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Phép chia hét
1.1 Pong du theo mo dun
Bai toan 1. Chiing minh rang a = b (mod m) khi va chi khi a — b chia hét m.
Bai toan 2. Néu a=b (mod m) va ¢=d (mod m), thia+c=b+d (mod m).
Bai toan 3. Néu a=b (mod m) u ¢ = d (mod m), thia—c =b—d (mod m).
Bai toan 4. Néu a = b (mod m) u ¢ = d (mod m), thi ac = bd (mod m).
Bai toan 5. Néu a = b (mod m), n — s6 tu nhién, thi a" = b" (mod m).
Bai toan 6. Chimg minh rang n? + 1 khong chia hét cho 3 vdi bét cir mot s6 nguyén n nao.
Bai toan 7. Hay tim s du cua phép chia 6!° cho 7.
Bai toan 8. Chimg minh rang 30%° + 61'° chia hét cho 31.
Bai todn 9. Chimg minh ring
a) 43'° + 23° chia hét cho 66. ’
0) a" + b" chia hét cho a + b, néu n — s0 1¢é.
Bai toan 10. Chting minh rang 1"+ 2"+ ... + (n— 1)" chia hét cho n v6i n 13 sb chan.

Bai toan 11. Chiing minh réng ton tai vo han céc sb tu nhién, khong biéu dién thanh téng cua ba
sO 1ap phuong.

Bai toan 12. Chiing minh rang moi s c6 dang 10°™ "' khong thé biéu dudi dang tong cia hai s6
tu nhién 1ap phuong.

Bai toan 13. Chimg minh rang trong 51 s nguyén tim dugc hai s6, binh phwong cua chiing cho
cung mot s du khi chia chung cho 100.

Bai toan 14. Ta goi s tu nhién n 1a thun tién, néu n? + 1 chia hét cho 1000001. Chimg minh
rang gitra cac so 1, 2, ..., 1000000 c6 s6 chan so thuan tién.

Bai toan 15. a) C6 thé binh phuong mdt s6 tu nhién c6 chir s6 tan cing 13 2?

6) Co thé chi dung céac chit s6 2, 3, 7, 8 (c6 thé dung mot s6 1an cho mdt chir s6), dé tao ra mot
sO tu nhién chinh phuong?

Bai toan 16. Mot s6 ndo c6 thé cong vao sd (n?— 1)1°° « (n2 + 1)1, dé két qua chia hét cho n?

Bai toan 17. Hay tim s6 du ctia phép chia s6 10'° + 101 + 101°° + ., + (190000000 chg 7,

Bai toan 18. Ton tai bao nhiéu sd tw nhién n, nho hon 10000, ma voi chang 2" — n? chia hét cho
7?
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Bai toan 19. Ta ki hiéu k 1a tich cia mot vai s0 nguyén t0 dau tién (I6n hon mot). Chimg minh
rang sO a) k — 1; 6) k + 1 khong phai 1a s6 chinh phuong.

Bai toan 20. C6 ton tai khong mot s6 tu nhién n, sao cho n?+ n + 1 chia hét cho 19552
Bai toan 21. Chting minh rang 11" "2+ 12*" ! chia hét cho 133 véi s ty nhién bat ki n.

Bai toan 22. Cho n — s tu nhién sao cho n + 1 chia hét cho 24. Chimg minh rang tong cua tat ca
udce so tu nhién cua n chia hét cho 24.

Bai toan 23. Day $6 ar, a, a3, . .. nhiing ) tu nhlen saochoa, > =a,+ 13 + 1 vo1 moi n.
a) a = a, = 1. Chung minh rang khong c6 mot s6 hang nao khong chia hét cho 4.
6) Ching minh rang a, — 22 1a hgp s6 vé1 moi n > 10.

1. 2. Ghi h¢ so thap phan va nhirng dau hiéu chia hét

Bai toan 24. Chting minh rang s6 tu nhién bat ki 1dy dong du véi chir sé cubi cing ciia nd theo
mo dun a) 10; 6) 2; B) 5.

Bai toan 25. Chung minh rang 21283 ... 813, = 313, (Mod 4).
Bai toan 26. Hay phat biéu va chimg minh tiéu chuan chia hét ciia mot so cho 2" va 5"

Bai toan 27. Chir s cudi cung cua binh phuong mot s6 ty nhién la 6. Ching minh rang chit s6
trudc chit s6 cudi cung 1a mot so 1é.

Bai toan 28. Chit sO trudc chir sO cudi cung cua mot s tu nhién binh phuong 1a s6 1¢. Ching
minh rang chit s6 cudi cung cua no 1a 6.

Bai toan 29. Chuing minh rang iy thira ctia 2 khong thé cé bon chit s6 cudi cung cé cung mdt
chir s6 giong nhau.

Bai toan 30. Hay tim mot s co 100 chir s6 khong c6 s6 khong ma no chia hét cho tong cac chi
sO cua no.

Bai toan 31. Ching minh rang sb ty nhién bat ki déu dong du véi tong cac chit s6 ciia no theo
mo dun a) 3;06) 9.

Bai toan 32. C6 thé viét mot sd chinh phuong bang cach dung 10 1an cac chita s6 a) 2, 3, 6; 6)
1,2,37?

Bai toan 33. Trong co s6 10 cta sb 2! tinh tong cac chir s0, két qua tim duoc lai tlnh tong cac
chit s6 ctia n6 va van van. Cudi cung ta nhan duoc mot sé ¢ mot chir s6. Hay tim s nay.

Bai toan 34. Chung minh rang néu viét nguoc tha tu cua cac chit sO cia mot so tu nhién bat ki,
thi hi€u cua s6 ban dau va so vura tao ra s€ chia hét cho 9.

Bai toan 35. Viét thém vao sb 15 ¢ phia bén phai va phia bén trai mot chit s6 sao cho sd nhan
duoc chia hét cho 15.
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Bai toan 36. C6 bao nhi€u chit s6 c6 bon chir s6 ma chung chia hét cho 45, ma hai chit s6 ¢ gitra
no la s6 977

Bai toan 37. Tim s6 ty nhién nho nhat ma no6 chia hét cho 36, trong cac viét ciia nd bat gap tat
cd muoi chit so.

Bai toan 38. Chimg minh rang tich cta chir s6 cudi cunging cua s 2" va tong tat ca cac chir sd
ctia sd nay trir s6 cudi cung, chia hét cho 3.

Bai toan 39. C6 thé co tong cac chir s6 cia mot sd chinh phuwong bang 1970 khong?

Bai toan 40. Tt cac s6 c6 ba chir s6 tinh tong cac chit s0 cua no. Tt s6 nhan dugc chia hét cho
chinh né va hon nira chia hét 100 lan. Chirng minh rang trong két qua nhan dugc bang.

44444

Bai toan 41. Cho A la tong ctia cac chir s6 sb 444 ,con B 1a tdng cac chit s6 cua s6 A. Hay

tim tong cac chit s6 cua sé B.

Bai toan 42. Chig minh rang
13y..a,=a, —a, +..+ (~1)™" a; (mod 11)

Bai toan 43. Chtimng minh rang gucio 111 ... 11 (2nsé 1) 14 hop sb.

Bai toan 44. Ching minh rang so a,a, ... a,a, ...a,a; 1a hop so.

Bai toan 45. Cho a, b, ¢, d — cac chit s6 khac nhau. Chting minh rang cdcdeded khong chia hét
cho aabb.

Bai toan 46. A 13 mot s co sau chit sb, trong cach viét cua nd bat gip moi chir s6 sau mot 1an 1,
2,3,4,5, 6. Ching minh rang A khong chia hét cho 11.

Bai toan 47. Chiing minh rang hi¢u mot s6 c¢6 s0 lugng cac chir s6 chan va mot s6 bang cach
viét nguoc lai thir tu chit s6 trong s6 nay, chia hét cho 99.

Bai toan 48. Co thé tao tir nhitng chit s6 2, 3, 4, 9 (mdi s6 c6 thé viét 1ap lai mot sd 1an) thanh
hai s0, mot s0 trong ching bang 19 lan s6 con lai?

Bai toan 49. Tong hai chit s6 a va b chia hét cho 7. Chiing minh rang s6 aba ciing chia hét cho
7.

Bai toan 50. Tong céc chit s6 cua mot s c6 ba chit s6 bang 7. Chung minh rdng s6 nay chia hét
cho 7 khi va chi khi hai chit s6 cudi cung ctia n6 bang nhau.

Bai toan 51. a) Cho s6 ¢6 6 chit s6 abedef , hon nita def - abe chia hét cho 7. Chung minh ré‘mg
ca chinh s6 d6 chia hét cho 7.

6) Hay phét biéu va chimg minh rang tiéu chuan chia hét cho 7.

B) Hay phat biéu va chirng minh rang tiéu chuan chia hét cho 13.
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Bai toan 5}. a) Cho §6 6 6 chit sb abedef, hon nita abc+def chia hét cho 37. Chung minh réng
ca chinh so do vchia hét cho 37. 7 ’
0) Hay phat biéu va chirng minh ti€u chuan chia hét cho 37.

Bai toan 53. C6 tOn tai khong mot sb ¢ ba chit sd abe sao cho abc - cba la binh phuong cua
mot sO tu nhién?

Bai toan 54. Tim s6 nho nhat ma viét chi bang s 1 lai chia hét cho 333 ... 33 (trong cach viét
100 bo ba).

Bai toan 55. C6 thé c6 tong mdt vai sb tu nhién dau tién co cac chir sb két thic 1a 19892

Bai toan 56. Tim tat ca nhitng s ty nhién ma ching tang 1én 9 1an, néu gitra chir s6 hang don vi
va chir s6 hang chuc cho vao dé so6 0.

Bai toan 57. Gilra nhitg chit s0 c¢6 hai chir s6 1a boi cua cua 3, dit vao so 0, va thém vao sb cé
ba chir s6 vira nhan dugc hai lan chit s6 phan tram. Ta nhan dugc mot s6 9 1an 16n hon s6 ban

dau. Tim sO ban dau.

Bai toan 58. Tim s0 c6 4 chit s0, ma n6 1a mot s6 chinh phuong, hai chit s6 dau tién ctia n6 bang
nhau va hai chit s6 cudi cung cling giong nhau.

Bai toan 59. Hay tim tat ca cac so co ba chit s, liiy thtra cua moi s6 tu nhién ctia n6 co6 két thic
ba chir so tao boi so ban dau.

Bai toan 60. Thém vao tir phia phai mot sd chit sé 3. Ching minh rang moi truong hop déu
nhan dugc mot so6 phurc hop.

Bai toan 61. Ching minh rang Bce uncna psaa 10001,100010001,1000100010001, ... 1a hop
sO.

1.3. Phuong trinh s6 nguyén va cac bai toan khac

Bai toan 62. Giai phuong trinh 3x + 5y = 7 trong cic s6 nguyén.

Bai toan 63. Tim tit ca nghiém nguyén cta phuong trinh 3x — 12y = 7.

Bai toan 64. Giai phuong trinh 1990x — 173y = 11.

Bai toan 65. Tim tit ca nghiém nguyén cta phuong trinh 21x + 48y = 6.

Bai toan 66. Giai phuong trinh 2x + 3y + 5z = 11 trong tip s6 nguyén.

Bai toan 67. Mot con kién dung tai mot 6 trén mot ban co vo han 6 vudng trén mot to gidy. N6
co thé chuyén dén dugc m 6 v€ phia phai hodc dén n 6 bén trai. Vi s6 m va nnao no co the
di chuyén dén 6 bén phai bén canh? S6 budc di nho nhat nao no6 cé thé lam duoc?

Bai to4n 68. (2x + y)(5x + 3y) = 7.
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Bai toan 69.

Bai toan 70.

Bai toan 71.

Bai toan 72.

Bai toan 73.

Bai toan 74.

Bai toan 75.

Bai toan 76.

Bai toan 77.

Bai toan 78.

Bai toan 79.

Bai toan 80.

Xy=x+y+3.
x2=14+y2
X*+y’=x+y+2.
x> +y*=4z-1.
x> =Ty = 10.
x*+21y*+5=0.
15x* - T7y*=09.

x> +y*+z2=8t—-1.
3M+7=2"
3¢2M4+1=n2
l/a+1/b+1/c=1.

x*—y*>=1988.

Bai toan 81. Chung minh rang phuong trinh 1/x — 1/y = 1/n ¢6 mot nghiém duy nhét trong tap
sO tur nhién khi va chi khi n 14 s6 nguyén tb.

Bai toan 82.

Bai toan 83.

Bai toan 84.

Giai phuong trinh trong tap sé nguyén. x* + 3 = 4y(y + 1).
Giai phuong trinh trong tap sé nguyén. x? + y2 = 72,

Giai phuong trinh trong tap sé nguyén. x2 — 5y2= 1.

1.4. Dinh li Fermat nhé

Bai toan 85.

Bai toan 86.

Bai toan 87.

Bai toan 88.

Bai toan 89.

Bai toan 90.

Bai toan 91.

Bai toan 92.

Cho ka = kb (mod m), k va m — nguyén t6 cting nhau. Khi d6 a =b (mod m).
Cho ka = kb (mod kn). Khi d6 a=b (mod n).

Tim s6 du cta phép chia 2! cho 101.

Tim s6 du cta phép chia 3'°2 cho 101.

Chimg minh rang 3002°® — 1 chia hét cho 1001.

Tim s6 du cta phép chia 8°%° cho 29.

Chtng minh rang 7'2° — 1 chia hét cho 143.

Chtng minh rang s6 30° + 239%° 13 hop sb.
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Bai toan 93. Cho p 1a s6 nguyén td. Chimg minh rang (a + b)’ = a® + b? (mod p) v&i moi s6
nguyén a va b.

Bai toan 94. Tong cuia ba s a, b va ¢ chia hét cho 30. Chirg minh rang a’ + b> + ¢’ ciing chia
hét cho 30.

Bai toan 95. Cho p va q la nhiing s6 nguyén t6 khac nhau. Chting minh rang

a)p’+q°=p+q(modpq).
0) [(pg*+qp)/pq] 1a mdt s6 chan, néu p, q # 2.

Bai toan 96. Cho p 13 s6 nguyén td, va a khong chia hét cho p. Chirng minh rang tim dugc sd tu
nhién b, sao cho ab =1 (mod p).

Bai toan 97. (Pinh li Wilson). Cho p 1 s6 nguyén t6. Chimg minh rang (p — 1)! = — 1 (mod p).

Bai toan 98., Cho n — sb tu nhién, khong phai bdi cua 17. Chung minh réng hodc n® + 1, hodc
n® — 1 chia hét cho 17.

Bai toan 99. a) Cho p — sd nguyén td, khac 3. Ching minh rang s6 111 ... 11 (p s6 1) khong
chia hétchop. , ‘ , , )
0) Cho p > 5 — s0 nguyén t6. Chirmg minh rang s6 111 ... 11 (p—1 s6 1) chia hét cho p.

Bai todn 100. Chinmg minh ring v&i s6 nguyén 6 bat ki p, hidu sb
111 ... 11222 ...22333 ... 33 ... 888 ... 88999 ... 99 — 123456789 (trong s6 thir nhat nhimg s6
khéac khong dugc 1ap lai p 1an) chia hét cho p.



