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L&i gidi thicu

Trong cac ki thi tuyén chon hoc sinh gidi toan qudc, qubc té, cac bai todn s6 hoc thisng
déng vai tro quan trong. Nhiéu nam vita qua, nhitng bai toan s6 hoc thuong la vé cic bai
toan phan nguyén (nhu ki thi chon ddi tuyén todn Viet Nam nam 2011). Vi vay nhém hoc
sinh 16p 10A1 Toan chiing em viét chuyen dé nay dé néu ra céac ¥ kién, kinh nghiém va mot
s6 két qua vé phan nguyén. Trong chuyeén dé ching em c6 chia lam cac muc sau:

1. Mot sb ting dung ctia dinh 1y Legendre.
2. Mot s6 bai toan vé tong phan nguyen.
3. Mot s6 bai toan ting dung.

Tuy chuyén dé da dugc chinh sita bdi nhing thanh vién trong nhém ciing nhu béi thay
gido huéng dan song kho tranh khoi sai s6t. Chung em xin chan thanh cdm on nhiing
déng gop tur cac thay co gido va cac ban hoc sinh. Moi ¥ kién déng gép gii vé dia chi
anhemkhtn01@gmail. com.
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1 Mot vai kién thic co ban vé phan nguyén

1.1 Dinh nghia

Dinh nghia 1.1.1. Cho x la moét so thuc. Ta ki hiéu s6 nguyén lon nhat khong vugt qud
la |z], va doc la “phan nguyén cia sé thuc x”.

Dinh nghia 1.1.2. Ki hiéu {x} = x — || la phan 1& cia so thuc z.

1.2 Tinh chit co ban

Nho dinh nghia 1.1.1 ta rit ra duge nhing tinh chat co ban sau:

1. |z] < x va tit d6 ta ciing c6 duge hai bat dang thiic sau:
(a)
>l < [S| g
i=1 Li=1

(b)

LxJ%ﬂ%J = |22] 2)

Ap dung déng thic (2) ta c6 két qua tong quat sau:

Dinh 1y 1.2.1 (Dong nhat thiic Hermite).
1 2 n—1
|z ] + {x—i——J + \:’E—F—J + ...+ LWF—J = |nz|
n n n
3. Cho a, b 13 hai s6 thiyc théa man a + b € Z nhung ab ¢ Z. Khi d6 ta c6 dang thiic sau:
la] + [b] =a+b—1. (3)

4. Cho a,b 1a hai s6 thiyc théa mén a — b € Z nhung a,b € Z. Khi d6 ta cé dang thiic sau:
la] = [b] = a—b. (4)

5. Giast 0 < a € Rvan e N. Luc dé |2] 1a sb tat ca cac s6 nguyen duong la boi clia n
nhung khong vugt qua a.



2 Mot s6 ting dung ctia phan nguyén

2.1 Dinh ly Legendre

2.1.1 Mot sbé tinh chit co ban cia dinh ly

Goi e,(n) 14 s6 mil clia p trong phan tich tieu chuan ctia n. Khi d6 ta c6 cac tinh chat sau:
1. ey(n) 1a ham sb cong tinh:

ep (nin2) = e, (n2) + €, (n2) (5)

2. Goi 7, (n) 1a 86 cac cap s6 tu nhién ¢6 thit tu (o, m) sao cho p*m = n. Khi d6
ey (n) =1,(n) (6)
Hai tinh chat trén gan nhu hién nhien va ¢6 thé ching minh truc tiép tit dinh nghia. Ap
dung hai tinh chat nay ta sé ching minh dude mot sd két qua dep sau day:
Dinh 1y 2.1.1 (Dinh Iy Legendre). S6 mii ciia p trong phan tich tiéu chuan cia n! la:
n
o= | 2] )
a>0 p

Loi gidi. Ta sé sit dung hai tinh chat (6) va (7) dé chiing minh dinh ly nay. Ta c6

ep (n!) = Zep(k) = ZTP (k) = Z Z 1

k<n k<n k<n (a,m)

pém=k
=2 1= >
(a,m) a>0 mg%
p*m<n P

]

Chiing minh sit dung hai he thit (6) va (7) cho ta cdch nhin mdéi vé phép chiing minh dinh
ly Euclide vé s6 nguyén to:

Dinh ly 2.1.2 (Dinh Iy Euclide). Ton tai vo han s6 nguyén to.

Trude hét ta c6 mot sé6 nhan xét sau:
Nhan xét. Siu dung ki hiéu e, (n) ta co:

n! = Hpep(n!) _ Hpep(n!) (8)

p|n! psn



Nhan xét. St dung dinh 1y Legendre va tinh chat cia phan nguyén ta c6 bat ding thiic
sau: . .
e, (nl) = FJ S PE— 9)

Ta sé ap dung vao chitng minh dinh 1y Euclide:

Loi gidi. Gia sit c6 hitu han s6 nguyén t6 p. Thay (8) vao (9) ta c6 duge bat déang thiic sau:

hoac la

Vn! < pr%l (10)

Nhung theo mot két qua quen thuoc ta c6: lim +/n! = +o0o ma chi c¢6 hitu han s6 nguyén

T—+00
t6 p nén khi ta cho n — 400 & ca hai vé ctia bat dang thiic (10) ta c6 vé trai tién dén +oo
con vé phéai tién dén mot hang s6. Dicu d6 dan dén mau thuan. O

Bat dang thiic (9) c6 rat nhidu ing dung va ta sé xem xét cac bai toan lien quan dén bat
ding thic nay trong phan tiép theo.

2.1.2 Ij’ng dung cua dinh ly Legendre trong cac bai toan

U’ng dung trong chia hét ctia dinh 1y Legendre

Bai toan 2.1.1. Gid st m,n la hai s6 tu nhién sao cho m khong cé wdc nguyén té nao bé
hon hodc bang n. Ching minh rang:

n—1
M = H m' — 1

=1
Loi gidi. Xét p 1a mot s6 nguyen to bat ki, p < n. Theo gia thiét ta c6 ged(m,p) = 1 nén
theo dinh 1§ Fermat nhé thi m*®~Y — 1ip v6i moi s6 nguyen duong k. Vi sb cac boi sb ciia
p — 1 khong vugt quan — 1 la LZT_IJ neén e,(M) > {n—lJ

1 p—1 |
Theo bat ding thic (9), s mil clia p trong phan tich tiéu chuan ctia n! la:

o) =3 L%J <

k=1




Ta sé ching minh e,(n!) < e, (M).
Gidasin—1=t(p—1)+s,t= LEJ ,0<s<p—1
Khi d6

n s+ 1 n—1
n=tp—1)+s+l=—=t+—-<t+1= +1
p—1 p—1 p—1

Tt d6 ta nhan dugc: e,(n!) < e,(M) v6i moi p nguyén t6, hay M:n!.
Bai toan 2.1.2. Tim n € N thda man: 2" *|nl.

Chiing minh. Ta chia bai toan thanh cac truong hgp sau:

1. Néun =2m+1 ta co: (2m + 1)!:22™. Khi do:

(Theo bat dang thic (9)) =n — 1
Nhu vay véi n = 2m + 1 thi diéu kién da cho khong théa méan.

2. Néun = 2/(2m + 1), véi m,t € N*, ta co:

Vay khi n = 2!(2m + 1) thi bai toan khong théa man.
3. Néu n = 2!, ta co:
er(nl) =6 (2) =2""4+2"7+ L 4241=2"-1=n—-1

Vay khi n = 2¢ thi bai toan dugc théa man.
Két lugn. Khi n = 2t thi 27~!|nl.

V6i cach lam tuong tu ta c6 dude dap sd cho bai toan sau:



Tim n € N théa man: 3" |n!

Tuy nhien khi thay tat ca cic truong hop n = 3m+1,n=3m+2,n = 3" n=3'3m+1),n =
3'(3m + 2) thi tat ca cac gia tri tren déu khong thoa méan bai toan.
Tt hai truong hop cu thé & trén ta cé bai toan tong quét sau:

Bai toan 2.1.3. Cho p la mot s6 nguyén to. Tim n € N sao cho: nlip"~!
Goi . Lam tuong tu hai bai toan trén, ta co:
1. Néu p = 2, theo bai toan trén ta c6 n = 2' v6i t 14 nguyén duong.
2. Néu p nguyeén t6, p > 3, ta thay khong c6 n nao théa man diéu kién bai toan

]

T bai todn trén, nhan thay sé mi n — 1 clia p chua di “t6t” dé bai toan théa man. Do do
ta ¢6 mot bai toan mdéi nhu sau:

Bai toan 2.1.4. Cho n la mot so tu nhién va p nguyén to. Tim k nguyén duong lén nhat
théa man: nl'p"

Goi 3j. Dé k 16n nhat thi n phai c6 dang p' (v6i t nguyén duong).

Do doé:
e,(n) > k=k< ) p'=
, p—1
=0
. pt—1
Vay gia tri 16n nhat cta k 1a 1 m
p —_—

Ta c6 thé tong quat hoa bai toan theo hudng sau:

Bai toan 2.1.5. Cho p nguyén to, ai,as, ...,a, la cic so nguyén duong (n > 1). Tim k
nguyén duong lén nhat théa man:

ke
ailas!...a,!:p

Ddp so6. Gia tri 16n nhat cta k 13

kmax = iipij_l

j=1 1=1
trong d6 4; la s6 thda man: a; = p'i,Vj =1,n O
Bai toan 2.1.6. Chiing minh rding

(3n)!

A= eN

n!(n+ 1) (n+2)!

vdi moi so tu nhién n > 3.



Loi gidi. St dung dinh 1y Legendre, tu tudng chitng minh ctia bai toan sé 1a chitng minh bat
déng thic sau ding v6i moi p nguyeén to:

ep ((3n)) = e, (n!) + e, (n+ 1)) + e, ((n+2)!) (11)
That vay, ap dung dang thiic (2) ta c6, v6i moi s6 nguyén t6 p > 3 thi:
an n n 1 n 2 n n+1 n+2
i I i - +
p p p 2 p 3 p p p
Vay bat dang thitc (11) dang v6i moi p nguyén t6 18. V6i p = 2 dé dang thay (11) ding. Do
d6 véi moi 7 € N ta co:
fmJ n {n—l— J {n%— J
— | ==+ - + -
P’ D" P P

Sl sl sl

i=1 =T - i=1 =1

Nhu vay:

Do d6 bat dang thitc (11) duge chitng minh, cho ta thiy dugc s6 mii ctia p bat ki trong
phan tich tiéu chuan ciia (3n)! 16n hon trong phan tich tiéu chuan cta n! (n + 1)! (n + 2)!
nén A € N v6i moi n € N*,n > 3. O

Nhan xét. V6i phuong phap tuong tu ta c6 dude bai toan sau:
Bai toan 2.1.7. Vdi moin € N,n > 6 th

B 12. (5n)!
B = D 2 ()t a) <

Tong quat hon nita ta sé c6 bai toan md tha vi nhu sau:

Bai toan mé 2.1.8. Tim k,m tot nhat sao cho k +mmin théa man: véi p,n € N*, p la s6
nguyén to thi:
k. (n)!

nln+ D! (n+2)L..(n+p—1)! €N

Trong [5], ¢6 bai toan sau:
(2m)!(2n)!
mlnl.(m+ n)!

Bai toan 2.1.9 (IMO 1972). Cho m,n € N, chiing minh rding: eN

Céac ban c6 thé tham khio 15i gidi trong [5]. Nhan day chiing t6i c6 bai toan md kha thu vi,
va chua c6 1oi giai:



Bai toan md 2.1.10. Tim cdc so thuc duong m,n théa man:

(2 [m))1(2 [n))
L)+t €

Bai toan 2.1.11 (Ung dung clia nguyen ly so sanh s6 mii v6i phuong trinh nghiém nguyén).
Gidi phuong trinh nghiém nguyén duong: (a — b)® = ab.b®

Loi gidi. Néu goi p 1a u6c nguyen t6 clia a thi tit phuong trinh da cho ta thay plb.

e Néu a,b 1é hodc a, b khac tinh chén 1é: ta thiy hai vé clia phuong trinh khac tinh chén
1é nén phuong trinh vo6 nghiém

e Néu a,b chin: Dit a = 2%.u,b = 2%.v v6i u,v 18, a, B > 1.

1. Néu o = 3 = s6 mii cia 2 trong (a — b)® sé& > aab.
= ab+ fa=ala+0b) > aab > a(a +b)

Tt d6 ta c6 dude a = b = 2 nhung khi d6 vé phai ctia phuong trinh bang 4 con vé
trai bang 0, mau thuan.
2. a # (. Khong méat tinh tong quat, gid sit @ > 8 > 1. Khi d6 o > 2.

=ab+fa=pPab= (fa—a)b—1)=a=>a>pa—a>a—«
=2a>a=2u>2=a>21=a<2

Tudotact:2<a<2nétna=2=u=0=1=a=4,b=2.
Két luan: phuong trinh ¢6 hai nghiem (a,b) € {(4,2);(2,4)}. O

Bai toan 2.1.12 (Ung dung ctia dinh 1y Legendre két hop véi he dém co s6). Gid st
m! =242k + 1);m, k,p € N. Chitng minh ring ton tai vo han m € Nx sao cho:

m—1=1"+22+3%+ ... +2011%°"

Loi gidi. Gia st trong he dém co s6 2, m c6 biéu dién dudi dang:
n
m = GpGp_1-..010Gg|y = Zaﬂ”
=0

Theo dinh 1y Legendre ta cé:

=) =30 |2 =3 L;J:j{iw-kJ -y { ” 2J )



Mat khac, do {ai Qi_kJ = 0 nén ta co:

k=i+1

Z { Z J Xn: {aQiQ—iJ = Zno {ai.Zi (1 —%

1=0 1=0 k=1

~
| I
I
3
|
3
o
&

Vivay: m—1= a;. Khi d6 bai toan trd thanh:

M: Il

=0
n

Chaing minh rang ton tai vo han bo so (a;);_, sao cho: Zai =1'+22+ 3% + ... +2011°"
1=0

ma dic¢u d6 hién nhién.

Do dé bai toan duge chitng minh. O

2.2 Mot sb bai toan vé tinh téng phan nguyén

2.2.1 Tinh téng phan nguyén dwa trén nhimg tinh chit co ban

Mot vi du don gidn ctia viéc ting dung dong nhat thic Hermite:

Bai toan 2.2.1. Tinh ting Y VHJ
j

0<i<j<n

Loi gidi. Ta co:

5

3

( Z \‘x + ZJ) = Z |z] = n|z](Theo dong nhat thitc Hermite)

0<i<j<n i=1 \o<i<y b/ =1
[
Ta ¢6 mot ting dung noi tiéng clia dang thic (2):
Bai toan 2.2.2 (IMO 1968). Vdi x € R, ching minh ring:
|2k
> {WJ = |z}
k=0
Loi gidi. Ap dung tinh chat (2) ta co:
2|z 4 2* - T 1
e M P
=0 k=0
(| T
-2 (|- [=))
k=0
= [z]
]

10



Nhan xét. Tuong tu ta cé dude ding thitc méi sau:

. |z+3F 2 |z +2.3"
Z{ngJ—FZ{ Jht1 sz
k=0 5—0

Téng quat hon nita ta ciing cé:

véimoin € R,m e N,m > 2.
Tit day, két hop tinh chat (2) va hai cong thiic t6 hop:

s
Cc2k =21

k=0

L] 1 nmw
C3k = = (2” 2 —>
Z " 3 + 2 cos 3
k=0
Tit hai dédng thiic nay ta c6 dude nhitng bai toan hay sau:

Bai toan 2.2.3. Ching minh rang:
1. Biét ring m,t,y, 7,1, k,x € N*;m,t,y > 2

11

(13)



Loi gidi. St dung hai dang thiic t6 hop (14), (14) va (13) ta c6:
1. S dung dang thitc (13), bat ding thiic thit nhat tuong véi:
L(p =) n] + [n] < [pn]

Ma bat ding thitc trén chinh la hé qué ciia bat ding thitc (1) nén ta c6 didu can chiing
minh.

2. Stt dung dang thic (13) ta c6 (16) tuong duong véi:

Day chinh la dang thiic (14).

]
Bai toan 2.2.4. Tim n € N,n chia 6 du 3 théa man
L% oo m—1 Cgk
+gm
DBHUE=E
t=0 =0 j5=0
la 56 chinh phuong.
Loi gidi. Cha y rang
L%J oo m—1 . L%J
CSk i 1
L—" Jm mZHJ ==Y OF= 3 (2” + 2cos ng) =A
t=0 i=0 ;=0 & k=0
3]
Chon =6k+3taco: A=2 Z 2
t=0
Dé thay A:2 nhung A /4 nén A khong 1a s6 chinh phuong. O

Nhan xét. Ti dang thitc (13) ta c6 the tao ra nhiéu bai toan hay.
Ta xét tiép cac ting dung khi 4p dung hai dang thic (2),(3).

Bai toan 2.2.5. Chiing minh ring L(Q - \/ﬁ)nJ la. mot s6 16 vdin € N, n Ié.
Loi gidi. Cha ¥ ring (2 —v/2)" + (2 +v/2)" 1a mot s6 nguyen, ta c6

Kz—\/i)nJJerJr\/i)nJ :(2—\/§>n+(2+\/§>n—1:2A—1

12



Ap dung déng thic (3) ta co:

{(2-v2)'}+{(2+v2) } =2a-(a-1) =1 (17)

Dang thitc (17) cho ta bai toan sau:
Bai toan 2.2.6. Cho hai ddy so:

n n

{(2_\/5)219+1} »Yn = {(2+\/§)2k+1}

Ty =

Chiing minh rang véi moi k € N thi hai day x,,y, la phan hoach cia tap cdc s6 nguyén
duong.

1 5= 1
{(2_\/5)21@+1}’ {(2+\/§)2k+1}

Lo giar. Dat a = . Khi do6 theo bai toan 2.2.5 ta c6

NS
a B
Chu y ding dang thiic (3) ta co: | 2] + {%J = n — 1 véi moi gié tri cia n nguyén duong. Tu

do ta c6 diéu phai chitng minh. O

2.2.2 Tinh téng phan nguyén dwa vao tinh chia hét
Tinh chét (4) tuy don gidn nhung cho ta hé qua dep mat sau: Vf(z) théa man:

fR)+flp—Fk)p
f (k) fp
v6i moi k nguyén duong théa man 1 < k < p — 1 va p nguyén té. Khi doé:

1f(:C p—1

pl\‘ J p—
1 :1p

Tr= x

I(S”)l s V?J)

Pl n
Bai toan 2.2.7. Tinh tong { J vdi n nguyén duong va p nguyén to.
1

k=

13



Loi gidi. Ta chia bai toan thanh cac ¥ nho hon nhu sau:

p—l k3
1. Xac dinh Z {—J
k=1

p

. k? k)’ kK (p—k)
Lai gigi. Ap dung (3) ta c6 {—J + \‘(p ) J = —+ (= F) —1v6imoi k € Nva

1<k<p-—1
T do suy ra:

p—1 \‘ng p—1
k=1 p 1
1

1 .

2. Tinh f (p) = V—J véi p 1 s6 nguyen t6 dang 4k + 1.

; p
=1

p—1 .3
Loi gidi. Chu y rang theo bai toan trén thi f (p) = Z \‘Z—J sau khi tinh ¢6 dap an la
i=1
mot da thite bac 3 ddi v6i p nén ta dy doan dap an bai toan nay 1a mot da thiic bac
hai véi p.
Chu y rang f(5) =4, f (13) = 44, f (17) = 80, f (29) = 252. Ta sé chiing minh f (p) =
(p—1)(p—2) Z p—1

3 ~p 2
Xét hé thang du modulo p:

p—1)\°
12,22 .., (—) (18)
2
p+1\° 2
LR - (19
Nhan thay rang v6i mdi ¢ thuoc (18) luon ton tai duy nhat j trong (19) théa man

.2 .2'
1“4 9.
That vay, vi p = 4k + 1 nén ton tai = sao cho 22 +1 =0 mod p va v6i i thi Ji; thoa

14



méan ii; =1 mod p véi i € {1,2,....,p— 1}
Ta co:
2+ 72 =0 (modp) < (i1j)* +1 = 0 (modp)
& (1)) = 2* (modp)

[z’lj’ = z (modp)

é -/ /4 = O d
i1j" = —x (modp) It (modp)

Nhu vay mot trong hai s6 j” hoic 5" 1a s6 j duy nhét théa man. Ap dung (3) tuong tu
nhu bai tap trén ta co:

I
gl
A/~

O
Bai toan 2.2.8. Chiing minh ring vdi p la s6 nguyén to 1é thi:
Pl —k pai
== (modp)
— P
P
Chaing minh. Xét ham sb f(z) = ]% Ta c6 (2P + (p — x)P)ip? v6i moi p 1é, x nguyén duong
nho hon p. Ap dung nhan xét trén ta co:
p—l kP 1 p—1 kP p—1 ., 2
B B
| = =
k=1 p p k=1 p 2 p k=1 p 2p
Suy ra:
p S| = -
-1 LP — P 2
Vay ta c6 diéu can chitng minh. O

15



Nhan xét. Bai toan nay cho ta mot két qua dang cha y: Voi k =1,2,....p — 1 goi i, la s6
du khi chia kP cho p?. Khi dé:

S
A

T
A

ﬁ
e
|

—1
2SS E | =D
2

i
L
i

1 k=1

21 /| 3ma? 34> .
Bai toan 2.2.9. Tinh f (p) = 5 <{ J —-m {—J) vdi p nguyén to c¢é dang 3k +1 va
, p p
i=1

m nguyén duong théa man p fm

Chaing minh. Vi p nguyén t6 chia 3 du 1 nén ton tai z sao cho z? + 3 = 0 (modp).
Dat g (z) = zx = ¢* (z) + 32%p.

Ap dung (3) ta co:

R

p p p p
{mg2 (x)J N {meQJ _ mg? (z) N 3ma® .
p p p p

T hai ding thic trén ta co:

{mg;(:v)J N LmWJ . {92 (l’)J e f_ﬂ 1 (20)

- 2] S (-5

Mat khéac,

—mo=n-3 {7
=m(p— pz_i {m {%}J theo gid thiét)

Il

=

N
—
3
/\
/—H
= e

)

(Vi v6i mdi i ton tai duy nhat j sao cho i* + 35%p va j > &)

16



Tu do,

([ EA BN S ] e

x=1 r=1

Tu (20) va (21), dé dang suy ra:

(m—-1)(p-1)

fp) = 5

Nhan xét. Theo két qua clia Gauss (xem thém chi tiét trong [3]) ta co:

FJ _(m-1)p-1)
—Lr

2

Bai toan 2.2.10 (Tong quat clia bai toan 2.2.9). Ching minh rang vdi p nguyén to chia /4

) . p)=1
du 1, voi hai ham so f(x), g(x) théa mdn:{ Ef((ﬂf) P) ) vdi Mot T.

g(x),p) =
Khi do:

p p

S (9@f@E| @R _ (@) =D - 1)
> (#5255

Ching minh. Giai tuong tir cac bai toan trén ta co:

S QWJ — g(x). {MD - pz_l QMD (@) %_1 V(:c)ﬂJ

=1 p i=1 p i1 P
9@ @) p-1 @i p-1
_z'=1 p 2 _g(x)<z‘:1 p o2
(@) =)
2
O

Bai toan trén cho ta nhiéu két qua dep sau:
1. Cho f(z) =1,g(x) = 2Vx ta co:

(5w ) -5 -5 G- 1)

)

T do suy ra:

pf]. ) p*]. ]
1
] = o due )

i=1 i=1

v6i p nguyeén t6 chia 4 du 1.
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2. Cho f(x) =1,g(x) = 3V ta co:
— |22 32 |
25252l
-1 L P im1 L P im1 LP
v6i p nguyeén t6 chia 4 du 1.

Ap dung ding thic (13) va tinh chét (4) ta tiép tuc duge cac he thic dep sau (cing
v6i diéu kién p nguyén t6 chia 4 du 1):

- —Dp-2
Z{QJHJ_(Z? )?)(p )

p—1

i=1 j=0
4,
Pl 224 p+ 2j+1pJ (p-D(2p-1)
i=1 j=0 21%p
i S| Emil p-De-2p+1
Z pmi+1 J - 4
k=1 i=0 L
6.

(Gai y: St dung (4))

% Z{ZJ _ - 1)2(Zp— 1)

00 9 2]+1 p—1 oo
Syt LSy

=1 j7=0

Theo hé qua 1 bai 2.2.10 ta co:

52 (F1-1D 5[5+

T hai diéu trén suy ra:

.

2]+2

— - | 242 2| 2 —1)(2p—6
22{ +p+ pJ:;__(P )(2p — 6)

i=1 j=0

Cac bai toan con lai chting minh tuong tu.
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