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Chuong 1

LY THUYET PONG DU VA AP DUNG

1.1 Dodng du thic

1.1.1 Mbt sbé khai niém va tinh chit cd ban

Dinh nghia 1.1.1. Cho a, b, m 1a cdc sd nguyén, m # 0. S6 a dudc goi 1a dong du
v6i b theo modun m néu m 1a uée cia (b — a).

Néu a dong du v6i b theo mddun m thi viét @ = b (mod m). Nguge lai, néu a
khong dong du véi b theo mddun m thi ta viét a # b(mod m).

Vidu 2 =5 (mod 3) vi 3|(5—2).

Néu a = b(mod m) thi b goi 1a mot thdng du ciia a theo médun m.

Néu 0 < b <m — 1 thi b goi 1A mot thing du bé nhat clia a theo mddun m.
Ménh dé 1.1.2. Cho a,b,c,m la nhing s6 nguyén m # 0. Khi dé, ta cé
(1) a = a(modm),
(i) Néu a =b(modm) thi b= a(mod m),
(iii) Néu a =b(modm) va b= c(modm) thi a = c(modm).

Chitng minh. Ménh dé (i), (1) 1a hién nhién, ta chttng minh ménh dé (iii). That
vay, ta c6 a = b (mod m),b = ¢ (mod m) suy ra m|(b — a) va m|(c — b). Do d6

m|(b —a+ ¢ —b), hay m|(c — a). VAy a = ¢ (mod m). O

Tiép theo, ky hiéu @ 1a tap hop tat ca cac s6 nguyén dong du véi a theo mddun
m, @ = {n € Z|n = a(mod m)}. N6i cdch khéc, @ 14 tadp hop cdc s6 nguyén c6 dang

{a + km}. Tu d6, ta c6 dinh nghia sau.

Dinh nghia 1.1.3. Mot tap gom cic phan tit dang @ = {a+ km, k € Z} goi 1a mot

I6p dong du cia a theo mddun m.

www.MATHVN.com
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Vi du v6i m = 2, ta ¢6 16p 0 1a tdp céc s6 nguyén chan, 16p 1 1a tdp céc sd

nguyeén le.

Ménh dé 1.1.4. Cho a,b, m ld nhimg s6 nguyén m # 0. Khi dé, ta cd
(i) @ = b khi va chi khi a = b (mod m),

(ii) @ # b khi va chi khianb = Q,

(iii) C6 dimg m 16p dong du phan biét theo modun m.

Chitng minh. (1) Gid st @ = b, ta xét a € @ = b. Do d6, a = b(modm). Ngudc
lai, néu @ = b(mod m) thi a € b. Ngoai ra, néu ¢ = a (mod m) thi ¢ = b(mod m).
Diéu nay chting té rang @ < b. Hon nita, ttt @ = b ( mod m) ta suy rab = a (mod m),
hay b < @. Tt dé suy ra @ = b.

(43) D& thiy rang, néu @ nb = @ thi @ # b. Ngugc lai, ta can chimg té rang
néuanb#@thia=>b That vay, gid st an b # @ goi c € @ n b. Khi dé, ta cb
c = a(modm) va ¢ = b(mod m). Diéu ndy suy ra a = b(mod m). Do d6, theo (i)
ta suy ra @ = b.

(4ii) Dé chting minh phan nay, ta chitng minh tap {0,1,2,...,m — 1} 1a m 16p
dong du phan biét theo modun m. That vay, gid st ton tai 0 < k < [ < m sao cho
k = 1. Khi d6, theo (i) ta c6 k = [ (mod m), hay m|(l —k). Diéu nay mau thuan véi
gia thiét 0 < | — k < m. Do d6, k # [. Ngoai ra, v6i moi a € Z luon ton tai cap so

nguyén ¢, sao choa = gm+r,0 <r <m,suyraa =r(modm) haya=7r. [

Dinh nghia 1.1.5. T4p gom m phan tit {A = ay,as, ..., a,,} goi 1A mot hé thdng
du day di theo mddun m néu {B = ar,az, a3, ..., Gy} 12 tdp gom m 16p dong du

phéan biét theo médun m.

T dinh nghia ta thiy rang, hé thing du day dt theo modun m 1a khong duy
nhat. Vi du cdc tap {0,1,2,3},{4,9,14, —1},{0,1, -2, —1} 1a nhiing hé thing du
day du theo modun 4.

Ménh dé 1.1.6. Néua = c¢( mod m) vab = d( mod m) thia + b= c+ d(mod m)

vd ab = cd (mod m).

Chiing minh. Dé dang suy ra tit dinh nghia. O

Ha Duy Nghia -THPT Phan Dinh Phimg-Dik Lik www.MATHVN.com



1.1. Pdng du thic www.MATHVN.com - Toan hoc Viét Nam 3

Ménh dé 1.1.7. Cho a,b, c,m ld cic s6 nguyén, m > 0, ac = bc (mod m) va d = (¢, m).

Khi do, ta co

m
a = b(mod E)

Chitng minh. Gid stt ac = be (mod m). Ta ¢6 m|(bd — ac), suy ra ton tai s6 nguyén
k sao cho ¢(b — a) = km. Khi d6, chia hai vé cho d ta duge §(b — a) = k. Ngoai

ra, theo gia thiét ta c6 d = (¢,m), suy ra (§,%) = 1. Do d6, ta ¢6 2|(b — a) hay
a = b(mod i;) O

Ménh dé 1.1.8. Cho a,b,my, ..., my ld cdc s6 nguyén, my, ...,my > 0,a = b (mod my),

a =b(modms), ..., a = b(mod my). Khi do, ta co
a = b(mod [my...mg]),
trong dé [myims...my] la béi chung nhé nhat cia my, mo..., mg.
Chitng manh. Suy ra truc tiép tit dinh nghia. ]
Ménh dé 1.1.9. Néu a = b(mod n) thi a” = b" (mod n?).

Chiing minh. Tt a = b(modn) suy ra a = b + ng. Do d6, theo céng thitc khai

trién nhi thtec ta cé

a"—=b" = (b+ng)" —0b"

= <7;> v lon + <Z> V2P -+ <Z> q"n"
_ 52 (bn—lq n (”) 2R 4 <n> qnnn—Q) .
2 n

Tt d6 suy ra a” = b" (mod n?).
Diéu nguge lai khong ding, vi du nhu 3* = 14 (mod 42) nhung 3 # 1 (mod 4). [

Ménh dé 1.1.10. Néu a,b ld cdc $6 nguyén vd p ld s6 nguyén to thi
(a+b)! =a? + b (mod p)
Chitng minh. Theo cong thiic khai trién nhi thiic ta c6

(a+b)P =a? + 0+ (];)ap‘lb+---+( pl)a.bp—l.
p_

Ha Duy Nghia -THPT Phan Dinh Phimg-Dik Lik www.MATHVN.com
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Do d6, dé chitng minh ménh dé ta chf can chitng minh p[(?), (1 < k < p—1). That

vay, ta co

Py__ P

k)T Kp— k)l
suy ra

L(PY P!
k)~ o= Dl(p—k)!
— (p—1)! _ (P!

(k= 1Dl(p—k)! k—1)

Tt d6, p|k(}). Ngoai ra, do UCLN(p, k) = 1 nén p|(%). O

1.1.2 Ung dung cua 1y thuyét dong du dé tim diu hiéu chia hét
Vi du 1.1.2.1. Tim dau hiéu chia hét cho 2%, 3,5%, 7,11, 13, 37.
Loi gidi: Xét s6 tu nhién a = @,.a,-1...Gp. Ltc 1a a duge viét dudi dang

a=a, 10"+ -+ a1.10 + ap, (0 < a; <9).

e Ddu hiéu chia hét cho 2F.

Vi 10 = 0 (mod 2) nén 10* = 0 (mod 2¥). Tt d6 suy ra
a = ak_l.lok_l +---t+ap (mod 2k).

Do d6, s6 a chia hét cho 2¥ khi s6 b = az_1.10F71 + - 4+ ag = 0 (mod 2%), titc
14 b chia hét cho 2%. Néi cach khéc, sb tu nhién a chia hét cho 2F khi sb tu
nhién b dudc 1ap tit k chit s6 tan ciing clia a chia hét cho 2%,

Tuong tu, ta ciing c6 10 = 0 (mod 5) va 10¥ = 0 (mod 5%). Do dé, s6 a chia
hét cho 5% khi s6 b 1ap tit k chit s6 tap cting clia a chia hét cho 5*.

e Dau hiéu chia hét cho 3 va 9.
Ta ¢6 10 = 1 (mod 3) suy ra 10¥ =1 (mod 3). Do dé a;.10* = a; (mod 3). T
dé suy ra a = a,.10" + -+ + a1.10 + ag = a, + - - - + ag (mod 3). Vay, s a chia
hét cho 3 khi tong céc chit s6 ctia né chia hét cho 3.
Tuong tu ta cling c6 10 = 1 (mod9) va a;.10F = a; (mod 9). Vay, s6 a chia

hét cho 9 khi tong cac chit s6 ciia né chia hét cho 9.

Ha Duy Nghia -THPT Phan Dinh Phimg-Dik Lik www.MATHVN.com
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e Dadu hiéu chia hét cho 7

Ta co
ag = ag (mod 7) = ap = ap (mod 7)
10 =3 (mod 7) = 10a; = 3ay (mod 7)
10* = 2 (mod 7) = 10%ay = 2ay (mod 7)
10° = -1 (mod 7) = 10%a3 = —1las (mod 7)

T dé, ta c6 bang dong du theo médun 7 tuwong tng nhu sau

ao | 10a1 | 10%as| 10%as| 10%as| 10%as| 10%as| 107a7| 10%as| 10%ag| 10%a10 | 10Marr | ... | 105 tage—:
ao 30,1 20,2 —as —30,4 —20,5 ae 30,7 2a8 —ag —30,10 —20,11 —2a6t,1
Béng 1.1:

Do dé, sb a = Gp.Gp—1-..G1ag chia hét cho 7 khi téng dang
(ao+3a1+2a)—(az+3as+2as)+(as+..)+...— (agi—3+3as—24+2a6:—1) = 0 ( mod 7)
Ngoai ra, v6i moi s6 x,y, 2 ta déu cé

z + 3y + 22 =100z + 10y + = (mod 7) = zyz (mod 7.)

Tt d6 suy ra, s6 a = Gp.Gp_1...a1dg chia hét cho 7 khi tong dang

a2G100 — G504G3 + Gg@7Gg — G11G10Gg + ..., chia hét cho 7

e Dau hiéu chia hét cho 11

Tuong tu dau hiéu chia hét cho 7, ta cling c6

ag = ag (mod 11) = ag = ag (mod 11)
10 = —1 (mod 11) = 10a; = —ay (mod 11)
10> =1 (mod 7) = 10%ay = ay (mod 11)
10° = —1 (mod 11) = 10%°a3 = —laz (mod 11)

Ha Duy Nghia -THPT Phan Pinh Phimg-Dik Lik www.MATHVN.com
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ao | 10a1 | 10%2as| 10%as| 10%a4| 10%as| 10%a6| 107a7| 10%as| 10%ag| 10°a10 | 10 a11 | ... | 10 tage—q
ao —a1 | a2 —as a4 —as ag —ar as —ag aio —ai1 —a2t—1
Bang 1.2:

Do d6, s6 a = Gp-an_1...a1ay chia hét cho 11 khi tong dang

ao—a1+a2—a3—l—a4—a5+a6+...—agt_lEO(modll)

No6i cach khéc, s6 a = @,.G,—1.-.a1Gg chia hét cho 11 khi téng dan dau

ap — a1 + as — as + a4 — as + ag + ... — ag—; chia hét cho 11

e Dau hiéu chia hét cho 13

Ta cé
ap = ag (mod 13) = ap = ag (mod 13)
10 = —3 (mod 13) = 10a; = —3a; (mod 13)
102 = —4 (mod 13) = 10%ay = —4ay (mod 13)
10® = —1 (mod 13) = 10%a3 = —1lag (mod 13)

Tuong tu ta cling c6 bang cic 16p dong dut theo moédun 13 (Bang

ao | 10a1 | 10%2as| 10%as| 10%a4| 10%as| 10%a6| 107a7| 10%as| 10%as| 10*°a10 | 10" a1r | ... | 10% tage—1
aop —3&1 —4a2 —as 30,4 40,5 ae —30,7 —4a8 —ag 30,10 4@11 4@6,571
Béng 1.3:

T bang ta suy ra rang, sd a = Gn.a,_1...G1Gg chia hét cho 13 khi tong
dang

(ao —3a1 — 4&2) — (CLg —3a4 — 4a5) +...— (a6t_3 —3agi—o — 4a6t_1) =0 (II]Od 13)
Ngoai ra, v6i moi s6 x,y, 2 ta déu cé

xr — 3y — 4z =100z + 10y + = (mod 13) = zyz (mod 13.)

T dé suy ra, s6 @ = Gp.Gn_1...01Gg chia hét cho 13 khi téng dang

Q0100 — A50403 + Agarag — A11G1009 + ... chia hét cho 13.

Ha Duy Nghia -THPT Phan Dinh Phimg-Dik Lik www.MATHVN.com
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e Dadu hiéu chia hét cho 33

Ta cé
= ag (mod 33) = ag = ap (mod 33)
10 = 10 (mod 33) = 10a; = 10a; (mod 33)
= 1 (mod 33) = 10%ay = a (mod 33)
10° = 10 (mod 33) = 10%°a3 = 10a3 (mod 33)
ao | 10a1 | 10%a2| 10%as| 10%as| 10%as| 10%as| 107a7| 10%3as| 10%ag| 10%a1s | 10*ais | ... | 10%ay
ao 10&1 a2 100,3 a4 10a5 ae 10&7 as 10@9 ailo 10(111 azt
Béng 1.4:

T bang ta suy ra rang, sO a = G,.G,_1...a1ap chia hét cho 33 khi téng
dang

(CLO—|—CL2+ ~~-+a2t) + 10(@1 + as + "'+CL2t+1) = O(mod33)
Ngoai ra, v6i moi sé z,y ta déu co

x + 10y = 10y + 2 (mod 33) = yx (mod 33.)

T d6 suy ra, s6 a = Gp.G,_1...a1ao chia hét cho 33 khi tong dang

aiag + asas + Gzag + Ggas + ...chia hét cho 33.

Ngoai ra, ta c¢6 33 = 11.3 nén ta suy ra dudc mot dau hiéu khéc nita clia s6

chia hét cho 11; 3 13 tong dang

aiag + azaz + G5as + Ggag + ..., chia hét cho 11; 3.

e Dadu hiéu chia hét cho 37

Ta co6
ap = ag (mod 37) = ap = ag (mod 37)
10 = 10 (mod 37) = 10a; = 10a; (mod 37)
10? = —11 (mod 37) = 10%ay = 11ay (mod 37)

Ha Duy Nghia -THPT Phan Dinh Phimg-Dik Lik www.MATHVN.com
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10° = 1 (mod 37) = 10%a3 = las (mod 37)
10* = 10 (mod 37) = 10%*a3 = 10a3 (mod 37)
10° = —11 (mod 37) = 10%a3 = —11as (mod 37)
ao | 10a1 | 10%az| 10%as| 10%as | 10°as | 10%as | 107a7 | 10%as | 10%ag | 10"a10 | 10Ma1 | ... | 10*as
ao | 10a1 | —1lap as | 10as | —1lag ag | 10a7 | —1laq ag 10a10 | —au | ... | —llag
Béang 1.5:

T bang ta suy ra rang, sO a = G,.Gn_1...a1ap chia hét cho 37 khi téng
dang

(ao—l—a3+~ . -+a3t)+10(a1+a4+- : ~—I—a3t+1)—11(a2—l—a5 .. '—I-CL3H_2) =0 ( mod 37)
Ngoai ra, v6i moi s6 x,y, 2 ta déu cé

x4+ 10y — 11z = 100z + 10y + x (mod 37) = Zzyx (mod 37.)

T dob suy ra, s6 @ = Gy, .Gy—1...a1Gy chia hét cho 37 khi téng dang

a2G1a0 + G5a4a3 + Ggarag + - - - , chia hét cho 37.
Vi du 1.1.2.2. Chting minh rang

a) 41021 4 32912 chia hét cho 13,
b) 62923 4 82023 chia hét cho 49,
¢) 22019 + 11959 4 69220 chia hét cho 102,
d) 22225555 4 55552222 chia hét cho 7.
Loi gidi a)Ta cé
44021 | 32012 _ 4 142010 4 ¢ 32010
= 4(1621° — 32019 (mod 13)

= (16 — 3)(16%°% 4+ 162983 + ... + 3%°%%) (mod 13)
= 0 (mod 13).

Ha Duy Nghia -THPT Phan Dinh Phimg-Dik Lik www.MATHVN.com
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Vay, 44021 4 32012 chia hét cho 13.

b) Ta c6 62023 + 82923 = (6 + 8)(62Y2% — 620218 4 6202082 + ... + 82022} = 14 M, trong
dé
M = (62022 _ 20218 | 202082 4 ... | g2022)

Hon nita, M = (—1)%°%2 4 12920 ... 4 12922 = 9023 = 0 (mod 7), hay 7|M. T d6

2023 sO hang
suy ra, 49]14M hay 6202 + 8202 chia hét cho 49.

c) Ta c6

220 = 0 (mod 2) = 220'9” = 0 (mod 2),
119 = 1 (mod 2) = 11922” = 1 (mod 2),
69 =1 (mod 2) = 692" = 1 (mod 2).

9220

Do d6, A = 22019 + 11959 4 69220 chia hét cho 2.
Tuwong tu ta cling chimg minh duge A chia hét cho 3,17. Vi cdc s6 {2,3,17} 1a

nhitng s6 do6i mot nguyén td ciing nhau nén ta suy ra A chia hét cho 102.

d) Ta ¢6 2222 = 3 (mod 7),3? = 2 (mod 7), 3% = —1 (mod 7). Do dé
2993955 = 31142 = _9 (11104 7).
Tuong tu, ta cling c¢6 5555 = 4 (mod 7),4% = 1 (mod 7),4? = 2 (mod 7) nén
55552222 = 43T40+2 = 9 (1mod 7).
T d6 suy ra, 2222°9% + 55552222 = () (mod 7) hay 2222°%%° + 55552222 : 7,

Vi du 1.1.2.3. Tim s6 du ctia sb 1234356789* khi chia cho 8.

L&i gidi: Vi 8 = 23 nén sd du clia phép chia 1234356789% cho 8 ciing chinh 1a sb
du ctia 789* khi chia cho 8. Do dé, ta cé

1234356789* = 789* = 5* = 1 (mod 8).

Tu dob suy ra sd du ctia phép chia 1234356789* cho 8 1a 1.

Ha Duy Nghia -THPT Phan Dinh Phimg-Dik Lik www.MATHVN.com
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1.2 Phuong trinh déng du

1.2.1 Phuwong trinh déng du bac nhit mdt an

Pinh nghia 1.2.1. Phuong trinh déng du tuyén tinh mot an sb 1a phuong trinh
dang ax = b (mod m), trong d6 a,b,m € Z,m # 0,a # 0 (mod m).

Mot nghiém ctia phuong trinh 1a sé nguyén zg théa man axg = b (mod m).

Vi du 3,8, 13 1a nhitng nghiém ctia phuong trinh 6z = 3 (mod 15). S6 18 ciing
la nghiém, nhung 18 = 3 (mod 15).

Ménh dé 1.2.2. Goid = UCLN(a,m). Khi dé, phuong trinh dong du ax = b (mod m)
c6 nghiém néu va chi néu d|b. Hon niia, néu xo ld nghiém thi phuong trinh c¢é ding

d nghiém khong dong du theo modun m.

Chitng minh. Néu zy 13 nghiém thi axy — b = myg v6i moi sd6 nguyén yy. Do dé,
axg — myo = b. Ngoai ra, ta ¢6 d = UCLN(a, m) suy ra d|(axo — myo = b).

Ngudc lai, gia st d|b, khi d6 ton tai hai s6 nguyén zj,yp sao cho d = axy — my;.
Dit ¢ = 2, nhan c4 hai vé phuong trinh trén cho ¢ ta duge a(z)) — m{yyc) = b.
Diéu ndy suy ra z = zjc 1A nghiém ctia phuong trinh az = b (mod m).

Tiép theo, ta chtimg minh phuong trinh nay cé ding d nghiém khéng dong du
theo modun m. That vay, gia sit x1,xo la hai nghiém ctia phuong trinh. Khi do,
a(ry —xg) = 0 (mod m) suy ra m|a(z; — zp). Hon nita, ta ¢6 d = UCLN(a,m)
nén dat m' = %,ad’ = § ta cing c6 m'|a'(x1 — x) suy ra m'|(x; — x¢) hay
T, = Tg + km' v6i mdéi s6 nguyén k. Do d6, moi nghiém ctia phuong trinh déu
c6 dang zg + km', k € Z. Ngoai ra, do v6i hai s nguyén k,d ludn ton tai hai s6
nguyén ¢, r sao cho k = qd+r,0 < r < d khi d6 1 = xo+gdm’+rm’ = zo+gm-+rm/
nghiém nay dong du véi nghiém = — 0 4+ rm’. Diéu nay chimg té cic nghiém khong

dong du ctia phuong trinh 1& g, zg +m/, ..., 29 + (d — 1)m’. ]

Quay lai vi du xét ¢ trén, phuong trinh 6z = 3 ( mod 15) ¢6 d = UCLN(15,3) = 3,

m’ =5, va 9 = 3 1a nghiém, cdc nghiém tiép theo 1a 8, 13.

Dinh nghia 1.2.3. Cho a,m 1a cdc sd6 nguyén, m > 1. Nghiém ctia phuong trinh

dong du ax = 1 (mod m) dugce goi 14 nghich ddo ciia a theo médun m.

Ha Duy Nghia -THPT Phan Dinh Phimg-Dik Lik www.MATHVN.com
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1.2.2 Hé phuong trinh ddéng dv ddng du bac nhit mét an

Dinh nghia 1.2.4. Hé phuong trinh dang

x = by (mod my)

x = by (mod my)

x = b, (mod my,)

goi 14 hé phuong trinh déng du bac nhat mot an. Néu mot sd nguyén zg la nghiém
ctia hé thi céc sd nguyén thuoc 16p dong du véi xy theo médun m ciing 14 nghiém

cia hé,(m 1a BCNN cta my, mo, ..., my,).

Dinh 1y 1.2.5 (Chinese Remainder Theorem). Gid st m = myi.ma...m; va cdc so
mi, Ma, ..,my doi mot nguyén to cung nhau. Khi dé hé phuong trinh dong du

)
x = by (mod my)

x = by (mod my)

x = by, (mod m,,)
\

cé nghiém duy nhat theo modun m.

Chiing minh. D&t n; = 7, ta dugc (m;, n;) = 1. Khi do, ton tai s6 nguyén r;, s; sao
cho r;m;+s;n; = 1. Goie; = s;n; suy rae; = 1 ( mod m;) vae; = 0 (mod mj), j # 1.
Tiép tuc dat z¢ = i bie; ta dudc zg = bie; (modm;) dan dén zy = b; (mod m;).
Vay xp la mot nghiélrzlcﬁa hé. Hon ntta, gia stt 1 la mot nghiém khac cta hé. Ta c6
x1 — x9 = 0(mod m;), (i = 1,2,...,n) hay my, ma, .., m, chia hét cho 1 — zo. Diéu

nay ching t6 r1 = xg (mod m). O

1.2.3 Ung dung
Vi du 1.2.3.1. Tim mot s6 chia hét cho 11 nhung khi chia cho 2,3,5,7 déu du 1.

Loi gidi: Goi s6 phéi tim 1a z. Khi d6, ta c6 hé phuong trinh dong du sau
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\

bat m = 11.2.3.5.7 = 2310, ta c6 cic bod s6 n;, m;, r;, s; tuong tng nhu sau

m; T n; S;

2 | 378 | 1155 | -1

3 | 257 | 770 | -1

S | -277 | 462 | 3

7| -47 | 330 | 1

11 0 210 | O

Bang 1.6:

(2r + 11555 = 1 = 2r = 1 — 1155s = 2 — 1144s — s — 1, vi r nguyén nén ta chon
s=1,...., din dén ta cd cdp (r, s) nhu bing (1.6).)
Ap dung Dinh 1y [1.2.5] ta c6 nghiém ctia hé trén 13

z = 1155(=1)+770(—=1) +462(3)+330(1) +210.0 ( mod 2310) = —209 ( mod 2310).

1.3 Cac ham sé hoc

1.3.1 Phi ham Ole ¢(n)

Dinh nghia 1.3.1. Cho n 14 s6 nguyén duong. Phi ham Ole ¢(n) (Euler’s function ¢(n))

1 s6 céc s6 nguyén duong khong vuct qua n va nguyén té cung nhau véi n.

Vidu véin =4, ta cb p(4) = 3.

Phi ham Ole 1a ham nhdn tinh, tic 1a v6i hai s6 m,n nguyén t6 cling nhau ta
c6 p(m.n) = p(m).o(n). V6i két qua ndy, ta c6 ménh dé sau day cho ta cach tinh
p(n).
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Ménh dé 1.3.2. Gid si s6 tu nhién n duoc phdn tich thanh tich cdc thia s6 nguyén
t6 n = pips?---pek. Khi dé

nen(i-3)(-2)(1-3),

Chitng minh. Xem [1, tr.60-61]. O

Ménh dé 1.3.3. Cho n la mot s6 nguyén duong. Khi dé,
n
ZSO(E) =n
dn

trong dé tong duoc ldy theo moi wdc cia n.

Chitng minh. Xét n s6 hitu ti 1,2, ... 2 Rt gon mdi phan sb sao cho mdi phan sb
déu t6i gidn. Khi do, tat ca cdc mau s6 ciia nhitng phan sé nay deéu la wée cla n.
Do d6, néu d 1a u6c ctia n thi c6 chinh xac o(d) phan sb c6 mau s6 1a d. Tt dé suy

ra

n =n. []
%s@(d)

Dinh nghia 1.3.4. Mot tap gom o(n) s6 nguyén ma mdi phan tit clia tap déu
nguyén t6 ciing nhau véi n va hai phan t khac nhau ctia tap khong dong du theo

modun n dude goi la mét hé thang du thu gon theo médun n.

Dinh ly 1.3.5 (Euler’s theorem). Cho m ld s6 nguyén duong va a ld s6 nguyén
vdi (a,m) = 1. Khi dd, ta c¢6 ™ =1 (mod m).

Chiing minh. Gia st {r1,rs,...,r,} 1a mot hé thang du thu gon theo médun m. Khi

do, ta c6 {ary,ary, ..., ar,} cling 1a mot hé thang du thu gon theo médun m. Do dé
ariary...arp(my = T172...To(m) (mod m)

tic 1a

a‘o(m)rlrg...r@ = r173...7, (mod m).
Ngoai ra, ta c6 UCLN(ri7y...7p(n), m = 1) nén suy ra a®™ =1 (mod m). O
Hé qua 1.3.6. Cho a,m ld cdic s6 nguyén, vdi m > 0, UCLN(a,m) =1 va n, k la
hai s6 tu nhién théa n = k (mod ¢(m)). Khi dé

a” = a (mod m).

Ha Duy Nghia -THPT Phan Dinh Phimg-Dik Lik www.MATHVN.com



1.3. Céc ham s6 hoc www.MATHVN.com - Toan hgc Viét Nam 14

Chitng minh. Ta ¢c6 n =k (mod ¢(m)). = n =k + t.p(m),t € Z. Do d6,

a = gk rtelm = ak.(a“"(m))t = a" (mod m). O

Dinh 1y 1.3.7 (Fermat’s little theorem). Néu p ld s6 nguyén to thi vdi moi so

nguyén a ta déu cé a’ = a (mod p).
Chitng minh. Suy ra truc tiép tit Dinh 1y Euler. O

Dinh 1y 1.3.8 (Wilson’s theorem). S6 nguyén n > 1 la s6 nguyén té6 néu va chi

néu (n —1)! = —1 (mod n).

Chiing minh. Gia st n 1a s6 nguyén t6. Néu n = 2,3 thi dinh 1y dtng. Néu n > 3,
thi v6i méi s6 nguyén a ludén ton tai duy nhat sé6 nguyén b sao cho a.b =1 (mod n).
Ta chting minh 2 < b < p — 2. That vdy, theo Ménh deé ve su ton tai nghiém
cia phuong trinh dong du ta c6 1 < b < p — 1. Ngodi ra, néu b = 1 thi a = 1.
Néu b = n — 1 thi a = n — 1. Diéu nay mau thuan. Do dé, cdc phan ti clia tap
A={2,3,...,n — 2} chia thanh ”7_3 cap (a,b) nhu trén. T dé suy ra

2.3...(n —2) =1 (mod p)

hay
(n—1)!'=(n—-1)(modn)=—1(modn).

Ngudc lai, gid stt (n—1)! = —1 (mod n). Ta chitng minh n 14 s6 nguyén t6. That
vay, gia stt n 14 hop 86, ttic 1a n = a.b trong d6 1 < a < b < n. Khi d6 a|(n — 1)!.
Ngoai ra theo gid thiét, ta c6 (n —1)! = —1 (mod n) ttc 1a a|((n — 1)! + 1). T d6

suy ra a|l. Diéu ndy mau thuin. Vay n 1a sd nguyén t6. O

Ménh dé 1.3.9. Goi p' la lay thia cia s6 nguyén to 1€, m la s6 nguyén to cing

nhau vdi cd p va p— 1 va a,b nguyén to cung nhav vdi p. Khi dé
a™ = b™ (mod p') néu va chi néu a = b (mod p').
Chitng minh. Vi (a — b)|(a™ — b™) nén tit gid thiét 13 a = b (mod p') ta suy ra
a™ = b" (mod p').

Nguge lai, gid sit a™ = b™ (mod p') va a, b nguyén t6 ciing nhau vé6i p ta chiing

minh ¢ = b(modp’). That vAy, vi m nguyén té cting nhau véi p va p — 1 nén
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UCLN(m, (p — 1)p'™') = 1. Do d6, ton tai s6 nguyén duong k sao cho mk = 1 (mod ¢(p').
T do6 suy ra
a=a" = (™ = )" =b(mod p). O

1.3.2 Ham Mobius u(n)
Dinh nghia 1.3.10. Ham s6 hoc Mobius p(n)la ham cho béi cong thiic

1 néun =1,
p(n) 4 0 néu n khong chinh phuong,

(=1)¥ néu n la s6 chinh phuong va k 1a sb cdc udc nguyén t6 clia n.

Ménh dé 1.3.11. Néun > 1 thi >} u(d) = 0.
dln

Chitng minh. Néu n > 1 thi n ducgc phan tich thanh tich céc thia s6 nguyén to
n = pips?..pt. Khi d6, > u(d) = Z ,u( - p;') trong d6 € 14 0 hogc 1. Do
dln

.....

%u(d)zl—ljt(é)—(é>+---+(—1)l<§>:(1_1)120, ]

1.3.3 Ham tdéng cic wéc duong o(n)

d6,

Pinh nghia 1.3.12. Ham s6 hoc o(n) 13 ham nhan gi4 tri tai n 1a tong cac udc

duong ctia n. Ta c¢6 thé viét gon dinh nghia trén nhu sau

=>d

d|n

Ham o(n) 1a hAm nhan tinh. Néu p 14 s6 nguyén t6 thi o(p) = p + 1.
Néu o(n) = 2n thi n dugc goi 1a s6 hodn hdo (perfect), vi du s6 6, 28 14 nhiing

so hoan hao.

Dinh 1y 1.3.13. Néu sé tu nhién n dudc phan tich thanh tich cdc thia s6 nguyén

a1, Q2

t6 n = p{ps?..pM thi
a;+1

sz

i=1 Pi—1
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Chitng minh. Ta c6 cac ubc cua p® 1a 1, p,p?, ..., p%, nén

o ) o pai-l-l_]_
o(p*)=14+p+p +---+p% = ———.
p—1
Tu do suy ra,
l oi+1
b; — 1
on)=[]H2%—-. 0]

2-11 Pi-1

Ménh dé 1.3.14. Néum la s6 hodan hdo 1é va m cé phan tich co sé m = [ pdithi

R < < a; lé
1) Ton tai duy nhat mdt chi so i sao cho
pi = 1 (mod 4)

2) Véi moi j # i,y chan.

Q; . N z
Chiing minh. Ta c6é o(m) =2m =[] (Z p{) = 2] ]pf. Suy ra, ton tai duy nhat
j=1
mot s i sao cho a; 18 va do 2|o(m) nén tng véi a; 1& ta cé p; = 1 (mod 4).

Ngoai ra, véi cac chi s6 j # i ta xét a(p?j) =1+p; + p? e p?j. Khi d6 tu
o(p;’) 1a s 1é nén oy phéi chia hét cho 2. O
Ménh dé 1.3.15. n la s6 hodn hdo chdn khi va chi khi n = 2m~1(2™ — 1), trong
dé 2™ — 1 la s6 nguyén to Mersene.

Ching minh. Gia st n =2%¢,s > 1,q =2t + 1, ta co

2*g = 0(2°q) = (2°" = 1)a(q).

Suy ra ¢ chia hét cho 257! — 1. Tiép theo, ta diat ¢ = (2°7! —1)k. Khi d6, néu k > 1
ta co
25+1]€(28+1 _ 1) — U((25+1 _ 1)k>(28+1 . 1)_

Suy ra k251 = o (257! — 1)k) > k(257! — 1) + k, (mAu thudn) . VAy k = 1 hay

qg=2°"! —1 va ¢ 1a s6 nguyén t6 Mersene.

Nguge lai, gid sit n = 2m71(2™ — 1) trong d6 2™ — 1 1a s6 nguyén t6. Khi do,
o(n) = (2" He(2™ — 1) = 2m712™ = 2,

Vay n 1a s6 hoan héo. O
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1.3.4 Ung dung
Vi du 1.3.4.1. Tim s6 du trong cic phép chia sau

a) 123%% chia cho 14,

b) 350 chia cho 425, (Chon HSGQG-Daklak-2011).

Loi gidi: a) Ta c6 123 = —3 (mod 14),345 = 3 (mod 6) va UCLN(123,14) = 1,
©(14) = 6 nén 4p dung Hé qua ta ¢

12331 = 123 = (-3)® = 1 (mod 14).

Vay s6 du trong phép chia 1233 chia cho 14 1a 1.
b) Vi UCLN(35'%° 425) = 25 nén

351 = 1 (mod 425) < 58,710 = 2 (mod 17).
Ta c6 ¢(17) = 16,148 = 6 (mod 16), UCLN(148,17) = 1 nén suy ra
58 = 5% = (5%)? = 6% = 2 (mod 17).
Tuong tu, ta cling ¢
T =78 = (7))t = (-2)* = —1(mod 17).

Tt d6 suy ra 5198.7199 = —2 = 15 (mod 17) hay 35'° = 375 (mod 425).

Vay s6 du khi chia 3519 cho 425 1a 375.
Vi du 1.3.4.2. Chting minh rang néu UCLN(a,5) = 1 thi ¢® + 3a*" — 4 chia hét
cho 100.
Loi gidi: Dat A = a® + 3a" — 4 = (a* — 1)(a® + 4). Theo coéng thitc Euler ta
¢6 a* =1 (mod 5) suy ra a’ =1 (mod 5). Do dé a?™ + 4 chia hét cho 5 va a?" — 1
ciing chia hét cho 5, hay A chia hét cho 25. Diéu nay dan dén bai todn trd thanh
chitng minh A chia hét cho 4. That viy, ta viét trd lai

a® + 30" —4=0a"a"™ +3)-4=8B

va ta xét hai truong hop sau:
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e a chan, ttc 1a a = 2k ta c6 a*" = 2*"a*" 4 suy ra B4
e alé ticlaa=2k+1taco

™ +3=(2k+1)"+3
=y ( . ) (2k)F 1% 4314
k=0

T d6 suy ra a® + 3a*® — 4 chia hét cho 100.

Vi du 1.3.4.3. Tim s6 tu nhién n sao cho hai s6 n — 1 va @ 1a hai s6 s6 hoan

héo.

Loi gidi: Vi n 1a s6 tu nhién nén n chia hét cho 2 ho#c khéng chia hét cho 2.
Trudc hét ta xét truong hop n chia hét cho 2. Khi dé:

a) Voi n = 4k, ta c6 n — 1 = 4k — 1 = 3 (mod4). Diéu nay mau thuin
(n =1 (mod 4)).

b) Vi n = 4k + 2 ta c6 ") = (2 + 1)(4k + 3) 14 s6 hoan chinh 1¢ va
@ = 3 (mod 4) Diéu nay mau thuan.

Trudng hop tiép theo, v6i n khong chia hét cho 2, ta co:

a)n=3k+3=— @ deéu 14 s6 hoan hio chan. Do d6 n—1 = 2P71(2P — 1),

n(n;—l) _ 2q—1(2q . 1) Ngoal ra (Tl _ 1 (n+1)) = 2 nén q = 2 hOéC p = 2 suy ra
n=".

b) n = 4k+1suy ra

1 X N 2 2 N N L N 2 T ’
"("+ ) 14 56 hoan h&o 16 va n—1 13 s hoan héo chin. Do dé,

n(n +1)

n—1=2"42r-1)= = (2272 2 L ) (27 —2rT ).

Suy ra (22P=2 — 2P=2 4+ 1), hodc (2?P~! — 2P~1 4+ 1)1a nhiing s6 chinh phuong. Diéu
nay mau thuan.
Vay chi c6 n = 7 théa dieu kién.
1.4 Bai tap tu luyén
Bai tap 1.4.1. Chiing minh rang v6i moi s6 tu nhién n > 1 ta cé

a) 32" 4 2 chia hét cho 11,
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b) 22" 419 chia hét cho 23,
¢) 22" 4 21 chia hét cho 37.

Bai tap 1.4.2. Tim s6 du trong phép chia

a) 6°92 chia cho 11,
b) 3% chia cho 83,
¢) 512002 chia cho 41.
Bai tap 1.4.3. Chimg minh rang 0, 3.(1983'9%3 — 1917'917) 1 s6 nguyén.

N 26 2z
Bai tap 1.4.4. Chitng minh rang > k.10%%, k € N chia hét cho 13.
k=1
Bai tap 1.4.5. Tim céc s6 tu nhién n dé n"*!(n 4+ 1)" chia hét cho 5.

HD: Xét n =5k +r,r € {0,1,2,3,4}.
Bai tap 1.4.6. Cho s6 nguyén a, chiing minh rang a2 + 1 khong c6 uéc nguyén t6

dang 4k + 3, tu d6 suy ra cac phuong trinh sau khong c6 nghiém nguyén duong.

a)dry —x —y = 22,

bz —y3 =1.

Bai tap 1.4.7. Cho k.t 1a céc sb tu nhién 16n hon 1. Véi gid tri nao cta k thi véi

moi s6 tu nhién n ta luon cé
n* = n (mod 10") = n? = n (mod 10).
Bai tap 1.4.8. Cho n la s6 tu nhién, p 1a s6 nguyén td, n > p. Chimg minh rang
p

trong d6 [r] 14 phan nguyén ciia z.

n

[] (mod p),

p

Bai tap 1.4.9. Gia st p 1a s6 nguyén t6 c6 dang 3n + 2. Chting minh rang khong

ton tai s nguyén x sao cho x? + 3 chia hét cho p.
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Chuong 2

MOT SO BAI TOAN
TRONG CAC KY THI HOC SINH GIOI

2.1 Cac bai toan trong cac ky thi Olympic

Bai toan 2.1.1 (CHINA, 2004). Hay x4c dinh ba chit s6 tdn cling ctia s6 n véi
n=3xT7x1lx15x - x 2011. (2.1)

L&i gidi: D& thiy rang n 1a s6 1é. Goi z 1a 3 chit s6 tin clng cta n. Khi dé

n = x (mod 1000). Vi 15,35,55 1a 3 s6 hang trong tich (2.1) nén n chia hét cho

125, va 1000=125.8 ta suy ra z ciing chia hét cho 125. Do d6, « chi c¢6 thé 1a nhimg
s6 125,375,625, 875.

T d6 suy ra, 1000|(n —z) < 8|(n —x) = n =z (mod 8). Tiép theo iy modun

8 cac s6 hang ctia n ta dudc

n=3(4.1+3)(4.2 + 3)...(4.502 + 3)

(3.7)(3.7)..(3.7)3 3= 5.5...5 3 (mod8)

.

051 Eép 251 CAp
= 1.1....1 .5.3 =7 (mod 8)
—
125 cap

Hon nita, trong cac s6 125,375,625, 875 chi c¢6 duy nhat s6 375 1a dong du véi

7 theo médun 8 nén 375 14 3 chit s6 tan cung cia n.

Bai toan 2.1.2. (IMO-1964). a) Tim tat ca cdc s6 nguyén duong n sao cho 2" — 1
chia hét cho 7.
b) Chitng minh rang khéng c6 s6 tut nhién n nao dé 2" + 1 chia hét cho 7.

Loi gidi: Vi n la s6 nguyén duong nén ta xét cic trudng hdp ciia n nhu sau:
e V6in =3k, keZtaco
2" —1=2»-1=1"-1=0(mod 7).
Do dé, v6i n 1a boi clia 3 thoa yéu cau bai toan.
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o V6in=3k+r keZr=12taco

Qoo g g jlmodT T =1

3(mod7), r=2

Tt d6 suy ra, n = 3k, k € Z ta ludn c6 7|(2" — 1).
b) Theo trén ta cé 2" = 1,2,4 ( mod 7) v6i moi s6 tu nhién n. Do d6 2" + 1 # 0 (mod 7)

v6i moi s6 nguyén duong n.

Bai toan 2.1.3. (MOSCOW-1982). Tim tat ca céc sd tu nhién n sao cho n.2" + 1
chia hét cho 3.

Huéng dan: Xét s6 tu nhién n dang n = 6k +r, ke Z,0 <r < k.

Bai toan 2.1.4. (Olympic10-30/4-2008) Tim tit ci cdc s6 nguyén duong m théa
diéu kién
Va,be Z,a* = b* (mod m) = a = + (mod m) (2.2)

L&i gidi: True hét, nhan thay rang néu m = 1 hodc m 1a sd nguyén t6 thi véi

moi a,b € Z, a®> = b? (mod m) = a = +b(mod m). That viy,

Néu m = 1 thi (2.2)) dung.

Xét m 1a s6 nguyén t6, vdi a,b € Z théa a® = b? (mod m). Ta c6
(a —b)(a +b) = a* — b* = 0 (mod m),

diéu ndy suy ra a — b:m hodc a + b:m. Do d6, a = +b (mod m).

Tiép theo, ta xét v6i m # 1 va m khong nguyén t6, ta chitng minh s6 m
can tim 1 m = 2p trong d6 p la s6 nguyén td 1é. That vay, giad st dung.
Vi m 1a s6 nguyén t6 1é nén ta cé m = vy, x,y # 1, dit a=a+y, b=x — .
Khi dé ta c6 a? — b* = 4oy = 4m = (modm) suy ra, a = +b(modm) hay
2y =a—b= (modm), hoac 2z = a + b(mod m). Do d6 2x:m hoac 2y:im véi
m = xy, suy 1a, ¢ = 2 hodcy = 2 hay m = 2n,n # 1. Hon nita, néu n 1a hgp
s6 thi n = k.t suy ra m = 2kt, k,t # 1 theo trén ta suy ra ¢t = 2 hay m = 4k mau
thuan véi , (Chon a = 2k,b = 0). Vay n = p 1a s6 nguyén t6. Hon nita, néu
p=2thim=4 khong thoa. Vay p 1a sé nguyén t6 18.
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Ngugc lai, giad st m = 2p véi p 1a sd nguyén t6 1é. Khi dé, theo gid thiét ta c
a’? —b*:2p suy ra (a — b)(a + )2, va (a — b)(a + b)ip. Do d6 a — b:2p,a + b:2p
hay a = +b (mod m).

Vay v6i m = 1, m = 2p hodc m nguyén to 1a nhitng gia tri can tim.

2.2 CAc bai toan trong ky thi hoc sinh giéi Qudc gia

Bai toan 2.2.1. (HSGQG-1975) Tim tat ca cac s6 hang clia cAp s6 cong —1, 18, 37, ..,

c6 cac chit so deu 1a chu so 5.

Loi gidi: Ta c6 sb hang dau ctia cap s6 cong 1a a; = —1 va cong sai d = 19 nén s6
hang tong quat 1a a, = 19n —20,n > 1. Do dé, bai todn trd thanh tim tat ci sb n

thoa
10F — 1

9

19n — 20 = 55..5 = 5. k=1
—

)
Diéu nay tuong duong véi 5.10F = —4 (mod 19), hay

5.10" = 15 (mod 19) < 10* = 3 (mod 19).
Ngoai ra, ta co
10°=1,10' =10,102=5,10> = 12,10* =6,10° = 3,10° = 11, --- , 1018 = 1.

Suy ra 10'+5 = 3 (mod 19),1 = 0, do dé suy ra sd k can tim c¢6 dang k = 18] + 5.

Ngudc lai, Néu k = 18/ +5 ta c6 10¥ = 3 (mod 19). Do d¢, 5.10 = —4 (mod 19)
tic 12 5.10F = 195 — 4 < 5.(10F — 1) = 195 — 9, v6i mdi s6 nguyén s. T diy, nhan
thay rang vé trai ctia biéu thtic trén chia hét cho 9, do d6 vé phai ctia né ciing chia
hét cho 9, titc 1a s = 9r. Khi d6 ta c6

108 — 1
=55---5.
9 z
k SO

19r — 1 =5.

T dob suy ra, cdc s6 hang can tim ctia day c6 dang 55---5 v6i mdi s6 tu nhién /.
—
181+5 SO

Bai toan 2.2.2. (HSGQG-1987) Cho hai day (z,), (y,) xac dinh béi

Ty = 365, Tpy1 = (2190 4+ 1) + 1622, Vn > 0,

n
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Yo = 16, Ypr1 = yn(y> + 1) — 1952,¥n > 0.

Chitng minh rang |z, — yx| > 0,Vk,n > 1.

Loi gidi: Dé thay rang (z,), () 1a nhiing s6 nguyén duong.

Ta c¢6 y1 — Yo = yg — 1952 = 63584 = 32.1987 do d6, y1 = yo (mod 1987). Ngoai
ra, ta c6 y2 — y1 = yi — 1952 = y§ — 1952 (mod 1987) = 0 (mod 1987) nén suy ra
Y2 = y1 (mod 1987). Tuong tu, ta chimg minh duge

yr = Yo (mod 1987),VEk = 1.
Mét khdc, déi véi day (z,) ta cling cb
r1 — 10 = 207 + 1622 = (365'%7 — 365) + 1987.
Nhung theo dinh 1y Fermat nhé ta c6 3657 = 365 (mod 1987) suy ra
r1 = xg (mod 1987)

Hon ntua,
To— 21 = 21 + 1622 = 23" — 1622 = 0 (mod 1987.

Do do,
x9 = xo (mod 1987).

Tuong tu, ta chtitng minh dugce

T, = o (mod 1987) = 365 (mod 1987),Vn > 1.

T d6 suy ra, v6i moi k,n > 1 ta luon ¢6 |yx — x,| > 0. (Vi 365 va 16 khong dong
du theo modun 1987).

Bai toan 2.2.3. (HSGQG-1999B) Cho hai day (z,y,) xéc dinh bdi :
1 =1y =2, 241 = 22y, — 152y, Yp11 = 17y, — 122,,Vn > 1.

1. Chitng minh rang céc s6 hang clia ca hai day (z,,), (y,,) déu khac khong, va

¢6 vo han so6 hang duong va v6 han so hang am.

2. Hoéi s6 hang thit 1999194 ciia hai day c6 chia hét cho 7 khong? Giai thich.
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Loi gidi: 1) Ta co,

Tpio = 22yp41 — 15w = 22(17y, — 122,) — 152, + 1
= 17(zp41 + 15x,) — 22,122, — 152,41

= 2Tp11 — 92, Vn.

Do dé, xy, 12 = 22,41 (mod 3). Hon nita ta ¢6, x1 = 1, x5 = 29 suy ra x,, khong chia
hét cho 3, hay z,, # 0,Vn. Tiép theo, ta chitng minh x,, c6 v6 han s6 hang duong

va vo han s6 hang am. That vay, tit trén ta c
Tpt3 = 2Tpy2 — 9Tpg1 = —0Tpy1 — 181y,

hay
Tpnt+3 t+ 5$n+1 + 1833“ = 0, Vn. (23)

Do d6, néu gia st rang trong day x, c6 hitu han cdc sé hang duong ( hitu han cic
s6 hang am), ta goi Ty, la s6 hang duong 16n nhat cta day. Khi dé, v6i moi n > n;
ta c6 x, < 0, dieu ndy mau thuan véi (2.3)).

Tuong tu, ta ciing chiing minh dude day ynio = 2Un+1 — 9yn, V1. thoa yéu cau
bai toan.

2) T trén, ta c6 xp4q = —28x,41 — 452, nén

Tp=0(mod7) < zp44 =0(mod7) © z4p4, = 0 (mod 7.
Ngoai ra, tit 1999194° = (—1)191% (mod 4) = 3 (mod 4) va x3 = 49. nén ta suy ra
T1gggrees = 0 (mod 7).
Tuong tu, ta cung co
Yo = 0(mod 7) & Y1y = (mod 7).

Nhung y3 = 26 % 0 (mod 7) nén yygggi955 % 0 (mod 7).
Bai toan 2.2.4. (HSGQG-2005A) Tim tat ca cac bo 3 s6 tut nhién (x,y,n) thoéa

man hé thic
ol +yl

377,
n!
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Loi gidi: Tu hé thic cia de, ta viét lai
x! +y! = 3"n! (2.4)

Gia sit (z,y,n) 1a bd cic s6 tu nhién théa man (2.4). D& dang suy ra n > 1, va
khong mat tinh téng quat ciia bai todn, ta gia st « < y. Khi d6 x4y ra hai trudng

hop:
1) Truong hgp 1: x < n. Phuong trinh (2.4) tuong duong

1+% =3".—. (2.5)

Suyral—l—%:()(mod?)). Dodér <yviy<az+2(Vinéuy > x+ 2 thi

gyc—!! = 0 (mod 3), mau thudn). Vi viy ta chi can xét hai gid tri ctia y nhu sau:

1. Néu y = 2 + 2 thi tir (2.5)) ta suy ra rang

I+ (x+1)(x+2) = 3”.25 (2.6)

Dé thay, vé trai cta khong chia hét cho 2 nén vé phai ciing vay, ttc la
n < 41 Néun=x, thi 1+ (z+1)(z+2) = 3% hayz?+32+3 = 3%, diéu nay suy
ra, ¥ = 0 (mod 3). Do d6, x > 3 va =3 = 2% + 3z — 3 = 0 (mod 9). Diéu nay
vo 1y, ching t6 n # x. Véin = z+1, tu2.6ta c6, 1+ (z+1)(z+2) = 3*(z+1)
chiing t6 = + 1 1& u6c nguyén duong ctia 1. Do dé, x = 1 dan dén y = 2,n = 1.

2. Néu y = o + 1 thi tu (2.5) ta c6
n!
T+2=3 (2.7)
Vin > 1nénsuy raz > 1. Trong trudng hgp nay ta viét z +2 = 1 (mod (x + 1)).
Khi d6 tfl.’ ta suy ra n = x( Néu khong, vé phai ctia (2.7)) chia hét cho z + 1
con vé trai thi khong). Do do,

T+ 2=23"

Dé thay rang, néu x > 2 thi 3° > x + 2. suy ra c6 duy nhat gia tri = 1 thda
man, trong truéng hop nay ta chon dude bd s6 tu nhién théa yéu cau cua dé
bai la (0,2,1) hoac (1,2,1).
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2) Trudng hgp 2: x > n. Khi d6 (2.4) tuong duong

x! y!

il ) 2.8
nl  nl=3" (2:8)

Chi ¥ rang, n + 1,n + 2 khong thé dong thai 1a liy thita clia 3 nén tit (2.8)) ta suy
ra x =n+ 1. Khi do6

n-l—l—l—a:?). (2.9)
Vitlh, y=a,y>n+ 1 Tadit M = (n%y Khi d6, (2.9) c6 thé viét lai
(n+1)(M +1) = 3", (2.10)

Ro rang, néu y > 4 thi M =) (mod 3) vi thé, M + 1 khéng thé 13 mot liy thita ctia

3. Do dé tu (2.10)) ta c6
m+1D)(1+n+2)(n+3)=3"

hay (n +2)> —1 = 3" Dieu ndy suy ran > 2 va n + 2 = 1(mod3). Dit
n+2=3k+1,k>=>2 Taco

9k(3k* + 3k + 1) = 31,

Suy ra 3k% + 3k + 1 1 liiy thita ctia 3, (dieu nay vo 1y). Chimg t6 y # n + 3.

oNéuy = n+2thh M = n+2 doddtacd (n+1)(n+3) = 3" Vi
n+ 1, n+ 3 khong thé dong thoi 1a liy thita ctia 3 nén khong ton tai sd n thoa
m+1)(n+3)=3".Dodd.y+#n+2

e Voiy=n+1,tacét A= 1. Do do, tu (2.10) ta c6 2(n + 1) = 3". RO rang
khong ton tai n thdéa hé thitc vita néu. Do vay y # n + 1.

Nhu vAy, néu bo s6 tu nhién (x,y,n) véi z = y théa yéu cau bai todn thi khong
thé c6 = > n.

Tém lai, néu bo s6 tu nhién z,y,n thoa( thi (z,y,n) 1a (0,2,1);(2,0,1);
(1,2,1);(2,1,1). Ngudc lai, kiém tra truc tiép ta thay ta bon bd s6 trén thoa man.

Vay bo s6 thoa yéu cau 1a (0,2,1);(2,0,1); (1,2,1);(2,1,1).

Bai toan 2.2.5. (HSGQG-2011) Cho day s6 nguyén (a,,)xac dinh bdi
ap=1,a1 = —1,a, = 6a,_1 + da,—2,Yn = 2 (2.11)

Chtmg minh rang agi2 — 2010 chia hét cho 2011.
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Loi gidi: Xét day so6 nguyén (b,) x4c dinh baéi

bp =1,b0 = —1,b, = 6b,_1 + 2016b,,_o,V = 2.

(—42)"+41.48™

Dé dang tim dugc s6 hang tong quat ctia day nay 1a b, = 4 50 )

n = 0.

Vi 2011 1a s6 nguyén t6 nén theo dinh 1y Fermat nho ta co:
(—42)%010 = 48%°" = 1 (mod 2011).
Do do,
90b2012 = 49.(—42)%°12 1 41.48%012 = 49(—42)? + 41.48% = 90by (mod 2011).

Suy ra byoiz = by (mod2011)UCLN(90,2011) = 1, ma by = 6by + 2016by nén
boo12 = 2010 (mod 2011). Ngoai ra, theo ta ¢6 a, = b, (mod 2011).
T do suy ra

as012 = 2010 (mod 2011).
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