PHUONG TRINH NGHIEM NGUYEN

1. Phwong trinh bac nhét hai 4n ax + by = ¢
Phwong trinh ¢cé nghiém khi va chi khi (a,b) | ¢
Dé giai phwong trinh ta tim mdt nghiém riéng (Xo,yo) tr d6 suy ra tat ca céc
X =X, +bt
(te 2)

nghiém cua phwong trinh {
y=y,—at

Vi du. Giai phwong trinh 12x + 37y = 2008
Giai
Tw phwong trinh ta suy ra 'y =4 mod 12, ta chon yo = 4 = X = 155.Vay nghiém
x =155+37t

clia phwong trinh la te Z
PN {y:4—12t (te2)

2. Phuong trinh bac nhat ba dn ax + by + cz=d ‘

Dé gidi phwong trinh ta dwa vé dang ax + by = d — ¢z v&i (a,b) = 1 réi chon z =

atuyy.
Vi du. Giai phwong trinh 13x + 25y — 41z = 2009
Giai.

Cho z =a = 13x + 25y = 2009 + 41a (%)

phwong trinh 13x + 25y = 1 ¢c6 mét nghiém la (2;—1) nén nghiém cua (*) la
x =2(2009 +41a) + 25b
y =—(2009 + 41a) —-13b
x =2(2009 + 41a) + 25b
y =—(2009+41a)-13b (te 2)
z=a

(te Z)= Nghiém cta phwong trinh ban dau la

3. Phuwong trinh ax + by + cxy =d
Ta dwa vé dang tich x(a+cy)+g(a+cy) = d+a?b & (cx + b)(cy +a) =ab + cd

Tw day ta co cx + b, cy + a la cac wéc cua ab + cd

Vi du. Giai phwong trinh 2x + 5y — 3xy = 1
Giai
Xx(2-3y) —5/3.(2-3y) =1-10/3 < (3x —5)(3y —2) = 7 tlr day ta cb cac
nghiém la
(4,1) va (2,3).

4. Mot vai phwong phap thwong st dung khi gidi phwong trinh nghiém

nguyén o
4.1. Duwa ve tong cac binh phuong

Vi du. Gidi phwong trinh x? — 6xy + 14y> — 10y — 16 = 0
Giai.
phwong trinh & (x = 3y)® + 5(y — 1)° = 21



= 5(y—-12<21 = (y—-1)7%=0,1,4

(y—1)2=0= (x—3y)? =21 (loai)

(y— 1)2 =1= (x— 3y)2 = 16 ta c6 cac nghiém (4,0),(-4,0), (10,2),(2,2)
(y—1)2 =4 = (x-3y)®=1ta cé cac nghiém (10,3),(8,3),(-2,—1),(—4,—1)

4.2. Pua vé tich sb bang 0.

Vi du. Giai phwong trinh 6x* — 10xy + 4y* + 3x -2y —32=0
Giai.
Phwong trinh & (2x — 2y + 1)(3x — 2y) = 32
Do2x —2y + 112 sb1& nén 2x — 2y + 1 bang *+ 1 tlr day ta c6 cac nghiém
(32,32), (- 30, — 29)

4.3. Dung céc tinh chét chia hét, dong dw.

Vi dy. Giai phwong trinh 3x® — 2008y = 2009
Giai.
_ Nhan xét néu x chan thi x*> = 0 mod 4 con néu x I& thi x* = 1 mod 4 , tirc 1a mot
s0 chinh phwong dong dw v&i 0 hoac 1 modulo 4. )
_ Tathay vé tréi cia phwong trinh luén dong dw véi 0 hoac 3 mod 4 con vé phai
dong dw v&i 1 mod 4 nhw vay phwong trinh vé nghiém.

Vi du. Gidi phwong trinh x® + 21y? + 5= 0
Giai.
x*=0, 1,-1 mod 7 = x® + 21y* + 5=5, 6, 4 mod 7 = phwong trinh vo
nghiém.

Vi du. Gidi phwong trinh 5x2 + 6x + 11 = y? + 4y
Giai.
Phwong trinh < 4x% + (x + 3)% + 6 = (y + 2)°
Vé trai dong dw 2, 3 mod 4, vé phai dong dw 0, 1 mod 4 = phwong trinhvd
nghiém

Vi dy. Gidi phuong trinh 6* = y? + y — 2
Giai.
6*=1mod 5
y2+y—2=(y—1)(y+2) =0,3,4 mod 5 = phwong trinh v6 nghiém

Vi du. Giai phwong trinh x? = 2y? — 8y + 3
Giai.
Tw phwong trinh ta thdy x phailé = x =2k + 1 = (2k + 1) =2y* -8y + 3
= 4k% + 4k +1=2y° -8y + 3= 2k® + 2k = y* — 4y + 1
2k + 2k =2k(k + 1) 1 4 = y? + 11 4 (vd ly) = phwong trinh vé nghiém.

4.4. Dungtinhchat A" <X"<(A+2)"= X"=(A+1)"

Vidu . Giadi phwong trinh x* + X2 + x + 1 = y°



Giai
V&ix <—1hay x> 0tacédx® <y®< (x + 1)> = phuwong trinh v nghiém
Véi x = 0 ta c6 nghiém (0,1)
Véi x = —1 ta c6 nghiém (-1, 0)

Vi du. Gidi phwong trinh x(x + 1)(X + 7)(x + 8) = y*
Giai.
phwong trinh < (X% + 8x)(x% + 8x + 7) = y?
Patm = x% + 8x tacod m? + 7m = y?
Néu m > 9 thi (m + 3)? < y? < (m + 4)* = v6 nghiém
Néu m < 9 thi — 9 < x < 1. Bang céach th truc tiép ta c6 cac nghiém
(~9,+12),(~8,0),(~7,0),(~4,£12),(~1,0),(0,0),(1,£12)

4.5. Dung tinh chat bi chan

Vi du. Tim nghiém nguyén dwong cltia phwong trinh 1+1+1 =1
Xy z
Giai.
Giésﬁ’xSySZ31S§:>xs3:x=1,2,3
X
*x =1 (loai)
*x=2:>1+1:1:>1sg:>ys4:>y=2,3,4
y z 2 2y
y = 2( loai)
1 1
y=3=>—=—=2=6
z 6
y=4:>1:l:>z=4
z 4
*X=3= 1+1:g:>gsg:>y33:>y=3:>z=3
y z 3 3 vy

Vay nghiém cua phwong trinh 1a (2;3;6), (2,4,4), (3,3,3) va cac hoan vi cla
chung.

4.6. Phwong phap xubng thang

Vi du. Giai phwong trinh x2 + y? + z2 = 2xyz
Giai
_ 2xyz chén = x* + y* + z° chdn = trong 3 s6 X%, y?, z° ¢6 1 chén, 2 1& hodc 3
chan
Gia st x? chén, y? va z° 18 = x® + y? + z° = 2 mod 4 trong khi d6 2xyz = 0 mod 4
(V6 ly)
= x?,y?,z% ddu chdn = x = 2x1, ¥ = 2y1, Z = 221 = X4 + V1 + 21% = 4x1y124

Bang cach Iy luan twong twta cd x = 2%, y = 2%, z= 2% ze va x + Vi + 22 =
2k+1xkyk;k ,

Néu x khac 0 thi dén mot Iic nao d6 x 1& (vO ly)

Vayx=0,y=0,z=0



4.7. Phuong phap xay dwng nghiém (chi ra mét ho nghiém nao dé
cua phwong trinh)

Vi dy. Chirng té phwong trinh x? + y? = 7% ¢6 vo sb nghiém
Ho nghiém cta phuong trinh [a x = m? = n?, y = 2mn, z = m® + n?

Vi du. Chirng té phwong trinh X% + y* = 2% + 3 ¢6 v6 sb nghiém
Giai.

Thayz=y+1tacox®=2y+4

Chonx =2k = y=2k?-2

Vay ho nghiém ctia phwong trinh 1a (2k, 2k® — 2,2k? — 1)

Vi dy. Chirng té phwong trinh x? + y* = z° ¢6 vé sb nghiém
Giai.
m+1

x=22,y=237=25 Chonmsaochom:2 m:3vam+1:5
= m = 6(5K + 4)

5. Phuwong trinh Pytagore x® + y* = 72

Goid=(x,y) = x=da, y=dbva (a,b) =1 = a® + b® = (z/d)?
Patz=dc(ce Q) =c?eN=>ce Z

Néu a, b cling 1& thi a®> + b®=2 mod 4 = ¢®=2 mod 4 (v6 ly)
Vay a, b khac tinh chan 1é. Gia st a 1é, b chan = c Ié.

2
b2 o c?— a2 b _ctac-a fc+ac-a) .
2 2 2 2 2

= c;a: Z,C;a=n2 —=c=m?+n%,a=m?-n% b=2mn
Vay nghiém cua phuong trinh la
x =(m?-n®)d x =2mnd

y=2mnd  hodc {y=(m*-n®)d  v&i(m,n) =1
z=(m*+n?)d z=(m*+n?)d

6. Phuwong trinh Pell x2 — dy? = 1 ( d 1a s& khoéng chinh phwong) (1)
Trong phan nay ta chi xét nghiém nguyén dwong.
Dinh nghia. Gia st (x,y) va (x,y’) 1a 2 nghiém cuda (1). Ta thay rang néu x < X’
thi y <y’ hodc nguoc lai. Nhw vay trén tap cac nghiém cua phwong trinh ta xay dwng
dwoc quan hé tho tw (x,y) < (X,Y) @ x <X

Dinh ly 1. Phwong trinh (1) c6 vo sb nghiém

Pinh Iy 2.
Néu (a,b) 12 nghiém nhd nhat caA (1) va (a+bJ6)” =X, +y,~d (*) voin l1a sb
nguyén dwong thi (xn,yn) la nghiém caa (1).



Chirng minh.
(a+bvd)" =C%" +Cla""(bvd) + C2al2(bv/d)? +...= x, +y,Vd _,
(a-byd)" =C%a" —C'a™"(bv/d) + C2a" ?(b/d)? —...= x, —y./d (
T (%) = (% +Y,Vd) (X, -y, Vd)=(@>-db®)" =1= X2 —dy? =1= (x,.y,) &
nghiém cua (1).

)

Ta chirng minh diéu ngwoc lai: néu (u, v) 1a mét nghiém cua (1) thi u+v/d co
dang (%)

Gia st u+v+/d # (a+bvd)"voi moi n nguyén duong.

Tacd 1< a+bJ/d <u+v/d

Do day sb a+bx/a,(a+b«/a)2,(a+b\/a)3,...kh(‘)ng bi chan trén nén ton tai sb

N+1

nguyén dwong N sao cho (a+b«/a)N <u+vyd< (a+b«/a)

g utwd v va
(a+bVd)N

1 < (U+v/d)(x, —yyvd) <a+bvd (xnyn) 12 nghiém ctia (1)

1 < Uxy —Vy,d+(vx, —uy, )Wd <a+by/d

1< U+VJ/d<a+bJd voiU = UXy —VYy\d, V =vx,—uyy

U2 —dVZ = (uxy —vyy)* —d(vx, —uyy)® = (% —dy,®)(u® —dv?) =1
(U.V) théa (1) va (U+V+/d)(U-V/d) =1

u vl il

Ty U+V4/d>1=0<U-V/d<1=U>0vaV>0
— U+ V+/d < a+b+/d ( mau thuén vai (a,b) 12 nghiém nhd nhét caa (1))
Binh ly da dwgrc chirng minh.

Ta ciing c6 thé biéu di&n cac nghiém cla (1) b&i cong thirc
(a+bx/a)n +(a—b\/a)n
X = 2
_ (a+bx/a)n —(a—b\/a)n
In = 2\/d

véi n 1a sb6 nguyén béat ky

< Xopo = 2axn+1 X, \
Hoac V&I (Xo,Yo) = (1,0) va (x1,y1) = (a.b)
Yoo = 2ayn+1 -Ya

Vi du . Giai phuong trinh x? — 5y? = 1

Giai. Ta c6 nghiém nhoé nhat la (9,4). Nghiém cda phwong trinh dwoc tinh
b&i cong thC Xni2 = 18Xns1 — Xn, Yne2 = 18Yni1 — Yn VOI (Xo,Y0) = (1,0) va (x1,y1) =
(9.4)



7. Phuwong trinh x2—dy
Ta goi phuong trinh x* — dy?
nhiém nhé nhat

n (nlasé tw nhién) (2)
1 14 phwong trinh lién két véi (2) co (a,b) 1a

Binh ly 3. ]

Phwong trinh (2) hoac vé nghiém hoac v6 s6 nghiém

Binh ly 4.

Néu (a,B) , i = 12., m la cac nghiém cla (2) théa man

p— 2 r
B < max{nbz,%}th‘l céc cap (X,;,Y,;) sau day sé vét het cac nghiém cla (2):

n+1| aX + dbynl! Xo,i = a’i

(i=1,2,...,m)
Yo = bXn,i +ay, Yoi = Bi

Vi dy. Giai phuong trinh x2—5y=—4 ,
Nghiém nhd nhét cGia phwong trinh lién két x? — 5y? = 1 14 (9,4)

y? < —(-4)9%/5 = 64,8 = y < 8 = céc cap nghiém ban dau la (1,1), (4,2), (11,5)
Vay nghiém cua phwong trinh la

Xn+tl = 9Xn + 20yn, Ynst1 = 4XI’1 + QYn vOi (XO,YO) = (1 !1)’ (4!2) !( 11!5)

8. Phuwong trinh Ax?—By®=n ( A > 1, AB khong chinh phuong

= ) (
Ta goi phwong trinh X — ABy = 1 la phwong trinh lién két vai (3) ¢c6
nghiém nhd nhat.

3)
(a,b) la

Binh ly 5. Phwong trinh (3) hodc vé nghiém hodc vé sb nghiém

Pinh Iy 6.

_ 2
Néu (o,B.), i = 1,2,.., m la cac nghiém clia (3) thda man B Smax{Anbz, r:‘ }

thi cac cap (x,,y,;) sau day sé vét hét cac nghiém cta (3):

Xpoj =@y +BOY X =a

0, i

Youi = AbXn,i TaYn Yoi = B
Ta c6 thé biéu dién cong thirc trén dwdi dang truy hoi

Xpp = 28X, — X, o X, =0, X, =ao+Bbf

Yoo = 2ayn+1 —Y Yo = B! Y= aB +Abo

Vi dy. Giai phwong trinh 3x% — 2y? = 1

Giai.
phwong trinh lién két x* — 6y® = 1 ¢6 nghiém nhd nhat 13 (a,b) = (5,2)
y?<3.1.22 =12 = y < 3. Ta c6 nghiém ban dau 1a (1,1)

Vay nghiém cla phwong trinh 1a Xn.2 = 10Xn.1 = Xn , Y2 = 10Yn.1 — Yn VOi (Xo,Yo0)
= (1 !1) ,(X1,Y1) = (9!1 1)



BAI TAP
1)  Tim nghiém nguyén cua cac phwong trinh
) 2x + 3y = 156
) 3xy +x—y=1
) 2x° + 3xy —2y* =7
) x2—y® =91
e) X2 —xy =6x —5y—8
2) Cho da thirc f(x) c6 cac hé sé nguyén .Biét rang f(1).f(2) = 35.Chirng
minh rang f(x) khédng c6 nghiém nguyén.
3) Chirng minh réng cac phuong trinh sau khéng c6 nghiém nguyén:
a) 3x2 —4y? = 13
b) 19x? + 28y? = 2001
c) x?=2y* -8y +3
d) x> = 5x° + 4x = 24(5y + 1)
e) 3x° — x3 + 6x% — 18x = 2001
4) Tim 3 sb nguyén dwong sao cho tich cta ching gap déi tdng cla
chung
5) Tim 4 s6 nguyén duwong sao cho tdng cla ching béng tich cta ching
6) Tim cac nghiém nguyén ctia cac phwong trinh :

a) XXy + Y =2X+Y
b) 2+xy+y2_x+y
c) 2_3xy +3y? =3y
d) 2_2xy +5y° =y + 1

) Tim céc sO tw nhién sao cho 2* + 3" = 35
) Tim céac sb nguyén x,y sao cho x® + xX* + x + 1 = y°
) Tim cac nghiém nguyén duo’ng x!+yl=(x * y)!
0) Tim cac nghiém nguyén cua phwong trinh 3x% + 4y? = 6x * 13
11) Go tdn tai hay khong hai s6 nguyén dwong x , y sao cho x° + y va y? + x
déu la s6 chinh phwong
12) Tim cac ngmem nguyén cua cac phuwong trinh :

7
8
9
1

a) £ +X+1)=4y(y +1)
b) X"+ X7+ X"+ X=y +Yy
c) 4—2y—1

d) 3—3%/

e) 2+y—

f) 2+y-6(z +19)

9) X

+ y +72° = 2xyz
13) a) Giai phucrng trinh X2 +y? =77
b) Chirng minh rang sb 7 khéng viét dwoc dudi dang tbng cac binh phuong
cta 2 sb hivu ti
14) Tim cac nghiém nguyén :

) xy—2y—3=3x—x2

) 2x2+3xy 2y? _7

) x? +y ;f

) 7(x +xy+y =39(Xx +Y)
)

3(x2 xy+yg 7(x +y)
5(x + XY + Y9)=7(X + 2y)
8y —25=3xy + 5z
7x?—5y*=3

T2 Qo0 T

~



15) Ching minh rang phwong trinh sau c6 vé s6 nghiém nguyén (x +y +
22 =x+y*+z
16) Tim nghiém nguyén dwong :
1 1 1 1

a) —t—F—==
X Yy 6xy 6
S . |
X y 2xy 2
17) Tim nghiém nguyén Xy, X2, Y2 _3
z y X

18) Tim 3 s nguyen duong X,y,Z $a0 choxy+1:z,xz+1:y,yz+1:
19) Tim dleu kién clia a dé& cac nghiém cla phwong trinh déu 1a sb nguyen :

a) xX*—ax+a+2=0
b) x° +ax +6a=0
c) x*+a’x+a-1=0

20) Tim cac sO nguyén a va b sao cho a + b = 25 va cac nghiém cua
phwong trinh x? + ax + b = 0 la s& nguyén.Tim cac nghiém do.
21) Giai phwong trinh
a) X2 =7y =1
b) x? —15y? = 1
c) 3x2—5y*=7
22) Hay chirng minh cac tinh chat cia bo ba sé Pitagore :
a) Ton tai 1 6 la boi clia 3
b) Ton tai 1 s6 la boi cla 4
)

c Ton tai 1 s6 1a boi ctia 5



