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LIEN PHAN SO VA UNG DUNG

DPing Hung Thing

I. Lién phén s6 hitu han

Biéu thitc ¢6 dang

ag +

a1 +
az + -+ .

Qn-1+ —
Qn

trong d6 ao, a1, ..., an 12 cdc s thuc ay, ..., an # 0 duge ky hiéu 12 [ao; a1, ..., an] Tir
dinh nghia dé thdy ) )

1

A15 A2y ooy ak+l]
Néu ap € Z va aq, ..., a, 12 cdc s6 nguyén duong thi ta néi [ap; ay, ..., ay] 1a mot lién
phan s6 hitu han c¢6 do dai n. RS rang mot lién phan s6 hitu han 12 mot s6 hitu ty.
Nguoce lai ta ¢6

Dinh 1y 1.1 M3i s6 hitu ty c6 thé biéu dién dudi dang mot lién phan s6 hitu han.

Chung minh Gid st z = a/b trong d6 a,b € Z va b > 0. Pat rg = a,m = b.
Thuat chia O co lit cho ta

[ao; a1, ..., ak41] = ap + {

To = T1q1 + T2 O<ry<m
T1 =7T2q2 + T3 0<ry <mry
Tn—2 = Tn-19n-1+Tn 0<ry <rmnog

Tn—1 = Tnqn

Tir d6 dé thay

a
7 = a9, ]

Vi du 1.1 Biéu dién s6 62/23 thanh lién phan s6 Ta c6
62 =223+ 16
23=1.16+7
16 =2.7+2

7T=32+1

2=2.1
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Do vay
62
—=102;1,2,3,2
23 [ bt 737 ]
Chd y: Biéu dién khong duy nhat. Chang han

7
7 =0:1,1,1,8 = [0;1,1,1,2,1]

C6 thé ching minh duge mot s6 hitu tyu biéu dién dugc theo ding hai céch, mot céch
c6 do dai 1a s6 chin , mot cich c6 d6 dai 1a s6 le.

Cho lien phan s6 hitu han [ag; a1, ..., an]. V6i mbi k < n lién phan s6 Cr =
[ao; a1, ..., ax] g0 12 gidn phan thd k cla [ag; a1, veey Qn)-
Cong thic tinh cdc gian phan dugc cho bdi dinh 1y sau
Pinh 1y 1.2 Cho lién phan s6 hitu han[ag; a1, ..., ay]. Gia sit day s6 nguyén duong
PO, 1, --Pn. VA G0, q1, -+, gn dugc xdc dinh truy h6i nhu sau
Do = ap go=1
p1=apa1 +1 =0

Pk = QkPr—1 + Pk-2 9k = OkGx—1 + Gk—2
Khi d6 gi4n phan tht k Cx = [ao; a1, ..., ax] dugc cho bai
C="2
qk
Chitng minh Ta ching minh bang quy nap. Véi k = 0 ta c6

Co = [ao] = po/qo
Véi k=1 ta c6

1 agai + 1
Cﬁ_::[ao;al]:: ag+ — = ot L e ::pl/ql
ai ay

Gia st dinh 1y ding cho moi 0 < k < n. Khi d6 (v6i 2 <k <n)
k _ GkPk-1 + Pk-
Cr = [ao; a1, ey @) = Pk _ QkPk—1 T Pk—2
9k akqr—1 + Qk—2
Vay

Ck+1 = [a0; a1, vy G,y Qpy1) = [@0; 01, .oy Gg—1, 0k + ar
+1

(ak + 2 )Pk—l + Pr—2

Qk+1

(ak + L ) k-1 -+ Qk—2

Ql+1

ak+1(akPk—1 + Pk—2) + Pr—1
ak+1(argr—1 + Qr-2) + Gr-1
_ Gk+1Pk + Pr_1

Ok+1Gk + Qk—1
_ Pr+1

qk+1
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Dinh 1y duoc ching minh.

Vidu 1.2 Tac6173/55 = [3;6,1,7]. Theo dinh Ly 1.2 ta tinh dugc (po,p1,p2,p3) =
(3,19,22,173) va (qo,q1,42,93) = (1,6,7,55) . Céc gidn phan 12 Cp = 3/1 =
3;C1 =19/6,Cy =22/7,C3 = 173/55

Bang phuong phip quy nap ta d€ dang chimg minh dugc ding thitc quan trongsau
giutta cic (px) va (gx)

Pinh 1y 1.3

Pkk—1 — Pk-1qr = (—1)"=! - (65)

Tir d6 suy ra (pg,qx) = 1

DPinh1y1.4 Gid st (Cy) 1a ddy gidn phan cla lien phan s6 hitu han[ag; ay, ..., an).Ta
cd

_l)k—l
Cp—Crq1 = (I1<k<n)
qrqx-1
—~1)k
Ck—Ck_g—ak( ) (2<k<n)
Qrqk—2

Chitng minh Véi dang thtc thi nht ta ¢6

PrQk—1 — Pk—19k —~1)F-1
Cp— Cps = Pe-19x _ (-1)
9rqr—1 grdr -1

Véi dang thic thit hai ta ¢6

kQk—2 — Pk—2Gk
Ch — Chg = Pxq Pr—29
qkqr—2

Thay px = akpr—1 + Pr—2,Qr = Axqr—_1 + gr—2 Va0 tl s6 va 4p dung (1) ta thu duoc
diéu phdi chimg minh.

Tur dinh ly trén ta thu duogc két qua quan trong sau

Dinh 1y 1.5 Ta ¢6

Ci>C3>C5> -
Co<Coa<Cyp<n

Hon nuita méi gidn phan 1€ Cy;_; déu 16n hon mdi gidn phan chdn Coy;
Chitng minh Tit dinh 1y trén ta thdy néu k 18 thi C, < Ci_o va néu k chin thi
C > Cy_9. Ta lai c6 (ciing theo dinh 1y trén)

(_1)2m——1

Com — Com—1 = <0 Cop < Oy

2mq2m—1

Vay Cyj_1 > Coj_142: > Coj12: > Co

II. Lién phan s6 v6 han
Dinh 1y 2.1 Cho ag, a1, ay, ... 12 ddy vo han c4c s& nguyén véi a; > 0,4 > 1.
Pit
Ck = [(10; A1y ey ak]
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Khi d6 t6n tai giudi han

im Cy =«
k—o0

Ta goi o la gid tri cla lién phan s6 vo han [ag; a1, ap..,] va viét
a = [ag; a1, a2, ...
Chitng minh Theo dinh 1y trén ta ¢6

C1>C3>C5>+->Cop_1>Copy1> -
Co<02<C4<"'<Czn_2<02n<"'

Hon nita day (Cax41) 12 ddy gidm va bi chan dudi bdi Cp con diy (Cax) tang va bi
chan trén boi C; . Vay ton tai

lim Cyyr =, lim Cyp = a2
k—»c0 k—o0

Ta cin ching minh a3 = ap. That vay theo dinh 1y trén

1

Cokt1 — Copg = ———
92k+1G2k

D2 thdy (bang quy nap) gx > k. Do d6
lim O2k+1 t Cgk =0 a1 = Q9
k—co

Dinh ly dugc ching minh.

Dinh 1y 2.2 o = [ap; a1, a2, ...] 12 mot s6 vo ty,

Chitng minh Phan ching : Gid sk tédi lai @ = a/b € Q.Theo dinh ly trén
Con < a < Copy1. Vay '

1
0<a-Cup<COpy1—Cop=———&
q2n+4-192n
1
0 <a-— E%T—l < — &
q2n g2n+192n

Cho k — oo ta ¢6 mau thuln.

Nguogc lai ta ¢6 . _

Dinh 1y 2.3 Méi s6 vo ty déu biéu dién mot cach duy nhat dudi dang mot lién
phéin s6 vo han.

Ching minh a) Su t6n tai: Gid st @ = g 12 s6 vo ty. Ta x4y dung ddy
ap, a1, az, ... mot cich truy hdi nhu sau :

1
o — ak

ar = [ak]; Qp41 =
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Trude het ta thdy o = ag 12 s6 v6 ty do d6 ag # ap. Viy a; t6n tai. Gid sir ay, vO ty.
Suy ra a4 ton tai va la s6 vo ty. Tac6 0 < ax —ax < 1 Do dé agq = akiak >1
. Vay agy; = [agy1 2 1. Nhu vay tat i cdc s ag, ag, ... déu 12 s6 nguyen duong.

D¢ kiém tra duoc

a = [ag; a1, az, ..., Ak, Ok 11]
T d6
o — Cp = —kHt1Pk + Phi1
(k119 + Qr+1) Gk
— —(Pxk+1 — Pr—1x)
T (k1Gr + Grr1) Gk
_ (1) 1
(k108 + Q1) 9k

Vi aky1Qr + Gr+1)qk > Gk4+19k + Qo1 = k1 SUY T2
1

la — Ci| <
qkqk+1

(66)

Vay a = [ap; a1, ag, ...]-

Tiép theo ta ching minh bi€u dién la duy nhdt. Gid s& a = [ag;ay,az,..] =
[bo; b1, b2,...]. V1 Cp = ag,C1 = ag + 1/a; va gidn phan 1& 1én hon moi gian phan
chin nén

ap <a<ag+1l/a; = ap=|q]

Chd ¥ rang
a = [ag; a1, as,..] = lim [ag; a1, as, .., ag]
k00
1
k_)n;o(ao + la1, a2, .., ax]
1
=agp+ =bo+
°F fanan - O Bres )
Vi ag = bg = [c] nén tir suy ra
[al,az, ] = [bl, bz, ]
Gid sir ta ¢6 ax = by VA [akt1, Qk42, -] = [Bk+1,bki2,...]. Bang 1y luan nhu trén ta
thu dUQ'C A1 = bk+1 va
+ - b +
a —_— = —_
T larr2 aras T okgzs brtas -
Suy ra [ag+2, @k43, -] = [bk+2, bk+3, -..]- Do d6 bing quy nap suy ra ag = by Vk.
Vi du 2.1 Biéu dién /6 thanh lién phan s6 v6 han. Ta c6
1 V642
ag = \/6 = 2, Q= =
0= [V] Y 5
6+ 2 1
alz[\/—+ ]:27 Q9 = _—_\/6-{-2
2 a1 —ay
1 6+ 2
a2=[\/6+2]=4 Qg = :\/_‘ =«

1
Q9 — ag 2
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Vay a3 = a3 do d6 a3 = a1, a4 = ag, ..., Yy
V6 =12;2,4,2,4,2,4,..].

Chu §: Tinr ly thuyét lién phan s6 ta tim lai mot chimg minh khdc cta bé dé 1 (
Xem chuyén dé 2 : Phuong trinh Pell).
Cho o 1a mot s6 vo ty. Khi d6 c6 t6n tai vo s6 cap s nguyén duong(h, m) thda
man
h 1
a——<—
m| m

That vay Theo ( 66) ta ¢6 |a — Ck| = | — pr/gk| < 1/qkqk+1- Vi gk < gk+1 nén suy
ra

1
lo = pr/ael < —
‘

Vay ¢6 v s6 cap s6 nguyén duong (h,m) ma |a — h/k| < 1/m?

IIL. Lién phan s6 v6 han tuan hoan

Ta goi lién phan s6 vo han [ag; a1, az, ...] 1 tudn hoan néu diy (an) la tuén hoan
ké tir mot chi s6 nao do6 tirc 1a: ton tai s6 nguyén duvong m va k v6i moi n > mta
6 ap = antk. SO nguyeén duong k duge goi 1a chu ky. Trong trudng hop d6 ta viét

[ao; ai, a23 vory Am—1, Am; Am4 15 -0y am—f—k—ll

Bai todn dat ra 13 dac trung tat cd cdc s6 vo ty ¢ biéu dién lién phan s6 vo han tudn
ho#an. Ta ¢ khéi niém sau
- Dinh nghia S6 vo ty o goi la s6 vO ty bac hai néu né 1a nghiém clia mot tam
thitc bac hai v6i hé s6 nguyén.

Vi du 8.1 S6 vo ty @ = 2 ++/3 1a s6 vo ty bac hai vi n6 13 nghiém cla
22 -4z +1=0

B6& dé 3.1 S6 thuc o néu va chi néu ¢6 t0n tai cdc s6 nguyén a,b,c véi b > 0 va
khong chinh phuong,c # 0 sao cho

a—{—\/l_?

c

o =

Chitng minh Gia slt o 12 s6 v6 ty bac hai. Khi d6 t6n tai cdc s6 nguyén A, B, C sao
cho « 12 nghiém cla phuong trinh Az? + Bz + C = 0. Vay

—B++B? - AC
2A

a—.
Pit a = —B,b= B? — 4AC,c = 2A hoac a = B,b = B* —4AC,c = —2A Ngugc

lai néu
a+ b
c

=

thi o 12 56 v6 1§ va n6 [a nghiém clia phuong trinh bac hai c?z? — 2acz +a® ~b =0
B3 dé 3.2 Néu o 1a s6 vo 1y bac hai thi (ra + s)/(ta + u) cling 1a s6 vo ty béc
hai néu r, s,t,u la cdc s6 nguyén.
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Chung minh Gia st

Tinh todn cho ta

ra+s _ (ar+cs)(at + cu) — rtb + (r(at + cu) — t(ar + cs))vb
ta+u . (at + cu)? — tb?

Dinh nghia S vo ty
e

C

duoc goi la lién hop cla « va ky hiéu 12 o/

B6 dé 3.3 Néu s6 vo ty bac hai a 1 nghiem ciia phuong trinh Az? +Bx+C =0
thi lién hop clia nd cling la nghiém cGa phuong trinh d6.

That vay ara’ = 2a/c= —B/A,(a)(¢!) = a? - b/c? = C/A

Béing phép tinh ta dé thdy

B3 dé 3.4 Ta c6 cic hé thic sau

(axp) =d 4
(aﬁ)l O{I/B,

/
!

(5)=5

Ta c6 dinh ly co ban sau day do Lagrange tim ra
Dinh 1y 3.1 S6 vo ty a ¢6 biéu dién lién phan s6 tudn hoan khi va chi khi né 1a
sO vo tyu bac hai

Chitng minh Trudc hét ta ching minh ring néu o c6 biéu dién lién phan s6 tudn
hoan thi né 1a s6 vo ty bac hai.
Gia s

a = [a(); a1,0a2y .0y Am—1, O, ajm+17 ceey a'm—l-kj
Pat

ﬂ = [(lm7 Am4-1y -y am—i-k]
Khi d6 B = [am, Gm+1; -+ Am+k-3] do d6
— ﬁpk +pk—-1 (1)
Bk + pr-1
trong d6 px/qr VA pr-1/qx—1 12 hai gidn phan cubi cla {am, m+1, -+, Gmax) TU cONg
thie (1 ) suy ra
@B + (qr-1 — Pr)B — pr-1 =10
Vay [ 1a s6 vo ty bac hai. Ta lai ¢6 a = [ap; a1, ag, ..., @m-1, 0] do d6
o = ﬁpm-—l + Pm—2
Bam—1 + gm-2
do d6 theo bé dé ta ¢6 « 13 s6 vo ty bac hai.

Vi du sau day minh hoa cdch tim s& vo ty bac hai tir biéu dién lién phan s6 tudn
hoan cla né.
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Vi dy 3.1 Tim z biét rang z = [3;1,2].
Tacé x=[3;y] vdi y=[1,2]. Ta c6 y =[1;2,y] do d6
1 3y+1

Y 2+1 2+l

Suyra?2y? —2y—1=0. Viy>0nény=(14++3)/2. Viz=3+1/yneénta tim
duoc
2 4+42
1+v2 2
Dé ching minh ph4n nguoc lai ta cin bé dé sau
B& dé 3.5 Néu o 12 s6 vo ty bac hai thi n6 c6 thé biéu dién dusi dang

z=3+4

G PtV
- Q

trong d6 P, @, d 1a cdc s6 nguyén sao cho Q|(d — P?). ,
Chitng minh Ta ¢6 o = (a 4+ v/b)/c. Nhan ci tir va miu véi |c| ta dugc a =
(ale]+Vbc?)/cle|. Pat P = a|c|,d = bc?, Q = c|c| = £c?. Khidé d—P? = c(b—a?)
chia hét Q = +c?.
Gia sir o = o 1a s6 vo ty bac hai. Ta x4y duung day (ao, a1, ag, ...) nhu sau
Theo b6 dé trén ta c6 cic s6 nguyén Py, Qg va d sao cho ag = (Py 4 vd)/Qo.
Qol(d— PE). Ta dat ap = [ap) va x4c dinh Py = aQo — Po, Q1 = (d—P$)/Qo, 1 =
(P, ++/d)/Q; . Ti€p d6 dat a; = [ay]. Mot cch tdng quét néu c6

Py € Z,Qx € Z,Qx|(d — P?)
. (Pr + ) _
Qp = - QO = [Oék]

Qx

Ta s€ dat

Per1 = axQx — Py, Qug1 = (d — P21)/CQx,
Py +Vd
QAp41 = (il_*__l ak+1 = [ok+41]
Qr+1
Khi d6 tinh todn cho thdy
Qr+1 = (d — P?)/Qk + (2ax Py — a4 Qx)

do dé Qk+1 € Z va vi Qk-l»le = (d - PI?+1) nén Qk+1l(d — sz—i—l)'
C6 thé chitng minh duoc ring

a = |ap; a1,a2, ...]

va hon niia diy (a,) x4c dinh nhu trén la tudn hoan.
Vi du 3.2 Khai trién lién phan s6 clia s6 o = (6 + /28) /4
Tacd Py =6,Q0 = 4,d = 28,4|(28—62) = 8,00 = (6+v/28)/4, ap = [c0) = 2

.

va
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PL=24-6=20Q; = (28-22)/4=6,0; = (2+V28)/6,a1 = [o1] = 1
Py=16-2—4=14,Q;=(28—4%)/6=2,0; = (4+ v38)/2, a2 = [cz] = 4
Pa=42—-4=4,Qs=(28—4%)/2=6,03 = (4 +V28)/6,a3 = [az] = 1
Pi=16-4=2Qs=(28-2%)/6=4,0s = (24 V28)/4,a4 = [og) = 1
Ps=14-2=2Q5=(28—2%)/6=4,05=(2+v28)/4,a4 = [a4] = 1

Ta thdy P = P5, Q1 = Qs do d6 a3 = as va day tudn hoan chu ky 4. Ta c¢6

o+ 4‘/2_8 —[TETT

Tiép theo ta mudn tim diéu kién dé s vo ty bac hai c§ biéu dién lién phan s6 tudn
hoan ngay tir ddu , tic 1a diéu kién dé t6n tai s6 nguyén duong k sao cho an = an 4k
v6i moi n > 0. Ta c6 dinh Iy sau

Dinh 1y 3.3 S8 vo ty bac hai a ¢6 biéu dién tudn hoan ngay tir ddu néu va chi
nfua>1va-1<a <0

Ching minh dinh 1y nay kh4 phic tap nén ta bd qua.

Bay gids ta s& x4c dinh biéu dién lién phan s6 cla Vd.

Xéts6 o = Vd+[Vd]. Tac6 o/ = [Vd|—Vddodda>1va-1<d <0. Vaya
c6 biéu dién tudn hoan ngay tir ddu. SO hang ddu tién ap = [Vd+[Vd]] = 2[Vd] = 2a
véi a = [vd]. Ta cé

\/E+a = \/E_‘_ [\/&] = [2@, ay, a2, ---:an]

= [2a; a1, ag, ..., Gn, 2a; a1, G2, ..., Gn]

Suy ra

Vd = [a; a1, a2, ..., an, 20]
Phan tich c4n than hon ta cdn c6 thé ching minh duoc
aA] = Qp,a22 = Ap—1, -

tic 1a day (a1, .., an) d6i xtng,tic 1a né ¢6 dang

Vd = [a; a1, az, .., az, a1, 2a)
¥ d6 a = [/d]
Vi du 3.3

V23 =[4,1,3,1,8
V29 =[3;,2,1,1,2,10]
V31 =1[5T1,1,3,5,3, 1,1, 10]
V46 =106,1,2,1,1,2,6,2,1,1,2, 1, 12)
V76 =[8;1,2,1,1,5,4,5,1,1,2, 1, 16|
V97 =19;T,5,1,1,1,1,1,1,5,1, 18]
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IV. Ap dung vao van dé tinh gan dang.
B8 dé 4.1 Cho a = [ay,as,...] 1a mot s6 vo ty. Goi p;/q;(j = 1,2, ... 1a cdc
gian phan chia . Khi d6 néu 7, s 12 cdc s6 nguyén véi s > 0 thda mén

|sa —r| <lgra — pil

thi s > gk+1-
Chitng minh Gia st trdi lai 1 < s < gr41. X€t hé phuong trinh

DT + Pk41Y =T

kT + Qr+1Y = 8
Suy ra

(Pr+19x — PrQr+1)Y = TGk — 5Pk
Vi pr+19x — Pegr41 = (—1)F nén
y = (—1)*(rgx — sp)
Tuong tu ta c6
z = (—1)*(spr41 — Tqk+1)
Ta nhan xét ring z # 0,y # 0. Théat vay n€u = 0 thi spry1 = rges1- Vi
(Pr+1,Qre+1) = 1 D€N Qry1]|s — s > g4y i gid thi€t. Néu y = 0 thi r = prz,s =
Qi do dé6 )
| |sa — 7| = |a|lgre — pxl 2 |qro — pr|

Mau thuln.

Tiép theo ta chiing minh zy < 0. That vay y <0 = gxz = s — gr+1y > 0 > 2 >
0. N&u y > 0 thi Vi gry1¥ > gry1 > Stacé gz =5 — qr1y < 0=z <0.

Mat khic ta lu6n ¢6 pr/gx < @ < Dk+1/qk+1 hOAC Pr41/qri1 < @ < pi/gx nén
QkO — Pk VA Q410 — Pk+1 €6 ddu trdi nhau. Tir h¢ phuong trinh trén ta ¢6

|sa — 7| = |(gkz + grt+19) — (PrT + Pr+1Y)]
= |z(gxe — Pk) + Y(@r+12 — Pit1)]

Vi z(gra — pr)y(qrs1@ — pr41) > 0 nén z(gra — px) Va y(gr+10 — Pr+1) €O cling
ddu vay ’

|sa — 7| = |z||gre — Pl + |Yllgr+12 — Pr+1]
> |zl|gre — pil
> g — pil

Piéu nay mau thuiin véi gid thi€t.BS dé dugc ching minh.
Dinh 1y 4.1 Trong s6 c4c s6 hitu ty r/s x4p xi s6 v0 ty o v6i mau s6 s < gk thi
s6 hitu ty px/gx 12 x4p xi t6t nhat.
Chitng minh Gia sit s < gx va ta lai ¢6
la —r/s] <o —pr/gxl

Suy ra |sa — 7| < |gre — pl
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Pl=24-6=2Q,=(28~2%)/4=6,01 = (2+\/_)/6a1 [q] =1
Py=16-2-4=4,Qy = (28— 4%)/6=2,0 = (4 + v28)/2, 02 = [az] = 4
Py=42-4=4Q3=(28—4%/2=6,03=(4+v28)/6,a3 = [a3] = 1
Pi=16-4=2Qs=(28-2%)/6=4,a4 = (2+V28)/4,a4 = o] = 1
Ps=14-2=2Qs=(28—-2%)/6=14,05 = (2+v28)/4,a4 = [ag] = 1

Ta thdy P, = Ps,Q1 = @5 do d6 a; = as va ddy tudn hodn chu ky 4. Ta cé

6+\/_

=[2T4 11,1

Tiép theo ta mudn tim diéu kién dé s6 vo ty bac hai ¢6 biéu dién lién phan s6 tudn
hoan ngay tir ddu , tic 12 diéu kién dé ton tai s6 nguyen duong k sao cho an = anyk
v6i moi n > 0. Ta ¢6 dinh Iy sau

Dinh 1y 3.3 S8 vo ty bac hai o ¢6 biéu dién tudn hoan ngay tir ddu néu va chi
nfua>1va-1<a <0

Ching minh dinh 1y nay khé phic tap nén ta bd qua.

Bay gids ta s& x4c dinh biéu dién lién phan s6 cta Vd.

Xéts6 a=vVd+[Vd. Tacé6 o/ = [Vd|—vddod6a>1va -1 < <0. Vaya
¢6 bidu dién tudn hoan ngay tir ddu. S6 hang ddu tien ap = [Vd+[Vd]] = 2[Vd] = 2a
véi a = [V/d]. Ta c6

Vd+a=Vd+[Vd = [2a;a1, a3, -, ]

= [2a; a1, a2, ..., Gn, 20; a1, G2, ..., Gn)

Suy ra

Vd=la;a1,az, ..., an, 20|
Phan tich c4n than hon ta con ¢6 thé ching minh dugc
a1 = Gn, a3 = Gn-1, -

tic 12 diy (a1, .., an) d6i xing,tdc 12 né c6 dang

Vd = [a;a1, a2, ...,a2,a1, 2a]
3 dé a = [Vd]
Vi du 3.3

V23 =[41,3,1,8
V29 =[572,1,1,2,10
V31 =[51,13,5,3,11,10]
V46 =16;1,2,1,1,2,6,2,1,1,2, 1,12
V76 =[8:1,2,1,1,5451,1,2,1, 16|
V97 =1[9;1,5,1,1,1,1,1,1,5, 1, 18]
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IV. Ap dung vao van dé tinh gan dang.
B6 dé 4.1 Cho a = [aj,aq,...] 12 mot s6 vo ty. Goi pj/q;(j = 1,2, ... 1a c4c
gian phan clia o. Khi dé néu r, s 1a céc s6 nguyén v6i s > 0 théa man

|so — 7| < |gea — px|

thi s > gk+1-
Chitng minh Gid st trdi lai 1 < s < gx4+1. Xét hé phuong trinh

PE® + P41y =T

QkT + Qk+1Y = S
Suy ra

(Pr+19k — Prqk+1)Y = TGk — SDk
Vi prt19k — PrGe+1 = (—1)* nén
y = (—1)*(rgx — spx)
Tuong tu ta c6
T = (—1)k(3Pk+1 — TQk+1)
Ta nhan xét rang ¢ # 0,y # 0. That vay n€u z = 0 thi spg41 = 7gry1- Vi
(Pk+1, Gk+1) = 1 N€n gr41]|s = s > qry trdi gid thi€t. Néu y = 0 thi r = pyz,s =
grx do dé _
' |sa — 7| = |z||gka — px| > |gre — pi|

Mau thuan.

Ti€p theo ta chimg minh zy < 0. That vady y < 0 = gz = s — gr1y > 0 = 2 >
0.Néuy>0thi Vi gra1y > Qa1 >stacéd gz =35 —qgr1y <02z <0.

Mat khc ta luon ¢6 pr/gx < @ < Pk41/Gk41 h0AC Prt1/gre1 < @ < pi/qx nén
QrQ — Pk VA Qk4+1Q — Pk+1 €6 ddu trdi nhau. Tl hé phuong trinh trén ta ¢6

|sa — 7| = |[(qrz + grr19) — (PkT + Pr+1Y)]
= |z(gre — pr) + Y(@r412 — Prt1)|

Vi z(gra — pr)y(grs10 — Pr+1) > 0 nén z(gre — px) va y(grs10 — pr+1) €6 cung
ddu vay '

|sa: — 7| = |z||gre — p| + [Yllgr+12 — Pre]
> |z||gra — prl
> |gra — pr|

Diéu nay mau thuin v6i gid thiét.B6 dé duoc chimg minh.
DPinh 1y 4.1 Trong s6 céc s6 hitu ty r/s x8p xi s6 vo ty  v6i miu s6 s < g thi
s6 hitu ty pr/qx 12 x4p xi t6t nhit.
Chitng minh Gia st s < g va ta lai ¢6
la —r/s| < |o—pr/al

Suy ra |sa — 7| < |gra — Pyl
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Trai véi bé dé.
Vi du 4.1 Ta c6 biéu dién cla 7 12

7 =[37,151,292,1,1,1,2,1,3, ..]

Céc gian phan 1a 3,22/7,333/106, 335/113,103993/33102. Vay chang han trong s&
cdc s0 hitu ty x4p xi 7 v6i mau s§ khong 16n hon 113, thi 335/113 1a x4p xi t6t nhit .

V. Ap dung vao phuong trinh Diophant

a) Phuong trinh bac nh&t hai 4n Az + By = C

Chiing ta bi€t ring phuong trinh ¢6 nghiém néu va chi néu d = (A4, B) 1a u6c cla
C. Trong trudng hop ndy gid st A = ad, B = bd,C = cd thi (a,b) = 1 va phuong
trinh di cho twong duong véi

ar +by=c (67)
Néu (o, yo) 1a mot nghiém ctia (67) thi tdt ca cdc nghiém (z,y) cha (67) dugc cho
b&i cong thitc x = zg + bt; y = yo — at. Nhu vay viéc giai phuong tinh(67) quy vé
tim mét nghi¢m (o, yo) cha nd.
Xét phuong trinh

az +by =1 (68)

Néu (2o, yo) & mot nghiém cta (68) thi (czo, cyo) 12 nghiém cta (67). Thanh thir ta
quy vé bai to4n :

Cho (a,b) = 1. Hay tim mot nghiém cla phuong trinh (68).
Ta biéu dién s6 a/|b| thanh lién phan s& hitu han

a
m = [ao;al, az, "'7an]

Goi pn—1/gn—1 V2 pn/gn 12 hai gidn phan cudi cling cla lién phan s6 nay. Ta c¢6
a/|bl = pn/gn, (a,b) = 1,(pn,qn) = 1 0én a = py, |b| = gn. Theo dinh ly 1.3 ta c6

PnGn—-1 — Pn-1Gn = ("‘l)n_l —
agn-1 — Blpr—1 = (~1)" =
a(—1)" " gn_1 + b](—1)"pn-1 =1

Vay: Néu b > 0 thi phuong trinh (68) ¢ mot nghiém la
z=(=1)""gn-1;9 = (=1)"pn-1
Néu b < 0 thi phuong trinh' (68) c6 mdt nghiém la
z=(=1)""go1;y = (1) pns

Vi du 5.1 Giai phuong trinh 342z — 123y = 15
Gidi Vi (342,123) = 5 nén phuong trinh da cho twong duong véi 114z — 41y = 5.
Ta biéu dién s6 114/41 thanh lién phan s6
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Ta co
114 = 2.41 + 32
41 =1.324+9
32=39+5
9=15+14
5=14+41
4=14.1
Do vay
62
2;1 1.4
23 [ 3]" )]

Tacén=50ps/g = 1[2,1,3,1,1] = 25/9. Vi b= —41 < 0 nén mot nghiém ca
phuong trinh 114z —4ly=1laz =g =9,y = 25. Suy ra mét nghiém ctia phuong
trinh 114&' 4ly =51z = 59 = 45,y = 5(25) = 125. Nghiém t6ng quét ca
phuong trinh di cho I

r =454 41t
y =125+ 114t

véi t € Z.
b) Phuong trinh z2 — dy? = +1

B& dé 5.1 Chodlas6 khéng chinh phuong. Gid sit Pk, Qk, ok, ak 12 cic s6 xdc
dinh trong viéc tim khai trién lién phan s6 clia v/d ( xem b8 dé 3.5).

o = (B +vd) ax = o]
Qk
Pir1=axQr — Pry, Qiy1=(d— P21)/Qx,
Qpy1 = (Pkg + \/_) ak+1 = {ak—H]
k+1

Gia str pg /qx 12 gian phan thi k cla v/d. Khi d6
pi —dgi = (-1)*"'Qrn1
Chiing minh Vi Vd = ag = [ag;a1,0az.;;;.0k-g11] Dén theo dinh 1y ta c6

Vd = ag = Ok43Pk + Pr-1

Qr419k + Gr—1

Vi a1 = (Peg1 + V) /Qry1 1a ¢6

Vi = (Pet1 + Vd)pr + Qr+1Pe—1
(Pry1 + Vpr + Qr+1qk-1

Do d6

ngy = (Pes19k + Qrr15-1)Vd = (Pr+1pk + Qry1Pk—1) + PrVd
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Tir d6 suy ra ( dov/d ¢ @)

ngx = Prt1Px + Qk+1Pk—1, Pr19k + Qr+1qk—1 = Px-
T d6 ( nhan phuong trinh ddu véi g, phuong trinh thit hai véi pg, rdi trit cho nhau
ta dugc

Ph — dgt = (Prqk-1 — Pr-1k)Qk+1 = (=11 Qx1
Pinh 1y 5.1 Gia s& chu ky cda biéu dién lien phan s6 cla v/d 1a r. Goi p/q; 12
gidn phan tht k cliay/d. Néur chin thi z = per_1,y = g1r_1, (£ = 1,2, ..., ) 12 nghiém
cla phuong trinh Pell 22 — dy? = 1. Néur 18 thi z = par—1,y = qoer_1, (t = 1,2,...)
12 nghiém clia phuong trinh Pell 22 — dy? = 1.

Chitng minh Vi Vd=0++vd/1nén Qo=1— Qi = Qo =1 Vk. Theo bd
dé 11t cb

pzr—l - dq‘lir—l = (—'1)}”_2(’2167‘ = (_1)kr
Thanh thit néurchdn thip? -, —dg?._, =1 Vk € Nnéurléthithipd, ,—dg,_, =
L(t=12..)4
B4 dé 5.2 Qi # 1 véi moi i=1,2,.... va Qr = 1 khi va chi khi k chia hét cho r
Chitng minh Gia st ton tai i d€ Q; = —1. Suyra a; = =P, — vVd. Vi a; ¢6
biéu dién lien phan s& tuin hoan ngay tir ddu nén —1 < (og) = =P, +vd < 0 va
Oéiz—Pi——\/C—l>1. Suyra

\/E<Pi<—l—\/a

Mau thun.
Gia st k = tr.Véi ag = [V/d] ta c6

Vd = ao; a1, ..., ak-1, ] == [ag; a1, --., ar, 200
Suy ra o = (Zao, 31, 7) = ao-+[a0; 31,y 3, 980) = a0+ VA = (Putv/d)/ Qi
Qrao + QxVd =P + Vd © Qr = 1,00 = P4
Paolainfu Qy =1. Tacé ap = P +vVd > P, Viog = lak, ak+1,---] 12 tudn
hoan ngay tir ddu nén —1 < (o)’ = Py — vd < 0 = v/d — 1 < Py < v/d Thanh thit
[Vd] = Py = ao. Suy ra oy = P, +vVd = [Vd| + Vd = [2ag, a1, .., ar]

. Taco

Vd=a=ao;a, ..., ax_1, 2] = [a0; a1, ..., a1, 2a0, a1, ..., ar] = [ao; a1, ..., Gr, 200

Vay k phai la bdi cua chu ky r. ,
Pé ching minh day 13 tdt ca cdc nghiém cha phuong trinh Pell ta cdn cdc bé dé
sau

B8 dé 5.3 Cho o 12 mot s6 vo ty va /s 12 s6 hitru ty t6i gidn véi r > 0 va
la —r/s| < 1/(25%)

Khi d6 r/s phai 1a mot gidn phan cua c.
Chung minh Gia st r/s khong 12 gidn phan khi d6 t6n tai k sao cho

QG < 8 < Q41 (69)
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. Theo b8 dé 1 ta c6
gk — el < fsa— 7] = sl — /5] < 1/(29)

Suy ra
oo = pe/a| < 1/(2sqk)
Viring |spx — 7qk| = 1 nén ta c6

2« | 5Pk — gl
Sqk Sqk
P T

G S

< [ —_—
2sqr 252

Vay 1/2sqx < 1/232 — 2sq) > 252 — g > s trdi v6i (5).
B& dé 5.4 Gié sir z, y 1a céc s6 nguyen dwong sao cho 22 —dy? = n va |n| < Vd.
Khi d6 /y 1a mot gidn phan cha /d.

Chitng minh Xét truuwdong hop n > 0 Ta ¢6 (z +yVd)(z —yvd) =n — z >
yvd <« 0 < z/y —Vd. Lai ¢6

T _ G-Vl
Yy Yy
_ z? — dy?

y(z + yVd)
S Y2
o Y4 _ 1
2y2\/d T2yl

Theo b8 dé 5.3 thi 2 /y 12 mot gian phan chia v/d
Gid stt n < 0. Khi d6
v~ (1/d)2® = —n/d
Ta ¢6 —n/d > 0,—|n|/d < 1/v/d Vay theo budc trudc y/z 12 mot gidn phan cla
1/+/d. Nhung khi d6 z/y = 1/(y/z) 12 mot gidn phan cta 1/(1/(Vd) = Vd
Pinh 1y 5.2 Cho phuong trinh Pell

z? — dy2 =1.
Goi 7 1a chu ky ctia biéu dién lién phan s6 cla v/d .
Né&u r chin thi tdt cd c4c nghiém clia phuong trinh Pell 1a
T =Pkr-1,Y = Qkr-1

. Néu r 1€ thi tdt ca cdc nghiém ctia phvong trinh Pell 1& © = pogr—1,y = @or—1, T €
N* ‘ .
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Chiing minh Gia st (z,y) 12 nghi¢ém cla phuong trinh Pell.Theo bé dé 5.4 t6n

tai i dé z = p;,y = q;. Tu do

pl—dgl =1
T bd dé 5.1 ritra (—1)7 Qi1 =1 = Qiy1 = £1. Vi Qr41 # —1nén Qiy1 =1
viild. Theobd dé 52 taritraténtaiki+1=kr —i=kr—1 va kr chin. Thanh
thire néu r 1& thi k chan, k=2t.

Xét phuong trinh

ot —dy? = -1 (5.1)
Ta c6 két qua sau.

Pinh 1y 5.3 Phuong trinh z? — dy? = —1 c6 nghi¢m khi va chi khi chu ky r
clia biéu dién lién phan s6 clia V/d 1a s6 1&. Trong trudng hop 4y cic nghiém cta né
[ & = ptr—r-1),¥ = d@tr—r—1) VO 1=12,...

Chitng minh: Tit b dé 5.1 dé thdy n€u chu ky r clia biéu dién lién phan s6 cla
Vd 13 56 18 thi & = p(agr—r—1), ¥ = 4(2tr—r—1) VOi t=1,2,... 12 nghiém.

Gi sit (z,y) 12 nghiém cha phuong trinh (5.1). Theo b8 dé 5.4 tén tai i dé
T =pi,y =g Tudé

p} —dgf = -1.
Tir bd dé 1 ridt ra (—l)i_lQH.l =—1—= Qir1 = 1. Vi Qi1 # —1nén Qi+1 =1
va i chin.Theo b d& 5.1 ton tai k € Nsao cho i + 1 =kr =i =kr—1va kr 1.
Thanh thire néu r chan thi kr luon chdn do d6 phuuong trinh vo nghiém.

Trong trudng hop 7 1¢ 1y luan tuong ty nhuu trong trudng hop phuong trinh Pell
2% — dy? — 1 it ca cac nghiém phai ¢6 dangz = prr—1, Y = Gkr-1 trong d6 kr 1€ tic
12 khi k & hay x = P2tr—r—1) Y = q(2tr—r—1) véi t=1,2,...

V.I Phan tich mét sd ra thifa s& Cho s6 nguyen duong n.Ta ¢6 nhan xét
sau : Néu tim dugc hai s6 nguyén duong thda min z° = y? (mod n) v6i z —y V2
2+ khong chia hét cho n. Khi d6 u = (z—y, n) va v = (z +y,n) 1a cdc udc khong
t4m thudng ( tic la khong bing 1 hoac n clia n). That vay ta ¢6 (z — y)(z +y) chia
" hét cho n. Vi x-y khong chia hét cho n nén u #n, Néuu =1 suy ra z +y chia hét

cho n, trai gia thi€t. Tuong tu v # 1. :

. Gia sit pk, gk, P, Qx 12 cdc s6 c6 duge khi tinh cdc gidn phan cla Vd. Theo
dinh 1y ta c6

pr = (=1)*"'Qxs1 (modn)
Néu ta tim duogc k 1& va Qg1 = s2 12 s6 chinh phuong thi ta ¢6 thé dung hai s6
u = (px — s,n),v = (px + s,n) la cdc udc cla n néu ching khac 1 na chinh n. Nhu
vay thuit todn nhu sau:

- Trong diy Q@ v6i k chin ta nhat ra cic s6 chinh phuong.

- Gia sut Qi = s2, k chan : xét cic s6 pg_1 £ s - Kiém tra xem c6 sO nao chia
hét cho n khong

~ _Néu ching khong chia hét cho n thi ta ding thuat todn O co lit dé tim u =
(p + 5,m),v = ((pr — 5,n). Khi d6 v, v chinh la cic thira s6 cha n

Vi du 6.1 Phan tich 1047 ra thira s6. Taco Q1 = 13,Q2 = 49 = 72Ta
6 pp = (-1)2Q2 (mod n), p1 = 129 Viy (129 — 7,1037) = (122, 1037) =
61,(129 +7,1037) = (136, 1037) = 17Ta c6 61.17=1037.

Vi du 6.2 Phan tich ra thira s6 1000009. Tacé6 Q = 9,Q2 = 445,Q3 =
873, Q4 = 81 = 92Tuy nhién p3 + 9 = 2000009 + 9 chia hét cho 1000009. Ta lai tiép
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tuc tim c4c s6 Qj chinh phuong ma k chin. Ta tim dugc Q18 = 16 = 42, Khi d6 py7 =
494881. va (494881 — 4,1000009) = 293, (494881 + 4, 1000009) = 3413. Thanh thir
1000009 c6 hai wéc phan biét 1a 293 va 3413. Ta ciing thdy (293)(3413)=1000009.




