‘Nguyén 1y cuc han va phuong trinh
Diophant *

Cao Tran T Hai
Truosng THPT Chuyén Lé Quy D6n, Ninh Thuan

Trong cdc ki thi hoc sinh gidi quoc gia va qudc té thong thuong cdc bai todn ve
phttdng trinh prhant la nhitng ba: todn khé vi tinh khong mau myc va cdc bas gzaz rat
tinh te Bai viét nay gidi thiéu moét phuong phdp nhu vdy, phuong phdp cuc han, dé gids
mot s0 phuong trinh nghzem nguyén.

Nov dung cd ban c'u,a nguyén ly nay nhu sau. Trong tdp hgp hitu han cdc sb thuc bao
gid ciing ton tai mot so thuc lon nhat va mot sé thuc nhé nhat. Déi vdi tdp vé han, thi
nguyén ly nag dp dung cho tdp con cta tdp sé ty nhién: Mot tap hop con khdc réng bat kj
ctia tap hop sb tu nhién luén cé phan ti nhé nhat. Thong thuong, trong gidi cdc bai todn
sd cdp, nguyén by nay dudc st dung cung vdi phuong phdp phdn ching.

D& hidu r6 vin dung nguyén 1§ cuc han vao gidi phuong trinh Diophant, ta bat dau
biang bai toian don gidn sau day.
Bai toan 1.

Tim tat ci cic sb nguyén z,y, z thoa méin

? +y* 4+ 5°—2zyz =0 (1)

(Korean Mathemntical Olympiad)
Giai.

Ta ching minh (1) ¢6 nghiém duy nhat (z,y, z) = (0,0,0).

Gid st (1) c6 nghiém nguyén khac khong, goi (zo, Yo, 20) 12 nghiém sao cho |zo| nhé
nhAit.

Néu zg, Yo, 2o cting 18 thi z2 + y2 + 23 — 2zoyo20 (v0 1y) 1& nén tap {zo, Yo, 20} cb it
nhit mot s6 chln (gid s z, chin) khi d6 zi + y5 = 0 (mod 4) nén zo, Yo cling chan. Do

Zo Yo <0

dé (-—2— Y -—2—-) 13 nghiém cta (1) (mau thuin véi cich chon (zo, Yo, 20)).

Sau day 12 mot s6 bai toan van dung nguyén 1y cyc han tinh vi hon.
Bai toan 2.
Cho z,y, z 1a cac sb nguyén duong sao cho
ry —22 =1 (2). . | (2)

Ching minh ring khong ton tai cic s6 nguyén khong am a,b, ¢, d sao cho

r=a’4+b0, y=c*+d°, z=ac+bd
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- (20" IMO Shortlist)
Giai.
Ta ching minh b3ng phan ching, gid si ton tai bd ba s6 nguyén duong (zo, o, 20)
sao cho khong ton tai a,b,c,d théa man zg = a2 +b% , yo =% +d? , zp = ac + bd.
Chi yring, néu o =1thizg=0%°+1%, yo =12+ k?%, 20 =01+ 1.k.
Nén ta c6 thé gia st thém 2 < z < yo VA zp nhod nhét.
Sau day ching ta xay dung bd ba sb nguyén duong khac véi (z, o, 20) thoa man

(2)-

Dit z = z + u phuong trinh (2) tré thanh
zy— (22 +2zu+1vd) =1 z(y—z—2u)—u? =1
" VMu=z—znény—z—2u=z+y—2z.Dodd
('rlayl:zl) — ($05$0+y0 = 22"0:20 —3:0)

13 b ba can xay dung . Ta thiy z1,11,2; > 1, that vay

=1y =>1

2

To 1+ Yo Zo -+ Yo
= 2y <

2 ) 0= T

Z§=xoyo—1<:coyo§(

zz=$0y0—123:§—-1=¢»z023:0—1

Néu zp = zo — 1 thi tit (2) suy ra zo(yo — o + 2) = 2 . Diéu nay mau thuin véi
Yo = To = 2. “’

Néu zy = zo thi thi tit (2) suy ra zo(yo — o) = 1 . Diéu nay mau thuin véi zy > 2.

Vivay zp=2—Z0 = 1. -

Nhu vay ta da xay dung (x1,y1,21) la nghiém nguyén duong cia phuong trinh (2)
théa z; < 2. Do d6 ton tai cac s6 nguyén khéong am m, n, p, ¢ sao cho |

11 = m?® + n? To = m? + n? To = m? + n?
n=p’+¢ 1 zo+w-220=P+F S vw=p+m)’+(q+n)’
21 =mp+ng 20 — Top = Mp + ng zg =m(p+m)+n(qg+n)

Dén day ta thiy diéu mau thuin véi cach chon (zg, ¥o, 20).

Nguyén ly cyc han khong chi dimmg lai ¢ viéc chitng minh phuong trinh khong c¢6
nghiém nguyén dudng nhu céc bai toan trén ma con cé thé sit dung dé chitng minh phuong
trinh chi c6 nghiém nguyén duong thoa man cdng thitc nao dé.

Ching han, chiing ta biét phuong trinh Pell loai I,

*— Dy’ =1 (3)

v6i D 1a s6 ty nhién khéng chinh phuong, ¢6 v s6 nghiém nguyén duong (u,,v,) thoa

- man ,_
Uy =a,n =2>b

Upa1 = au, + Dbu, (4)
Unt1 = bup + avy
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Trong d6 (a,b) 13 nghiém nguyén duong nhé nhit. Két qua niy duge chitng minh
dé dang bing phuong phip quy nap toan hoc va hé thitc Wandetman néi tiéng

(a — Db?).(u2 — Dv?) = (au, + Dbv,)? — D(bu, + av,)°.

Hon nita ta c6 - _
Uun + v, Vb = (a +bvD) ,Vn € N*.
Gid ta ching minh | '
{(uy vy) : Vn € N*}

14 tat cd cic nghiém cla phuong trinh (3).

Bai toan 3.
Chitng minh rang moi nghiém phu:dng trinh (3) déu c6 dang (Un, V) V6in € N*
Giai. Gia st (u,v) la nghlem nguyén duong sao cho

(u,v) # (UpVn),Yn € N*

véi (up vn) duge xéc dinh trong (4).
Khi dé ton tai m € N* sao cho u,, + vmVD <u+vVD < Um+1 + vm+1\/_5

S1< ('u,+'v\/l_')) (U — UmVD) < a+bVD

&1 < (um — Duvy,) + (Umv — uvm) VD < a + bVD
Déng thdi
(W, — Dvvm)? — D(Umt — uvm)? = (u* — Dv?) (um® — Dvg?) =1

Nén
(utty, — Dvvgy,, UmU — Um,)
13 nghiém nguyén duong cia (3) (mau thuan véi cach chon (u,v)).
Bai toan 4.
Xét cac s6 ty nhién 18 a,b ma a 14 ubc cia b® + 2 va b 14 vbc cha a? + 2. Chitng
minh réng a v b 1a c4c sb hang ciia day s6 tiy nhién (v,) xic dinh béi

Mm=m=1vav, =4v,_1 — Un_o v6l moi n > 2.

(VMO 2012)
Giai. '
Do a,b 1é nén (a,b) = 1. Ta thiy a? + b* + 2 chia hét cho a v b nén tdn tai s6
nguyén duong k sao cho

a’® + b* + 2 = kab (5)

Gia st (ag, bp) 12 nghiém nguyén duong cua (4) véi ag + by nhd nhéit.
Khong mét tinh tong quit, c6 thé gia st ag > by.
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Phuong trinh a® — kbpa + b + 2 = 0 ¢6 nghiém ag nén theo dinh 1y Viete, né c¢6 mot
nghiém nita la |
b02 + 2
o
R6 rang a; nguyén duong va (aj, bp) 1a nghlem ciia (5).
Do dob

a1 = kby — ap =

<F
2

Qo + bg < ay+ bg*{:}ag < kboﬁ— -b—o
Ma b 5
ao? + bo? + 2 = kagbp> 2 + — + —— =
bo ao aobo

Sau day ta sit dung phuong phip phuong trinh Ma.rkov quen thudc dé chitng minh
k=4.
k

Tﬁ(6)'suyrak_<_-g~+1+2(v‘iag>bo>1 b—-<-——)nenk<6
0

k (6)

Hon niua, do (102 + _b02 > ZCLObo nén k > 2.

Néu k # 4 thi (ag, bo) # (1,1) nén agbo > 2.
Tit (6)
' =>kgg+1+1=>k§4.

Néu k = 3 thi a2 + by’ + 2 = 3agbo chia hét cho 3.
Nén c6 ding mot sé trong hai s6 ag, by chia hét cho 3.

D& thiy ag # 1 va by # 1 nén agby > 6.

k 2 8 -
Tit (6) suy ra k < 5 + 1+ —é@»k < 3 m3 k nguyén duong nén k£ < 2 (méu thuan
v6i k > 2). Nhu vay cac s6 ty nhién 1é a,b phai théa man

a’ + b* + 2 = 4ab (7)

Tiép theo ta md ta tht cd cac nghiém cta (7) thong qua c@p s hang lién tiép cla
day (v,) bing phuong phap sau day dugc goi la phiong phéap gien.

(7)< b® — 8ab + 16a” + a® + 2 = 16a® — 4ab
@(4&”())24-&2-{-2:4(4&“6)&. |

Do d6 néu (a, b) 12 nghiém cua (7) thi (4a — b, a) ciing 12 nghiém.

Tit d6, do (v, v1) = (1,1) 1a nghiém cta (7) nén (4vp — v1,v2) = (v3,v2) ciing la
nghiém. Bing quy nap toan hoc suy ra (vn41,Vn) V& (Un, Uns1) 12 nghiém cta (7).

Gid st ton tai ciip sb6 tu nhién 18 (a,b) sao cho {a,b} # {Vn+1,Vn}, VneN™.

Ta chon sao cho a + b nhé nhét.

Néu a =bsuyraa=>b=1nén (a,b) = (vs,v;) (mau thun vdi cach chon a,b).

Nén khong mét tinh tong quat, ta gid st a > b > 1.

Ta lai ¢6 (7)< (4b—a)® + b+ 2=4(4b— a)b.

nén (4b — a,b) 14 nghiém nguyén dudng cia (7).
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Ma a > bnén ab— b =b(a—b) > 3

2 —
=>4b—a = 0 :2 < a'ba 1 <a= (4b—a)+b<a+d.
Do céch chon (a, b) nén {4b — a,b} = {vs41,v,} V6i n ndo dé. _
Hon nita
o —4ab+ 32 =20 -2> 0
= (a—3b)(a+d) >0
=>a—3b>0=4b—a <b.
Suy ra,
4b — a = v, o a = 4Vpy1 — Up = Vpyo (mé 4 thuin)
b= vpt1 b= vnp

Vay didu gid st trén sai, nghia 1 ton tai s6 ty nhién n sao cho {a,b} = {Vni1,vn}.

Dé thiy dudc 16 hon sy két hop nhuin nhuyén phudng phap cyc han va phuong
phap phuong trinh Markov (con goi 1a phuong phép nhiy Viete), phuong phap gien trong
giai phuong trinh Diophant, ta xét bai to4in sau.

Bai toan 5.
Tim tit ci cAc nghiém nguyén duong cla phuong trinh sau:

3:2+y2+::c-l—y+1=:cyz. (8)
Giai.
Trudce hét ta ding phuong phap budc nhay Viete dé tim 2. Néu z = y thi

=1

r(zz -2z —2) = 1= {x:—-y
Z =9

Goi (z1,1, 21) 12 nghiém théa 2z # 5, khi d6 x; # y,. Khong mét tinh tdng quat,
gia st x;y; VA x; + y; nhd nhét.
Ta c6 phudng trinh

f@)=2"-(ma—-Drc+y’?+y+1=0
¢4 nghiém z; nén né c6 mot nghiém nita la

1+ y +1
I

To=MY121 —T1— 1=

. nguyén duodng.
Maz; >y +1nén

2112 > y12 -+ Y1 -+ ]l = 1 (y1z1 — 1 — 1) = T1T2=> Ty > I
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Vi vay (z1, Y2, 22), (T2, %1, 21) 12 nghiém nguyén duong théa z2 +y2 < 1 + 1.

(m&u thuan véi cach chon (z,y1,21)) |
Dén day bai toan trd thanh tim tit ci cic nghiém nguyén duong cla phuong trinh

+y*+z+y+1=>5zy. | (9)
3z —1 - 3dy—1

5V > phuong trinh (9) trd thanh

R6 rang z,y cung lé. Dat u =

u® — 5uv + v¥ = =312 — 50 (5v — u) + (5v — u)° = -3.

Lap ludn tuong ty nhu bai todn 4, phuong trinh nay c6 nghiém théa {u,v}

{Un+1,vn} V6i (vn) x4c dinh bdi

V1 =V = 1
Un41 = 5vn — Up-1,N > 1
Béng quy nap ta dugc 2v, + 1...3,Vn. Vay phuong trinh (8) c¢6 nghiém

| 2u+1 2041
(z,y,2) = ( 33 ,5)

véi {u,v} = {Uny1,va} va (v,) dudc x4c dinh nhu trén.

Dén day ta thiy cic bai toan trén c6 nghiém lién quan dén day s6. Sau day ta thi

sang tao ra céc bai todn vé phuong trinh Diophant bing cach xét day sb sau:

&,
2

2

U; =, = 3,012 = alpy; — Uy + b,V > 1.

n n_b -
Ta ¢6 — +2 1+ U = a. duy ra

Up41

Uy -2 + Uy — b Up41 + Up-1 — b

um+1 | Uy

& (Upy2 + Uy — b)uy = (Upy1 + g1 — b)ugyy

2 ' _ 2
& Up42Un + Uy° — bup = up41® + Up—1Up41 — buypg

2 . _ 2 .
— Up41Up—-1 — bun = Up4] — Up42Un — bun

2 _ (aUugy1 — Uy + b)uy, — bupyy

2 2

— 2
— alplp—1 — b (un + un—l) = Up41” +Up" — @Up4Up ~— b(1-1121+1 + un)

Do dé

hay

_11m+12 + Un2 — aUp4iUp — b (Un+1 + lln) — 1122 + 1112 — alagl] — b(uz + 111)
un—|-12 + un2 — alp41Uy — b (un+1 + un) = a2 T /82 o a‘;@ — b (CZ T 16) .
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Thay upnyi1,u, bing z,y va chon cic tham sb a, b, o3 bing céc s6 cu thé ta duge phuong
trinh Diophant giai duge bing phuong phap cuc han. Chang han, khia = 4,b = 0, a=0=1
ta duge phuong trinh (7) 8 bai toan 4. Khi a = 5,b = -1, a=f=1 ta dugc phudng trinh
(9) trong cach gidi bai toan 5.
~ Sau day 1a mot s6 phuong trinh Diophant nhu vay.
Giai céc ghUGng trinh sau trén tap s6 ty nhién :
T + Y - _
1. =5
zy — 1 --
2. (z+ 1P+ (y+1)°=5(y+1)
3. 2% + y* + 2% = 3zyz
4. (:c+y—5)2 = Ozy

Bai tap ren luyén
1. Cho hai day s6 (z,), (y,) dudc xac dinh nhu sau:

Tni2 == 3Tni1 — Tn, Lo = 1,21 = 4,

yﬂ'+2 = 3yﬂ+1 —~ Yn, Yo = 1: Y1 = 2.

a) Chitng minh rang z2 — 5y2 = —4 v6i moi s ty nhién n.

b) Gia sit a, b 1 céc s6 nguyén duong théa a? — 56> = —4. Ching minh ring ton tai
s'étLInhjénksaocho:rkz-a,vé,ykmb.

(VMO 1999)

2. Tim gi4 tri 16n nhét cha m?2 + n? biét rdng m,n 14 s6 nguyén nim giita 1 va 1981
dong thdi théa man (n? — mn — m?)? = 1.

(22™ IMO) |

3. Tim tat ca céc s6 nguyén duong n sao cho phuong trinh z + y + u + © = Y TYuv
c6 nghiém nguyén duong z,y,u,v.

(VMO 2002 Bang A) _

4. Giai phuong trinh sau trong tép cic s6 nguyén duong:

? +y* +1=zyz.

5. Tim tat ca cac cdp s6 ty nhién (m,n) sao cho (m + n — 5)2 = 9mn.

(42"¢ USA Team Selection Test)
Tal liéu tham khao
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