu 16n hon 4a nén m va n déu 16n hon 1
Nén abc 13 hop s, trai voi gia thiét
Tir d6 ta c6 diéu phai ching minh.
Vi du 3. Ching minh rang mot s6 chinh phuong ludn c6 sd udce s6 nguyén duong la I¢ va
nguoc lai mot s6 ty nhién c6 s6 wdc nguyén duong 1a 1€ thi s6 d6 phai 1a s6 chinh phuong.
Loi giai

a) Néu 4 13 mot sé chinh phuong thi phén tich tiéu chuan cua 4 13

2k 2k, 2k,

A=p ' p, " ...p,
Tir d6 suy ra s6 u6c s6 nguyén duong cia 4 1a
2k + 1)k, + 1)...(2k, + 1) 12 56 1.
b) Nguoc lai: Néu 4 c6 sd udc sd la1é
Xét phan tich tiéu chuan cua 4

k k,

A=pipy..p,
Tir d6 suy ra s6 ude sé cua 4 1a
(ki + D(ky + D..(ky + 1) 1285 18
Do d6, tit ca cac nhan tir trén déu 1é
Suyrakichinvéimoii=1,2, ... n
Tir d6 suy ra 4 1a sb chinh phuong.

Vi du 4. (Romani - 2004) Tim tit ca cac sb khong am » sao cho ton tai hai s nguyén a
va b sao cho

nw=a+bvan =a*+ b

Loi giai
Ta co

20+ >(@+byf =2>n"e0<n<.
Néun=0,chona=5b=0
Néun=1,chonduoca=1,b=0.
Néu n =2, chon duoca =b=2.
Vayn=0,n=1,n=21a cac gia tri can tim.

Vidy 5. Chimg minh rang néu 2n (n e N') 1a tong cua hai sb chinh phwong thi n ciing 1a
tong cua hai s6 chinh phuong.

Loi giai

Goi n la so tu nhién théa man
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2n=a"+b*véia b e N, (1)
Tur (1) suy ra a va b cung tinh chan 1é
Do d6 a +b va a - b 13 s6 chin
bat

a+b=2x

{a—b:2y

Khidda=x+yvab=x-y
Thay vao (1) ta dugc
2n=(x + )’ + (x-p)’
on=x+ yz.
Tir d6 ta duge diéu phai ching minh.

Vi du 6. Cho g, b 14 hai s6 nguyén duong sao cho o + b* | ab + 1.
2 2
1a s6 chinh phuong.

Chung minh rang

ab+1
Loi gidi
bat
a’+b’
k= ab+1 M
Khong mat tinh tong quat ta gia sir a > b.
Khi do
() ed+b*-kab-k=0
o d-kba+ b - k=0.(%)
Gia st rang k khong phai sé chinh phuong. Xét phuong trinh
x> -2bx+b*-k=0 (3)
Ta c6 a la mgt nghiém cua (3), goi a; 1a mgt nghi¢m con lai
Khi do
at+a =kb

Do a, k, b nguyén nén suy ra a; ciing 13 sé nguyén.
+) Néu a; = 0 thi k = b%, trai voi diéu gia sir.
+) Néu a, <0, ta co

a’ - kba, +b* =k

Ma a; nguyén 4m nén a,” -kba, + b* > -kba, = (-a,b)k > k (v6 1i)
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+) Do do a; > 0 thi

2

a.a1=b2-k:>a1= <a

a

Datb,=bkhiddba + b>a, + by.tacod

a’ - kbia, + b2 - k=0 (4)
Lai xuét phat tir (4) suy ra phuong trinh (3) ¢6 nghiém ty nhién méi (a,, b,) ma

a, t+b,<a;+ b
Tir d6 suy ra phuong trinh hai bién (*) c6 v6 han nghiém tir nhién thoa méin
(a;, by), (az, by), ... thdbaman a; + by > a, + b, > ...(v0 i)
Nén diéu gia sir 1a sai.
Viy ta c6 diéu phai ching minh.
Vidu 7. Tim n nguyén duong sao cho

L =98 4ol fon
12 mot s6 chinh phuong.
Loi giai
Néu 4 1a s6 chinh phuong thi
28421 42" =x? = 2" = (x - 48)(x + 48)
Véi x 1a mot sé nguyén duong nao do.
Khi do
x-48=2°vax+48=2""° n>2s
Tu d6 suy ra
2" 08=96 < 252" F-1)=3.2".

s=5 s=5
=
211—23_1:3 n:12

Tir do suy ra

KL:n=12.
Vi du 8. Chirng minh rang
A=15+9%+19%+2013"
khong phai s chinh phuong véi moi & nguyén duong 1¢é.
Loi giai
V&1 moi k nguyén duong 1€, ta co
1= 1 (mod 4)
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9 =1 (mod 4)
19¥=-1 (mod 4)
2013 =1 (mod 4)

Nén 4 =2 (mod 4)

Viy A khong thé 1a sb chinh phuong.

Vi du 9. Tim s6 tu nhién 7 sao cho n - 50 va n + 50 déu 1a s6 chinh phuong.
Loi giai

Tacod

n-50=a’
{n+50 =b’
v6i a, b nguyén duong va a > b.
Suyra b -a*=100< (b-a)(b + a) =25

Do b - a < b + a va chiung c6 cing tinh chin 1é nén a + b va b - a phai 1a cac sb chin. Do
do
b—a=2 a=24
&
b+a=50 b=26

Vi du 10. Chirng minh rang v6i moi sé nguyén duong # thi s6

(17+124/2)" = (17 -1242")
42

1a mot s6 nguyén va khong phai s6 chinh phuong.

Tur @6 tim duoc n = 626.

Loi giai
Tacod 17+1242 = (W2 +1)* va 17-1242 = (2 1)
Do do

(17+1242)" —(17-1242") _ (V2+D)" +(2-D" (2+D)" -(2-1)*
42 2 ' 242

W24 (2= W2 - (W2 -
= va B =
2 242

Str dung nhi thirc Niuton ta suy ra

(V2 + )" =x+y+/2 va(J2 - 1)"=x-y2
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Vi x, y 1a cac s6 nguyén duong.

Tu d6 suy ra

2 2 2 2
_(2+1) ;(\/5—1) _. VéB:(\/EH) 2;;/5—1) _,
Nén 4.B 12 mot sé nguyén duong.

Mat khac, ta lai co

A 2B =(A-B2)4 +BJ2)=(V2+)" (W2 - 1" =1

Do d6 4 va B nguyén t6 cuing nhau.

A

Vay dé chimg minh AB khong phai s6 chinh phwong ta chi can ching minh mét trong hai
s0 do khong phai 1a s6 chinh phuong.

Ta co
G2 (2-n W2y @2y ]
_ : :
4o N2+ +(W2-1* _ -(\/§+1)” —(\/5—1)"-2 .
2 2

Tu d6 d& dang suy ra duoc 4 khong phai sb chinh phuong
Vay suy ra diéu phai chirng minh.

Vidu 11. (Polish - 2001) Cho g, b la cac s6 nguyén sao cho v6i moi n thi 2"a + b déu 1a
s0 chinh phuong. Chirng minh rang a = 0.

Loi giai
Giastra #0.

Néu a #0, b= 0thi 2'a + b va 2%a + b khong thé ddng thoi 14 s6 chinh phuong.
Do d6 a va b déu phai khac 0.

Tir d6 dé dang suy ra duoc a va b déu duong.

Xét hai ddy s (x,) va (y,) nhu sau
x,=2N2"a+b y, =2"7a+b

D@ thay (x,) va (y,) 12 hai ddy s6 nguyén duong, don diéu ting v6 han.
Ta co
(% + y)(Xn - yn) = 3b
Suyra3b : x, +y, véimoin = 3b>x, + y, vdi moi n (vo li)
Vay diéu gia st 13 sai
Tir d6 suy ra diéu phai chimg minh.

73



Neuyén Vin Théo Chuyén dé S8 Hoc - Phan I

Vi du 12. Tim 7 nguyén duong sao cho

n+ 3"
1a s6 chinh phuong.
Loi giai
Gia su
4=

v6oi m 1a mot s6 nguyén duong nao do.

Ta co
(m-n)(m +n)=3"
Twr d6 suy ra
{m—n =3* *)
m+n=3""

Mam+n>m-nnénn-2k>1.
Néun-2k=1
Tir (*) suyra2n=3""% -3 =353""*_1)=23*
o3F=n=20k+1 ©k=0,k=1.
Tur @6 tim duocn =1, n= 3.
Néun-2k>2=k<n-k-2
Tir (*) suy ra 2n = 3" % -3k >3-k _gn-k-2- g gn-k-2
Theo bat dang thirc Bernoulli ta c¢6
83" K 2=8(1+2)" *2>8[1+2(n-k-2)]
= 16n - 16k - 24.
Do do
2n>16n-16k-24 < 8k+12>7n.
Ma n-2k>2nénn> 2k+2="7Tn>14k+ 14
Turdosuyra8k+ 12> 14k+ 14 volivik>0.
KL:n=1,n=3.
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I11.1.2 Léip phuong ciia mét s6 nguyén
Vi du 1. Chirng minh rang néu » 1a lap phuong ctia mot s6 nguyén (n # -1) thi
n® + 3n + 3 khong thé 13 1ap phuong cua mot s nguyén.
Loi gidi
n=0thin’ +3n+3=3=m
Gia sir > + 3n + 3 = & véi k 1a mot sb nguyén nao do
Vi n 12 1ap phuong ctia mot sb nguyén nén
n(n*+3n+3)="r
smh+1)yY-1=F
Véin#0,n#1,nnguyén thi0<3n®+3n<3n"+3n+1
S <n’+3n*+3n<n’+3n*+3n+1
o< +3n"+3n<m+1)°
Do d6 n® + 3n* + 3n khong thé 1a 1ap phuong ciia mot sé nguyén.
Viay diéu gia sir 14 sai
Do d6 ta c6 diéu phai chtirng minh.

Vidu 2. (Iran - 98)Chung minh rang khong co so tu nhién nao c6 dang abab trong h¢ co
s6 10 1a lap phuong ctia mot s6 nguyén. Hiy tim co s6 b nho nhit sadch trong hé co sd b,

c6 it nhat mot s6 c6 dang abab 1a 1ap phuong ciia mot s6 nguyén.
Loi giai
Ta c6 abab =101ab 1a lap phwong ciia mot s6 nguyén thi

101 | ab (v6 L)

Vay abab khong thé 12 1ap phuwong ctia mot sd nguyén.
Xét trong hé co s6 b
Ta co
ababy = (n* +)ab = (n* +1)(an +b)
véia, b<nvan’+1>an+b.
Néu n* + 1 khong chia hét cho mét s6 chinh phuong nao thi n* + 1 = p\p..px
Khi d6 an + b phai chia hét cho (pips...p)* vO li
Vay n* +1 phai chia hét cho mét s chinh phuong.
Thir trie tiép thdy n = 7 13 s6 nho nhét nhu vay (n* + 1 = 50)
Mit khac thiy 2626, =1000 = 10°.
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Do d6 n =7 chinh 1a so can tim.

Vidu 3. Cho x, y 14 cac sb tu nhién théa man x* + y* + 6 chia hét cho xy.

2 2
, . N +y +6 .. ) a, A ‘A
Ching minh rang * Ty la 1ap phuong cua moét so tu nhién.

Loi giai
Vix®’+)*+6 1 xynénx™+y* + 6 =pxy (1)
Goi (xo, yo) 1a nghiém cua (1) va thoa man x, + y, nho nhat.
Khong mat tinh tong quat, gia st x, < o
Xét phuong trinh
V- pxy 20+ 6=0 2)
D@ thay y, 13 mot nghiém cua (2). Goi y; 1a nghiém con lai
Khi do6, theo Viet ta co
{yo + - P 3)
YoV, = X5 +6
D@ thay y; > 0 nén (xq, ¥;) ciing 1a mot nghiém nguyén dwong cua (1)
Do do
Xot Yo < Xotyi=Yo< Vi

Néu x, =y, thi tir (1) ta c6

2x2 +6
p= %o =2x0+%eZ
X9 X9

ox=1=>p=8=2°
Néu x, <y
+) yp =y, thi tir (3) suy ra y,° = x," + 6
< (v - X0)(vo + x9) =6 4)
Ma VT(4) =0 (mod 4) con VP(4) =2 (mod 4) nén (4) khong xdy ra
) yo<y1nénxy<y,<y
Tacoyy>xp+ 1=y 2+ 12x0+2=ypy; > (xg+ 1)(xp + 2)
= xo + 6> (xg+ D(xy+2)
o<t
3
Vi x) nguyén duong nén x, = 1

Do dd yyy =x*+6="17
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Do d6 tim duoc y, = 1, y; = 7 (khong théa man diéu kién x, < y,)
Vay ta co p = 8 = 2° (diéu phai chirmg minh).
Vi du 4. Chirng minh rang khong ton tai s6 ty nhién n sao cho

2o pva2r i@t
ddng thoi 13 1ap phuong cia cac sb nguyén.
Loi giai
Gia str nguoc lai, ton tai n sao cho 2" "' - 1va 2" '(2"- 1) déu la 14p phuong cua céac sb
nguyeén.
Khi do

2Rt =k

Ma 2" - 1 khong chia hét cho 2 nén 2"~ ' ciing phai 13 1ap phuong cta mot s6 nguyén hay
n-1=3m.

Tu d6 suy ra
a=2""1_1=2""2_1=48"-1=3(mod7)
Vo livia’=0; +1 (mod 7)
Viy ta c6 diéu phai ching minh.
Vi du 5. Chirng minh rang véi moi s6 nguyén khong 4m n thi
A=2"+3"+5"+6"
khong thé 1a 1ap phwong cia mot sé nguyén.
Loi giai
Tac62°=3°=5=6"=1 (mod 7)
Man=6k+rvoir=0,1,2,3,4,5
Néu = 6k thi
A=4(mod7)dodbA=m’.
Néu n =6k + 1 thi
A=2.025+3.3%+5(+6(6°=2+3+5+6 =2 (mod7)
nén A = m’
Néun=6k+2thi A=2"+3*+5"+6"=4(mod7) nénd=m’
Néun=6k+3thi 4=2°+3+5+6=5(mod7)=>A4=m’
Néun=6k+4thi 4=2"+3"+5"+6"=2(mod7) =>4 =m’
Néun=6k+5thi A=2+3+5+6 =4 (mod7) = A4 =m’.

Vay ta c6 diéu phai ching minh.
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I11.1.3 Cac bai toan biéu dién mdt s6 nguyén thanh tong cac luy
thura

n* -1

Vi du 1. Chimg minh rang néu 1a tich cta hai sd ty nhién lian tiép thi n 13 tong

binh phuong cua hai s6 nguyén lién ti€p.
Loi giai
Gia stirn la sO tu nhién ma

n* -1

=a(at+1) (1)

v6i a 1a mot sb tu nhién nao do.
Ta co
(1)< n’=3a>+3a+1
= 4n* =124+ 12a + 4
= 2n-1)2n+1)=3Qa+ 1)~

Do 2n-1va2n+11ahaisdlélién tiép va (2n-1,2n+ 1)=1nén

2n—1=3m?*

()
2n+1=p’
2n+1=3m’

(**)

| 2n—1=p?

Tir (*) suy ra p” = 3m* +2 (v6 li vi s6 chinh phwong chia 3 chi du 0 va 1)
Do @06, chi c6 (**) xay ra.
Tir (**) suy ra m va p déu 1é
bat p =2k + 1 ta duoc
2n=p*+1=Qk+1)+1=4k"+4k+2
sn=Fk+1)+ 1
D6 1a diéu phai chting minh.
Vi du 2. (Nga - 1996) Cho x, y, p, n, k 14 cac s6 tu nhién thoa man
X"y =ph (1)
Chtng minh rang néu n > 1, n 1 va p 13 mot s6 nguyén t6 1¢ thi » 13 mot luy thira cua p.
Loi giai
bat m = (x, y) thi x = ma, y = mb v6i (a, b) = 1.
Khi do
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(1) & m'(@" +b") = p. (2)
Do p nguyén td nén tir (2) suy ra m = p?
Do do
Q) a"+b"=pm.
Ma n 1é nén
A =@ e gt R Y 3)
=(a + b)A

Véid=a""'-a" b+ -ab" i+ b,

Vi p 1é nén p > 2 suy ra hai s6 x va y khac tinh chan 1é nén it nhit mot trong hai s a va b
phai 16n hon 1.

Dodoad"+b">a+b=>A4>1
Ma
A(a +b)=p*™M>1
Suyra 4 va a + b déu chia hét cho p
Haya +b=p"
Tur d6 suy ra
A=a""-d" Q@ -a)+..-a@p -a)" *+ @ -a)"" =nd""'+ Bp.
Madip=nd'ip
a+b'p,(a b)=1nén a khong chia hét cho p
Dodon:p=n=mp
Thay vao (1) ta d& dang suy ra dugc n = p'
Vi du 3. Cho p 13 s6 nguyén té va g, n 1a cac sb nguyén duong. Chirng minh rang néu
2P+ 3P =4"
thin=1.
Loi giai
Néup=2thi2*+3°=13=n=1
Néup>2=plé

Ta co

2P + 3P =2P + (-2)" (mod 5) = 0 (mod 5)
Dodoa: 5
Gidsun>1.
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2?7 4+ 37
243

Khi d6 a" : 25 va i5 —op-l_gp234 43Pl

Ma

2Pt ooP 234 43P =p 2P ! (mod 5)
suyra p.2" ' 1 5= p=75(do p 1a s6 nguyén td)
Ma2’+3°=753%a", (véin> 1)
Vay diéu gia st 14 sai.

Tir d6 ta c6 diéu phai chirmg minh.

I11.1.4. Bai tap
Bai 1. Tim cac ham sé f* N — N thoa man dong thoi cac diéu kién sau

D) f(2n) = f(n) + n

ii) f(n) 1a s6 chinh phwong thi » 13 s6 chinh phuong

i11) f1a ham tang nghiém ngét.
Bai 2. Tim tit cac cac sb nguyén duong n sao cho 2n + 1 va 3n + 1 déu 1a sb chinh
phuong. Khi d6 chirng minh rang » chia hét cho 40.

Bai 3. Chimg minh rang tong cta 3, 4, 5, hoic 6 s6 nguyén lién tiép khong thé 14 s6 chinh
phuong.

Bai 4. (IMO 86) Cho d la mdt s0 nguyén khac 2, 5, 13. Chimg minh rang luén tim dugc
hai s06 nguyén a, b phan biét trong tap {2, 5, 13, d} sao cho ab - 1 khong phai s6 chinh
phuong.

Bai 5. Tim tat c4 cac s6 nguyén duong n sao cho luy thtra 4 ctia s6 udc cua n chinh bang
n.

Bai 6. Ching minh rang binh phuwong ctia mot s6 nguyén 1€ ludn c6 dang 8k + 1.
Bai 7. (Hungari 1998) Cho x, y, z 1a céc s6 nguyén va z > 1. Chting minh rang
(x+ 17+ (x+2)+ ... (x +99)* =",

Bai 8. Ching minh rang v6i moi sb tu nhién » thi giita n* va (n + 1)* ludn ton tai ba s6 tir
nhién phén biét a, b, ¢ sao cho @’ + b* * ¢*.

Bai 9. Cho 7 14 s tu nhién c6 sd wdc sé ty nhién 13 s. Chimg minh rang tich tit ca cac
udc s6 d6 bang Un_s .
Bai 10. Tim tit ca cac cip sb6 nguyén duong x, y sao cho
(x+1)y-1=x!
Bai 11. Tim céc s6 nguyén td p sao cho ton tai cac sb nguyén duong n, x, y thoa min
Py =p
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Bai 12. Cho n 14 s6 nguyén duong. Chimg minh rang néu 2n+1 va 3n + 1 1a cac s chinh
phuong thi 5z + 3 khong phai s6 nguyén to.

Bai 13. Cho a va b 13 hai s6 nguyén duong. S6 (36a + b)(a + 36b) co thé 1a luy thira ctia 2
dugc hay khong?

Bai 14. Cho tap 4 gdm céc sd nguyén duong va |4| > 3. Biét ring tich ba phan tor bat ki
ciia A déu 1a sd chinh phuong. Chimg minh ring moi phan tir cia A4 déu 1a sb chinh
phuong.
Bai 15. Cho 7 13 mot s nguyén dwong sao cho 2v/28n° +1 1a mot s6 nguyén. Ching
minh rang 2 + 2+/28n” +1 13 mot s6 chinh phuong.
Bai 16. Cho a, b, ¢ 14 c4c s6 nguyén duong sao cho
0<da’+b°-abc < ¢

Ching minh ring a’ + b° - abc 1 mot sé chinh phuong.
Bai 17. Cho a va b la cac sd nguyén dwong sao cho a’ + b” chia hét cho ab + 1. Chung
minh rang

a’+b’

ab+1

12 mot s6 chinh phuong.
Bai 18. Cho x, y, z 1a cac s6 nguyén duong.

Chtrng minh rang (xy + Dz +1)(zx + 1) la cac s6 nguyén duong khi va chi khixy + 1,
yz +1, zx + 1 déu 14 s6 chinh phuong.

Bai 19. Cho a va b 1a cac sb nguyén sao cho voi moi s6 khong am »n thi 2"a = b déu 1a sb
chinh phuong. Chlirng minh rang a = 0.

Bai 20. Cho p la mot 5O nguyén du:(mg 1¢. Ching minh rang tong céc luy thira bac p ctia p
sd nguyén lién tiép chia hét cho p°.

Bai 21. Tim céc s6 nguyén duong n sao cho n.2" + 3" chia hét cho 5.

Bai 22. Tim céc s6 nguyén duong n sao cho 7.2" + 3" chia hét cho 25.

Bai 23. Tim céc s6 tw nhién n sao cho #n" ' + (7 + 1)" chia hét cho 5.

Bai 24. Tim céc s6 nguyén duong m, n, k 16n hon 1 sao cho
I'+21+.. +nl=

2 2002"

Bai 25. Tim cac s6 nguyén to c6 dang +17 (n 1a s tu nhién) biéu dién dudi dang

hiéu lap phuong cua hai so tu nhién.
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I11. 2. Ap dung to hop vao cac bai toan so hoc
I11.2.1. Mt s6 dinh li co ban
I11.2.1.1. Nhi thirc Newton

(a+b)y'=Y Clab*

k=0

n!

v6i a, b 1a cac sb thuc tuy v, n nguyén duong. C¥ = ———
K\(n - k)

I11.2.1.2. Pinh li
Cho p 12 mét s6 nguyén t6. Khi d6
Cy ipvoimoip=1,2,.,p-1
Ching minh

Tacod

»_ p! =p(p—l)...(p—k+1)
" KN (p-k) k!

Do pnguyéntdvak e {1,2, .., p-1} nén (p, k) =1
Ma C,* nguyén nén (p-1)(p-2) ..(p - k+ 1) : k!
Hay

(p-Dp-2)..(p-k+) .
k!

Tir d6 suy ra diéu phai chimg minh.
I11.2.1.3 Mot s6 hé thirc co béan
) cr=cr*
2) C¥=CF, +C¥} (Hé thirc Pascal)

3 0 <cl < <cl ol

n

4)C'+C +.+C =2"

(H¢ thirc Vandermon)

m+n

k
5> cCit=Ch
i=0

I11.2.2. Cac vi du va bai tap

Vi du 1. Ching minh rang véi n 1a s6 nguyén duong 1¢ thi tap
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n-1

S={C!,C2,.,C2}
chtra 1¢ cac sb 1é.
Loi giai
bat

n-1

Sy=Cl +C*+..+C2
Khi do
28,=C)+C +..+C' =2 =2"-2.
=,=2""-11asd1é
Vay tap S phai chira 1¢ cac sb 1¢.
Vi du 2. (Trung Qudc - 1998) Tim sb tu nhién n > 3 sao cho
220 1+ vy Cl
Loi giai
Theo bai ta co
1+ Cl+C+C)=2" (0 < k <2000, k nguyén)
o (n+1)(n;—n+6)
Sn+ D) -nt+6)=32""
Datm=n+1(m=>4)
Khi do ta co

=k

m(m® - 3m + 8)=3.2"".
Do d6, chi ¢ thé xay ra mot trong hai tredng hop sau:
+) Truong hop 1: m = 2°

Do m>4néns>2

—m’-3m+8=2"-32+8=32"""%
Néu s> 4 thi 2*-3.2°+ 8 =8 (mod 16).

—=8=32"1"(mod 16) = 2" *=8 = m* - 3m + 8 =24

(khong c6 nghiém nguyén)

Néu s =2 = m =4 = n =3 (thoa man)
Néus =3 = m =8 = n =7 (théa man)

+) Truong hop 2. m = 3.2°
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Lam tuong ty nhu trén, ta tim duogc n = 23.
Vay n=3,n="7,n=23 lanhiing gia tri can tim.
Vi du 3. Cho p 1a mdt s6 nguyén t6. Ching minh rang
Cy, =2(mod p*)
Loi giai
Theo hé thirc Vandermon, ta co
Cy =C)Cl+C,CI +..+CIC)
Ma C;, ipvéimoip=1,2,..,p-1.
Do do
iy ip’véimoii=1,2, .., p-1
Tir d6 suy ra diéu phai chimg minh.
Vi du 3. (Hungari - 2001) Cho m, n la cac s6 nguyén duong va 1 < m < n. Chtrng minh
rang

m—1
ny (-DH*Ct tm.
1

Loi giai

Ta co
C'—C +C2 - (-)" !
=C —(Cy +C, )+ (Cy +C ) =+ (CD"HC + C
= ()" )

Do do

m—1
ny (- Ct=(-D""'ncm =(-1)™ .mC” i m.
1

Tir d6 ¢o diéu phai chirg minh.
Vi du 4. (VMO - 2011) Cho day s6 nguyén (a,) xac dinh boi
ap=1,a;,=-1
a,=6a,.t5a,.,,v01n=2,3, ..
Ching minh réng 01 - 2010 chia hét cho 2011.
Loi giai

D@ dang tim dugc sb hang tong quat cua diy sb 1a
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L _a 2 J14)3 +14)" + (7 + 2414)(3 = V14)"

! 14

Do d6

P (7—2@)(3+\/ﬁ)2012 +(7+2\/ﬁ)(3_\/ﬁ)2012
2012 = ”

Mit khac, theo khai trién Newton ta c6

2012 k
G+14)"2 =3 Ch L3R (V14) = 4+ B414
k=0

2012 k
(=142 =3 (-1)" 4,3 (V14) = 4-BV14.
k=0

Trong d6
A=Cy 3% + 05,3 14+ .+ Cipyy 141
B =Ch, 3" +C, 3% 14 + ..+ Cap)y 3141,
Do do

. _(7-2V14)(4 + B\14) + (7 + 2414 )(4 - BJ/14)
2012 — 14

& ayn=A +4B.
Bay gio ta chi can chimg minh 4 + 4B = -1 (mod 2011)
That vay, ta co
Ch,=Ch, +Chl voimoik=2,3, ...,2010
Ma 2011 1a s6 nguyén té nén CL,, 2011 véimoik =1, 2, ..., 2010.
Tur d6 suy ra
ck., 12011 véimoik=2, 3, ..., 2010.
Do d6 A+ 4B =3""+ 14" _ 432" + 3.14'°°) (mod 2011)
=2. 14" - 32" (mod 2011)

Ma 3°°'"' =3 (mod 2011)

141 =2025'" = (45%)!°% = 45! = 1 (mod 2011).
Trdosuyrad+4B=2-3(mod2011)=-1 (mod 2011)

Viy ta c6 diéu phai ching minh.
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I11.2.3 Bai tap
Bai 1. Tim uéc chung 16n nhat cia

1 3 2005
C2006 ’ C2006 EARR C2006 ‘

Bai 2. (T7/245) Cho cac s6 ty nhién m, n, p théa man diéu kiénp < m + n.
Ching minh ring (m+n~b)1p1Y. C:C" chia hét cho (m + 1 - a)!

Trong d6 @ = max {0, p - m}, b=min {p, n}.

Bai 3. Cho x,, = [(4 +15 5)" ] v6i [x] 12 phan nguyén cua x, 7 14 s6 ty nhién.

Tim sb du cua x, khi chia cho 8.

Bai 4. Chirng minh rang s6

oo
S = ; Cio00 2 3
1a téng ctia hai s6 chinh phuong lién tiép.
Bai 5. Chiing minh rang v6i moi s6 nguyén duong 7 ta c6
C) :(n+1)
Bai 6. Tim cap sb tu nhién n, k sao cho
Cy, =G,

Bai 7. Cho m va n 1a cac sd nguyén duong, m 1¢. Ching minh rang

3 m

la mét s6 nguyén.

Bai 8. Ching minh riang véi moi s6 nguyén duong » thi sb
Zn: C2k+l 23k

2n+1

khong chia hét cho 5.
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I1I. 3 Tinh chat s6 hoc ciia diy s6 nguyén

Trong phan nay t6i xin gi61 thiéu cung ban doc mot sO tinh chat b hoc co ban cua
day s6 nguyén nhu tinh chia hét, tinh chinh phuong, tim s6  hang nguyén t6, .. Tuy nhién,
phan sau hon s& duoc tac gia gidi thiéu trong chuyén dé tiép theo, s& viét riéng vé day sd
nguyén.

I11.3.1. Tinh chia hét trong diy s6 nguyén.
Vi du 1. Cho day sb {u,} thoéa man
{ul =7,u, =50
u,,, =4u, +5u, ,+22, n=2,3,..
Ching minh réng U199 chia hét cho 1997.
Loi giai
Xét day {v,} thoa man v, =4u, + 11 khi do
{v, =39,v, =211
v, =4v, +5v, ,, n=273,..
Dua vao phuong trinh dic trung cua ddy {v,} ta d& dang xac dinh duoc sé hang tong quat
cua day la
_8(=1)" +25.5"
! 3
Do do

8+25.5"
Vigos = #

Vi 1997 1a s nguyén t6 nén theo dinh li Fermat, ta c6
516 =1 (mod 1997)

— 8 +25.5"° =8+ 25 (mod 1997) =33 (mod 1997).

= 3v1996 = 33 (mod 1997).
Ma vy996 = 4111996 + 11 nén suy ra

1241996 + 33 =33 (mod 1997)

= 12u1996 : 1997
Mat khéc (12, 1997) = 1 nén u;99¢ : 1997.
Viy ta c6 diéu phai ching minh.
Vi du 2. Cho day sb {u,} xac dinh nhu sau
{ =0, u, =14, u; =18

=Tu, , —6u,, n=34,..

n+1
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Chtng minh rang véi moi sd nguyén t6 p thi u, : p.
Loi giai
Theo cach xac dinh diy sb ta tim duoc s6 hang tong quat cia u, 13
u,=1+2"+(-3)".
Véi moi s6 nguyén to p thi
2P =2 (mod p) va (-3)" = -3 (mod p)

Do do

u,=1+2"+ (-3’ =1+2+(-3) (mod p)
Hay u, : p.
Viy ta c6 diéu phai ching minh.

Nhin xét: Véi nhitng diy s6 nguyén tuyén tinh c6 phuong trinh dic trung cé nghiém
nguyén thi ta dé dang s dung dinh 1i Fermat trong chirng minh chia hét. Con v&i nhiing
diy nguyén tuyén tinh c6 phuong trinh dic trung c6 nghiém vo ti thi bao gio ta ciing phai
st dung nhi thirc Newton dé chimg minh chia hét.

Vi du 3. (VMO - 2011) Cho day sb nguyén (a,) xac dinh boi
ap=1,a,=-1
a,=6a,.t5a,.,,v01n=2,3, ..
Chtrng minh réng 01 - 2010 chia hét cho 2011.
Loi giai
D& dang tim duoc sb hang tong quat cua diy sb 1a

L _(0=214)G+414)" + (7 +2V14)(3-V14)"

" 14

Do do
L (7= 214)(3 +/14)™2 + (7 + 24/14)(3 - V/14)"
2012 — 14

Mit khéc, theo khai trién Newton ta c6

2012 k
(B+14)*2 =3¢k 3 (14) = 4+BV14
k=0

2012 k
(B-14)"2 =3 (-1 €, 37" . (J14) =4-BV14.
k=0
Trong do
A= C;>01232012 + C2201232010.14 +..+ C22&122141006.
B = C;012320” + C2301232009.14 +..+ C22811213.141005.
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Do d6

L (0 =214)(4+ BN14) + (7 +2V14)(4 - BA14)
2012 — 14

<= ar12 =4 +4B.

Bay gio ta chi cAn chimg minh 4 + 4B = -1 (mod 2011)

That vay, ta co
Chypy = Chy  +Cocl véimoi k=2,3, ...,2010
Ma 2011 1a s6 nguyén té nén C,, 2011 voimoi k=1, 2, ..., 2010.
Tu d6 suy ra
ck., 12011 voimoik=2,3, ..., 2010.
Do d6 A+ 4B =3+ 14" _ 43" + 3.14'9%) (mod 2011)
=2. 14" - 3% (mod 2011)
Ma 3% =3 (mod 2011)

2011-1

14 14 s6 chinh phwong mod 2011 nén 14'°” =14 > =1 (mod 2011).
TrdosuyraA+4B=2-3(mod 2011)=-1 (mod 2011)
Vay ta c¢6 diéu phai ching minh.
Vidu 4. Cho diy s {u,} dugc xac dinh nhu sau
{u, =2,u,=6

Uy =2u, +u, ,, n=2,3,..
Tim phan du cta u4 chia cho 1023.
Loi giai
D@ dang tim duoc sb hang téng quat cta diy {u,} 1a
u, =(1+42)" +(1-+2)"
Do do
Uy = (144/2)"" 4 (1-4/2)1%

Theo khai trién nhi thirc Newton, ta c6

(1+2)" = 4+ B2, (1-42)"™ =4-B\2
Vi

A=Cpy +2C0,, +2°Cliny + ..+ 272 Clons

_ 1 3 2 ~5 512 ~1023
B= C1024 + 2C'1024 +2 C1024 +...F 2 C1024
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Dodo U024 = 24

Tacod

Cl,, =Cl,, +CL voimoi k=2, 3, ..., 1022.
Ma 1023 1a s6 nguyén té nén CL,, 11023 véimoi k=1, 2, ..., 1022.
Tu d6 suy ra
ck,, 11023 véimoi k=2, 3, ..., 1022.
Nén
24=2Cy,, +2°° C/02 (mod1023)
= 2+2°" (mod 1023).
Mat khac
2'%=1 (mod 1023) = 2°" = 8.(2"%°' = 8 (mod 1023)
Do d6 24 = 10 (mod 1023)
Vay phﬁn du ctia phép chia ;¢4 cho 1023 1a 10.

Nhan xét: Viéc si dung nhi thirc Newton rat ¢6 hiéu qua ddi v4i cac bai toan chimg minh
mot s6 hang cu thé cua diy chia het cho p. Tuy nhién n6 thuong khong co tac dung dbi
v0i viéc ching minh trong day s6 ton tai mot s6 hang cua diy chia hét cho p hoic ton tai
v6 han s6 hang cta diy chia hét cho p. Dbi v6i nhitng bai toan dang nay ta thuong phai
ching minh day sb du ciia u, cho p tuan hoan ké tir mot s6 hang nao do.

Vi du 5. Cho diy sb {u,} duoc xacdinh nhu sau
{ =20, u, =100
u,, =4u,+5u,  -1976, n=2,3,...
Chung minh rang ton tai it nhat mot s hang ciia diy chia hét cho 1996.
Loi giai
Xét day {v,} voi v, 1a phan du ctia phép chia u, cho 1996.
Hay v, = u, (mod 1996), 0 < v, < 1995.
D& thiy v, = 4v, + 5v,., - 1976 (mod 1996)
Xeét cac cap (v, v2), (2, V3), vy (Vs Vi 1)s -on

Viday {v,} la vo han ma sd cac cdp (a, b) voi 0 < a, b, < 1995 14 hiru han nén phai ton
tai hai s6 tu nhién i, j (i > j) sao cho

Khi d6. Ta co
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S(ic1-vio1) =5 - 4vi 71976 ) - 5(vjyy - 4v; + 1996)
= 5(Vir1 - Vi+1) - 20(v; - v;) (mod 1996)
=0 (mod 1996)
Ma (5,1996) =1 nén v;.;-v;.; =0 (mod 1996)

Vi0 < Vie1, V-1 < 1995nénvl~_1=vj_1

Li luan tuong ty tadan dén v, ., =v;_,

Ctr tiép tuc nhu vay ta s& ddn dén

Va = Vaui-j
Vi = Viei-p

Bay gio ta s€ chimg minh v;_; =0
That vay, ta co
5Viii= Vijy2-4viij+1 T 1976 (mod 1996)
=V, - 4v; + 1976 (mod 1996)
=1, - 4u; + 1976 (mod 1996)
=100 -4.20 + 1976 (mod 1996)
=0 (mod 1996).
Vi (5, 1996) = 1 nén v;_; = 0 (mod 1996)
Do d6 u;.j= 0 (mod 1996)
Viy c6 diéu phai chimg minh.
Vi du 6. (Chon DT Khoa hoc ty nhién - 2009)
Cho day {a,} dugc xac dinh
ap=0,a,=1,a,=2,a;=6
Ap+4=2a,+3ta,+0-20y+1-a,n=0,1, ...

a) Ching minh ring a,, chia hét cho n véi moin > 1.

b) Chimg minh rang diy sd {a" } ,n=1,2, .. chia vd sb sd hang chia hét cho
n
2009.
Loi giai
a) Phuong trinh dac trung cua day {a,} la
x'-28 -x+2x+1 =0

S -x-17=0
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x= 5 =«
=
x——l_\/g—ﬂ
2

Khi d6 sb hang tong quat cua diy trén 1a
a,=cio’ + cof" + n(csa” + cuff”)

Dé dang tim duoc

C]ZCZZO, Cy

1
=—,cC .
NERRNG]

Do d6
L, 1,
a,=n(—=a" ——
AN
Tir d6 suyra 2= = F, véi {F,} la day Fibonaci.
n

Do d6 a, : n véi moi n.
b) B sung vao day {F,} mot $6 hang Fy=0mata van gilt duogc h¢ thuc
F,.=F,tF,.,,n=0,1, ...
Xét ddy {v,} v6i v, 12 phan du cta phép chia F, cho 2009.
Hay v, = u, (mod 2009), 0 < v, < 2008.
D@ thay v, = v, + v, (mod 2009)
Xeét cac cap (vi, v2), (Va, v3), ceey (Viy Vs 1), ...

Vi day {v,} 12 vo han ma s6 cac cip (a, b) v6i 0 < a, b < 2008 14 hiru han nén phai ton tai
hai s6 ty nhién i, j (1> ) sao cho

Lam tuong ty vidu 5, tasuyra 0 = v, =v; _;
va diy {v,} tuan hoan véi chu ki (i - j).
Do do ViGi-j) = 0 hay Fk(i D= 0 (mod 2009)

Viy ta c6 diéu phai ching minh.
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I11.3. 2. Diy s6 va s6 chinh phwong

Vi du 1. Cho diy sb {a,} duoc xac dinh nhu sau
a,=0,a, =1

a,,—3a,+a
2

(=) n=1,2,...

Chung minh rang véi moi n thi a, 1a s6 chinh phuong.
Loi giai
Ta s€ chung minh v&i moi » thi a, = F.., trong do {F,} 1a day Fibonaci
That vay
a=1=F ,a,=1=F’ ay=4=F,.
Gid sir ¢y = F’ voi moi k < n
Khi do
a, =F,’, ay 1= (Fp), ay.2= (F,2)
Theo céach xac dinh day {a,} ta co
ay1-3ay + a, . =2(-1)"
ay-3ay_ 1 +a,.,=2(-1)""
Tu doé ta suy ra
Qui1-2an-2ay.1+ay.2=0
 ay = 2F) +2(F, 1) - (Fy o)’
=(Fy+Fu )+ (Fy- 1) - (Fyo)
= (Fye ) HEFp2) - (Fun)’ = (Fp1)
Tir d6 suy ra diéu phai chtimg minh.
Vi du 2. Cho diy sb {a,} xac dinh nhu sau
{ao =2,a,=3
a,,=3a,-a,,, n=12,.
Tim n sao cho 5(a, - 2) 1a mot s6 chinh phuong.
Loi giai
D@ dang x4c dinh duoc sb hang tong quat ctia day trén 1a
e

n

Mait khac ta cling ching minh dugc ngay
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ar) =2 (mod 5) va ay +1 =3 (mod 5).
Do d6 5(a, - 2) 12 s6 chinh phuong thia, -2 * 5 = n = 2k.
Khi d6
Khi d6

5(ax-2)= 5[ ( —(

2

( 3+\/_ ﬂ)ka

Theo khai trién Newton ta ¢

(3+J§)k _ A+BY5 (3—ﬁ)k _ A-B5

2 2k 2 2
Voi
A=C3" +C23 254+ c,fm 3]‘72@.5[ﬂ
B=C!3"' +C35+..+ C,fml3“m15m
Khi d6 (3+\/_ (3_2\/3 —l;\/_ J5.¢, v6i ¢ 1a sb hitu ti.

= ay-2= 5ck2 nguyén nén ck2 1a s6 nguyén
Mac,httutinéne, € Z
Tir d6 suy ra 5(az - 2) = (5¢x)” v6i 5S¢ € Z
Vay v61 moi k thi 5(ay - 2) la s6 chinh phuong.
Vi du 3. Cho day s6 {a,} dugc x4c dinh nhu sau
a,=28+2"+2" n=1,2, ..
Tim n dé a, 13 mot s6 chinh phuong.
Loi giai
Ta co
_ 98yl on_ 2

& 2" = (x - 48)(x + 48)
Véi x 12 mot s6 nguyén duong nao do.
Khi d6

x-48=2vax+48=2"""° n>2s

Tir do suy ra
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278 2% = 96,
o252 E-1)=3.2°

s=5 s=5
&
2" _1=3 n=12

Vay a, 1a s6 chinh phuong khi va chi khi n = 12

Tir do suy ra

Vi du 4. Cho diy sb {a,} dugc x4c dinh nhu sau

{al =la,=3
a,,=m+2)a,—(n+a,, n=23,..
Tim n dé a, 13 luy thira p cia mot sé nguyén (p > 2).
Loi giai
Ta dé dang ching minh duoc
a,=1!'+2'+ ... +n!
Truong hop 1: p=2.
Tacon! : 10 véimoin=>5
Do d6, néu n>5 thia, = 1! + 2! + 3! + 4! (mod 10)
=(1+2+6+24)(mod 10) =3 (mod 10)
Tir d6 suy ra a, khong thé 14 s6 chinh phuong néu n > 5.
Véil < n < 4, tht tryc tiép thidy n =1 va n = 3 thoa man.
Truong hop 2. n >3
Taco a; =1 =17 véi moi p.
Voin>2thi a,=1'+2!+3!+.+n!:3
Giasta,=b0 (p=>3)=>u,:27
Tacod9! : 27nén k! : 27 véi moi k> 9.
Do do
a,=ag (mod 27) véin > 9.
Ma
ag=1!'+2!+..+8!=46233 = 1(mod 27).
Nén a, khong chia hét cho 27 v&i moi n > 8 hay a, # b véi moi n > 8.
Bang cach thir truc tiép k=2, 3, ..., 7 thdy khong c6 gia tri nao thoa man.

Vay n =1 1a gi tri can tim.
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I11.3.3. Diy s6 nguyén s6 nguyén t.

Vidu 1. Cho diy s6 {u,} dugc xac dinh nhu sau
u,=3"-2"-1

Chung minh rang néu p 14 s6 nguyén t6 thi u, : 42p.

Loi giai
Ta co
u,= 3"-2"-1=3"-3)—-(2"-2) =0 (mod p).
Mait khac
P2 1=3P-1)-2°:2
Map>T7=plé
Do do

3P-2P—1=-(-1)-1=0(mod 3)
Biy gio ta can ching minh 3P — 2P — 1 : 7

Tacod

p-L p-l
=392 -2-1=322 =27 -1 (mod 7)
p+l p-1

Do (p,3)=1nénp=3k+ 1 hoacp=3k+2
Néup =3k + 1 thi

p+l p-1 p+l p+l

22 422 -2/ —1=8"~1+22 -27=27-2 2 (mod7)

p+l p-1 p+l

=22(22 -1)=22 (8 ~1)=0(mod7)
Néu p = 3k + 2 ta chitng minh tuwong tu.
Tu d6 suy ra dpcm.
Vi du 2. [IMO - 2005] Cho day s6 (a,) x4c dinh nhu sau
a, =2"+3"+6"-1voin=1,2, ...
Tim sb tu nhién nguyén té cting nhau véi moi sé hang cua day trén.

Loi giai

(1)

)

3)

Ta s€ chung minh rang véi moi s6 nguyén to p déu ton tai mot s6 hang a, chia hét cho p.

That vy, ta ¢6 a, = 2* + 3> + 6> — 1 = 48 chia hét cho 2 va 3.
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Xétp>5
Ta co

2,p=10G,p)=1;(6,p) =1
Do d6, tir dinh 1i Fermat suy ra

2P 1=3P" 1= 6P = 1 (mod p)
Tur d6 d€ dang ching minh duge 6a, ; : p
Ma (p,6)=1néna, ,:p

Do do chi c6 s6 1 1a so tu nhién duy nhat nguyén t6 cung nhau véi moi so hang ctua day

(@).

I11.3.4 Bai tap
Bai 1. Cho x, x; 1a nghiém cta phuong trinh
X’ -6x+1=0.
Chung minh rang véi moin € N thi x;" + x," 1a mot s6 nguyén va khong chia hét cho 5.
Bai 2. Cho day {u,} thoa man
u, =Lu,=2,u, =24

2 2 —
u = 6un—1un—3 - 8un—1un—2 » = 4’ 5’

n

u, u, s
Chumng minh rang véi moi n thi u, chia hét cho n.
Bai 3. (T6/254) Cho ddy s6 {x,} x4c dinh nhu sau:
X, =a,x, =b
{xnﬂ =5x.-3x,, n>2.
v0i a, b 1a hai s6 nguyén cho trude. Ching minh ring day s6 trén hodc khong c6 sd hang
nao chia hét cho 1997 hodc c6 vo so6 s6 hang chia hét cho 1997.
Bai 4. (T6/255) Cho day {a,} dugc xac dinh nhu sau
a, =1964,a, =96
{aM =30a’,—-75a,a,, —199%a,, n>1.

n+l
Chung minh rang khong ton tai sé hang nao cua diy 1a tong luy thira bay cua ba sb
nguyeén.
Bai 5. Cho day {u,} dugc xac dinh béi:

{u0:3,u1:11

u,,=2u, +7u,, nx0.

n+2 n+l
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Tim céc s0 nguyén duong 1€ a sao cho vdi cac sO nguyén duong m va n tuy y luén tim
duoc so nguyén duong & sao cho u' —a chia hét cho 2™,

Bai 6. Cho day {u,} dugc xac dinh nhu sau:
u, =u, =1
{un+2 =199, —u,, n=0
Tim cac sd ty nhién » sao cho u, 13 s6 nguyén td.
Bai 7. (Bulgari 1999) Cho {a,} 1 diy s6 nguyén thoa min
(n-Da,+1=(m+ Da,-2(n-1).

Biét ring a;990 chia hét cho 2000. Tim sé nguyén duong n > 2 va n nhé nhét sao cho a, chia
hét cho 2000.

Bai 8. Cho mot day sO gﬁim 2n+1 s6 nguyén duong lién tiép sao cho tong binh phuong
cua n +1 hang dau tién bang tong binh phuong ctua n s6 hang con lai. Héi trong day do co
s0 2001 khong?

Bai 9 Cho diy {a,} x4c dinh nhu sau

{ao =0,a, =1
a,,=2a, +a,, n=01l,..

Chirg minh ring a, chia hét cho 2" khi va chi khi n chia hét 25, v&i moi k nguyén khéng
am.

Bai 10 Cho day s6 {u,} thoa min

u, =3,u,=11
u,,=2u, +7u, nzx1.

n+2 n+l
Tim s6 nguyén duong 1é a sao cho véi moi m, n nguyén dwong tuy y ludn tim dugc sb
nguyén duong k sao cho U, =@ chia hét cho 2™
Bai 11. Cho day {u,} duoc x4c din nhu sau
u,=0,u, =1
{umz =199, —u,, n=0,1,..

Tim cac s0 ty nhién n sao cho u, 1a s6 nguyén to.
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