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CHUONG 1: LI THUYET CHIA HET

I.Tinh chia hét.
Céc dinh 1y:
1. Gia str a,b,ce Z. Néu bha va chb thi cha.
2. Gia st a,b,c,m,ne Z. Néu alc va bic thi (ma+nb)hc.
3. (Thuat toan chia) Gia str a,b,e Z va b>0. Khi d6 ,c,m,ne Z. Néu ahc va bhc
thi (ma+nb)hc.
(Thuat toan chia) Gia sir a,b,e Z va b>0. Khi d6 ton tai duy nhét cac sd nguyén q
var sao cho
a=bq+r, O0<r<b.
Ta goi q la thuong va r 1a phan du. Nhu vy, a chia hét cho b khi va chi khi phan
du trong phép chia bang khong.
Vi du. Chtrng minh rang;
a) (n"—n)M,
b) n(n-1)(2n-1)M
IL. Sé nguyén tb:
Khai niém: S nguyén t6 1a s6 nguyén 16n hon 1 chi chia hét ché va chinh né.
Cac dinh 1y:
1. MJdi s nguyén 16n hon 1 déu c6 udc nguyén to.
2. Ton tai vo han s nguyén to.
3. Néu n 1a hop s, thi n c6 udc nguyén t6 khong vuot qua n .
I1I. U6c chung 16n nhat:
Khai niém: Udc chung 16n nht cta hai s6 a va b khong dong thoi bang 0 1a
s6 nguyén 16n nhat chia hét ca a va b.
Ki hiéu: (a,b)
Pinh nghia: Céc s6 nguyén a va b dugc goi 1a nguyén té cung nhau néu (a,b)
=1.
Céc dinh 1y:
1. Gia st a, b, ¢ 1a cac s6 nguyén, (a,b)=d. Khi do6 ta co:

(5
ii)(a+ch,b) =(a,b)
2. Uéc chung 16n nhét cta cac s6 nguyén a va b khong dong thoi bang 0 13 sd
nguyén duong nho nhét biéu dién duoc bdi mot to hop tuyén tinh ctia a va b.
Trong d6 t6 hop tuyén tinh cia a va b 1a mét tong c6 dang ma + nb (m,n€ Z).
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Hé qua: (a.b) =1 Im,n:ma+nb=1 (m,ne Z).
3. ( Thuat toan O-clit) gia sir r=a, r,=b 1 cac s6 nguyén khong 4m, b#0. Ta
ap dung lién tiép cac phép chia
= Tj+1Q+1 T T2,

v6i 0<tj:2<tje1, j=0,1,2,....n-2, r,=0. Khi d6 (a,b)=r., ( phan du khic khong cudi
cung cua phép chia).
Vi du. (IMO 1959) Chimg minh rang v6i moi s nguyén dwong n, phan sb sau day
t6i gian:

2ln+4

14n+3’
Giai. it d =(21n+4,14n+3)  Suy ra 2(21n+4) -3(14n+3)M & IM & d=1W

S8®
CHUONG 2 : LI THUYET PONG DU

I. Cac khai niém co ban:
Khai niém: giad st a, b 1a cac ) nguyén. Ta nodi a déng du b modul m néu (a—b)Mm.
Khi a dong du b mdédul m. Ta viét a=b (mod m).
Céc dinh 1y:
1. Gia str a, b 14 cac s6 nguyén thi a=b (mod m) © 3k :a=b+km(ke Z)
2. (Tinh chat phan xa). Néu a 1a mot s6 nguyén, thi
a = a(mod m)

3. (Tinh chat d6i xtng). Gia st a, b 1a cac s6 nguyén. Khi d6, néu a =b(modm) thi
b=a(modm)
4. (Tinh chat bic cau). Gia st a, b, ¢ 13 cac s nguyén. Khi d6 néu a=b(modm)
b=c(modm) thi a =c(modm)
5. Gia sir a, b, ¢ va m 1a cac s6 nguyén, m>0 va a =b(modm)  Khi d6:
jya+tcs= b +c(modm),
iiya-c= b —c(modm)
iii) ac = bc(modm) .
6. Gia str a, b, ¢ va m 1a cac s6 nguyén, m>0, ac =bc(modm) va d =(c,m) . Khi d6
ta co

a= b(modm \
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Hé qua. Néu a,b,c,m 1a cac s6 nguyén sao cho m>0, (¢;m) =1 va ac=bc(modm)
Khi d6 a=b(modm)
7. Gia str a, b, ¢, d, m 1a cac sé nguyén, m>0, @ =b(modm) ¢ =d(modm) . Khi
do:
i) a+c=b+d(modm)
ii) a—c=b~-d(modm)
iii) ac =bd(modm)
8. Gia str a, b, k, m 1a cac s6 nguyén, dong thoi k>0, m>0, @ =b(modm) . Khi d6
a* =b"(modm)
9. Gia sit a=b(modm,)  a=b(modm,), ... a=b(modm) trongdé a,b, m;, m, ...
, my 12 céac s nguyén, m;, my, ... , mg>0. Khi do

a Eb(mod[mla--'vmk]) D

Trong d6 [m.....m;] 13 bdi chung nho nhét cia my, m,, ... , m.
Hé qua. Gia sat @=b(modm,) ' a=b(modm,) ..  a=b(modm,) trongdda,b
nguyén, m;, m, ... , my 1a cac s6 nguyén duong va nguyén t6 ciing nhau timg cip.
Khi do

a=b(modm,..m,) .
I1. Pinh 1i Trung Qudc vé phan du:
Dinh 1y: Gia sit m;, ms, ... , m, 13 cac sd nguyén té cing nhau timg cip. Khi
d6 hé cac dong du tuyén tinh
X =a,(modm,),
X =a,(modm,),
M
x=a,(modm,).
c6 nghiém duy nhat moéduléd M= myms,...m..
Chtng minh. Trudc tién ta xay dung mot nghiém ctia hé déng du tuyén tinh
trén. Dat

M M
Kk = = Mm,..m My y..M
m

Vi [Mmom;) =1v6i j #k nén (M,.m.) =1, Do d6 ton tai yi sao cho
M.y, =1modm,]|

Lap téng
X=aMy,+aM,y,+..+aM.y..



Khi d0, x s& la nghiém ctia h¢ dong du X =a;(modm) | j=12,...r That vay, ta c6
M, M, khi j #k nén M, =0(modm,|, j =k Tu do suy ra
x =aM.y,(modm,) .

Do M.y, =1 modm,) nén X = a, (modm,)

Bay gio ta chi ra rang, hainghiém tuy y s& dong du nhau modulé M. Gia su
Xo, X1 la hainghiém cua hé r dong du dang xét. Khi 46, véi moi k,
Xo =X, =8, (modm,) . Do do (X, —x )M . Tir d6 suy ra X, =x,(modM). Vaiy hé
dong du dang xét co nghiém duy nhat moéduld M. W
III. Pinh 1i Phecma, dinh li Wilson va dinh 1y O-le:
Dinh Iy Wilson. V&i moi s6 nguyén to p, ta c

(p-1!=-1Imodp) .
Dinh ly. Gia st n 13 s6 nguyén duong sao cho (n-1!=-1modn) Khi d6 n la sb
nguyén to.
Dinh Iy Phecma bé. Gia sir p 1a s6 nguyén t6 va a 1a s6 nguyén duong véi (a.p) =1,
Khi d6 a” =1 modp) .
Hé qua. Gia st p 13 s6 nguyén td va a 13 s6 nguyén duong. Khi d6 8° = a(modp) .
Dinh Iy O-le. Gia st m 1a s6 nguyén duong va a 1a s6 nguyén véi (am) =1, Khi d6
a’™ =1 modm) -

Trong d6, (M) 1a s6 cac sé nguyén dwong khong vuot qua m va nguyén td clng
nhau v61 m. Pugc tinh theo cong thirc

p(m) = m[l— i}{l—i)---[l— il voi M= pyps..pg.
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Chwong 3: PHUONG TRINH NGHIEM NGUYEN

Pé mé diu cho Phan phuwong trinh nghiém nguyén, ching ta hiy nhic lai mét
s0 kién thirc va dinh ly co ban sau:

Dinh nghia 1: Vi hai so nguyén a va b, ta noi a chia hét cho b (a 1a bdi cta
b, b 1a wdc cta a ) néu ton tai s6 nguyén k sao cho a=kb, ky hiéu ab.
Dinh nghia 2: s6 nguyén duong p > 1 goi 1a s6 nguyén t6 néu no chi c6 hai
udce la 1 va chinh no.
Pinh Iy Euclid: ton tai vo han s6 nguyén td.
Dinh Iy co ban ciia s6 hoc: Cho n s6 nguyén > 1. Khi d6 ludn c6 thé
biéu dién dugc mot cach duy nhat dudi dang:

n=p;py.p,"
trong d6 k, a, 1a cac sb tu nhién, pi1a cac s nguyén tb thoa:
I<pi<p2<...<pn
Tinh chat co ban ciia tinh chia hét:
1) a,bnguyénmaabthia>b
2) néu a;Nb v&i moi i= 1, ..., n; thi (aitat+...+a)h
3) voi hai sd nguyén khong am a va b, ludn ton tai duy nhat mot cip
s6 nguyén qvarsaochoa=bq+r, trongdo 0 <r<b.
4) a, b Ig 2 s6 nguyén duong, p 1a s6 nguyén t6 sao cho abMp, khi d6
phai c6 alp hofic blMp
Dinh nghia 3 : Ubc s6 chung 16n nhat cia a va b, ky hiéu UCLN(a,b), hay
(a,b) 1a s6 nguyén duong 16n nhat ma a va b déu chia hét cho no.
Tinh chit co ban:
3.1(a,b)=(a,a+Db)
3.2 (ma, mb) = m(a, b)

3.3 (a, b )N thi «( g% )=§ (a.b).

3.4 Hai sd nguyén a va b dugc goi 1a nguyén té cing nhau néu (a,b) =
1.Choa,b,cla3sd nguyén duong sau cho ab c. ﬂ\eu (a,c)=1 thi bl

3.5 Hai s0 nguyén lién tiép thi nguyén t6 cung nhau.

3.6 V&i moi s6 nguyén duong a,b ludn ton tai cac s nguyén X, y sao
cho ax + by = (a,b)

3.7 Hai s6 nguyén duong nguyén t6 cung nhau khi va chi khi ton tai
cac sO nguyén x, y sao cho ax + by =1.

Dinh nghia 4: Bji s6 chung nhé nhat clia a va b, ky hiéu BSCNN (a,b), hay
[a,b] la s0 nguyén nho nhat chia hét cho ca a lan b.
[ma, mb] = m[a,b].
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Dinh nghia 6: a =b (modm) < (a—b)Mm.
Tinh chét :
6.1 a = b (mod m) va c=d (mod m) thi a + ¢c=b + d (modm).
6.2 p nguyén t6 va ab = 0 (mod p) thi a = 0 (mod p) hodc b = 0
(mod p).

Dinh ly Fermat:

Néu p 1a s6 nguyén t6 va a nguyén duong tiy y: (a”— a) Mp.
(a,p)=1 thi a*! =1 (mod p).
Dinh ly Euler: Néu m nguyén duong va (a,m) = 1 thi

a’™ =1(mod m)

Dinh Iy Fermat — Euler : Néu p = 4k + 1 thi ton tai cac sd nguyén duong a, b sao
cho p=a*+ b’

Phin 2 : Phuwong trinh nghiém nguyén — phwong trinh vo dinh bac nhit:

Dinh Iy 2.1 Phuong trinh D1 6 Phang tuyén tinh: 1a phuong trinh c6 dang:

ax +by=c, (*)

a, b, ¢, x, ynguyén.

Dinh ly 2. 2 Gia su a, b nguyén duong, d =(a,b). Khi d6 (*) khong co
nghiém nguyén néu dMc, néu dzl’(fl: thi phuong trinh c6 vo sb nghi¢ém. Hon nira, néu
X = X0 ; ¥ = Yo 1a mdt nghiém nao do6 ctia phuong trinh thi moi nghi€ém cua phuong
trinh c6 dang: b

xXxX=—n, y= 4 n
d d
Phuwong trinh bic hai hai an :

ax’ + 2bxy + cy” + 2d +2ey + £ =0.

Tuy theo cac hé s ma phuong trinh c6 do phtic tap khac nhau, noi chung
viéc giai kha phuec tap.

Xét cac dang dac biét:

Phuwong trinh Pell loai 1: x? -dy®=1, d nguyén.
Khi nhic dén phuong trinh Pell, ta luén hiéu d6 13 nghiém nguyén duong. Tinh
chét co ban:

i) néu d chinh phuong thi (1) vo nghiém nguyén duong.

ii) néu d nguyén am, (1) khong c6 nghiém nguyén duong.

iii) diéu kién phuong trinh Pell loai I c6 nghiém : d 1a sé nguyén
duong khong chinh phuong.



iiii) Cong thirc nghiém phuong trinh Pell loai I: Xét day {x.} va {y.}
xac dinh boi:
Xo=1,X1=a, Xp2= 2Xn+1 —Xn, = 0,1,2....
yo=1, y1=b, yn2=2¥ni1—yn, 1=0,1,2....
Céc ban c6 thé tu chirng minh.

Phuong trinh Pell loai II: x* — dy® = -1.
Tinh chét co ban:
1) phuong trinh v6 nghiém nguyén duong khi :
d chinh phuong
d c6 udc nguyén t6 p = 4k + 3.
ii) néu d nguyén t6, phuong trinh c6 nghiém nguyén dwong khi va chi
khi d khong c6 dang 4k + 3.
111) cong thirc nghiém cua pt:
Xo=U, X; =0 + 3duv?, Xpo=2Xn+1 — Xn, n=0,1,2...
Vo=V, yi=V' + 30V, Vuo=2¥u1—Yn, n=0,1,2...

PHUONG TRINH NGHIEM NGUYEN TRONG CAC LOP DA THUC.
Ngoai cac phuong trinh dic biét nhu phwong trinh Pell, ching ta s& dung nhiéu
phuong phép khac nhau dé giai cac bai toan tim nghiém nguyén nhu: quy vé hé
bac nhat, danh gia hai vé, lya chon déng du modul, str dung dinh 1y s6 hoc, cuc han
( xubng thang), thir chon....

Phwong phap quy vé hé bic nhit:
Xét vi du sau:
x>+ x+6=y. (1)
(1H < 4x* +4x +24 =4y* .
& (2y)* -(2x+1)*=23.
o ([2y]+ 2x+1))(2y] |2x+1)= 23. 2)
Vix,y €Z nén |2y| + [2x+1| > 0, tir (2) suy ra |2y| - |2x+1]) >0.
Hién nhién [2y| + [2x+1| > [2y| - |2x+1].

Do do : 12y| + |2x+1] =23
(2) &
12y| - [2x+1] = 1.
Giai phuong trinh ra cdc nghiém nguyén:
(596)3 ('5,'6); ('6a'6); (59'6)

Cac vi bai tap twong tu ( yéu ciu ban doc ty giai ):
Tim nghi€ém nguyén cua cac phuong trinh sau:
3.13 X* +2y* + 722 + 4xy + 2yz = 26 — 2xz.
Pua vé : x> + (x +y)’ + (x + y + 2)> = 26.
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3.2 x* —4xy + 5y* = 169.
3.3 Giai hé phuong trinh sau:
3.4 x> +y’=3xy + 1.
Ad hang dang thie: a® + b*+ ¢® —3abc=(a+b+c¢)(a> +b*> + ¢ —ab— be — ca).
Phuwong phép dz’mh gia:
Vidu: x* +x*+ 1=y~
Do x* >0, V x ; nén:

(x)<x + x2 +1<(x +1)
hay (x)< y < (.X,' +1)

Do x? va x>+ 1 12 2 s6 tu nhién lién tiép nén: y> = (x +1)
Dé dang suy ra nghiém nguyén ctia phuong trinh 1 (0,1) ; (0, -1).

Céc bai tap tuong tu: tim nghiém nguyén cia cac phuong trinh sau:
41 y —x'=2x+I.
42 xX'-y'+z2 22 +3x*+427+1=0.
43 x'+x*+4=y -y,
44 x+2y+2z=xyz
Sir dung tinh chat chia hét — dong du thirc mddul.
Xét vi du: giai phuong trinh nghiém nguyén sau:
19x* + 28y* = 7209.
Cach I:
(*) (18x* +27y*) + (x*+y*) =729.
Suy ra ( x> +y?) chia hét cho 3, do d6 x va y déu chia hét cho 3 ( diéu nay
dé chirng minh).
bit:x=3u,y=3v(uvel).
Thay vao phuong trinh da cho, dugc 19u* + 28 v = 81.
Tuong tu, ta dugc u=4s, v=3t, (s, t €Z).
Va: 19s> + 28t = 9.
R rang s, t khong dong thoi bang khong nén : 19s? + 282 > 19>9. Phuong trinh vo
nghiém nguyén.
Cach 2:
Tu phuong trinh da cho ta duge: x* = -1(mod 4) , khong xdy ra véi moi s6
nguyén Xx.
Céc bai twong tu: giai cac phuong trinh sau trén tip s nguyén:
5.1 2x°+y*-2x’y = 320.
52 XIS + y15 + 215: 19 2003 + 72003 + 9
Goi ¥: xét dong du theo mod 9 ( phuong trinh vo nghiém).
5.3 11421+ 30 -+ 4 (x+])! =y
5.4 x14 +x; +....+x144 =1599.
5.5 722 =(x*-1)(y*-1) +n. Khi :
5.5.1 n=1981



5.5.2 n=1984
5.5.3 n=1985

MOT SO PHUONG PHAP GIAI PHUONG TRiINH NGHIEM NGUYEN

Phwong phap 1 Phan tich

Vi du : Tim nghiém nguyén cua phuong trinh
x’—y*=25+6y

& £d—25 = y246y4+9-9

& z2 = (y+3)%+16

& o2—(y+3)?
& (z—y—3)(z+y+3)=16

*Phan tich thanh tong cac binh phuong, 1ap phuong :
1 du T15n nghlem nguyén cua phuong trinh

& 9:1:3+36y3 = 6:1:—|—1992
(3z—1)°+(6y)? = 1993

Phuong phap 2 Nhén xét vé an s
%M?é%cq@y X,¥,Z,t... 6 vai trd nhu nhau thi ta c6 thé gia sir
hodc ngugc lai.
2, Néu céc an c6 cau tric glong nhau nhu luy thira cung bac, cac sO nguyén lién
tiép thi ta s& khr an dé dua vé dang quen thudc hodc PT it an hon
Vi du: Tim nghiém nguyén cac phuong trinh :
a,Xty+z=xyz
b, 5(xy+yz+xz)=4xyz

Phwong phap 3 "Kep" gitra 2 s6 binh phuong, 14p phuong, cac tich cac s6 nguyén
lién tiep
};/il(_j,_ufil:ﬂ?l:ngl}iém nguyén phuong trinh sau:

. (22 <y2<(2242)*Vz e Z
Ta thay

Phwong phap 4 Sir dung phép chia hét va phép chia ¢ du
(con nira)

Baj s4p (Bhygng phip 4) : Tim x.y “Z
" 19£2+5y3—|—1%1%195§5§) {31995

4 ‘4:

b
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4,224+ E+y)? = (@+9)* (xy ez+)
e, T2 +3=14y(y+)(x,y €7+
o, (2241  ~(=1-1)! =(22)" (xy ez+)

SO

CHUONG 4 : MOT SO VAN PE VE UOC VA BOI
UGc va boi 1a hai trong ) nhirng khai niém co ban nhét cta sd hoc. Tuy nhién su
co ban ludn ludn c6 sy tha vi riéng cua nd. Nhimg nguoi hoc s6 hoc ludn can phai
ném virng van dé nay, khong chi vi sy ng dung rong réi cua n6 ma no con la ca
nén tang xay dyng nén nhiing van dé phuc tap va da dang hon.
Trudc hét chiing ta hay diém qua mot s6 khai niém co ban.
A. Mt s6 khai niém co ban:
I/ Uéc so:
Mot sb nguyén d dugc goi 1a mot wéc s6 cua sb nguyén a khi va chi khi tdn tai mot
sO nguyén b sao cho a = bd.
11/ Uéc s chung:
Mot s6 nguyén duong d duogc goi la mot uwoe s6 chung cua hai s6 nguyén duong a
va b khi va chi khi d 1a wéc s6 ctia a va d cling 1a udc sb cta b.
Tuong tu ta ciing c¢6 dinh nghia udc s chung cia n s6 nguyén duong @,a,,....a, .
I1I/ Ubc chung 16n nhét:
Mot tinh chat co ban clia udc ma cac ban cling co thé nhan ra 13: néu d 1 u6c cua a
thi |d |<[@ |, do d6 tap hop cac udc cua mot s6 la hiru han. Trong mot tap hop hiu
han thi ludn ton tai phan tir bé nhat, 16n nhit. Do d6 khai niém vé udc chung 16n
nhat dugc hinh thanh.
So nguyén duong d dugc goi la udc chung 1on nhat ctia 2 s6 nguyén duong a va b
néu d dong thoi thoa man 2 diéu kién sau:
-d1a udc sé chung ciaavab
- Véi moi s6 nguyén duong d' 13 udc s chung ctia a va b thi d° <d
Ki hi¢u: (a,0)=d
Tuong ty ta ciing c¢6 dinh nghia wéc s6 chung 16n nhat cta n s6 nguyén duong
a,,a,,...,a,
IV/ Nguyén t6 cung nhau:
Hai s6 nguyén duong a,b duoc goi 13 nguyén té cing nhau khi va chi khi (a,b) =1
Tuong ty ta dinh nghia cac s6 @,4,,....a, nguyén to cung nhau khi va chi khi
(al,az,...,an) =1
V/ Bdi s6:
Mot s nguyén k duoc goi 13 boi s6 cta s6 nguyén a khi va chi khi ton tai mot s6
nguyén b sao cho &k =ab
VI/ Bdi s6 chung:
Mot s6 nguyén duong k duoc goi 1a boi chung cua hai sé nguyén duong a va b néu
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k 12 boi s cia a va k cling 1a boi sb cua b.

Tuong ty ta ciing c¢6 dinh nghia vé boi chung cta n sb. @,4,,....a,

VII/ Boi chung nhé nhét:

S6 nguyén dwong k duoc goi 13 bdi chung 16n nhét cua 2 s6 nguyén duong a,b néu
k thoa man dong thoi 2 diéu kién sau:

- k 14 boi s6 chung ctia a va b.

- V6i moi s6 nguyén duong k' 13 bdi s6 chung ctia a va b thi k <k

Ki hiéu & =[a,b]

Tuong tu ciing c6 dinh nghia boi s6 chung nhé nhat cia n sé nguyén duong
a,,a,,....a,

B. Mot s tinh chat ciia wéc va bi:

Véi a,b,c,d 13 s6 nguyén duong ta co:

- (ac,bc) =c(a,b)

. b
- Néu ¢ 1a udc chung duong cua a va b thi ( —
C

le

)L
a b \_
d'd7
- Ton tai cac s6 nguyén *.¥sao cho (a,b) =ax+by
- Néu (a,b)=1va acMthi cM
-Néu (a,b) =1va (a,¢) =1thi (a,b,c) =1
- (a,b,¢) = ((a b),c) =(a,(b,c))=((a,c),b)

[ap)=—=

- Néu k 14 bdi chung ctia a va b. Khi d6 k€ [a,b] & [

Tur day suy ra d =(a,b) & (

(a, b)

QIAN
@IP?‘
Il
p—

- [ca,cb] = c[a,b]

- [a,b,c] =[[a,b],c]
C. Phép chia Euclid:
Trong cac phan trén ching ta da thong qua cac khai niém va mot s tinh chat vé
udc s6. Thé nhung chiing ta van chua biét cach lam dé tim udc sé chung 16n nhat
ctia 2 s6. Qua phan nay chung ta s& tra 10i cau hoi d6 thong qua phép chia Euclid.
Trude hét chung ta hily xem xét ¥ tuong ctia phuong phap nay. Euclid da bat dau
voi nhan xét sau: (a,b) =(b,a—=b)=(b—-a,b)=d , a#b(*). Chung minh nhan xét nay
khong kho. Bay gio ta tiép tuc, gia stra = b, khi d6 tir dang thic (a.b) =(a—b,b) ta
di vé bai toan tim udc chung 16n nhét ciia 2 s6 nguyén duong nhé hon 1a a—bva b.
Tiép tuc 13 bai toan d6 v4i 2 s6 nguyén duong nho hon nita 13 @ —2b,b (trong
truong hop a—b>b) hoac @ —b,2b—a (trong truong hop a—b<b). Néu ta ctr tiép tuc
lam nhu vay thi cac s6 nguyén duong can tim udc chung lon nhat s& nho di dan
dan, diéu nay sé& kéo dai vo tan va cac sO nguyén duong s€ nho dan vo han chang?
Cau tra 101 1a khong vi it ra cac s6 nguyén duong déu bi chin boi 1. Nhu vay tai
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sao qua trinh nay lai khong thé kéo dai vo han duoc, chi co thé 1a do (*) khong
dung nira, tic 1a dén mot luc ndo d6 ta s& thu duoc 2 s6 nguyén duong bang nhau.
Nghia 1a ta s& c6:(a,b) =(c,c) =d . Nhu vay ¢ =d. Tir day ta c6 thuat toan sau dé
tim udc chung 16n nhat cia 2 s6 nguyén duong a va b.
Cho a>>b>0. Néu a =bq thi (a,b)=b
Néu a =bg +r thi(a,b) = (b,r) . Phép chia Euclid trong trudng hop nay duogc thyc
hién nhu sau:
a=bq+r = (a,b)=(b,r)
b=rq,+r,= (b,r)=(,n)
h=ng, tn= (I’i,l’z) = (7’2,1”3)
K =nq,+r, = (n,n)=(,7,)
LT J'Ff.r?,—qu.rz—l—|_J'F'-r1 = {rﬂ—ﬁ’rn—l} = Iij'rqf.rz—l’?ﬁ'-”«:'
Tp—1="nd,= {rﬂ—llrﬂ:‘ =Tn
Tu day suy ra (a,0)=(b,n) = (7, ) _(rn 2h)=(.0) =
Hay noi cach khac (@)chinh 1a s6 du cudi cung khac khong cua phép chia Euclid.
Tt phep chia Euclid, ta suy ra duoc tinh chét: ton tai cac s6 nguyen I,% sao cho
(ab)=ax +0Y, mot tinh chét dep va quan trong cua li thuyét sé.
Ta c6 thé dé& dang ching minh tinh chat nay bang phuong phap quy nap lui theo n
trong phép chia Euclid. _
That vay néu @ = 0gthi tinh chét trén hién nhién ding. Néu ’3‘1/ 2 thi ta ¢6 dang thirc
sau:
Tp=0r__i+lry
Gia str ta co: Tn = (TpTh41) = SR YT 41 Khi do:
Tem1 = TRl P a1 D YT = Wq— g+ oty rg
= y.rk_l—{y.qk—:t:).rk =rp=(r_1,7L)
nhu vay theo nguyén li quy nap lui, d6i voi cac sb (@,b) cling ton tai cac sd nguyén
£,Y sa0 cho Ta+yb=r,=(@,b
Ta hay xét qua mot s6 vi du nhé!
Bai toan:
a/ Hay tim UCLN va BCNN cua 34 va 56
b/ Hay tim cic UCLN c6 thé ¢6 cua cta 2k—1va 9k+4(k €N)
Cau a chi 1a cau ap dung cua phép chia Euclid:
Ta c6: (34,56) = (pﬁ 34)=(12,22) =(10,12) = (2,10) =2
Suy ra [2,5] =952
Cau b cling ap dung phép chia Euclid tuy nhién ho1 phtrc tap mét chut vi c6 chura
an so k. Ta cling thyc hién phép chia binh thuong, gibng nhu chia da thtc.

(2k—1,9k+4) = (k+8,2k—1) = (k+8,-17) = (k+8,17)

Vay (2k—1,954+4) =17hi k =17m—8 hogc @k—1,9k+4)=1xpi kFLTM—8 (y;
meEMN)
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Bai toan nay ching ta con c6 tl_lé gidi theo cach khac:
Patd= (2k=1,9k4+4) TacolTd=d= lhoic d =17
Loi giai trén that ngan gon, tuy nhién lam nhu vay chung ta phai xac dinh céc
truong hop cua k khi d =1hoac d =17. Trong truong hop nay, chung ta phai giai
phuong trinh nghiém nguyén sau: Tim k sao cho: 2k—1=17m,k,;m €Nyj ciing di
dén két qua twong tur cach 1.
Ta rat ra bai toan tong quat: Cho &8—b¢ = p1a mot s6 nguyén t6. Tim tat ca cac gia
tri ¢6 thé c6 cia: (ak+cbk+d),
Bang mot ¥ tuong ciia cach 2. Ta dat = (@k+cbk+d) Taco:
a{bk+d)—blak+c)=ad—bc=pm =>m=1po5c m=p. Ca 2 truong hop déu co
thé xay ra boi phuong trinh ak+c =0(modp)cho ta nghiém duy nhét theo ™Modp
Trong truong hop nay (@k+cbk+d)=p , trong cac trudng hop con lai ta déu thu
duoc: @k+c,bk+d)=1
Sau ddy s& 1a phan bai tap ap dung ctia phan nay: Tim tat ca cac gid tri c¢6 thé co
cia 6k+58k+3)v6i keN
E. Bai tp tong hop:

. a™—1 _
Bai 1. Chirng minh rang: Cop e =(ma-] trong do &,m>1
Bai 2 Chung minh rang néu a,b 1a cac s6 nguyén duong va a>bthi:
(E=tra-b) = (nle, by La—b)
Bai 3 Chung minh rang: [1 2yeny2n] = [ﬂ‘|‘1:”+2:---:2”]
Bai 4. Cho p 1a sb nguyen t6. Tinh 22 _g!g”_l]

Bai 5. Ching minh rang day so:
_ nlntl) , :
a/An="73 véinlash tu nhién chira day vo han s6 nguyén to cung nhau.

b/ Brn=2"1chia day v6 han nhitng s6 nguyén té cung nhau.

%MOT DPINH LY VA UNG DUNG (Dya theo bai viét ciia tic gia Doan
Quang Manh va bai giang cua thay D.H.Thang):

Pinh ly:

Giasu P= 2t k+1 1a sb nguyén t6 1 voi t, k 1a cac s6 tu nhién, k 1a sb tu nhién 1¢.
© 37 X , £ A 1 1"

Khi do, néu cac so6 ty nhién x,y sao cho ¥ P 4ydhp

thi x va y dong thot chia hét cho p.

Chung minh b6 dé: Ta str dung phép ching minh bang phéan ching. Gia st x khong
chia hét cho p, tir gia thiét suy ra y ciing khong chia hét cho p. Theo dinh 1y nho
Fec-ma ta co:

oP1l= 1{ mod p},yp_l =1({mod p)

Hay:
z2"k =1{mod p},ygi-k =1{mod p)
14



Suy ra:

a:gi-k—i—ygi-k = 2( mod p)

Ma theo gia thiét

22 g2t = 0{ mod pj

nén

22"k 4y k =0(mod g)(Do k 1¢)

Vay diéu gia st trén cua ta la sai. Tom lai ta c6 dpcm.

Chua y rang 2 1vip 1a s6 nguyén t6 1¢. Khi t=1 va t=2 ta ¢6 cac hé qua sau.

Bai tap1: Cho s nguyén t6 dang p=4k+3 . _
CMR: Néu céc s ty nhién x,y thoa min T 24+y2:pthi x va y déu chia hét cho p.

Bai tap2: Cho sb nguyén to dang p=4k+1, k 1a sf) tu nhién 1¢€.
CMR: Néu cac s tu nhién x,y théa min € 4y pehi x va y déu chi hét cho p.

Bai tip 3: Gia st a,b 13 hai s6 tu nhién khac 0 nguyén t6 cting nhau. Khi dé cac
ude sO nguyén to 1€ cuia a2-4b%chi c6 dang 4m+1 v&i m 1a s6 tu nhién.

Cic bai tip nang cao (Sir dung dinh 1y va cac hé qua trén dé giai quyét):
Bai 1*: Giai phuong trinh nghiém nguyén: £ dyd=7

Bai 2*: Tim tat ca cac cdp sd nguyén duong (X,y) sao cho
T4yl

=y
la s6 nguyén va la udc cua 1995 (Thi HSG Bungary 1995)

Bai 3*: Giasira,b 1a cac sO nguyén duong sao cho 15a+16b va 16a-15b déu 1a cac
so chinh phuong. Tim gi4 tri nhé nhat ctia sé nho nhét trong hai s6 chinh phuong

ay .
(IMO lan thir 37)

Bai 4*: Tim cac nghiém nguyén duong cta cic phuong trinh:
a) dry—r—y= z2

b) 19524+28y2 =729

o) T24y2 =322

Bai 5*: Tim nghiém nguyén duong cua hé phuong trinh:
22413y2 = 221322 4 yd =12

Bai 6%: Cho x va y 1 cic sd nguyén khac 0 sao cho
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xity?

Tty . .
1a s0 nguyén va la udc cua 1978. Chiing minh rang x=y. (Chon ddi tuyén QG
CHLB buc 1979)

* KoKk
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