P

Mot s6 phuong phap giai cac bai
toan ve s6 hoc qua cac ky thi

e 2 0

hoc sinh gioi

Phan Ngoc Toan
Truong THPT An Nhon 1, Binh Dinh

Trong cdc ki thi hoc sinh gidi todn ¢ cdc cap cing nhw thi hoc sinh gidi quoc gia,
quoc té ching ta thuong thay su c6 mat clua cdc bai toan vé sé6 hoc. S6 hoc la mot phan
mon it duge hoc tap va nguyén ciu trong chuong trinh todn hoc phé thong hién nay. Cdc
em hoc sinh pho thong chi dugc hoc mot phan nhé vé sé6 hoc & chuong trinh todn trung
hoc co sd con & cap trung hoc pho thong thi hau nhu it cé diéu kién dé hoc tap. Cdc bai
todn so6 hoc luon la niem dam mé doi vdi cdc em hoc sinh yéu todn bdi su phong phii ciia
cac bai toan cung nhu s da dang trong cach gidi cia ching.

Tuy nhién, viéc dua ra mot 100 gidi cho mot bai todn s6 hoc mdi la that khong dé
dang . Hoc sinh thuong gdp lhing ting trudc nhing bai todn so6 hoc trong cdc ky thi hoc
sinh gici chinh bdi vi c6 nhiéu bai todn khé nhung nhimg kién thic dé ma van dung gidi
duge chiing c6 khi rat don gidn nhung lai khong cé dinh hudng ré rang. Chinh vi li do
dé ma qua kinh nghiém gidng day ctia ban than minh cing nhu viéc suu tam, tham khdo
nhiéu tai lieu. Toi da viét chuyén dé “ Mot so phwong phdp gidi cdc bai todn vé sé6 hoc
trong cac ky thi hoc sinh gior”.

Trong chuyén dé nay toi xin gidi thieu 3 phuong phap co ban nhat thuong gap khi
gidi quyét cac bai toan sd hoc

1. Phuong phap st dung cac nguyén li co ban ciia toan hoc

2. Phuong phap st dung cac dinh li co ban trong s6 hoc

3. Phuong phap han ché diéu kién trong bai toan sb6 hoc

Cac em hoc sinh mdi khi gaip khé khan trude céc bai toan vé s6 hoc thi c6 thé suy
nghi vé mot trong ba phuong phap & trén trude khi nghi dén cac phuong phap khac.

1 Phuong phap st dung cac nguyén li co ban cua
toan hoc

Trong muc nay ching ta cling tim hiéu vé viéc van dung céc nguyén li co ban clia
toan hoc nhu: nguyén 1i phan ching, nguyén li quy nap, nguyén li ciic han, nguyén 1i sip
thtt tir, nguyéen 1i Dirichlet, .. .trong viéc gidi cac bai todn vé s6 hoc.
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Vidu 1. ( IMO 1988)
Cho a,b 1a cac s6 nguyén duong thoa man a? + b? chia hét cho ab+ 1. Chiing minh
. al+ b
Cab+1

1a mot s6 chinh phuong .

a’ + b?

kelZ"
ab+1

Xét hai s6 nguyen duong a, b thoa a? + b*ab + 1, dat k =

Gia stt k khong 1a s6 chinh phuong , ¢6 dinh k
a® + b?
Xét tap hop T = ,b)|,a,be ZT, =
Theo nguyen li cyc han trong tap hgp T ton tai cap (ag, bo) € T sao cho ag+bg 1a nhod
nhat trong tat ca cic cap (a, b)nhu thé. Khong mat tinh tdng quat ta gia si ag > by > 0
Khi do,

k}.Tacé:T#@

at + b3
aob() +1
Hay phuong trinh 22 — kbyz + b3 — k = 0 c6 mot nghiém 1 agnén néu ta c6 dinh b, thi
phuong trinh con c6 mot nghiém nita 1a a;. Ta dé thay a; # ag Theo dinh li Viet ta dugc

=k < ap — kboag + b5 — k=0 (1)

Tu diéu kien (?7) suy ra a; = kby — ag nén a; € Z va a; # 0( vi néu a; = 0 thi ti
(?7?) c6 k = b2 nén mau thuin)

Néu a; < 0thi af — kboa; + b2 — k > a + k + b5 — k > 0 ( mau thuan véi diéu kien
(1)

Hay a; > 0 nén (ay,by) € T. Vi

A R—k -k
a02b0>0nena1: < <a0:>a1+bo<a0+b0
Qo Qo

Diéu nay mau thudn véi cach chon ag + by 13 nhé nhat

Vay k 1a s6 chinh phuong .
Nhan xét :

Trong bai toan trén ta da khéo léo van dung két hop gitta nguyén 1i phan chiing va
nguyeén li cuc han dé gidi quyét bai toan.

Vi du 2. Cho a,b la cac s6 nguyén duong théoa méan a? + b 4 1 chia hét cho ab. Chiing

2 b2
minh rang: ¢ j_ 1a mot s6 nguyen to .
a
Giai:
o R g 5 a’?+ b +1 )
Xét hai so nguyén duong a, b thoa a” + b* + 1:ab, dat k = — ke Z* Xét
a
2402 +1
tap hop T = {(a,b)|,a,b€ Z*,% :k‘}. Taco: T +# o
a

Theo nguyen Ii cyic han trong tap hop T ton tai cap (ag, by) € T sao cho ag + by 1a
nhé nhét trong tat ci cac cap (a, b)nhu thé.
Néu ag # by thi khong mat tinh téng quat ta gid st ag > by > 1
Khi do,
2402 +1
%:k@ag—maﬁbgﬂzo )
ap0g
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Hay phuong trinh 2% — kbyz + b3 + 1 = 0 ¢6 mot nghiém la agnén néu ta c6 dinh by
thi phuong trinh con c6 mot nghiém ntta 1 a;. Ta dé thay a; # ag

Theo dinh 1i Viet ta dugc :

Tu diéu kien (??) suy ra a; = kby — ap nén a; € Z

Tu diéu kién (??) suy ra a; > 0 nén a; > 0 hay (aq,by) € T.

Vi ayg > by > 1 nén

:b&+1§a3—%m+2

2
:a0—2+—<a0$a1+bo<a0+b0
Qo Qo Qo

ai

Diéu nay mau thudn véi cach chon ag + by 13 nhé nhat

Nén ag = by suy ra 2a2 + 1ia2 = 1ia2 nén ay = by = 1.

Khi d6, k = 3 1a s6 nguyen to .
Nhan xét :

Trong bai toan trén khong phai lic nao ta cing ¢c6 a = b = 1. Chi véi cap (ao, by)
nhé nhat ma ta dang xét méi c6 ag = by = 1 nén tit d6 luon c6 k = 3 trong moi truong
hop.

Vi du 3. (IMO 2007) Cho a,b la céc s6 nguyen duong thoa man (4a2 — 1)? chia hét cho
4ab — 1. Chiing minh réng: a = b .
Giai:
Ta ¢6 :
(4a® — 1)2f4ab — 1= b*(4a* — 1)2 — 4a°b(4ab — 1)i4ab — 1
Hay
4a*b + b* — 8a*b*4ab — 1 = 4a’b + b* — 8a*b* + 2ab(4ab — 1)i4ab — 1

T d6 ta duge:

b* — 4a’b — 2abidab — 1 = b* — 4a®b — 2ab — (4ab — 1)idab — 1

(a — b)*4ab — 1

(a—b)°
dab—1"

Xét hai s6 nguyen duong a, b thoa (a — b)*4ab — 1, dat k = keZt Co

dinh k, xét tap hop

2 2
T = {(aab)!,a,bezﬂL”b“:k}
a

Taco: T # O

Theo nguyen Ii cyic han trong tap hop T ton tai cap (ag, by) € T sao cho ag + by 1a
nhé nhét trong tat ci cac cap (a, b)nhu thé.

Néu ag # by thi khong mat tinh téng quat ta gid st ag > by > 1
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Khi d6,
(ao — bp)?
4@060 —1

Hay phuong trinh

=k < aj — (2by + 4kbo)ag + b2 + k=0 (3)

x? — (20 + 4kbo)xr + b3 +k =0

c6 mot nghiém 1 ag nén néu ta cd6 dinh by thi phuong trinh con c6 mot nghiém nita 1a
a;. Ta dé thay a; # ayp Theo dinh li Viet ta dugc : a; € Z
Tu diéu kien trén suy ra a; € Z va a; > 0 hay (a1,by) € T
Vi ta chon ag + by 14 nhé nhat nén
2

+ k
a; > ag = Oa anikZag—bg
0

Tt dé,

2
M > al — b = ag — by > (ag + bo)(4aghy — 1) > ag + by
dapgby — 1
Diéu nay mau thudn vi ag, by > 0
Vay ag = by = k = 0 nén a = b véi moi cap (a,b) thoa dé bai.
Nhan xét :
Trong bai toan trén trude hét do 1a su khéo léo trong cach bién ddi dé dua giai thiét
vé dang bac hai dé c6 thé st dung dinh 1i Viet
0 day ta da van dung nguyén li ciic han va phan chitng dé di dén ag = by tit d6 c6
k = 0 nén trong moi truong hgp déu c6 a = b.
Tiép theo ta dén v6i mot so6 bai tap van dung nguyén li Dirichlet.

Vi du 4. Chiing minh ring trong 12 s6 nguyén t6 phan biét luon chon duge 6 s6 , goi 1a
a,b,c,d,e, f sao cho (a —b)(c — d)(e+ f) chia hét cho 1800.
Giai:

Vi 3 s6 nguyen t6 dau tién 14 nén trong 12 s6 nguyén t6 phan biet da cho luon co6
it nhat 9 s6 16n hon 5.

Lay 9 s6 nguyén t6 16n hon 5 & trén chia cho 3 chi c6 cac s6 dur 14 1 ho#ic 2 nén theo
nguyén i Dirichlet phai ton tai it nhat 14 5 s6 dong du véi nhau theo modulo 3

Trong 5 s6 nay khong c6 s6 nao chia hét cho 5 nén ton tai it nhat hai s6 cuing s6 du
khi chia cho 5

Gia stt 2 s6 d6 1a a, bthi

a = b(mod 3) L g b5
a = b(mod 5

Ta lai ¢6, a va b cing 1é nén a — b:2 = a — b:30
Xét 7 s6 con lai, Theo nguyen i Dirichlet ton tai 4 s6 dong du v6i nhau theo modulo
3 Tiép theo dem 4 s6 nay chia cho 5 ta dugc hai truong hgp sau :
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TH1 : Néu c6 2 s6 cing s6 du gia st 1a ¢, d thi :

¢ = d(mod 3)
¢ =d(mod 5) = ¢—d:30
¢ = d(mod 2)

Khi do, 1ay bat ki 2 s6 e, f khéac véi a,b, ¢, d thi e + f:2
Nén
(a—b)(c— d)(e + £)i30.30.2 = 1800
TH2 : Néu 4 s6 nay chia cho 5 ¢6 s6 du doi mot khac nhau
Gia su trong do6 ¢6

=1 d 5 :
‘ (mod 5) =e+ fD
f =4(mod 5)

ta lai c6 e + f:2 nén e+ f:10
Khi d6, hai s6 con lai gia sit 1a ¢, d thi:

=d .
¢ (mod 3) = c—d:6
¢ =d(mod 2)

Nén (a —b)(c —d)(e + f):30.10.6 = 1800

Vay luon ton tai 6 soa, b, c,d, e, f thda (a —b)(c — d)(e + f):1800.
Nhan xét :

Trong bai toan trén ta da khéo 1éo van dung nguyeén 1i Dirichlet nhiéu lan két hop
v6i nhau dé tao ra cac dong du thic gitp ta ching minh dugce bai toan.

Vi du 5. Gia stt p 1a s6 nguyén t6 dang 4k + 3 . Chiing minh rang ton tai cac s6 nguyén
x,y sao cho 22 4+ y? + 1ip
Giai:

Dat

—1 —1
r; = i*(mod p), izl,pT :s; = —1 —i*(mod p), izl,pT

Trong d6, r; d6i mot phan biét, s; d6i mot phan biét, r;, s, € T = {1,2,..,p — 1} Dat

thi )
4] = |B| = 5= |AUB| < p-1
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TH 1: Néu JAUB| <p—1thi AN B # & nén ton tai

ri=s; =i =-1—j*(mod p) & i+ j°+1p
TH 2: Néu |[AUB|=p—1thiAN B = & nén cac s6 7, s; doi mot phan biet Suy ra:

Aty g tsitetsy =142+ ..+ (p—1)=0(mod p)

2 2
Mau thuan vi theo dinh nghia r;, s; thi:
2 | o2 —172
Pt Ty st sy = {1 2 +-~+<T>}
2
2 2 p—lQ
+|(-1-1")+ (-1 -2°) + ..+ —1—(—2 )

p—1
= —T(mod D)

Vay ton tai cac s6 nguyén x,y sao cho 22 + % + 1ip
Nhan xét :

Trong bai toan trén ta da van dung nguyén li Dirichlet phat biéu dudi dang tap
hop.

Vi du 6. Cho s6 nguyén duong m. Chiing minh rang ton tai cac s6 nguyén a, b thda dong
thoi cac dieu kén sau :

a). |la| <m,|bl <m

b). 0 <a+bv2 <
Giai:

Dit f(z,y) =z +yv2,2,y € Z . Xét tap

142

2
m—+ 2

T={f(z,y)|z,y € Z;0 <z,y <m}

Ta thay
r=2ua
fle,y) = f(@'y) & { ,
y=y
Néu f(z,y) € T thi 0 < f(z,y) < (V2+ 1)m
Chia doan [0; (v/2 4+ 1)m] thanh m? + 2m phan bing nhau
Vi |T| = (m + 1) nén theo nguyén tic Dirichlet ton tai hai phan tit f(ay,by) #
f(a',v') € T va thudoc cuing mot doan nhé vita chia . Gia st f(aq,b1) > f(a', V).

2+1
Khi d6, 0 < f(ay,by) — f(a', V) = (a1 — a') + (by = V)V2 < \/__:_2
m
bat

a=a —a,b=0b -0
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thi
V2+1

0<a+bV/2< Vi |al,|b] <m
m+ 2

Vay ton tai cac s6 nguyén a, b thoa dong thoi cac dicu keén dé bai.
Nhan xét :

Duta vao diéu kién can chiing minh ta da phan tich phai van dung nguyén 1 Dirichlet.
Nhung cai hay 1a & chd ta da dua vao diéu kién can chiing minh dé tao ta sé6 chudng va
s6 tho phit hgp dé van dung nguyen li Dirichlet.

Vi du 7. CMR: v6i mbi s6 nguyén duong k& déu chon duge sd6 nguyén duong n sao cho
n.2¥ — 7 1a s6 chinh phuong.
Giai:
V6i k =1,k =2,k = 3 ta dé dang kiém tra bai toan ding nén ta chi xét khi k > 3
Ta chitng minh bai toan bang quy nap theo k :
Gia sit bai toan da ding dén k£ > 3 nghia la n.2* — 7 =0a%,a € Zt Vin2F —71a
s6 1é nén a 1é.
Ta ching minh bai toan cing dung véi k£ + 1.
Néu s6 n ton tai & budc gid st v6i k 1a mot sé chin thi :

n.2k—7:a2,a€Z+:g.Zk“—?:aQ

nén chi viéc chon m = g thi bai toan dang khi k£ + 1

Nghia la ta c6: m.281 — 7 = g2
Néu s6 n § trén 1a s6 18 : xét s6 nguyen duong p ta co:

(a+p)*=a*+2ap+p’ =n2" =7+ 2ap +p* =n2" — 7+ p(p + 2a)

Chon p = 2F! thi
(a+p)*=(n+a+22)2" -7

Vin vaalasdlénen n+a+ 25214 s6 chin hay n +a + 282 = 2n,

Khi d6, n,.2871 — 7 = (a + 28"1)% nen chi viec chon m = ny thi bai toan ding khi
E+1

Vay ton tai s6 nguyén duong n sao cho n.2¥ — 7 1a s6 chinh phuong.
Nhan xét :

O bai toén tren ta da két hop van dung nguyén li quy nap véi viéc xay dung s6 m
thoa deé bai.

Su khé khan ciia cac bai toan kiéu nay dé la xay dung cac dai lugng théa yeu cau
dé bai trong phép chiing minh quy nap .
Vi du 8. ( Viet Nam 1997) CMR: v6i mdi s6 nguyéen duong n déu chon duge s6 nguyéen
duong k sao cho 19% — 97 chia hét cho 2"
Giai:

V6in =1,n =2 chon k = 2 nén ta chi xét khin > 3

Ta cnhan xét: 192" — 1 = 27, vdi t,, la 6 16

V6i n = 3, nhan xét ding. Gia sit nhan xét da dung khi n =k
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2k—1 2k—2 2k—2

Khin=%k+1, 19
Sptn 12 86 1é

Vay nhan xét dugc chiing minh.

Ta cbai toan bang quy nap theo n :

—1= (197" +1)(1927 = 1) = 2.5,2", = 2" (s,t,) VO

V6i n = 3, bai toan ding

Gié st ton tai k,, € Z1 sao cho 19%» — 97 = 2"q
Néu a 1a s6 chin thi hién nhién 195 — 97 = 27+lg,
Néu a l1a s6 18, dat k,q = k, + 272

Khi d6, 195+ — 97 = 192" (19% — 97) + 97(19%" " — 1) = 27(19%" "0 + 97t,,):2"*!
Vay ton tai s6 nguyén duong k sao cho 19¥ — 97 chia hét cho 2".

2 Phuong phap st dung cac dinh li co ban trong sb
hoc

Cac dinh If co ban ctia s6 hoc nhu: dinh 1f co ban vé sd nguyén t6, dinh 1i Fermat,
dinh 1f Euler , dinh 1f Wilson, dinh 1f phan du Trung Hoa, hé thing du day du, hé thing
du thu gon, cap ctia phan ti , thang du bac hai,... déng mot vai tro kha quang trong
trong viéc giai quyét cic bai toan s6 hoc

Vi du 9. Cho a,b, ¢ 1a cic s6 nguyén thoéa man a® chia hét cho b, b® chia hét cho ¢ va ¢

chia hét cho a. Chitng minh ring (a + b+ ¢)'3:abe.
Giai:

Goi p 1a mot uéc nguyen t6 bat ki ciia abe.

Khi d6 ton tai o, 3, nguyén khong am sao cho:

a=p*Ab=p’B,c=p’C va (p,A) = (p,B) = (p,C) =

do a® = p>*A3:pPB ma (p, A) = 1 nén 3a > (3.

Tuong tu ta thay 38 >~ va 3y > a.

Ta c¢6 abe = p**P*YABC va (p, ABC) = 1

Nhu vay ta chi can chiing minh s6 mil ding ctia p trong (a + b+ ¢)'® khong nho hon

a+ B+

Gié st a = min{a, 3,7}

Khi d6, s6 mii ding ctia (a + b+ ¢)'® 1a 13a

Maa+ g+ <a+3a+9y =13«

Suy ra (a + b+ ¢)13ipthty
Nhan xét :

Chinh gia thiét bai todn va két luan can chiing minh 13 chia hét cho mot tich abc
nén lam cho ta suy nghi dén viéc van dung dinh li co ban vé s6 nguyeén to.

S6 nguyén té6 déong mot vai tro kha quang trong trong s6 hoc . Khi ta can chiing
minh mot tinh chat nao dé ding cho mot hop sb ta cé thé dua vé chitng minh tinh chéat
d6 ding trén mot thita sé6 nguyén t6 roi tit dé gidi quyét bai toan.
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Vi du 10. ( Iran 1998) Cho z,a,b 1a cac s6 nguyén duong thoéa man 2%*° = ab. Chiing
minh ring a = z va b = a®.
Giai:

x = 1, bai toan hién nhién ding. Goi p 1d mot ude nguyén t6 bat ki clia mot trong
ba s6 x,a,b, Khi d6 z = p*X;a = p?A,b = p'B; (p, X) = (p,A) = (p, B) = 1 véi «, 3,7
khong am va khong dong thoi bang 0. Ta dugc:

(p°X)**" = (pP A p'B

Dong nhat s6 mi cia p ¢ hai vé ta duge a(a +b) = v + bg.
Dé thay v > 0 vi néu v = 0 thi

ala+b) =t (B-ah=aae (f—a)b=ap’A

Ma (b,p) =1 (do v =0) nén 3 — aip® = B > p® (vo li)
Vay v >0
Ta co

ala+b)=y+bf<ala+p’'B)=a+p'Bf < aa—v=p'(BS— aB)

Do 7 khong chia hét cho p” nén a khong chia hét cho p”
Hay 6 <~ = ba

Mat khac ca — v = b(8 — a):a nén ~v:a

Tu d6 suy ra ton tai mot s6 nguyén duong ¢ sao cho b = ¢*
Ta dé dang c6 dugde diéu phai chitng minh.

Nhan xét :

Cung nhu vi du trén chinh gid thiét bai toan va két luan can chiing minh d6 1a céc
déng thitc véi s6 mii lam cho ta suy nghi dén viéc van dung dinh Ii co ban vé s6 nguyén
t0.

Vi du 11. Gia st phuong trinh 2217 + az? + bx + ¢ = 0 v6i cac hé s6 nguyen a, b, ¢ c6 3
nghiém nguyeén la 1, z9, x3. Ching minh ring: (a + b+ c+ 1)(x1 — x9) (22 — 23) (23 — 1)
chai hét cho 2017.
Giai:

Phuong trinh da cho dugc viét lai:

(7 —2) + [az® + (b+ D)z +¢| =0

bat
f(z)=ax*+(b+ 1)z +c

Theo dinh 1f Fermat nhé : 22°'7 — 2,:2017,Vi = 1,2,3 nén f(r;):2017,Vi = 1,2,3 Néu

(r1 — 22) (w2 — 23)(x3 — 21):2017 thi bai toan duge ching minh. Néu (z; — o) (ze —
x3)(73 — x1)khong chia hét cho 2017 thi theo trén ta duge:
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b+ 1:2017 : :
N a(xy +x9) + b+ = a(r; — 12):2017 = 2017

a(xg + x3) + b+ 1:2017

Tt d6 suy ra, b+ 1:2017 ma f(x;) = ax? + (b+ 1)z; + ¢:2017 nén ¢:2017 Tu d6, a + b +
¢+ 1:2017 Vay

(a4 b+ c+1)(z1 — z2)(v2 — x3)(x3 — 21):2017
Nhan xét :

Su xuat hién cac biéu thitc 22°'7va 2017 1a s6 nguyén t6 da lam ta nhé dén dinh Ii
Fermat.

Vi du 12. Ton tai hay khong sd nguyén z sao cho 2% + x + 1 chia hét cho
Giai: Nhan xét 2027 1a s6 nguyéen t6 dang 3k + 2 Gia sl ton tai s6 nguyén z sao cho
22 + x + 1 chia hét cho Khi d6, ton tai a € {1,2,...,2026} thoa man a® + a + 1:2027
Nen a® — 1 = (a — 1)(a® + a + 1):2027 = a?*?° — 1:2027 hay a***® = 1(mod 2027) Suy
ra: a?°? = a(mod 2027) Mat khac, theo dinh 1f Fermat thi a?*?® = 1(mod 2027)nén
a = 1(mod 2027) (m.t) Vay khong ton tai sé nguyén = thoa dé bai.
Vi du 13. Tim tat ci cac so6 nguyén duong m,n thda man
n |1+ m® 4+ m
Giai:
Tin|1+m® + (m*)" =>n ’m?’n“ -1
Diat d = ord,(m)=d|3""'=d=3" (keN)
Néuk>n=4d|3"=n|m¥ -1
=m?3" +m¥ +1=3( mod n) = n=3=3m% +m?’1+m* +m?>¥
Tu day dé thay phai chon m = 1( mod 3)
Néuk>n+1thid=3""mad]|pn)=d<nlaico 3" >n (voly)
Vay bai toan ¢é nghiém (m,n) = (m,3) trong d6 m = 1( mod 3)
Nhan xét :

e O bai toan nay ta da

) s - 1)!
Vi du 14. Cho n,b la cac so tu nhién , dong thsi n > 5,2 < b < n. CMR [(n ; ) }

chia hét cho b — 1

Giai: Néub<nthi: (n— 1)Lb(b—1) = ("_bw € Z va (”_bl)!s(b—n
Neub=n=rsviil<r<s<n.Vi(nn—1)=1néns<n-—1.suyra:

(n—1trs(n—1)=b(b—1)

141



Néub=n=p*,plasbnguyenté. Vin=p* >b5nénl <p<2p<p’—1=n-1
Nen (n — 1)L:p(2p)(n — 1) = 2b(b — 1)
Néu b = n = p nguyén t6 thi theo Wilson

(p—1)

3 Phuong phap han ché diéu kién trong bai toan

Hoc sinh thuong gap ling ting trude cac bai toan sd hoc la vi mot phan cac em
khong biét nén sit dung gid thiét bai toan nhu thé ndo. Khi d6, mot cach thuong lam do
13 tim cach thu hep pham vi kién thiic lien quan dén gia thiét va két luan hay néi nom na
13 han ché diéu kién ctia bai toan. Khi ta han ché dude mot s6 diéu kién trong bai toan
sé gitip ta co dinh huéng dé giai quyét bai toan t6t hon. Ching ta cling xem xét qua mot
s6 vi du sau:

Vi du 15. Tim tat ci cac s6 tu nhién a, b, ¢, ddoi mot khac nhau sao cho abed — 1 chia
hét cho (a —1)(b—1)(c —1)(d — 1)

Giai: Khong mat tinh tong quat ta gid st 1 < a < b < c < dDat x = abed — 1,y =
(a—1)(b—1)(c—1)(d —1). Gi st x chia hét cho y va T~ kthi k> 1 Néu mot trong

Y

cac s6 a, b, c,d chdn thi x 1é nén y 1é va suy ra a, b, ¢, d déu 1a s6 chin Nén a,b, ¢, d cling
tinh ch&n , 1¢ Ta nhan thay ham s6 f(t) = — nghich bién trén khoang (1;+o00) . do
do, néu a > 5 thi:

k—f— abed — 1 - a b c d
y (a—Db-Dc-1d-1) a—1b—-1c—-1d-1

L0678
4567

Nén o = y( vo li) Vay a chi c6 thé nhan mot trong hai gia tri 1a a = 4 hoac a = 3 Khi

a =4, tu trén ta suy ra: b > 6,¢c > 8,d > 10 nén

46
35

10

— <3
9

L1068
=

Suy ra k = 2( Vo 1i vi khi d6 x 1a s6 1¢) Khi @ = 3, tit trén ta suy ra: b > 5,¢ > 7,d > 9
nen 35709
T
k=—<—-—-.—-.=-<3
y 2467
Suy ra k = 2. Ta lai ¢6, z = —1(mod 3) nén cac s6 b—1,c—1,d — 1 déu khong chia hét
cho 3 Do d6 ,néub#5thib>9,¢>11,d> 15 nén

Vay b = 5. Tu d6 ta duge phuong trinh

15¢d — 1 =16(c — 1)(d — 1) < (c — 16)(d — 16) = 239 = ¢ = 17,d = 255
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Khi a = 2, khi d6 vi a, b, ¢, d chdn nén k 1a s6 1é Suy ra:

ot 2468
y 1357
Suy ra k = 3. Ta lai ¢6, abed — 1 = 3y nén cac sd b, ¢, d déu khong chia hét cho 3 Do d6
014

néub #4thib > 8, ¢ > 10, d>14nenk‘—x ——<3(V6Hviklévak:7é1).\/ay

9
b = 4. Tu do6 ta dugc phuong trinh 8cd — 1 =9 c—-1)d-1)=(c—9(d-9) =71 =
c=10,d = 80 Vay cac bo s6 (a,b,c,d) can tim 1a (3,5,17,255); (2,4, 10, 80)

Nhan xét :

O bai toan trén c6 dén 4 an s0, ta da khéo 1éo nhan xét dé dua ra két luan a,b,c,d

cung tinh chén , 18. Cling chinh béi sy tinh té nhan thay ham sof(t) =

t P
7 nghich bién
tren khoang (1; +00) . Tit d6 ¢6 két qua a < 4 lam gitp ta thu hep pham vi ctia bai toan

Vi du 16. ( IMO 1998)
Tim tat ca céc s6 tu nhién a, b sao cho a?b + a + b chia hét cho ab®> + b+ 7

Giai:
\ 2 b
Vi (a,b) thoa dé bai ta dat k — % thi k € Z+. Ta xét hai truong hop :

TH1 : Néua <bthib>a+1nénab®+b+7>ab?>+b="0blab+1) > (a+1)(ab+ 1)
Tudosuyra:ab>+b+7>a*b+a+ab+1>a*b+a+b>0nénk¢Z"
TH2 : Néua>bTaco:

1 7 7
(9+—> (ab2+b—|—7):a2b+a+ab+—a+—+1>a2b+a+b

b b b b
a 1
/\k: _ _
nén <b+b

Ta lai xét 3 kha ning sau :
. 7
Néubz3thib—g > (0 nén tu do,

1 7 7

(__5> ab2+b+7)—a2b+a—a(b—g)—1—Z<a2b+a—|—b

a 1

E>— — —

Suy ra : >b1 2
Vayg—g k<g+ghaya—1<kb<a+1.tu’dotadu?oc:a:kb

2p b
Thaya:kbvaok:%taduoc:

B0 +bk+ Tk =KV +kb+bs b=Tk = a= Tk

Néu b = 1thi ta can tim a sao cho
a>+a+la+8= [ala+8)—(a®>+a+1)]ia+8
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Hay 7a — 1:a 4+ 8. Tt d6 tim dugc : (a =11,b=1) va (a =49,b=1)
Néu b = 2thi ta can tim a sao cho

20° + a+24a+9 = [a(da+9) —2(2¢° + a + 2)] i4a+ 9

Hay 7a — 4:4a + 9. Trudng hop nay khong c6 a thoa dé bai

Vay tat ca cac cap (a,b) thoa débaila: (a = Tk* b = Tk)véi k € N va (a = 11,b = 1);
(a=49,b=1)
Nhan xét :

O day ta da dua vao tinh chat hay clia tap s6 nguyén la néu a < b thi b > a + 1 dé
loai trit di truong hop nay, thu hep pham vi can tim ctia bai toan.

Sau d6 la cac danh gia hop 1i dé thu dudc a —1 < kb < a+1. Tit dé6 di dén a = kbva
chi con hai truong hgp dat biét la b =1,b = 2.

Vi du 17. Tim s6 nguyén duong n nhoé nhat théa 17" — 1 chia hét cho 22013
Giai:

Gia st tim duge n thod man dé bai. Goi d 1a cap cta 17 khi chia cho 22013 Ta
duge: 17% = (- mod 22°'3) Theo dinh 1i Euler ta c6 : (17,2213) = 1 nen 17¢®") =
1(mod 22°13) Nen theo tinh chat cap ctia mot phan tit suy ra: d 1a uéc s6 nguyén duong

clia p(2291%) = 22012 Hay d = 2% véi k = {1,2,...,2012} 172" — 1:92013
Ta lai co:

17— 1= (17— 1) (17 +1) 17+ 1) ... (172’“‘1 + 1)

V6ii>1th 17% +1=2( mod 4) Nen V5(17%" —1) = 4+ k ( O day Va(m) la s6 mi cha
2 trong phan tich ctia m ra thira s6 nguyén t6) T d6 suy ra:k + 4 > 2013 = k > 2009.
Do tinh chat clia d nén suy ra gia tri can tim la d = 22999,

Bai tap

1. Cho céc s6 nguyeén duong z,y thoa man 22 + y? + 1 chia hét cho 2zy + 1. Chiing
minh rang hodc zy = 0 hoac z = v.

2. Cho 4 s6 tu nhién théa man tinh chat: binh phuong tong hai s6 bat ki chia hét
cho tich ctia hai s6 con lai. CMR: c6 it nhat 3 s6 trong ching bang nhau.

3. Cho p 1a s6 nguyen t6 dang 4k + 1 . CMR: ton tai cac s6 nguyén a,b sao cho
p=a®+ b2

4. Chitng minh rang v6i moi s6 tu nhién n, ton tai s6 tir nhién x sao cho 201222 +
79z + 112",

5. Tim tat c cac s6 nguyen duong n > 3 sao cho 22°'3 chia hét cho CY+Cl+C2+C3.
Tai liéu tham khao

1. Nguyén Van Mau ( Chi bien) nam 2008, Mot s6 van deé s6 hoc chon loc. NXBGD

2. Ha Huy Khoai, nam 2006, Chuyén dé boi dudng hoc sinh gidi toan trung hoc pho
thong s6 hoc, NXBGD.

3. Phan huy Khai, nam 2009, Cac chuyén dé s6 hoc, NXBGD.
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