CAP CUA MQT SO VA UNG DUNG
(Lé Xuan bai, GV THPT Chuyén Vinh Phuc, inh Vinh Phuc)
Chon la mit sb nguyén dong, n>1 vaa la mot sd nguyén i (a,n)=1. S nguyén dong h nho nhat
sao choa =1(mod n) duoc i la cip cia a modulo n, ky hiéu h= orda. Theo dinh ly Ole ta co6
2’ =1(mod n) dodé & h néi trén ladn wi . RS rang lah< ¢(n).
bic biét néu h =g (n) thi a duoc goi 1a mot cin nguyén thy (modn) .
Tinh chit co bdn sauday haydwec ¢ dung trong bai vét
Néu cip azaa (modn) lah thi
(@). a“=1(modn) = k:h &ON)
(b). a“=a’(modn) = k-¢:h (;¢ON)
Trong céc bai toan cdrgdung dip cia mht 5 ta throng két hop thém i dinh ly Fecmat vainh ly
Ole dé tao thém céc quanéhiong dr.
Sauday la mpt s6 thi de minh hog.
Bai toan 1 Cho $ nguyén dongn thca man 3" —1:n. Ching minh &ngn chan.
Loi gidi. Goi p laudc 5 nguyén & nho nhit caan, ta én ching minhp=2.
3" =1(modp )

2 = 1(mod ):> h\n (ki hieu h\n néu n chia Fét choh)
=1(modp

Goi h 1a dip cia 3 (modp), ta cé{

RG rang lap # 3. Theodinh ly Fecmat thB”™ = 1(modp ), suy rah\ p—1
Néu h>1 thi ©n tai q la uéc nguyén & cua h. Khi 6 gq\n va p>p-1=2h=q, mau thdn vsi p la uéc
nguyén & nho nhit caan.
Vay h=1, khidé p=2. Dodd n la $ chin @pcm).
Bai toan 2 Tim $ nguyén dong n nho nhit sao chal 7" - 1 chia tét cho 22°*,
Loi gidgi. S n can tim chinh la ép cia 17 (mod2®°*). Ta c6 ¢(2%°) = 2°° nén n\ g(22°*) = 220,
Do d6 nc6 ding n=2; k{1,2;...;201. Ta co
177 -1= (17- DA% D7+ DT+ 1)..E7+

= 2.7 a7+ T+ .37+ 1)
Cok thira $ ¢6 ding (172" +1) chia Kt cho 2 nling khong chia & cho 4 nén & mii cia 2 trongl17> -1
bang 4+k, suy rad+k = 2011= k = 200.

Vay o ncan tim lan=ord,,,, (17)= 2.
Bai toan 3 Chirng minh &ng moi uéc nguyén ¢ cia $ F, =2 +1 (MON) déu ddng dr véi 1 theo mdun

2™, ( SHF, duogc goi la sb Fecmat t n).



Loi gidi. Goi p 1a mot wéc nguyéné bat ki caa F,, suy ra22” =1(modp ).

Goi hla cip aia 2 (modp), ta co2h =1(modp)vah\2™ = h=2 KON;l<k<n+1) (1)

Vi F, 1¢ nénp I¢, theodinh Iy Fecmat taugc 2P =1(modp )= h \p- 1 (2)

Tir (1) va (2) gitp talinh hrong én ching minh &ng h= 2",

Thay vay, néu k<n thi 22 =1 2'— I p, nhung 22 +Lp nén2:p (Vo Iy).

Vay k=n+1, trc la h=2"". Dodd p=1(mod 2" ) (dpcm).

Nhdn xét 1. Ta c6 th chang minh ndt két qua manh ton 1a p=1(mod 2*2 )véi n=2 néu st dung thém
tinh chit cia $ chinh plwong matun nguyéna.

That vay, theo Et qua trén thi p-1:2"1 = p= &+ 1 ON" ).

p-1

Khi d6 thi 2 1a é chinh plwong modp, suy ra2 2 =1(modp )

Nhung h=2"" lai la cip aia 2 (modp) néin_1§2”+1:> p-12"2.

2. Ging tr két qua bai toan trén ta suy ramg c6 vd an £ nguyén é dang 2"k +1 kKON") véi n la
mot sd ty nhién cho tée (ching minh danh chodn doc).
Bai toan 4 C6 bao nhiéuésnguyén aongn 12 bi sé ciia 1001 va Biu dién duoc dudi dang n=10! - 10
véi i, jON; 0<i<j=<99.
Loi gidgi. Tacon=10 -10 = 10 (10" - 1va 1001=7.11.13 I®sguyén é cung nhau &i 10 .
Suy ra10'7:1001~ 10" = 1(mod 100. D& thiy ord;gg(10)= 6= j—ii 6= j—i= én MON .
Nhu vay sb cac $ n bang $ cac 1§ (i; j) thoa man phrong trinhi +6m= j (*) véi 0<i< j<99mON".
Dé thay la v6i m&i mO{1;2;...;18 s c6 100- én gia ti ciai (vaj). Vay sd nghiém cia phrong trinh (*) la
16

> (100~ &m)=784.

=
Vay c6 784 8 n thoa mandé bai.

Bai twong tw: C6 bao nhiéudsnguyén dongn 1a ki sb ciia 2011 va Biu didn duoc dusi dang n=10/ - 10
véi i, jON; 0<i< <96

Bai toan 5 Ching minh &ng wi mdi s n nguyén dong thi 3" - 2" khdng chia Bt chon.

Loi gidgi. Gia sir ton tai n sao cho3" - 2" chia Kt chon. Goi p la wéc nguyén & nho nhit caa n, & thay

p=5. Goi ala mdt sb nguyén dong sao cha2a=1 (modp ) (1) (S5 a nhu vay luén 6n tai )

. h\ h\
Tu 3"=2"(modp )= (& § = 1(mogp . Goi hla cip aia 3a (modp), ta Cé{h\?) = {h:p: h=1.



Tird6 3a=1 (modp ) (2).

Tur (1) va (2) suy raa: p, mau thdn véi (1). Vay bai toanduoc ching minh.

Nhgn xét Viéc chpn a thoa man (1) nim muc dich to ra quan Bdong dr (3a)" = 1(modp ). Tat nhién vic

chon duoc & a nhu vay 1a mot diéu khéngduoc tr nhién chodm. Ta § xét thém mt bai toan fra co s

dung K thuat nay.

Bai toan 6. Tim it ca cac $ nguyén & p vaq sao cho(5P - 2P )57 - #) chia Kt cho pq.

Loi gigi. D& thiy ngay pva q déu khac 2 va 5, co thgia sr p=(q.

Néu p=3 thig=3 , ta thy (p,q) = (3,3) thoa man.

Néu p=q>5 thi két hop vsi (5P -2P ,p)= (51— & g)= Ttadugc {:: _qup.;q
-2%p

Theodinh ly Fecmat thBP =5 (modp );? = 2 (mod nén p>q, suy ra(p,q-1)=1 (¥

Goi ala $ ty nhién sao ch@a=5 (modq ) (1), tadugc aP =1 (modq ).

Goi h la dp ciaa (modq) thi h\ p. Tir (1) suy ra(a,q)=1=a%t=1(modq)>h g- & pg- 1p .
(chd ¥ 1ah#1). Didu nay mau thin véi (*).

Néu q=3,taco(5P-2P)5- 2y 3= 39F - ? )p= 3%p=p= 31

Vay céc @p (p,q) can tim la(p,q) =(3,3); (3,13); (13,3).

Bai toan 7. Cho hai  nguyén gtongmvan (n>1) sao chd.+m®> +m?° chia ét chon. Ching minh &ng
n=3.

Léi gidi. Tir gia thiét suy ram®  —1in. Goi h 1a dip ciam (modn) thi h\3™ = h=3F KONk <n+1).

Néu k<n thi h\3" = n\m® -1. Két hop v6i n\1+m°® +m2°

, Suy ran=3.
Néu h=3" thi doh\g(n) = h<n=3"<n ,voi.
Nhgn xét Do n=3 nén @ suy ra iing khidé m=1 (mod 3.
Bai toan 8. Tim cac & nguyén é phan bét p vaq sao choa®™ =a (mod 3pq ) véi moi sb nguyén aong a.
Loi gidgi. Ta co th gia st p>q. Choa=3 taduoc
FM=3(mod g )= 3F'- HDPg=>pqg> .
Tiép theo ta chn a la cin nguyén thy modp, ta c6a®™ =1 (modp )
Tr a®™ =a (modp)=a*™*=1 (mod = p- 1\pgq—- & p- 1\¢- (1)
Tuong trta ding coq-1\3p-1 (2)
Ma p=q nén tr (1) ¢ thdy ring ch xay ra 3q-10{ p-1,2(p- 1);3p- 1.
Bing céch tir truc tiép cac trdng hop ta tim ra hai & (p,q) 1a (17,11) va (11,17).



Nhégn xét O budc chon a the hai ta mén c6 @,p)=1 d&é duoc a’* =1 (modp), nhung ta mén thém &ng
p-1 la cip aia a (mod p), nhr vay a S8 1a cin nguyén thgt mod p. Khi d6 ta c6 not quan I rat tét la

p-1\3pg -1 nhu & trén.

Cuéi cung la mjt sé bai t@p cho cac lan luyén tap.
Bai 1. Tim tt ca cAc $ nguyén dongn sao cho2" -1:n.
Bai 2. Tim it ca cAc $ nguyén dongn sao cho2" +1:n?.
Bai 3. Ching minh &ng n\g(a" —1) véi moi sé nguyén aonga van.
Bai 4. Tim it ca cac $ nguyén dong n, n<1000 sao cha c6 ding n= p,p,p, (P, P, P, l& cac 6 nguyén
t6 phan bgt) va 2" + 2:n.
Bai 5. Chon nguyén dong c6 ang n= 2" +1; k>1. Ching minh &ng diéu kién cin vadua dé n nguyén é la

n-1
ton tai s nguyén donga>1 sao choa 2 +1:n.



