Chuyén 42 20. PHAN NGUYEN VA UNG DUNG

I. PHAN NGUYEN

1. Dinh nghia
Phin nguyén cua s6 thuc a 1a s6 nguyén 1én nhat khong vuot qué a, ki hiéu
la[a]. Taco [a] <a<[a] + 1.
Phén le cua s6 thuc a 1a hiéu cta a véi phdn nguyén cta nd, ki hiéu la {a}.
Tacd {a} =a—-[a],0< {al< .
Vidu. [5,3]=5; [-5,3]=-6; [2012] = 2012:
15,3} =53-5=0,3; {-5,3} =-5,3-(-6)=0,7;
{2012} =2012-2012 =0.

2. Tinh chat

1) ae Z < [a] =ahoac {a} =0.

2) neZvan<a<n+1leZ < [a]l=n.

3) [{a}]l={[al} =0.

4) Neune Zthi[n+a]l=n+][a]; {n+a}={al.

5) Neu[n+a]J=nthineZval0<a<l]l.

6) a=b = [a] > [b].

7) [a] + [b] <[a + b].

Tong quat la;] + [a,] + ... + lag) <[a;+a,+...+a,].
8) [a] — [b] >[a - b].

9) {a} +{b} =2 {a+b}; {a} - {b} < {a-Db}.

10) Néu [a] = [b] thila— bl < 1.

l

11) [a] + {a+ 5 = [2a].

12) Néu n & N~ thi [na] > nlal ; [[a_] E].
n n

By,

13) NEu a la s6 nguyén thi [—a] = —[a];
Néu a khong 1a s6 nguyén thi [-a] = —[a] ~1;



Chirng minh

Cac tinh chat tir 1) dén 5) c6 thé ching minh dé& dang trén dua vao dinh nghia

phan nguyén.

6) Via2bnéntontaisdc>0saochoa=b+c. Dodbéa=[b]+ {b} +c,

suy ra

(a] = [b] + [{b} +c]. Ma [{b} +c]>0nén [a] > [b].
7) Viéta=[a] + {a}, b=[b] + {b}. Khi dé
la+b]={[a] + {a}+[b] + {b}] =[a] + [b] + [{a} + {b}].
Ma [{a} + {b}] 20 nén

la + b] = [a] + [b].

8) Ap dung tinh chat 7 ta ¢6

la—Db]+[b]<[a—-Db+b]=[a]nén [a] — [b] > [a - b].
9) {a} — {b}=a—-[a]+b-[b]=(a+b)-([a] +[b])>a+b—{a+Db]
={a+b}.
Vay {a} - {b} = {a - b},

10) T [a] = [b] suy ra a — {a} =b — {b}. Khong giam tong qudt, gia sira > b.
Néua=bthila-b|=0;

Néua>bthi tr a—b={a} - {b}<{a-Db)

suyrala—b| =a—-b<{a-b} <.

Vidy lubnco 0<|a—-b| < 1.
11)bat{a} =dthi0<d< 1.
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=[a]+

=la] ;

[2a] = [2([a] + d)] = 2[a] + [2d] = 2[a]. Tt 6 suy ra diéu phai chitng minh.

ONé"ul <d< 1 thi
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=[la}+|d+—

2

=[a] +1;

[2a] = [2([a] + d] = 2[a] + [2d] = 2[a] +]1. Tl d6 suy ra diéu phai chitng minh.



12) Ta cé

(na| = [n([a]+ {a})] =n[a] + [n{a}], ma [n{a}] >0 nén [na] > n{a].

2] _lal , fa}]_|[aI]
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14) Né€u a la s6 nguyén thi [-a] = — a = —[a].
Néu a khong nguyén thi 0 < {a} < 1,nén -1 < —{a} <0, suy ra [—-{a}]=—-1.

Tacod [-a] =[-([a] + {a})] =[-[a] ] + [~ {a}] =—[a] - 1.

I1. UNG DUNG

1. Chimg minh mot so bai toan vé sé hoc

Vi du 20.1. Cho a > 0 va s6 n nguyén duong. Ching minh ring sd cdc s6

-~ “ - " ~ > ~.., - ” ~ a
nguyeén duong la bo1 s6 cua n va khéng vuot quia a 1a | — |.
n

Giai.
Ta vi€t a =nq +r, trong d6 q 1a s6 tu nhién, 0 <r < n.

RO rang cdc boi s6 cua n khong vuot quéd alan, 2n, ..., gn, téng cong cb q s6.

p— gy

a ., ” ~* "» w >
Mat khac { — | = q. Tir d6 suy ra két luan cua bai toan.
_ n

— L

Vidu 20.2. S6 2012! ¢6 tin cung bang bao nhiéu chit s6 0 ?

Gidi.

Vi 10 = 2.5 nén dé biét 2012! ¢ tan cang bang bao nhiéu chit sG 0, ta cdn phai
tinh s6 mi cua 5 khi phan tich 2012! ra thira s6 nguyén to.

Theo két qua 0 Vi du 20.1, s6 mii ciia 5 khi phan tich 2012! ra thira s6 nguyén
to bang

=402 +80+16+3 = 501.

20121 [20121 [201271 [2012]
+ + | - +
S 52 5 ] 54

] il | ] el ]

(Do 2012 < 5°).

S6 mii cua 2 khi phan tich 2012! Ra thira s6 nguyén t& nhiéu hon 501.
Vay 2012! C6 tan cung 1a 501 chir s6 0.



~ P ~* 1 “, ~ — ~ "'u ~ ”, 7 ? ~
Nhdn xét. Néu ¥ <n<5*"! this6chitss O tdn cung vé bén phai cua so
n! bang

_—11— +_~—I-}—-“ + + F-—-lil—_
SitE| et
Vi du 20.3. Tim s6 tu nhién k 16n nhdt sao cho (20111)*'* chia hét
cho 2012~
Gidi.

Ta c6 2012 = 2”503,
S6 mii cao nhat cua 503 c6 trong 2011! 1a

2011
503

Vay 2011 ! chia hét cho 503° va khong chia hét cho 503", hién nhién 2011!
chia hét cho 4°. Do vay 2011! chia hét cho 2012° va khong chia hét cho 2012,

Mudn cho (20111)7°!? chia hét cho 2012 thi k< 3. 2012 = 6036.

Vay maxk = 6036.
Vi du 20.4. Tim s0 tu nhién n sao cho

= 3 (do 2011 < 503%).

_n_:Fn_m"n}. (1)
2010 ] [ 2011] |2012 .
Gidi.
Viét n = 2010k + r (0 <r £2009, k, r 1a cic s6 tu nhién). Thay vao (1) ta cd
2010k+r| [201lk+r—-k 2012k +1—2k |
20100 | | 2011 | | 2012 |
k= k4 r—k | _ k+’r—2k“ - r—k _ r—2k 0
2011 | 2012 2011 | 2012 |

Suy ra0 <r -2k nén 2k <r <2009, 0 <k < 1004.

Vay n = 2010k +r (0 <k £1004; 2k <r £2009).

Do ¢6 1005 gia tri caa k (tir 0 dé€n 1004). Vi méi k thi r nhan cac gid tri tu 2k
dén 2009. Vay s6 nghiém tu nhién n cua (1) la

1004
z (2010-2k) = 1011030.

k=0



Vidu 20.5. Tim tat ca c4c s6 nguyén t6 x sao cho

\/E:I + ..+ |Vx*=1] 1as6 nguyén to.

L —

n“+1|=.. \/(n+1)2—1 =n,n € N.

K
i

Jn?
pat S, = | Vn2

Dodéyz[\/r+ V2 |+ .+ | Vx2 -1 =3 +S+ ...+ S,

el =) w——

'

+“\/n2+1 + ...+ \/(_n+1)2—-1 =(2n+1)n.=2n2+n.

iy
- -

x(4x° =3x - 1)
- .

Nén 6y = x(f-’lx2 —3x —1),suyra 6y : x, ma x, y la cdc s6 nguyén t6 suy ra
xe {2;3;v}.
Néu x = 2 thi y = 3 (thoa min); néu x = 3 thi y =13 (thoa man) ; n€u x = y thi

y=-1 hoacy= -Z—- (loai).

Vay bai todn c6 hai nghiém x =2 va x = 3.
2. Giai phuong trinh c6 chira ddu phan nguyén

1. Dang 1. [f(x)]=a(a e Z)

Phuong phdp: [f(x)]=a(ae Z)<a<f(x)<a+ 1.

Vi du 20.6. Giai phuong trinh

[X)* - 3[x] +2=0.

Giai. '

bat [x] =y (y € Z), phuong trinh c6 dang
y°~3y+2=0<y=1hoicy=2.

Néuy=1thi[x]=1<1<x<?2

Néuy=2thi[x]=4<2<x<3.

Vay tap nghiém cta phuong trinh 1a [1 ; 3).



Vi du 20.7. Giai phuong trinh

(x> + 51° = 9[x* + 7] = -26.
Giai.
Do[x2+7]=[x2+ 5]+ 2. Daty::[x2+5],v6iyeZvﬁy_>_5.
Taco y2—-—9y+8=0<::> y=1 (loaidoy>5)hodcy =8.
Voiy=8thi [x’+5]=8¢ 8<x*+5<9< 3<x" <4

S>3 <x<?2 hoac—2<x£-——\/§.

Vay tap nghiém cua phuong trinh la (-——2; —\/3— 1o \/5 ; 2).

2. Dang 2. [f(x)] = g(x)

Phuong phdp : Dat g(x) = t (t nguyén), biéu dién f(x) = h(t) dua vé phuong trinh
(h()] =t < t<h(t)<t+1hay0<h(@®) —t<1.

Tim t, sau do tu g(){) =t tim ra X.

Vidu 20.8. Giai phuong trinh

4 -3x B 5x -5
5 7
Giai. .
Pat 5x =5 —t (te Z) thi x:7tt5; 4 —-3x _ 5-—-2__1t_
7 5 5 25
Ta cb
521t 521t
=t << t< <t+1
25 ] 25
¢:>25t55-—21t£25t+25<:>"20 <ts—5—.
46 46

Do t nguyén nén .t =0.Suyrax = 1.
Vay phuong trinh ¢6 nghiém duy nhét x = 1.
Vi du 20.9. Giai phuong trinh

x*—9[x] +8=0.



Giai.

2

Bién doi phuong trinh vé dang [x] = . 9+ 8
x* +8 .
Dat ——==t (t e N¥) thi x =9t —8 (do x >0). Tacb

[\/9t—8 =t < t<4J9-8 <t+1

-

"'2 | 1$t£8

“ t —9t+8s0¢2>
: < _../ .../
Lt2m7t+920 -‘t-<-7 213 h050t27+2]3-

Do t1a s6 tu nhiénnént e {1:6;7; 8). Do dé xe {1:/46:/55 ; 8}.
Vay tip nghiém cua phuong trinh 1a {1 ;\/46;\/% ; 8} .

Vi du 20.10. Gidi phuong trinh

| 2x-1 +"4x+1" ~ 5x-4
3 | | 6 | 3
Giai.
Ap dung tinh chat 11) [a] + {a—k%— =[2a], tacd
-
f2x—11 [4x+1] [2x-1] [2x-1 1] [4x-2
L. 3 — L 6 - - 3 _ L 3 2_J — 3 -
nén phuong trinh da cho tro thanh
4x-2| 5x-4
3 3
— - 4
bat X 4:t(teZ) thi x:3-t+4; 4x_%: t+2. Suy ra
3 5 3 5
-4t;2 ]zt@ 0< 4t;-2 —t<le -3<tL2ste{-2;-1;,0;1;2}

— 4 7
(do t nguyén), tuong ung tim dugc x € {-?2, é—; < ; 3 ; 2}.



3. Dang 3. [f(x)] = [g(x)]
Phuong phdp : Dat [f(x)] = [g(x)] =t suy ra lf(x) — g(x)I<1,dindéna< x <b.

3 a; <f(x)<b,
Vo1 a< x <bsuy ra- , tu do tim duoc t.
bha.z < g(X) <.b2

of ’ s -y . - . o .9 . r f X — t P
Ung véi moi gid tri cia t nguyén, giai hé < (%)) dé tim Xx.

Lgx)]=t

Tap hop cac gid tri x tim duoc £ hé trén s€ 1a nghiém cua phuong trinh.
Vi du 20.11. Giai phuong trinh

_22( e
3

L— -t | S -

-3}

[ x —1
—————2 :

Giai.

2x —1 x~1] ' , ,.
it =|——| =t (te Z). Theo tinh chit 10) ta co

3 2]
2x—1 +1 X — ’
: X----—-<1<:.:>—--1<X 5<1¢::::»--—1<x<11.Khi¢:i(“.")
3 2 | 6
) ) - )
O<x;1<6 '0.’\_"—)—%-1- <5
S R -2x—:1 .Suyrate{0;1;2;3;4;5).
—1< <7 _15[ ]56
\ 3 L 3
. o 2x -1
. | 2x —1 x+1] 0< 3 <1
) - B 0<2 <
| 2
Jl
—<x<?2 ]
=432 &> —<x<1
—1<x<l1
2Xx —1
2x—1] [x+1 1< 3(3 <2
Vc‘?itzlth‘i[ T ‘:I > :1<:>ﬁ
T - 1sx+1<2
| h >
J2£x<z
< 2 &52<x<3




X + 1
2

Véit =2 thi F2x3—__1_ =

} 2 <

VGit=3thi|

- N r - 1 4 <
Vort=4thi | —— | =
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&9 2 & 7T <x <8.
17£x<9

4 e . <Z" -
2x—_1_ ) x+1] . 3 <0

V(‘j‘it=5th'i[
. 3 | | 2

” 19
<X < — 19
<::.>1 2 &©9<x<—.

O<x<«l1l 2

Vay tap nghiém cua phuong trinh 12 (0,5 ; 1) U [2;3) U [3,5;55] U [7:8)U[9:9.5).



4. Dang 4. Phuong trinh chita nhiéu dau phan nguyén

Phuong phdp : St dung tinh chat cua phin nguyén, phan tich da thic thanh
nhan tu, dat an phu (néu cin) dé dua vé cic dang 1, 2, 3.

Vidu 20.12. Giai phuong trinh

[x] + [2x] + [3x] + ... + [2009x] = 4036082.

Gidi. '

Nhan xét rang

1x] < x <[x]+ 1 suyrak[x] <kx <k[x] +k nén k[x] S[kx] <k[x]+k-1
(ke Z™).

Do d6 thay k =1, 2, ..., 2009 r61 cong theo vé ta cé |

2019045 [x] < [x] + [2x] + ... + [2009x] £2019045[x] + 2017036.

2019045 [x] £4036082<2019045[x] + 2017036.
Lai c6 4036082 = 2019045 + 2017037. Do d6 phuong trinh vo nghiém.

Vi du 20.13. Giai phuong trinh

2X—1_| 3 "xz— _ [—X2:|.
3 L

Giai.

Ap dung tinh chit 13) ta c6

~| x% | khi x? eZ
_Xz — - =

- 1-—-}2]— 1khi x* ¢ Z.

o Néu x” 1a 56 nguyén thi phuong trinh da cho tro thanh

2x -1 2X__l<1<:::~> l$x<2.
3 3 2

]:Oc’;» 0<

Ma x° 13 sO nguyén nén X e{l ; \/5; \/g}

e Néu x” khong 12 s6 nguyén thi phuong trinh da cho trd thanh

x| = —] & Oﬁgx_-l +1 <] & ——1£x<l.
3] 3 2




Ma x° khong nguyén nén phai loai x = -1, x =0 va x =2 .

Vay tap nghiém cua phuong trinh 1a (-1 ; O)U(O ; %J U {l ; \/5}

3. BAT PHUONG TRINH CO CHUA DAU PHAN NGUYEN

Khi giai bdt phuong trinh c6 chita ddu phdn nguyén, ta thudng dat biéu thitc
[f(x)] = t (t nguyén) dé chuyén vé giai bdt phuong trinh khong con chita ddu phén
nguyén, réi van dung dinh nghia va tinh chat cia phan nguyén dé tim ra nghiém
cua bat phuong trinh.

Vi du 20.14. Giai bat phuong trinh
[x + 2] >5.

Giai.

Cdch 1. Nhan xét rang [a] > b (b nguyén) khi vachikhi a> b+ 1.
TacO[x+2]>5khivachikhix+2>6.Dodéx>4.

Cach 2. Dat [x + 2] =t (t1a s6 nguyén) thicd t>5.Dovayt e{6;7:8: ...}
Tu[x+2]=tsuyrat<x+2<t+1,suyrat-2<x<t—-1,te{6;7:8:..}.
Vay x 2 4. Bét phuong trinh c6 vo s6 nghiém x > 4.

Vi du 20.18. Giai bat phuong trinh

2[x]* - 9[x + 1] + 16 < 0.
Giai.
Ap dung tinh chét 4) ta c6 [x + 1] = [x] + 1. Bién déi bat phuong trinh thanh
2[x]% - 9[x] + 7 < 0.
bat [x] =t (t 1a s6 nguyén) thi c6 2° -9t +7 < 0 suyral <t < 3,5 ma t~
nguyénnén t € {2 ; 3}.

Vort=2thi[x]=2suyra2<x<3.
Véit=3thi[x]=3suyra3 <x<4.

Vay tap nghi€m cua bat phuong trinh 1a [2 ; 4).
Vi du 20.16. Giai bit phuong trinh

[2x] > [x].



Giai.
Cach 1. Dat[x]=t(tlasOnguyén)thit<x <t+ 1suyra2t<2x <2t+ 2.
Do do6 [2x] = 2t hoac 2t + 1.

e VGi [2x] =2tthi 0<{x}<0,5va 2t>t < t>0, matnguyénnéntlaso
nguyén duong. Din dén x > 1.

o V41 [2x] =2t +1thi0,5< {x}<ltaco2t+1>t < t>—-1, matnguyén
nén t 1a s6 tu nhién. Dan dén x > 0.

Két hop v6i 0,5 < {x}< 1 dian dén x > 0,5.
Vay nghiém cua bat phuong trinh 1a x > 0,5.
Cdch 2. Nhan xét rang [a] > [b] khi va chj khi a > b va [a] = [b].
Tacd [2x] > [x] & 2x>x va[2x] #[x] & x>0 va [2x] #[x].
Trude hét ta tim x sao cho {2x] = [x].
bat [2x] = [x] =t (t nguyén) ta cO .

2x —xl<1 < Ixl<1 suyra0<x<1nén[x]=0.
V6it=0thi [x] =[2x]=0suyra0<2x<1nén0<x<0,3.

Vay nghiém cua bat phuong trinh la x > 0,5.

\ o

BAI TAP

20.1. Tim s6 tu nhién k nho nhat sao cho (100!)k chia hét cho 10",

20.2. Tim s6 tu nhién n sao cho

%5/1_ + [%/E” + ...+ 3)(3—1 = 400.

20.3. Giai phuong trinh
X[x] +3x - {x} +2=0.
20.4. Gia1 cac phuong trinh sau

a) x2—8[x]+7=0;

SR -
b)l X +1_§_}=1 3x-
2 ] 2 8

|~




20.5. Giai phuong trinh

20.6. Giai phuong trinh

2012
20.7. Giai céc bat phuong trinh

a) 2"-"5}40;
| 9

[X] + [x+




