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Giéi thiéu. Cac bai toan dugc dan ra dudi day déu l1a cac bai toan do cac thanh vién dién
dan www.diendantoanhoc.net giéi thieu va thao luan trong CAT S6 Hoc thudoe BOX Toan
Olympic. Cac thanh vién tich cic nhat trong box S6 Hoc dé 1a céc ban hoang, Mr Stoke,
gan day c6 them sy xuédt hien ctia ban emwvaanh. Ban tong hop 50 bai toan nay la do hai
CTV THPT K09 va lehoan bién tap

Nhu cac ban sé thay thi tu clia cac bai toan rat Ion zon, thuc ra dieu d6 lai khién cho
noi dung ctia collection trd nén rat da dang va phong pht. Hon nita, dang sau su lon zon 1a
nhitng méi lien hé rat mat thiét, diéu nay sé duge thé hién trong phan tiép sau cta tai lieu.
Céc ban thanh vién than quen va ca cac ban thanh vien méi déu co thé tim thay trong céc
bai toan nay nhitng diéu thi vi cho riéng minh. Trong thoi gian t6i, hi vong nhitng diéu tam
dfc clia cac ban sé dugc chia sé cting nhau trong céc topic méi va bo ich hon

Bai toan 1. Tim tdt cd cdc so nguyén duong nguyén to cung nhau vdi moi phan ti cia day
a,=2"+3"+6"—1 n>1
Bai toan 2. Gidi phuong trinh nghiém nguyén duong x* — (a®> +0%) - y* =1

Bai toan 3. Cho k so tu nhién 1 < a; < as < ... < a, < n théa man [a;, a;] > n vdi moi
1<i<j<k. Ching minh ring

Bai toan 4. Hay tim tat cd cic s6 nguyén duong n sao cho ton tai hodn vi {ay, as, ..., an}
cia {1,2,...,n} thod man tinh chat mot trong hai tap hop sau day

(Z) {al,alag,...,alag...an}
(ZZ) {al, a1 + as, ..., a4y +as+ ...+ an}

lap thanh mot hé thang du day di modun n

Bai toan 5. Tim so nguyén duong k ldn nhat dé ton tai 2k sé nguyén duong doi mot phan
biét ay,as, ..., a, by, ba, ..., b ma k téng ai + by, as + b, ..., ap + by doi mot khac nhau va nho
hon 2005

Bai toan 6. Gid st p la mot s6 nguyén to. Chiing minh rdang trong 2p — 1 s6 nguyén bat ki
déu ton tai p s6 co tong la boi s6 cia p. Két luan cia bai todn thay doi nhu thé nao néu bé
di gid thiét p nguyén to



Bai toan 7. Chiing minh rang so cdac hop so thuoc mot trong hai dang sav déu la vo han
(i) 2" +1 (i4) 6 +1

Bai toan 8. Gid st a,b,c la cic so nguyén duong nguyén to cing nhau sao cho ding thic
a” = b?+ % ding vdi s6 nguyén n > 1 nao dé. Ching minh ring a cé thé viét thanh tong cia
hai s6 chinh phuong

Bai toan 9. Mot so tu nhién la bap bénh néu khi dem né nhan vdi 9 ta dugc chinh sé dé
nhung viét theo thi tu nguoc lai cia cdc chit s6. Chang han s6 1089 la mot s6 bap bénh cé 4
chit s6 bdi vi 1089.9 = 9801. Van dé ciia ching ta la tim tat cd cac so bap bénh cé n chit so.
Hon nita héy tinh so tat cd cic s6 bap bénh cé n chit s6

Bai toan 10. Chitng minh rdng vdi so tu nhién n bat ky déu ton tai hai s6 nguyén x,y thod
man n|r® — 34y? + 1

Bai toan 11. Tim tat cd cdc so tw nhién k sao cho ton tai s6 thuc duong ci, thod man

S(kn)
> N
Sy = ¢, Vn e

Bai toan 12. Tim tap gid tri cia N dé phuong trinh sau cé nghiém nguyén duong
2, .2 2 _
xi+ a5+ ...+ x, = N(ryzg..x, — 1)

Bai toan 13. Day s6 p1.pa, ..., Pn, ... la day tat ca cac so nguyén to. Ching minh rdng ton tai
ba so hang lién tiép trong day trén thod man tinh chat moi so trong ching déu lén hon binh
phuong chi s6 cia chinh s6 do

Bai toan 14. Ching minh rdng ton tai s6 tu nhién n dé s6 2"+ 3" ¢6 ding 23 wdc s6 nguyén
to

Bai toan 15. Cho day tiang cdc s6 tu nhién {a,} c6 tinh chat ton tai hang s6 M sao cho
Upi1 — p < M v6i moin € N. Ching minh rang tap wdc so nguyén to ciua day trén la vo han

Bai toan 16. Xé¢t M = n(n —1)...(n — k + 1) vdi n > 2k. Chiing minh rang M c6 wdc so
nguyén to lon hon k

Bai toan 17. Gid si p la mot s6 nguyén to cé dang 4k + 3. Chitng minh khi dé p — 1 so tu
nhién lién tiép khong thé chia lam hai nhém co tich cic thita s6 trong moi nhom bing nhau

Bai toan 18. Tim s6 nguyén duong n nhé nhat sau cho n> —n+11 la tich clia bon s6 nguyén
to (khong can phan biet)

Bai toan 19. Tum tat cd cic bo ba s6 nguyén duong (x,y, z) vdi z bé nhat cé thé sao cho ton
tai cic s6 nguyén duong a,b, c,d cé cac tinh chat

== r>a>c
z=uab=cd
r+y=a+b



Bai toan 20. Cho cdc s6 nguyén ai, as, ..., Gy 06 by, by, ..., b, trong dé a; > 2 V1 = 1,n. Chiing
minh rang ton tai vo han cdc bo s6 nguyén (ci,ca, ..., cn) sao cho ta cé tinh chat sau

6101 + 6202 + ...ann|CiL1 + ng + ...+ C?L”

Bai toan 21. Tim tat cd cdc so6 tu nhién n sao cho néu vdi moi hodn vi (a1, as, ..., a,) cla
{1,2,...,n} thi ta luon tim dugc chi s6 1 ma ay + as + ... + a; la mot s6 chinh phuong

Bai toan 22. Tim tat cd cdc so nguyén duong n sao cho n® —1 la so chinh phuong

Bai toan 23. Chitng minh rang vdi moi s6 nguyén duong s luon ton tai so tu nhién n thod
man S(ns) = a vdéi S(x) la tong cdc chit s6 cia x

Bai toan 24. Cho s6 nguyén duong n > 1. Tim s6 nguyén duong nhé nhat khong cé dang
a b
n®—n

vdi bat ky cac s6 nguyén duong a,b, c,d nao dé
e — J quy ga,b,c,

Bai toan 25. Cho s6 nguyén khong am a va so6 nguyén duong d. Chitng minh rang trong 73
s6 a,a+d,...,a+72d ¢é it nhat mot sé6 ma trong biéu dién thap phan cia né cé chi $6 9

Bai toan 26. Chiing minh rang vdi moi so thuc 6 € [0,1] va vdi moi e > 0 bat dang thitc

n
‘M — 5‘ <e
n
ding vdi s6 tu nhién n nao dé
Bai toan 27. Tum gid tri lon nhat cia biéu thic
1 1 1
S=—+—+4...+—
aq a9 (07%

Véi cdc gid tri tu nhién cia a1, as, ..., a, biét rang S < 1

Bai toan 28. Cho so nguyén to p = 4k + 1. Chiing minh rang ton tai vé s6 so tu nhién n
sao cho s6 [n.\/p] la mot so chinh phuong

Bai toan 29. Tim tat cd cac s6 nguyén duong m va n sao cho vdi moi s6 duong a thod man
a™, a" la cdac s6 nguyén thi suy ra a cing la s6 nguyén

Bai toan 30. Cho trudc so nguyén duong N. Hay tim s6 nguyén duong k lon nhat sao cho
vdi cac s6 nguyén a,b,c,d tuy y ma N? <a <b<c<d< N?+k thi ad # bc

Bai toan 31. Tim moi nghiém nguyén duong cua phuong trinh
t?=deyz —x—y

Bai toan 32. Gid st A la tap hop N thang du mod N?. Chitng minh rang ton tai tap hop B
gom N thing du mod N? thod man tap hop

A+ B={a+blac Abe B}

chita it nhat mot nita hé thang du mod N?



Bai toan 33. Cho s tu nhién n > 2. Chitng minh rang

n

1989[n™"" — 0"
Bai toan 34. Sap xép day cic so6 nguyén to theo thit tu tang dan py, pa, .... Chitng minh rang

2

cZ YneN n>2
pn(pn + 1)(pn + 2)"‘(pn+1 - 1)

Bai toan 35. Gid st S la tap hop tat cd cic s6 nguyén to bé hon 40. Tim so k nhé nhat sao
cho vdi moi tap con k phan ti cia S déu ton tai 3 phan ti doi mot phan biét a,b, c sao cho
a+ b+ c cing la mot s6 nguyén to

Bai toan 36. So nguyén duong n dude goi la dang ghét néu ton tai s6 nguyén duong m ma
trong tap hop {1,2,...,28011980} ¢6 ding n s6 1 < w3 < ... < x, khong dong du vdi nhau
theo mod n. Néu diéu nay khong zdy ra thi n dudc goi la dang yéu. Xdc dinh so6 nguyén duong
ddng yeéu bé nhat

Bai toan 37. Cho cic 50 nguyén duong a,b. Ching minh rang ton tai bo s0 nguyén duong
(1,9, ..,ng) thod man tinh chat n; +niy1|nini, Vi = 0,k trong dé quy wdc ng = a,ngy1 = b

Bai toan 38. Ching minh ring moi s6 nguyén ldn hon 17 déu cé thé biéu dién thanh tong
ctia 3 56 nguyén lén hon 1 doi mot nguyén to cung nhau. Chitng minh tinh chat dé khong
dung voi 17

Bai toan 39. Cho s6 nguyén t6 p > 3 va ay,as, ...,a,_2 la cdc so tu nhién sao cho p khong
chia hét ay, va af — 1 véi moi k. Chitng minh ring cé thé chon ra mot s6 dé tich cic s6 do co
s6 du la 2 khi chia cho p

Bai toan 40. Vdi s6 nguyén duong n goi S(n) la tong cic chit s6 ciia n. Ching minh ring
ton tai k so tuw nhién ai,as, ..., a, sao cho

an+Sn)=au,+Sm) V 1<nm<k

Bai toan 41. Ching minh rang phuong trinh x®+y>+ 23 —t3 = 42 ¢6 vo han nghiém nguyén.
So nghiém nguyén duong cia phuong trinh nay la bao nhiéu, hitu han hay vo han

) , , .. a c .
Bai toan 42. Gid sin,a,b,c,d la cic so tu nhién (n > 2) thod man b + pi <lwia+c<n.

P . , ., a c
Co dinh n, tim gia try [6n nhat cia — + —

b d

Bai toan 43. Tap hop S gom k+m —1 s6 nguyén bat ky, m > k > 2,k|m. Ching minh ring
ton tai m so trong cic sé dé cé tong chia hét cho k

Bai toan 44. Gid st rang biéu dién thap phan cia /5 ¢é dang

V5 =2, a1as...an Dbb...bbh a1 ...

m séb

Biét rang b # an,b # any1. Chiing minh rang n > m — 2



Bai toan 45 (Open Question). Gid st P la mot tdp con khac rong clia tap cdc so nguyén
to sao cho vdi moi p1, pa, ..., px € P (khong nhat thiét phan biét) thi moi wdc s6 nguyén to ciia
SO p1pa...pr + 1 ciing thuoc vao P. Héi tap hop P coé trung vdi tap hop tat cd cic sé6 nguyén
to hay khong

Bai toan 46. Tim tat cd cic ham s6 f : Z — Z thod man dang thic
F@®) + @) + f(2°) = (f(@)° + (f)° + (f(2))> Va,y,2€Z

Bai toan 47. Gid st m la mot s6 nguyén duong lon hon 1 cho trude. Tim hang so C lon

nhat sao cho
1 1

1<k<n,(k,m)=1 k=1

Bai toan 48. Ching minh hai ménh dé sau day

i) Néun > 49 thi ton tai hai s6 nguyén a,b > 1 sao cho a +b=n va

Bai toan 49. Vdi maoi so tu nhién n = G;...aza; rét ham so

T(n)=10 ) ai+ Y a

i chdn ilé

Hay tim s6 nguyén duong A nhé nhat sao cho ton tai cic so tu nhién ni,ne, .., Mg VA
mi, Ma, ..., Miag thod man hai diéu kién

A=n;+no+ ...+ npg=my +ma+ ..M
T(nl) = T(ng) = ... = T(n148)
T(ml) = T(mg) = ... = T(m149)

Bai toan 50. Ky hi¢u ¢(n) la s6 cdc s6 nguyén duong nhé hon n va nguyén to cing nhau

vdin va m(n) la $6 cdc s6 nguyén to khong vigt qud n. Chiing minh rang véi moi so tu nhién
n>1 ta co

o) > T
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