PHAN 1
CAC KIEN THUC CAN LUU Y
1/Dinh nghia {A z8eA-520
A<B< A-B<0
2/Tinh chit
+A>B < B< 4
+A>BvaB>C < 4>C
+ A>B = A+C>B +C
+A>Bva C>D = A+C>B+D
+A>BvaC>0 = A.C>B.C
+A>BvaC<0 = AC<B.C
+0<A<Bva0<C<D = 0<A.C<B.D
+A>B>0 = A">B" wn
+A>B = A">B" véinlé
+|4 >[B = A" >B" voéinchin
+m>n>0vaA>1 = A" > A"
+tm>n>0va0<A<] = A"< A"

+fA<BVAAB>0 = 11
A B

3/Mét s6 hang bat dang thirc

+A’ 2 0v6i VA (ddu=xdyrakhiA=0)
+A" > 0 v6iv A (dau=xayrakhi A=0)

+ 420 voi V4 (dau=xayrakhiA=0)
T4 <A=|4

+ |4+B|>|4+|B| (dau=xdy rakhi A.B>0)
+ |4-B|<|4|-|B| (dau=xdy rakhi A.B<0)



PHAN I
CAC PHUONG PHAP CHUNG MINH BAT PANG THUC
Phwong phap 1 : Dung dinh nghia
Kién thuc : Dé chimg minh A > B. Ta lap hitu A-B>0
Luu ¥ dung hang bat dang thirc M?> > 0 v6ivV M
Vidul V x,y,zching minh rang :
a)x’+y’+z®> xytyz+zx
b)x* +y® +2z° > 2xy—2xz +2yz
Ox*+ty’ +z°+3>2(xty+2z)
Giai:
a) Ta xét hi¢u : x*> +y* + z°- Xy — yz — zx =%.2 (x> +y*+2z2°-xy—yz—

ZX)
=% [(x— W+ (x-2)+(y- 2)2]2 0 dling v&1 moi X;y;ze R
Vi (x—y)2 >0 v6ivx ; y Dau bang xay ra khi x=y

(x—z) >0 v6ivx ; z Dau bﬁng xay ra khi x=z

(y-z)* 20 v6iV z; y Dau bang xdy ra khi z=y

Vay x* +y? +z > Xy+yz+zx Daubangxayrakhlx y =z

b)Ta xét hi¢u: x* +y*> +2° - (2xy —2xz H2yz ) =x’ +y’> +z* - 2xy +2xz —

2yz

=(x— y+ z)2 > O dung voi moi x;y;ze R

Vay x?+y?+z?>2xy—2xz+2yz ding voi moi X;y;ze R

Dau bang xay ra kh1 x+rz

c) Taxéthiu: x> +y> +z* +3 - 2(xty+z)=x>-2x+1+y’> 2y -+l +z°-
2z +1

= (x-1)*+ (y-1) *+(z-1)*= 0. Dau(=)xdy ra khi x=y=z=1

Vi du 2: ching minh rang :

2 2 2 2 2 2 2
+b" + +b+ ~ LR e L n
a) 2 l > ath ; b) 2 < Z(a CJ c) Hay tong quat bai
2 2 3 3
toan
Giai:
2 2 2
a) Taxéthisu 0 —[“”’j
2 2
2 2 2 2
_2e*+b?) a*+abt =Loa2 v2p? —a? —p? —2ab) =L(a—-b) 20
4 4 4 4
2 2 2
vay & ;b z[“;bj . Déu bing xay ra khi a=b
b)Ta xét hi¢u



2 2 2 2
a +b” +c _(a+b+cj :é[(a—b)z+(b—c)2+(c—a)2]20.V@y

3 3
a’+b*+c? >(a+b+cj2
3 B 3

Dau bang xay ra khi a=b =c

2 2 2 2
2 L a +a,+..+a a,+a,+...+a
c)Tong quat———2 i 2( L= j

n
Tom lai cac bude dé chimg minh A >B theo dinh nghia
Buwoc 1: Taxéthiéu H=A-B
Buée 2:Bién d6i H=(C+D) > hodc H=(C+D)>+....+(E+F)?
Bude 3:Két luan A > B
Vi dy 1: Chimg minh Vm,n,p,q ta déu c6 : m>+n>+ p>+ q>+1> m(n+p+q+1)
Giai:

2 2 2 2
m 2 m P m 2 m
&S| —-—mn+ +|——mp+ +|——mqg+ +|—-m+1|20
(4 mn n}(é‘ mp pj(é‘ mq q}(;‘ m J

m 2 m 2 m ? m ? A ’
@[3—;1} +[3—pj J{E_qj +[E—lj >0 (luon dung)

E—nzO I

m 2
L s - -r=0 _m m=
Déu bang xay ra khi {2 N p_2<:>{

L m n=p=q=1

2 q=—

. 2

—=1=0 m=2

Vi du 2: Ching minh rang véi moi a, b, ¢ ta luén c6 :a* +b* +c* > abc(a+b +c)

Giai: Taco: a* +b* +¢* >abc(a+b+c), Va,b,c >0
sat+b'+¢t —atbe-b*ac—ctab>0
< 2a* +2b* +2¢* —=2abe —2b*ac —2¢*ab >0

2 2 P 272 2 2\ 2 2 2 2 \? 2 2
c>(a -b ) +2a°b +(b -c ) +2b°c +(c —-a ) +2a‘c

—2a’*bc —2b*ac—2c*ab >0

2 2 P 2 2\ 2 2\ 272 22 2 2.2 2 2 2

c>( -b ) +(b —c ) +(c —a ) +(a"b”+b°c”—=2b"ac)+ (b°c” +c a” —2c ab)
+(a’bh* +c*a’ —2a’ab) >0

@(az—bz)z+(b2—cz)z+(cz—a2)2+(ab—bc)2+(bc—ac)2+(ab—ac)2 >0
bung véi moi a, b, c.

Phwong phdp 2 : Diing phép bién doi twong dwong
Kién thirc:



Ta bién d6i bat ding thic can chimg minh twong duong véi bat dang thirc
dung hodc bat dang thirc da dugc chirng minh la dung.
Néu A<B < C<D ,v6i C<D la mot bt dang thirc hién nhién, hodc da biét 1 dung
thi c6 bat dang thic A<B .
Chu y c4c hang dang thirc sau:
(4+B)’ = 4> +24B + B*
(A+B+C) =4 +B*+C? +24B+2AC+2BC
(4+B) = 4> +34*B+34B* + B®
Vidu 1: Cho a, b, c, d,e 1a cac $b thuc chirng minh réng
2
a) a’ +b— > ab
4
b) a*+b*+1>ab+a+b
C) a*+b*+c*+d*+e* >alb+c+d+e)
Giai:
2
a) a’ +%2 ab < 4a® +b* >4dab < 4a* —4a+b* >0 < (2a-b)’ >0

2 14 A
(BDT nay luon ding). Vya’ + % >ab  (d4u bing xay ra khi 2a=b)

b) a*+b*+1>ab+a+b < 2a*+b*+1 )>2ab+a+b)
<a’-2ab+b*+a’> -2a+1+b>-2b+120
S (a-b) +(@-1)2+bB-1)2>0 Bét dang thuc cudi ding.
Vay a* +b*> +1>ab+a+b. Dau bang xdy ra khi a=b=1
c)
a*+b*+ct+d*+e* 2alb+crd+e) o H > +b* +cP +d> +e* )2 dalb+c+d+e)
= (a2 —4ab+4bz)+(a2 —4ac+4cz)+(a2 —4ad +4d* ) a’ —4ac +4c’ )> 0
o (a-2b) +(a-2¢) +(a—-2d) + (a 2¢)’ >0
Bét dang thtrc dung vay ta co diéu phai ching minh
Vi du 2: Chiing minh ring: (a" +5" \a* +b°)2 (a* +5*Ja* +b*)
Giai:
(a10+b10Xa +b° ) (a +b° Xa +b* )
< a®+ad"b? +a’b" +b"” 2 a” +a*h* +a’*h® +b"
& a'b*(a* =)+ a’p*(b* —a*)2 0 & a’b’(a’-b’)(a’-b%)> 0
o azbz( a2-b?)(a* + a’b>+b%) > 0 ‘
Bat dang thirccuoi dung vay ta c6 di€u phai chiing minh

2
> 242

2
Vidu 3: choxy=1vax)y Chimgminh = Ty
X=y

2
Y >22 vi X)y nén x-y ) 0 =x+y’> 22 (x-y)
xX=y
= XHy- 232 x+242y 20 Xy H2- 242 x+242y -2 =0
o XY (V2 )= 242 x+24/2y -2xy 20 vix.y=1 nén2.x.y=2
y -2Xy y= y

ene X
Giai:




—(x-y-v2)* > 0 Diéu nay ludn ludén ding . Vay ta co diéu phai chimg
minh

Vi du 4: Ching minh rang:

a/ P(x,y)=9x’y* +y* —6xy-2y+1>0 Vx,yeR

b/va® +b* +c* <|d +[p|+|d  (goiy :binh phuong 2 vé)

¢/ Cho ba s6 thuc khéc khong x, y, z thdéa man:

xyz=1

I 1 1
—F+—+—<x+ty+z
X y z

Chung minh rang :c6 diing mot trong ba sd x,y,z 16n hon 1
Giai: Xeét (x—l)(y 1)(z- 1)—Xyz+(xy+yz+zx)+x+y+z 1
=(xyz-1)+(x+y+z)- Xyz( L ) xty+z - ( +— : +— ) >0 (V1—+ L xty+z
y X y z Xy oz
theo gt)
=2 trong 3 s6 x-1,y-1,z-1 am hodc ca ba s6-1 , y-1, z-1 la duong.

Néu truong hop sau xay ra thi x, y, z >1 =x.y.z>1 Mau thuan gt xy.z=l
bat budc phai xay ra trudng hop trén tirc 14 co dung 1 trong ba s6 x ,y ,z 13 s6 16n
hon 1

Vi du 5: Chimg minh rang : 1<—2—+ b ¢ o

a+b b+c a+c

Giai:
Tacd: a+b<a+b+c= ! > ! - 4 5 ¢ 1))
a+b a+b+c a+b a+b+c
Tuong ty ta co : b > b 2, € . ¢ 3)
b+c a+b+c a+c a+b+c

Cong vé theo vé cac bat dang thuc (1), (2), (3), ta dugc
a b o (*)
a+b b+c a+c

a a+c

Tacd:a<a+b= < @)
a+b a+b+c
Tuong ty : —2—<—2*0_ (5), ¢ b g
b+c a+b+c c+a a+b+c

Cong vé theo vé cac bat dang thic (4), (5), (6), ta dugc

@ b c (**)
a+b b+c a+c

Tir () va (*%) , ta duogc : 1<—2—+ b +—S <2 (dpcm)
a+b b+c a+c

Phwong phap 3: Diing bt ding thirc phu
Kién thirc:

a) x> +y’>2xy
b) x*+)* 2| xy | dau(=)khix=y=0



c) (x+ y)2 > 4xy

Heilss
b a

Vidu 1 Cho a, b ,c la cac s6 khong 4m chimg minh rang
(at+b)(b+c)(ct+a)>8abc
Giai: Dung bat dang thirc phu: (x+ y)* > 4xy
TacO (a+bf>4ab; (b+c) =4bc ; (c+a) >4ac
= (a+b) (b+c) (c+a) > 64a’b*c* = (8abc) = (a+b)(b+c)(c+a)>8abe
Dau “="xayrakhia=b=c
Phwong phdp 4: Biit ding thirc Co sy
Kién thirc:
a/ Véi hai s6 khong am : 4,520, ta cd: a+b>2+4ab. Dau “=" xay ra khi a=b
b/ Bét dang thirc m¢ rong cho n s6 khong am :

a,+a,+..+a, 2n%laa,.a,

n
a, +a,+..+a,
n

S aa,.a, < [

Déau “="xayrakhi ¢, =a, =...=a,
Chii ¥ : ta dung bat dang thirc Cosi khi dé cho bién s6 khong am.
2" 4* 2 3

Vi du 1 : Giai phuong trinh :

+ +
) 4 +1 2°+1 27 +4° 2
Giai : Néu dat t =27 thi pt trd thanh pt bac 6 theo t nén ta dat

a=2"
,a,b>0
b =4
.y ) . a b 1 3
Khi d6 phuong trinh c¢6 dang : + + ==
b+1 a+l1 a+b 2

Vé trai ctia phuong trinh:

( a j b 1 a+b+1 a+b+1 a+b+1
—+1 |+ —+1 |+ +1]-3= + + -3
b+1 a+1 a+b b+1 a+1 a+b

(a+b+1)(bil+ LI j—3=%[(b+l)+(a+1)+(a+b)]( ! L j—3

+
a+1l a+b b+1 a+1 a+b

L3 + +1)a + 3 - :é
253wt arb) ey 735

Vay phuong trinh tuong duong véi :
a+l=b+l=a+bsa=b=12"=4"=1<x=0.
Vidu?2:Chox,y,z>0vax+y+z=1.Tim GTLN cua P
_ X b% z
x+1 y+1 z+1




Gidi: P=3- (——+— 41 ) = 3_Q. Theo BDT Cési, néua, b, ¢ >0
x+1 y+1 z+1

thi

1
a+b+c23\3/abc©1+1+1233L:>(a+b+c)(l+l+lj29:>l+l+—2 0
a b ¢ abc a b ¢ a b ¢ a+b+c

1 1 1 9 9_3
= > = <2 P=3-Q<3-===
Suyra Q x+l+y+l+z+l 4 = Qs 4 nen Q 4 4
VéymaXP=% khix=y = =%.
Vidu 3: Choa, b, ¢ >0.Chimng minh rang:

1 1 N 1 <a+b+c

a’+bc b>+ac c’ +ab - _2abc
Giai: Ap dung bat dang thurc Cosi ta co :

a’ ++bc > 2a\bc = 2 ! 1[1 +ij
a ++bc avbe ac

Tuong tu :

2 1 1(1 1 j:> 2 1 l(i+ij
>+ +ac b\/E bc ab > ++ab c\/_ 2\ac bc
2 2 2 a+b+c
+ <

2 2 + 2 -
a +bc b ++ac ¢ ++ab 2abc
Dau “=" x4y ra khia=b=c.

Vidu 4 : CMR trong tam gidc ABC : R b +—S >3 (%
b+c—a c+a-b a+b-c

Giai : Theo bét diang thirc Cosi :
@« b < 3 abe (1)
b+c—a c+a-b a+b-c (b+c—a)c+a—-b)a+b—c)
Ciing theo bat dang thirc Cosi :

\/(b+c—a)(c+a—b) S%(b+c—a+c+a—b)=c (2)

Viét tiép hai BDT tuong tu (2) rdi nhan v6i nhau s& duoc
(b+c—a)c+a—-b)a+b—c)<abc
b
— >1(9)

(b+c a)(c+a- b)(a+b c)
Tur (1),(3) suy ra (*). Dau “=" xay ra khia = b = ¢ hay ABC 1a déu .
Vidu 5:

0O<a<b<c

Cho { =7~ ", Ching minh rang:

0<x,y,z

(a+c)

dac

(x+y+z)

(+by+cz)[£+Z+EJ <
a b c



Giai: bat f(x)=x"—(a+c)x+ac=0 c6 2 nghi€ém a,c
Ma:a<b<c= f(b)<0 = b’ —(a+c)b+ac<0

@b+%£a+c©yb+ac%£(a+c)y

= [xa+ac£j+(yb+ac%)+(zc+ac£) < (a+c)x+(a+c)y+(a+c)z
a c

:>xa+yb+zc+ac[£+%+iJS(a+c)(x+y+z)
a c

Theo bat dang thirc Cauchy ta co:

= 2\/(xa+yb+zc)ac[£+%+EJ <(a+c)x+y+z)
a

c

= 4(xa+yb+zc)ac[£+l+£J <(a+c)(x+y+z)
a

S~

c

< (xa+yb+ zc)ac[i +2 +Ej <

a b ¢

Phwong phap 5 Biit ding thirc Bunhiacopski
Kién thirc:
Cho 2n s6 thyc (n>2): a,,a,,..a,,b,,b,,...b, . Ta ludn co:

(a,b, +a,b, +...+a,b ) <(a' +a;+..+a’ )b} +b; +..+b>)

Diu “="xayrakhi o 2 =22- = I
b b, b,
b, b, b, Y X Vo
Hay - == =_..=" (Quyudc : n€umau=0thitr=0)
al aZ an
Chirng minh:

2

Dit az\/af+a§+...+an
b= b} +b2+..+b]
e Néua=0hayb = 0: Bt dang thirc ludn ding.
e Néuab>0:

it «, =21, 8 =%(z’ =12,.n), Thé thi: @’ +a? +..+a’ =B + B2 +..+ B
a

Mit khéc: |o,B,| < %(af +p2)

|, B+, B + .+

al’lﬂn

= |a,b,|+|aby| + ...+

1 2 2 2 1 2 2 2
<—(a +a;+..+ta’)+— + +...+ <1
Suyra: 2( 1 2 n) 2(181 182 IBn)

<ab

<l|a,by| +]aby| +...+

anbn

Lai co: |a\b, + a,b, +...+a,b,

al’lbl’l

Suy ra: (ab, +a,b, +...+a,b,)’ <(a] +a; +...+a. )b +b; +..+b")



Aos_30 2 a; = ivi=1,2,...,l’l
Dhw= xiyra | @ =AU o
ap..oa,p,cing diu b b, b

Vidul :
Chtng minh rang: Vxe R , ta cO: sin® x +cos® x > %

Giai: Ta cO: sin’ x+cos’x=1VxeR

Theo bét ding thirc Bunhiacopski, ta co:

1= (sin2 x.1+cos’ x.l) < (sin4 x +cos* x)(l2 +12)

o L <sint x4 cost x> 1 < (sin4 x +cos* x)z
2 4

St dung bat dang thirc Bunhiacopski mot 1an nita:

ol (sin4 x.1+cos’ x.l)2 ole (sin8 x +cos® x)(l2 +12) = (sin4 x +cos* x) >1
4 4 8

Vi du 2: Cho tam giac ABC c6 cac goc A,B,C nhon. Tim GTLN cua:

P =+/1+tan A.tan B +~/1+ tan B.tan C ++/1 + tan C.tan 4

Giai:

* Bat dang thirc Bunhiacopski mé rong

Cho m bo s6, mdi b sd gom n s6 khong am: (a,,b,....,c,)i =1,2,....,m)

Thé thi:

(a,ay..a, +bb,.b +..+cc,.c,) <(a' +b" +..+c")al +b) +...+c))a +b" +...+c")

Dau”=" xay ra «< 3 b0 s0 (a,b,....,c) sao cho: v6i moéii=1,2,....m thi 3¢,
sao cho: a=ta,,b=tb,,...c=tc,,Hay a :b:...c;=a,:b,:...c,=a,:b, :..c

1 n n

2 2 2 _
a; +a; +..+a, =3

Vidu 1: Cho {

neZnx2
Chung minh rang: R a”l <2
n+
Giai:
VkeN*tacé:%< 11: 11 .
kK== k== k+—
4 2 2
S
2
ool gl
2 2
SN U Y IR ) Y S Y Lo L.
B B coe _2 N/ =/ = = 7 cee - < - <4 |— A~ -
A P74 774 L M Ve

Do d6 theo bat dang thirc Bunhiacopski:



a, az

1 4+—= \/a1+a2+ +a \/—+ +.. +—<\/_\/7 \/E(dpcm)
3 n+1

2
Vidu 2: Cho 4 sb a,b,c,d bt ky chirng minh rang.
J@a+e) +(b+d)* <Va* +b* +4c? +d°

Giai: Dung bat dang thic Bunhiacopski: Tacé ac+bd<a® +b> e +d>

ma
(a+cf +(b+d) =a®+b>+2(ac+bd)+c* +d> <(a* +b* )+ 2a> +b* J? +d* +¢* +d”

= J@+0) +(b+d)? <\a® +b* +4c? +d’
Vidu 3: Chimg minh rang : a® +b> +¢> > ab+bc +ac
Giai: Dung bit dang thirc Bunhiacopski
Cach 1@ Xé& cip s6 (LL1) va (ab.c)
(P +17+12 )@ +b> + ) = (La+1b+1c)
= 3(a +b’ +c2)2 a’ +b* +¢* +2(ab +bc + ac)
Piéu phai chimg minh Dau bang xay ra khi

=a*+b*>+c*>ab+bc+ac

ta cO

a=b=c
Phwrong phap 6: Bit ding thirc Tré- bu-sép
Kién thirc:
. <a,<...<
a)Néu a <a,<...<a, thi
b <b, <

a +a,+..+a, bj+b,+...+b, ab +a,b, +....+a,b,
n ' n n ’
Déu ‘=" xay ra khi va chi khi| © ~ " " T

b =b,=..=b
£ <a,<...<a, .,
b)Neéu “ thi
by>b,>...2b,
a +a,+..+a, bj+b,+...+b, S a,b, +a,b, +...+a,b,
n ' n N n
Déu ‘=" xdy ra khi va chi khi| ' =~ =T %
by=b,=..=b,

Vidu I: Cho AABC c6 3 goc nhon ndi tiép duong tron ban kinh R = 1 va
sin A.sin2a +sin B.sin 2B +sin C.sin2C _ 2§

sin A+ sin B +sin C 3
S 1a dién tich tan giac. ching minh rang A ABC la tam giac déu
T

Giai: Khong giam tinh tong quat ta gia su 0< A<B<C<2Z .Suyra
{sinASsinBSsinC

sin 2a < sin 2B <sin 2C
Ap dung BDT trebusep ta duoc:

10



(sin 4 + sin B +sin C)(sin 24 +sin 2B +sin 2C) >
> 3(sin A.sin 24 + sin B.sin 2B + sin C.sin 2C)
- sin A.sin 24 + sin B.sin 2B +sin C.sin 2C

sin 4+ sin B +sin C

Ao s sin 4 =sin B =sin C )
Déu ‘=’ xay ra< < AABC déu

S%(sin2A+sin2B+sin 20)

sin 24 =sin 2B =sin 2C
Mat khac:
sin 24+ sin 2B +sin 2C = 2sin( 4 + B).cos(4 — B) +sin 2C
= 2sin C[cos(A — B)+cos C] = 2sin C[cos(A — B)—cos(4+ B)]
= 2sin C.2sin A.sin B = 4sin Asin Bsin C
=(2Rsin A)(2Rsin B).snC =ab.snC =25 (2)

Thay (2) vao (1) ta co
sinA.sin2a+sinB.sin2B+sinC.sin2C<§
sin A+ sin B +sin C T3

Dau ‘=" xay ra < AABC déu.

Vidu 2(HS tw gidi):
a/ Cho a,b,c>0 va atb+c=1 CMR: 1 +%+l >9
a C
b/ Cho x,y,z>0 va x+y+z=1 CMR:x+2y+z>4(1-x)(1- y)(1-2z)
c/ Cho a>0 , b>0, ¢c>0
b c 3

CMR: 4 4 + >=
b+c c+a a+b 2

d)Cho x>0,y>0 théa min 2+/x —./y =1 ;:CMR: X+y2%

Vi du 3: Cho a>b>c>0 va a’+b*+c¢*=1. Ching minh
N a’ b’ c’ 1
rang + + >—
b+c a+c a+b 2
Giai:
. _ a*>b*>c?
Do a,b,c d61 xitng ,gid st a>b>c = a_ b . ¢
b+c a+c a+b
Ap dung BDT Tré- bu-sép ta co
2 2 2
a2 b b PP L thite ( a . b - j=l.§=l
b+c a+c a+b 3 b+c a+c a+b) 32 2
1

Viay a + b + ¢ >1 Dau bang xay ra khi a=b=c=—
b+c a+c a+b 2 V3
Vidu 4: Cho a,b,c,d>0 va abcd =1 .Chuing minh réng:
a’+b*+c* +d* +alb+c)+blc+d)+d(c+a)>10
Giai: Tacd a’>+b*>2ab
¢t +d* >2cd
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1

5)

Tacd a’ +b° +c* > 2(ab+cd)=2(ab+ib)z 4 (1)
a

Do abed =1 nén cd =—— (dung LR
ab X

Mat khac:  a(b+c)+b(c+d)+d(c+a) = (ab+cd)+(act+bd)+(betad)

=[ab+ij+[ac+ij+[bc+ij22+2+2
ab ac bc

Vaya® +b* +c* +d* +alb+c)+blc+d)+d(c+a)>10

Phwong phap7 Biit ding thirc Bernouli

Kién thirc:

a)Dang nguyén thiy: Cho a>-1, 1<neZ thi (1+a) >1+na. Dau ‘=" xay ra
khi va chi kh{“ =9

n=1

b) Dang m¢é rong:
-Choa>-1,o>1 thi (1+a)” 21+ na . Ddu bang xay ra khi va chi khia = 0.
a=0

a=1

-cho a>-10<a<1 thi (I+a)* <1+na. Dau bang xay ra khi va chi kh{

Vi du I : Ching minh rang o’ +5° >1,Ya,b>0.
Giai

- Néu a>1 hay »>1 thi BDT ludn dung

- Néuo0<ab<l

Ap dung BDT Bernouli:
b b
(lj :(1+1_—aj <1+b(1_a)<a+b:>a”> .
a a a a a+b

Chiing minh tuong tu: b >

.Suyra a’+b*>1  (dpcm).
a+

Vi du 2: Cho a,b,c > 0.Chiing minh rang
a +b +c 2[a+b+cj. (1)
3 3

Giai

5 5 5
(1)@[ 3a jJ{ 3b J+[ 3¢ j >3
a+b+c a+b+c a+b+c
Ap dung BDT Bernouli:
5 5
[ 3a J :@+b+c—2{]21+5@+c—2@ @)

a+b+c a+b+c a+b+c
Chirng minh tuong tu ta duogc:

12



5
[ 3b J21+5(c+a—2b) 3)
a+b+c a+b+c
[ 3c J21+5(a+b—2c) 4)
a+b+c a+b+c

Cong (2) (3) (4) vé theo vé ta c6

5 5 5
[ 3 j +[ 3b j +[ 3¢ j >3 = (dpcm)
a+b+c a+b+c at+b+c

Chu ¥: ta co bai toan tong quat sau dy:
“Cho a,,a,,..a, >0;r >1.Chliing minh rang

,
r r r
a +a; +...+al >(a1 +a, +....+anj

n n

Dau ‘=" < a, =a, =...=a,.(ching minh tuong tu bai trén).
Vidu 3: Cho 0<x,y,z<1.Ching minh rﬁng
(274274272 +27 +22)g%.

Giai

bat a=2",p=2",c=2" (1<a,b,c<2).
l£a£2:>(a—l)(a—2)£0

g —3a4+2<0= a+2 <3 )
a

Chiing minh tuong tu:
2
b+—<3 2
o (2)

c+2<3 (3
C

Cong (1) (2) (3) vé theo vé ta dugc
9> (a+b+c)+2[l+%+ljm£2\/(a+b+c)2(l+l+lj
a C

a b c

:ﬁz(a+b+c)[l+l+lj:>(dpcm)
8 a b c

Chu y: Bai toan tong quat dang nay
“Chonso x,,x,,...x, €[a,bl,c>1
Ta ludn co:

a b 2
_ _ _ [nc +c ]
(c)“ +c” +....+c™ Xc Tt 4+ X”)SJ—L

4ca+b
Phwong phap 8: Sir dung tinh chat bdc cdu
Kién thite:  A>B va B>C thi A>C
Vidu 1: Cho a, b, ¢ ,d >0 thoa man a>c+d, b>c+d
Ching minh ring  ab >ad-+bc

13



Giai:

, d - d>0
Taco 47 °T¢ o J97¢74” —~  (ac)(b-d)>cd
b>c+d b—-d>c>0

< ab-ad-bctcd >cd &  ab> ad+be (diéu phai chimg minh)

5
Vi du 2: Cho a,b,c>0 théa min a2+b2+c2=§. Ching minh

1 1 1 1
—t—t—<—
a b ¢ abc

Giai: Ta c6 :(at+b- ¢)*= a’+b*+c*+2(ab—ac—bc) ) 0
= actbc-ab (%( a’+b*+c?)

= actbc-ab S%( 1 Chia hai vé cho abc >0 ta co l+l—l< b

a b ¢ abc
Vi du 3: Cho 0 <a,b,c,d <I Ching minh rang (1-a).(1-b) ( 1-c).(1-d) > 1-
a-b-c-d Giai: Ta c6 (1-a).(1-b) = 1-a-b+ab
Do a>0, b>0 nén ab>0= (1-a).(1-b)>1-a-b (1)
Do ¢ <I nén 1- ¢ >0 ta c6 =(1-a).(1-b) ( I-c) > 1-a-b-c
= (1-a).(1-b) ( 1-¢).(1-d) > (1-a-b-c) (1-d) =1-a-b-c-d+ad+bd+cd
= (1-a).(1-b) ( 1-c).(1-d) > 1-a-b-c-d (Piéu phai chirmg minh)

Vi du 4: Cho 0 <abc <l . Ching minh ring:
2a° +2b° +2¢* <3+a*b+bic+cta
Giai:

Doa<1l = a*<1 va

Ta co (l—az)(l—b)<0 = 1-b-a’+a’b>0= 1+a’h*>>a’ +D

ma0<ab<l = a*>da’, b >b

Te(l)va(2) = 1+a°b*> a’+b’. Vay o’+b° <1+a’b’

Tuongtuy b+’ <l1+b’c; c’+a’<1+c’a

Cong céc bat dang thirc ta c6 :2a° +2b° +2¢° <3+a’b+b*c+c’a

Vi dy 5 Chirng minh ring : Néu o +5* = ¢> +d? =1998 thi | ac+bd | =1998

Giai:

Taco (ac +bd)* +(ad—bc)? =a’c’ +b’*d* +2abcd +a’d > +b’c*-2abcd =

= a’(c*+d?)+b(c*+d%) =(c*+d%).( a*+ b%) = 1998°

rd rang (ac+bd)’ < (ac+bd ) +(ad —bc)’ =1998> = |ac + bd| <1998

Vidu 6 (HS tw gidi) :

a/ Cho céc sb thuc : aj;azas ....;ax003 thoéa man: a;+ aytas; + ....+axp =1

. : X . 2 2 2 1

ching minh rang : a’+a; +aj +....+ ajy, 2m
b/ Cho a;b;c >0 thoa man :a+b+c=1

Chtrng minh rang: Aondond-onss
a b c
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Phwong phap 9: Diing tinh chit ciia ty so
Kién thirc
1) Cho a, b ,cla céac $b duong thi
a—Néu 451 thi ¢>4*¢
b b b+c
a+c
b+c

b—Néu Z<1 thi “<
b b

2) Néu b,d >0 thi tir
a C a a+c C
—<—=—-< <—
b d b b+d d

Vidu I: Cho a,b,c,d> 0 .Ching minh rﬁng

1<a+b+c+d<2

a+b+c b+c+¢ ct+d+a d+a+b
Giai: Theo tinh chat cua ti 1€ thurc ta co

a a a+d
<l= < (1)
a+b+c a+b+c a+b+c+d
Mit khac : LN a )
a+b+c a+b+c+d
Tu(l)va(2)tacod\
a < a < a+d (3)

a+b+c+d a+b+c a+b+c+d
Tuong tu ta co

b b b+a
< < 4)
a+b+c+d b+c+d a+b+c+d
c < c < b+c (5)
a+b+c+d c+d+a a+b+c+d
d d d+c
(6)

<
atb+c+d d+a+b a+b+c+d
cong ve vai ve cua (3); (4); (5); (6) tacd
e b ¢ . d ) diduphaiching minh
a+b+c b+c+d c+d+a d+a+b

VidyZ:Cho:%<§ va b,d >0 .Chirng minh rang %<—Z?+;f <§
+

Giai: T 9<¢ - cd _ab_abved cd_c

b d b d b~ b +d” d- d

<ab+cd c

vay d<cdbrea ¢ diéu phai chtrng minh
24 b b*+d* d p &

Vidu 3 : Cho a;b;c;dla cac s6 nguyén duong thoa min : a+b = c+d =1000

tim gié tri 16n nhét cuaZ +§
C
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Giai: Khong mat tinh tong quat ta gia si :2 S% T 2 S%
C C
:f§a+b§£
c c+d d
2<1 viatb=c+d
C
I . b a b
a/ Néu:b <998 thi — <998 = —+— <999
d c d
L C o __a_ b_1 999 ST A
b/Néu: b=998 thi a=1 = — +§__ +7Da_1t gia tri 16n nhat khi d= 1; ¢=999
C C

Vay gi4 tri 1on nhét cta %+%999+9%9khi a=d=1; c=b=999
Phuwong Izhdp 10: Phwong phap lam trji

Kién thirc: o ? ’ o ‘

Dung cac tinh bat dang thirc d¢ dua mot v€ cua bat dang thirc vé dang tinh
dugc tong hitu han hodc tich hﬁg han. q

(*) Phuong phép chung dé tinh tong httu han : S = u, +u, +....+u,

Ta ¢ ging bién ddi s6 hang tong quat u, vé hiéu cua hai sé hang lién tiép
nhau:

U =0, —dy,,
Khi d6 :S = (a,~a,)+(a,—a;,)+...+(a,~a,. )=a —a,,
(*) Phuong phap chung vé tinh tich hitu han: P = wu,...u,

Bién dbi cac s6 hang u, vé thwong cua hai s6 hang lién tiép nhau: u, =-%
ak+l
Khidgo p=4 %2 %G _ 4
aZ a3 an+1 an+1
Vi du 1: V&i moi s ty nhién n >1 chimg minh rang
1 1 1 1 3
—< + +oot <=
2 n+l n+2 n+n 4
Gidi: Tacé — > =1 v&ik=123,...n1
n+k n+n 2n
Dodéo: 4+t , Lt .t . »n 1
n+l n+2 2n 2n 2n 2n 2

Vi du 2: Ching minh rang;
1 1 1 . £
I+ ——+—+..+—>2Wn+1-1 V61 n 1a sO nguyén
2 Jn ( n ) guy
1 2 2
Giai: Tacd6 ——=—"—> =2k +1-k
Vi 24k Nk +Ak+1 ( )
Khi cho k chay tir 1 dénn ta co
1>2(2-1)

1
ﬁ>2(\/§—\/§)
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..................

L o(Jar1-n)

Jn
A \ A r 1.k, a2 , N . 1 1 1
Cong tung vé cac bat dang thic tréntacod 1+ —+—+...+—> 2(\/;1 1—1)
V2 43 Jn
, , . 3 o1
Vi du 3: Chiing minh rang ZF<2 VneZ
k=1
Gidi: Taco ~ < =1 1
K k(k-1) k-1 k
Cho k chay tr 2 dénn ta co
1 1
—2<1——
2 2
I 1 1
2 <572
3> 2 3
.t .1 1+1+ + ! <1
n n-1 n 22 3 7

Viy ¥4 <2
k=1 k 7 >
Phwong phap 11: Dung bdt dang thirc trong tam gidc

Kién thirc: Néu a:b;cla sd do ba canh cua tam giac thi : a;b;c> 0
Va b-c|<a<btc ;lac|<b<atc ;|a-b|<c<bta

Vi du I: Cho a;b;c 14 s6 do ba canh ciia tam giac ching minh rang
1/ a*+b*+c’< 2(ab+betac)

2/ abc>(atb-c).(b+c-a).(ct+a-b)

Giai
1/Vi a,b,c 1a s6 do 3 canh ctia mdt tam giac nén ta co
O<a<b+c a* <a(b+c)
O<b<a+c = b* <b(a+c)
O<c<a+b ¢’ <cla+b)
Cong ting vé cac bat ddng thirc trén ta co: a’+b*+c’< 2(ab+bc+ac)
2/Tacd a>|bc| = a®>a>—(b-0c)*>0
b>|a-c | = b’>b’—(c—a)*>0
c>|ab | = >t —(a-b)P*>0

Nhan vé cac bat dang thire ta duoc
= a’b’c’ > laz —(b—c)zlb2 —(c—a)zlc2 —(a—b)ZJ
= a’b’c* >(a+b—cf(b+c—a)(c+a—b)
= abc > (a+b—c)(b+c—a)(c+a—b)
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Vidu2 (HS tw gidi)

1/ Cho a,b,c 1a chiéu dai ba canh cua tam giac

Chung minh ring  ab+bc+ca<a’® +b> +c* < 2(ab+be + ca)
2/Cho a,b,c 1a chiéu dai ba canh cua tam giac c¢6 chu vi bﬁng 2
Chung minh ring @ +b* +¢* +2abc <2

Phwong phap 12: Sur dung hinh hoc va toa do
Vidu I: ‘

Chimng minh rang : \Je(a—c) ++Jc(b—c) <ab ,Ya=b>0 VA b>c
Giai

Trong mit phang Oxy, chon u=(Jevb—-c); v=(Wa—c,c)

Thi [ =V, [=va; wv=ycl@a—c)+Jc(b-0)

Hon nira: ;5= ‘Z‘.‘G‘.cosd}}) < ‘ZZHG‘ = Je(a—c) ++Je(b—c) <Jab = (DPCM)
Vidu 2:

Cho 2n sb: x.;y,, i=12,..,n thoa man: Zn:xi + Zn:yi =1. Chiing minh réing:

i=1 i-l
iﬁxiz +yi2 > Q
i=1 2
Giai:
Ve hinh y

u

M
Mg N

Trong mit phang toa do, xét:
M (x,y): M,(x, +x,,y,+Y,) 5.5 M (X, +...+x,,y,+...+,)
Gia thiét suy ra M, e duong thang x + y = 1. Luc do:

OMI :Vx12+y12 , MM, = x22+y22 , M, M, :\Jx32+y32 seees M, M, =\Jx§+y§

VaoM +MM,+M,M,+...+M, M,>0OM, >OH =

=3 aieyie g = (BPCM)
i=1
Phwong phdp 13:  Déi bién so

2|5
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Vidul: Cho a,b,c >0 Chig minh ring —% 4 ’j r—< 5(1)
C ct+a a

Giai: Dit x=b+c ;

; y=ct+a ;z= atb tacéa=$ : b=Z+xT_y;c
:x+y—z
2
taco (1) y+z—x+z+x—y+x+y—z _é
2y 2z 2
PN AL I I A c>( + )+(E —)+(— y)>6
X X y oy z z X
Bét dang thuc cudi cung dung vi (Z+—22; Ziis0; —+122néntacé
Xy X z y oz
di€u phai ching minh
Vidu2:
Cho a,b,c > 0 va atb+c <1. Chirng minh rang
1 1 1
+ + >9 1
a*+2bc b’ +2ac c*+2ab 1
Gidi: Pat x = a’+2b¢c ; y = b’+2ac ; z = c*+2ab. Ta ¢o
x+y+z=(a+b+c)2<l
(1) il Vo1 x+y+z<1 vax,y,z>0
X y z

£, 22 . o . 111
Theo bat dang thuc Cosita co: x+y+z>3.3/xyz, va: —+—+—2>3.3 !
X y z xyz
I 1 1 I 1 1
= (x+y+z)] —+—+—|29. Maxty+tz<1. Viy —+— +-29 (dpcm)
Y

X y z X

Vidu3: Chox>0 ,y>0 théamin 2+x-./y =1 CMR x+y>l

Goi y: Dat Vx =u
thay vao tinh S min

Bai tap tw gidi

, Jy=v =2u-v=1vaS=xt+ty=u’+v’=v="2u-1

1)Choa>0,b>0,c>0 CMR:25a+l6b c

+
b+c c+a a+b

> 8
2)T6ng quat m, n, p, ¢, a, b>0
CMR

ma nb
b+c+c+a a+b 2(\/_+\/_+\/_)Z m+n+p
Phwong phap 14: Dung tam thirc bac hai

Kién thir: Cho f(x) =ax’ + bx + ¢
Dinh li 1:
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flx) > 0,ch>{a>0
A<O

a>0
>0,Vx &
£ 0, {M

a<(
A<O

<0
<0

f(x)<0,ch>{

a
f(x)SO,Vx@{A

Dinh li 2:
Phuong trinh f(x) = 0 ¢6 2 nghiém x, <a <x, < a.f(a)<0
Phuong trinh f(x) = 0 ¢6 2 nghi€ém :

X <x,<a<=A>0

Phuong trinh f(x) = 0 ¢6 2 nghiém :

a.fla)>0

a<x <x,<3A>0

—>a
2

a<x <p<x,

Phuong trinh f(x) = 0 ¢6 2 nghiém { < fla)f(B)<o.

X, <a<x,<pf

Vi du 1:Ching minh réng flo,y)=x"+5y" —4xy+2x -6y +3>0 (1)
Giai: Tacd (1) & »*—-2x(2y—1)+5y> -6y +3>0
A'=Q2y-1F =5)* +6y—-3 =4y’ —4y+1-5y>+6y-3=—(y—1) -1<0
Vay f(x,y)>0 vGimoix,y
Vidu2: Chirng minh I'Ellng.' e, y)=x"y* +2()c2 +2)y2 +dxy+x° > dxy’
Giai: Bat dang thirc can chirg minh tuong duong véi
x2y? +2()c2 +2)y2 +axy+x° —4x° >0 & (¥ +1)°x° +4y(l—y)2x+4y2 >0
Taco A'=4y*(1-y*)f —4y2(y> +1] =—16y> <0

Via= (y2 +1)2 >0 vay f(x,y)>0 (dpcm)
Phwong phap 15: Dung quy nap toan hoc
Kién thirc:

Pé chirng minh bat dang thirc ding v&i 7 > n, ta thuc hién cac budc sau :
1 — Kiém tra bat dang thirc dung véi n=n,
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2 - Gia sir BDT ding v6i n =k (thay n =k vao BDT can ching minh duoc

goi 14 gia thiét quy nap )

3- Ta chiimg minh bt dang thac dung v6i n=k +1 (thay n = k+1vao BDT

can ching minh rdi bién d6i dé dung gia thiét quy nap)

(1

k+1

4 —két luan BDT dung v6i moi n>n,

1 1 1

Vi dul: Chirng minh rang : 1i2+?+""+_2<2__ Vne N;n>1
n n

Gidi: V&in =2 ta co 1+% <2 —% (dtng). Vay BPT (1) ding v&i n =2
Gia s BDT (1) ding v61 n =k ta phai chirng minh BDT (1) dung v61i n =

A A . \ I 1 1 1 1
That vay khi n=k+1 thi (1) < 1_2+7+""+F+(k+1)2 < T
Theo gia thiét quy nap
©l+i+....+L+#<2—l+ ! <2—L
> 2 K (k+1) ko (k+1) k+1
@i+....+ ! < ! + ! <l
1? (k+1)* k+1 (k+1f &
k+1+1 1 ) 2 2 2 . ) N
= D) <;c>k(k+2)<(k+l) < k™+2k<k"+2k+1  Diéu nay dung .Vay

bat ding thie (1)dugc chimg minh

Vidu2: Cho neN vaa+b> 0. Chimg minh ring [“2—+bj < & ;b" (1)
Giai: Ta thidy BDT (1) ding voi n=1
Gia su BDT (1) dung v61i n=k ta phai ching minh BDT dung vo1 n=k+1

That vay véin=k+1 ta co
k+1 k+1 k+1
(1) = [a+bj L 4 +b

2 2
[a+bjk'a+b < a' +p*! @)
2 2 2
o V& trdi Q) < a* +b* 'a+b _ a*' +ab* +a*b+b*"! < a*' +p*!
2 2 4 2
ak+l +bk+l ak+1 +abk +akb+bk+l

5 J >0 @(ak—bk)(a—b)ZO 3)

Ta chirng minh (3)
() Giasr a>b vagidthietcho a>-b < a=x |

o d2p 2pt = (d -b*Na-b)20

(+) Gia st a < b va theo gia thiét - a<b < |d <b' =" <p*

& (ak —bk)(a—b)z 0
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Vay BDT (3)luon dung ta c6 (dpcm) ‘

Vidu 3: Cho a>-1 ,1<neN.Ching minhrang : (1+a)" >1+na

Giai

n=1: bat dang thirc luén dung

n=k (k e N): gia sir bat dang thirc ding, tirc 13: (1+a)* >1+ka

n=k+1 . Ta can ching minh: (1+a)"' >1+(k+1)a

Taco: 1+a)"" =(1+a).0+a) >(1+a).(+ka)>1+(k+Da+ka® >1+(k+1a
— Bat dang thirc dung v6i n=k+1

V ay theo nguyén 1y quy nap: (1+a)" >1+na,vneN

Vidu 4:Cho 1<neN a,a,,...,a >0 thod man a,+a, +...+a, g%. Chiing
minh rﬁng: (l—al)(l—az)...(l—an)zé

Gidi n=1: q, g%: I-q, 2%:>Béli toan dung

n=k (k e N): gia sir bat dang thirc ding, tirc 1a: (l—al)(l—az)...(l—ak)Z%

n=k+1 . Ta can chtirng minh: (l—al)(l—az)...(l—akﬂ)2%

Ta Cé: (l_al)(l_az)-~-(l_ak+1) = (1_al)(l_az)"'(l_ak—l)[l_(ak +ak+1)+akak+1]

> (1-a)(i-a). (-1~ +a, )]z (Vi

a+a,+...+a, +(a, +ak+1)£%)
— Bét dang thic dung véi n=k+1
Vay theo nguyén ly quy nap: (1-4,)(1-a,)...(1-a,) 2%

Vidu 5: Cho 1<neN, a,b, eR,i=12,...,n. Chiing minh réng:
(ab, +ab, +...+a,b ) <(al +a; +...+a )b} +b; +...+b})
Giai n=1: Bat dang thirc lu6n dung

n=k (k e N ):gia st bat dang thirc dung, tuc 1a:

(a,b, +ab, +...+a,b,) <(al +a3 +...+a, )b} +b; +...+b})
n=k+1 . Ta cin chirng minh:

(ab, +ab, +...+a, b)) <(al +ai+...+a; )b} +b; +...+b. ) (1)

That vay:

VP() = (al +a; +...+a; )b} +b; +...+b})+(a; +...+a})b*+
+a’ (b} +b; +...+b))+a; b},

2(ab, +a,b, +...+a,b,)+2aba,.b,., +2a,b,a,b,. +

+...+2a,ba,,,b,, + a1§+lbk2+l

2 2 2
2(ab, +ab, +...+a,b,) +2 (ab, +a,b, +...+a,b,) a, b,., +a, b,
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>(a,b, +ab, +...+a, b,,)’
Vay (1) dugc chiing minh ‘
Vidu 6: Cho 1<neN, a,b, eR,i=12,..,n. Chiing minh rang:
al +a; +...+a

) <

n n

a +a,+...+a,

(

Giai:

n=1: Bat dang thtrc luén dung

n=k (k e N ):gia st bat dang thirc dung, tuc 1a:
2 2 2

al +a; +...+aq;

(a1+a2+...+ak)2<
k B k
2 2 2
A , . +a, +..+ +ta, +...+
n=k+1 . Ta can chirng minh: G L Benyz <4 T 2 (1)
k+1 k+1
Dit: go f2 st ta,
' k
VP(l) = a’ +k’a’® +2ka,a
1) k+1( i @)
Z(k 11)2{a12+k2a§+a324]-€...+a,f+1+k'a12+ka§+a324]-€...+a,f+l
+
=af+a§+...+a,f+l
k+1

Vay (1) duoc chiing minh

Vi du 7: Ching minh rang: n" > (n+1)"",Vne Z,n>2
Giaii: n=2 :{n" =4 =n">mn+1)""
(n+1)"" =3
n=k>2: gia sir bat dang thirc ding, tirc 1a: &* > (k + 1)
n=k+1:TacO: k*(k+ D' >k + D"k + D" =k +D*2(k +1)* =[(k + 1)1 (k +1)?
> (k> +26) (k> +2k) (VI (k+1)?=k>+2k+1>k>+2k)
Sk (k+2)f = (k+ 1) >k +2)* = Bét dang thirc dung voi n=k+1
Vé_iy n">m+0)"",VneZn>2
Vi du 8: Chimg minh ring: |sin nx < nfsin x
Giai: n=1: Bér}t dal}ng thirc luén dung
n=k :gia st bat dang thirc dung, tlrc 1a: |sin iy < kfsin 4

,VneN",VxeR

n=k+1 . Ta can chiing minh: [sin(k +1)x| < (k + D[sin x|
|a +b| S|a|+ b,Ya,be R

cosx| <LVxeR

Ta co: {

|sinx,

NEén: |sin(k + 1)x| =sin kx cos x + cos kx sin ]

< |sin kx||cos x| +|cos kx{|sin x| <|sin kx|. +]sin x| < k|sin x]. + |sin x| = (k + 1)sin x]
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— Bit déng thirc dang v61 n= k+1. VAy: |sin nd < nfsin x|, vne N*,vx e R+

Phwong phap 16:  Chirng minh phan chirng

Kién thirc:

1) Gia st phai ching minh bat déng thirc nao do dung , ta hay gia su bat
dang thire d6 sai va két hop voi cac gia thiét dé suy ra diéu vo ly , diéu vo Iy co thé
la diéu trai véi gia thiét , c6 thé 1a diéu trai nguoc nhau . Tir d6 suy ra bat dang thuc
can chirng minh 1a dung

2) Gia str ta phai ching minh luain dé¢ “p = ¢”

Mubn ching minh p= q(vSi p: gia thiét ding, ¢: két luan ding) phép
chirng minh dugce thuc hién nhu sau:

Gia st khong c¢6 ¢ (hodc ¢ sai) suy ra diéu vo Iy hodc psai. VAy phaico ¢
(hay ¢ ding)

Nhu vay dé phu dinh luan dé ta ghép tat ca gia thiét cua luan dé véi phu dinh
két luan ctia nd .

Ta thuong dung 5 hinh thirc chirng minh phan ching sau :
A - Dung ménh dé phan dao : “P = Q”
B — Phu dinh roi suy trai gia thiét
C — Phu dinh r6i suy trai v6i diéu dting
D — Phu dinh rdi suy ra 2 diéu trai ngugc nhau
E — Phu dinh rdi suy ra két luan :

Vidu I: Cho ba s6 a,b,c théa man a +b+c >0, ab+bctac >0, abe > 0

Chung minh ranga>0,b>0,¢c>0

Giai:

Gidsra < Othitrabc>0 = a-x 0dodoa<0.Maabc>0vaa<0 = cb<

Tur ab+bct+ca >0 = a(b+c) > -bc >0
Via<Omaab+c) >0 = b+c<0
a<0vab+c<0 = a+b+c <0 trai gia thiét a+b+c >0
Vaya>0tuongtutacob>0,c>0
Vidu 2:Cho4sda,b,c,dthéa min diéu kién
ac > 2.(b+d) .Ching minh rang cé it nhat mot trong cac bat dang thic sau 1a
sai:
a’<4b , c*<4d
Giai:
Gia sur 2 bat dang thic : o> <4b , ¢* <4d déu ding khi d6 cong cac vé ta
duoc
a’*+c* <4(b+d) (1)
Theo gia thiét ta c6 4(b+d) < 2ac  (2)
Tx (1) va(2) = a*+c*<2ac hay (a—cf <0 (vOly)
Vay trong 2 bat ding thirc a> <4b va ¢®<4d c6 it nhdt mot cac bat ding
thirc sai
Vi du 3:Cho x,y,z> 0 va xyz = 1. Chimg minh rang
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Néu x+y+z > LDy c6 mot trong ba s6 nay 1on hon 1
X y z

Giai :Ta c6 (x-1).(y-1).(z-1) =xyz — xy-yz+ x + y+ z -1
=Xt+y+z-— (l+l+l) vixyz = theo gia thiét x+y +z> LR
X y z X y z

nén (x-1).(y-1).(z-1)> 0

Trong ba so x-1,y-1,2-1 chico mot s6 duong

That vay néu ca ba sd duong thi x,y,z> 1 = xyz > | (trai gia thiét)

Con néu 2 trong 3 sé d6 duong thi (x-1).(y-1).(z-1) <0 (vo Iy)

Vay c6 mdt va chi mot trong ba $6 X , y,Zz 16m hon 1

Vi du 4: Cho a,b,c>0 va a.b.c=1. Chimg minh rang: 4+ +c>3 (Bat dang
thirc Cauchy 3 s)

Giai: Gia s ngugc | ai:

a+b+c<3 =(a+b+c)ab<3ab < a’b+b*a+cab<3ab < a’b+(a® -3a)b+1<0

Xet: f(b)=a’*b+(a* -3a)b+1

CO A=(a®-3a)* -4a=a" —6a° +9a* —4a =a(a’ —6a*> +9a-4)==a(a—1)*(a —4)<0

i {abc>0 = 0<a<3) = f(b)20=VO0 ly. VAy: a+b+c>3

a+b+c<3
Vidu 5: . . , ‘
Churng minh rang khong ton tai cac so a, b, ¢ dong thoi thoa man (1),(2),(3):
la[<[p-< (1)
fefe-d )
d<fa-tf @) | |
Giai: Gia su ton tai cac s a, b, ¢ dong thoi thdéa man (1),(2),(3), luc do:
ld<|p-c = @®-c)*>a> =—(a+b-c)a-b+c)>0 (1)
bl <|c—d =(c-a)>b> = —(-a+b+c)a+b-c)>0 2
d<la-8 =(a-b>>c> =>—(a+b-c)(—a+b+c)>0 (3)

Nhan (1), (2°) va (3°) vé v6i vé ta dugc:
= J(a+b-c)a-b+c)N-a+b+c)]* >0
= V0 1ly. Vay bai todn dugc chirng minh
Phwong phdp 17 : Sit dung bién doi lwong gidc
1. Néu |x| < Rthi ddt x = Rcosa, ae(0,7]; hodc x=

Rsina, «ace rz
2 2

2. Néu |x> Rthi dat x =

aelo,c)u [m%)

x=a+ Rcosa

3.Néu (x—a) +(y-b) =R*, (>0) thldt{
y=

cosa

, (=27
b+Rsina ( )
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2 2
4 —_— —_— = R
4. Néu [’C “j +[y ﬁj R ab>0 thidat 57 FTSY o
a b y=p+bRsinx

5. Néu trong bai toan xuat hién biéu thirc : (ax)’ + 5>, (4,6 >0)

Thi dat: x—étga oce[—Z zj
22

Vidy 1: Cmr :|a\1-b% +by1-a’ +\/§(ab—1/il—b2 i-a u <2,Va,be[-1]]

Gidi : |a|<1, b <1

Dit {;zzz; (.5 <0.7)

Khi do :
a1 +b1-a +J§(ab—\/(1_b2)(1—a2))

=cosa.sin ff+cos fB.sina +\/§(cosa.cos,8—sina.sin,8)

=sin(a + B) +/3.cos(a + ) = 2 cos(a + ,8—%) e[-2,2]= (dpcm)
Vidu 2 : Cho a,b>1.Chirng minh rang : avb—1+b+al < ab
Giai :
1

a=
(a,ﬂe[o,qj
b= 2

cos’ 3
tga  (tgfB.cos’ f+tga.cos’ a)
=avb-1+bJa—-1= «/t + 4/ —
&  cos’a cos2 p cos’ fB.cos’ a
_ 1 (sin 2,8+sm 2a0) sm(a + /) coszn(a —,6’) < 1 _ub
"2 cos ? B.cos’ a cos’ f.cos’ a "~ cos’ B.cos’ a

Vi du 3: Cho ab # 0.Chirng minh rang :—2/2 -2 < _(a—;b) <2322
a’+4
Giai
N a* —(a—4b)? B 1g’a —(tga —2)°
a’ +4b° 1+tg’a
:Dat:a =2btga, ae [—%,2—”2) =2sin2a —2(1+cos 2a) = 2(sin 2 — cos 2cr) — 2

=22 sin2a —%)—2 e [—2\/5—2,2\/5—2]

Phwong phap 18: Sit dung khai trién nhi thirc Newton.
Kién thirc:
Cong thurc nhi thirc Newton

= 4(tga—1).cos’ a
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(a +b)"Zn:Cfa"7kbk,Vn eN',Va,beR.
k=0
Trong d6 hé sb C* __m (0<k<n).
(n—k)k!

Mot sb tinh chat dit biét cua khai trién nhi thirc Newton:

+ Trong khai trién (a + b)" c6 n + 1 sb hang.

+ S6 mil ctia a giam dan tir n dén 0, trong khi d6 s mii cua b ting tir 0 dén
n. Trong mdi s6 hang cua khai trtién nhi thirc Newton c6 téng sé mii cia a va b
bang n.

+Cac hé sd cach déu hai dau thi bang nhau

ch=cr*,

+S6hang the k + 1 1a Cta"*b*  (0<k<n)

Vidu I:

Chirng minh rang (1+a)" >1+na,Va > 0,vn € N"(bat dang thirc bernoulli)

Giai

Tacod: (1+a)' =Y. Cla" >C) +Cla=1+na (dpcm)
k=0

Vidu 2:

Chirng minh rang:

a)a b Z[aerJ Na,b>0,VYne N

2 2
b)a +b3 re Z[a+§+cj ,VYa,b,c>0,Yne N’

Giai
Theo cong thirc khai trién nhi thirc Newton ta co:
(a+b)' =C’a" +Cla"'b+...+Cab™" +Cb"
(@a+b) =C" +Cp"'a+...+C''ba"" +Cla"
= 2a+b) =C’(a" +b")+C (@' b+b""a)+...+ C' ' (ab"" +ba" ")+ C'(b" +a")
Ya,b>0,Vi=12,...n—1:
(a”’i —b”’iXai —b")z 0=a"+b"2a""'b' —a'b""
= 2a+b) <C’(a" +b")+Cl(@" +b") +...+ C' ' (a" +b")+ C"(b" +a")
=(@" +b")C)+C +..+C" +C")=2"(a" +b")

:[awtbj < a" +b"
2 n

b)Bétd:“é’“zo

Theo cau (a) ta co:
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) a+bj +2(c+dj
a"+b"+c"+d"> 2 2

4 a 4
[a+bj"+[c+dj"
_ 2 2 2(a+b+c+d)n2dn
2 4

=a"+b"+c"+d"24d" = a" +b" +c" 23d"
- a"+b" +c" S 4" :[a+b+cj
3 3
Phwong phap 19: St dung tich phan
Ham s0: f,g:[a,b]— R lién tuc, luc do:

b
*Néu f(x)>0,Vx e [a,b]thi [ fodx=0

* Néu f(x)> g(x),Vx e [a,b]thi J.f(x)dx > Ig(x)dx

* Néu f(x)> g(x),Vx e [a,b] va 3x, €[a,b]: f(x,)> g(x,) thi

If(x)dx > Ig(x)dx .
* jf(x)dx < j1|f(x)|dx.

1
b—a
Vidu I: Cho A, B, C la ba goc cua tam giac.

b
*Néu m< f(x)<M,Vxe [a,b] thi m < '[f(x)deM (m, M 1a hang s0)

Chung minh rﬁng: tg§+tg§+tg% >3
Giai:
Dt f(x)=1g.x < (0.7)
\ 1 ) X
=—(1+1g" —
/(%) 2( g 2)

f"(x)=%tg§(l+tg2§)> 0,x € (0,7)

Ap dung bt dang thirc Jensen cho:
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f(A+ f(B)+ f(C) >f[A+B+Cj
3 a 3

té+t £+t £>3t —A+B+C
ey TE, = T

té+t £+t £>3t z
g2 82 82— 86

A B C
g +ig—+1g—>3
g2 g2 g2

0N

Vi du 2: Chtrng minh: %<J'— z

. 5—-2cos’x 6
Giai
Trén doan [O%} ta co:
0<cos’x<1=0<2cos’x<2=>-2<-2cos’x<0

1 1 l
5 5 2cos’x 3

; i
ISTES I STES) N0 B S
502 v d—2cos"x 3 10 45— 2cos x
PHANIII: CAC BAI TAP NANG CAO
*Dung dinh nghia

—=3<5-2¢cos’x<5=>—

N

R 2
1) Cho abc =1va «’>36..Chling minh réng%+b2+cz> ab+bctac

2 2 2
Giai: Ta xét hiéu: %+b2+c2- ab- be —ac =+ 4 b*c™ ab- be — ac
2 P 3 B
4 12 2 124

3 —
=(%-b- o)’ +%6“bc>o (viabc=1 via®>36 nén a>0)
a

2

Viay : %+bz+cz> ab+bc+ac Diéu phai ching minh
2) Chimng minh rang

a) x'+yt+zi+122x(xp’ —x+z+1)

b) v&1 moi sb thuca, b, ctaco

a>+5b° —4ab+2a-6b+3>0

C) a*+2b°-2ab+2a—-4b+2>0
Giai:
a) Xeét hi€u: x* + y* +z° +1-2x7y* +2x° —2xz - 2x

(x2 —)/2)2 +(x—z)2 +(x—1)2= H

H>0 ta co diéu phai ching minh
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b) V& trai c6 thé viét H= (a—2b+1) +(b—1+1 = H> 0 ta co dpcm
c) vé trai c6 thé viét H= (a—b+1) +(b-1 = H > 0 ta c6 diéu phai ching
minh

* Dung bién d6i twong dwong ‘
1) Cho x>y va xy =1 .Chirng minh rang
2

(G
(x~»)
Gidai: Taco x*+y =(x—y)f +2xy=(x—yy+2 (vixy=1)
= (x2 +y2)2 = (x—y)4 +4.(x—y)2 +4
Do d6 BPT céan chitng minh tuong duong véi (x—y)' +4(x— y) +428(x— y)
= (x—y)4 —4(x—y)2 +4>20 < [(x—y)2 —2]z 20
BDT cubi dung nén ta co diéu phai chimg minh

2) Cho xy > 1 .Chirng minh rang

1 1 2
>+ > 2
I+x° 14+y° 1+xy
Giai:
. 1 1 2
Taco 52 = 12— 12+ 12—1 >0

I+x° 14+y° l+xy I+x° 1+y I+y° l+xy

YoX WY e X0 YY)

(l+)c2 )(l+xy) (1+y2)(l+xy) (l+x2 )(l+xy) (l+y2)(l+xy) B

2
y—x)lxy-1 I . ,
(1+(xz)(l4)—§/2)(l+)xy)20 BDT cuoi nay dung do xy > 1 .Vay ta c6 dpcm
* Dung bat dang thirc phu )
1) Cho a, b, c la cic s6 thuc va a + b +c =1 Ching minh rang

a’ +b* +c* 2%
Giai: ap dung BDT BunhiaCopski cho 3 s6 (1,1,1) va (a,b,c)
Ta co (la+lb+lc) < (l+1+1).(a2 +b’ +cz) o (a+b+c) S3.(a2 +b +cz)

o a2+b2+c22% (vi atbtc =1) (dpcm)

2) Cho a,b,c 1a cac s duong . Ching minh ring (a +b+c){l+%+1j29
a C

(1)
Giai: (1) & 1+£+£+2+1+é+£+£+129 <
c a c a a
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ap dung BDT phu §+§ >2  Véix,y>0. Taco BDT cubi cung ludn diing

Vay (a +b+c).[l+l+lj29 (dpcm)
a b c

* Dung phwong phap bic ciu

1) Cho 0 < a, b,c <1 .Chtrng minh rang : 24’ +2b° +2¢* <3+a’b+b*c+c’a
Gidi: Doa<l = a’<l va b<l
Nén (1-a*)(1-5%)>0=1+a*b—a’-b>0

Hay 1+a’b>a’ +b (1)
Mitkhac 0 <a,b<l = a’*>d’
Vay o’ +b’ <1+a’b

Tuong tu ta co

P+ <1+bc;a’ +c <1+c*a
= 2a’+2b’+2c¢’ <3+a’b+b’c+cla (dpcm)

. b>b= 1+a*>a’ +b°

2)Sosanh 31" va 17"
Gidi: Ta thdy 31" < 32" =(2°) =2% <2¥
Mt khac 2 =2 =(2*)" =16" <17 Vay 31" <17"  (dpcm)
* Dung tinh chit ti s6
a+b b+c c+d d+a

1) Choa,b,c,d>0 .Cminh rﬁng:2< + + + <3
a+b+c b+c+d c+d+a d+a+b

Gidi: Via,b,c,d>0néntacd

a+b a+b a+b+d (1)
a+b+c+d a+b+c a+b+c+d
b++c b+c b+c+a
< < 2)
a+b+c+d b+c+d a+b+c+d
d+a d+a d+a+c
< < 3)
g+b+c+g’ ¢+a+b at+b+c+d
Cong cac veé cua 4 bat dang thirc trén ta c6 :
9 < a+b N b+c N c+d N d+a <3 (dpcm)

a+b+c b+c+d c+d+a d+a+b

2) Cho a ,b.c 14 s6 do ba canh tam giac
Chimng minh rang :1<—2—+ b, ¢ o
b+c c+a a+b
Giai: Via b ,c 1a s0 do ba canh cua tam giac nén ta c6 a,b,c >0
Vaa<b+c ; b<atc ;c< atb

TfI(l):> a < ata _ 2a
b+c a+b+c a+b+c

Mit khac —%4- > ¢
b+c a+b+c
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a 2a b b 2b

< < Tuong ty ta co < <
a+b+c b+c a+b+c a+b+c a+c a+b+c
c c 2c

< <
a+b+c b+a a+b+c

Vay ta co

Cong timg vé ba bat dang thirc trén ta c6 :

<2 4 b +—S <2 (dpcm)

b+c c+a a+b
* Phwong phap lam tri :

1) Ching minh BDT sau :
1 1 1 1
a) —+—+..+ <—
1.3 3.5 2n-1).2n+1) 2
b)1+i+ ! ot ! <2
1.2 123 1.23....n
Giai:
2k+1)—(2k-1
a) Taco: ! :l,( +1)~( ):l( 1 j
(2n-1).(2n+1) 2" 2k-1.2k+1)  2\2k-1 2k+1
Chonchaytfrldénk.Sau do cong lai ta co
L+L+...+ ! :l.(l— 2 j<l (dpcm)
13 35 Qn-1.2n+1) 2\ 2n+1) 2
b)Tacé:l+i+ ! +ot LS Y EEE S
1.2 123 1.23....n 1.2 123 (n—l).n

(L—lj <21y (dpcm)
n

< 1+(1—1j+(1—1j+....+
2 2 3 n-1 n
PHAN IV : UNG DUNG CUA BAT PANG THUC
1/ Diing bit ding thivc dé tim cuwc tri
Kién thirc:
- Néu f(x) > A thi f(x) c6 gia tri nho nhat 1a A
- Néu f(x) < B thi f(x) c6 gi4 tri 16n nhit 13 B
Vi du 1 :Tim gia tri nho nhét cua T = [x-1] + [x-2| +[x-3| + |x-4|
Giai: Taco |x-1| + [x4| = x-1|+ |4-x| > [x-1+4-x| = 3 (1)
Va  |x=2+|x=3|=|x=2|+[3-x|2[x-2+3-x]=1 (2)
Vay T = [x-1] + [x-2| +[x-3| + [x-4]| > [+3=4
Tacotly (1) = Diubang xayrakhi 1<x<4
(2) = Déubang xayrakhi 2<x<3
Vay T c6 gia tri nho nhat 1a 4 khi 2<x<3
Vidu 2 :
Tim gia tri 16n nhat cia S = xyz.(x+y).(y+2).(z+x) vol x,y,z > 0 va
xtytz =1
Giai: Vix,y,z> 0 ,ap dung BDT Cosi ta co
xty+z233mz :@g%:m%
ap dung bat dang thirc Cosi cho x+y ; y+z ; x+zta cé
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(x+y).(y+z).(z+x)23{/(x+y).(y+z).(x+z) :223{/(x+y).(y+z)_(z+x)
Dau bang xdy ra khi x=3ﬁz=l

Vay S < 8 1_8 . Vay S co gia tri 16n nhét 1a 77 khi x—}fz—l

2727 729
Vidu 3: Cho xy+yz+zx = 1. Tim gia tri nho nhat cia  x*+y*+2*

Giai: Ap dung BDT Bunhiacdpski cho 6 s6 (x,y,z) :(x.y,z)
Ta cod (xy+yz+zx)2S(x2+y2+zz)2:>1£(x2+y2+22)2 (1)
Ap dung BDT Bunhiacdpski cho (x%,y%,2%) va (1,1,1)
TacdO P+ +22) <@ +P+1P)x*+y' +z2)=> P +y*+2°) <3(x* +y* +2)
Te(l)va(2) =21<3(x* +y* +2%) = x*+y*t+2t <=

3

Vay x*+y*+z* ¢ gia tri nhd nhat 1a % khi X:FZ:iT

Vi du 4 : Trong tam giac vudng c6 cting canh huyén , tam gidc vudng nio cé
dién tich 16n nhét
Giai: Goi canh huyén cua tam giac 13 2a
Pudng cao thujc canh huyén 13 h
Hinh chiéu cac canh goc vudng 1én canh huyén 13 x,y

Taco S =%.(x+y).h=a.h=a.\/h7=a.\/5

Vi a khong d6i ma x+y = 2a. Vay S 16n nhat khi x.y 16n nhit < x=y
Vay trong cac tam giac c¢6 cung canh huyén thi tam giac vudng can c6 dién tich
16n nhat
2/ Ding Bit ding thivc dé gidi phwong trinh va hé phwong trinh
Vi du 1:Giai phuong trinh: 43x> +6x+19 ++/5x° +10x+14 = 4—2x — x*
Gidi: Taco 3x*+6x+19 =3.(x* +2x+1)+16 =3.(x+1)*+16>16

5x* +10x +14=5.(x+1)" +9>9

Vay  443x7 +6x+19+45x° +10x+14 2243 =5
Dau(=)xayrakhix+t1 =0 = x=-1

VAy 4437 +6x+19 +/5x> +10x+14 =4-2x—x’  khix=-I

Vay phuong trinh c6 nghiém duy nhat x = -1

Vi du 2: Giai phuong trinh x+y2-xt =4y 14y +3

Giai : 4p dung BDT BunhiaCdpski ta o :

x4V2-x <P+ % +(2-x") <\242=2 Dau (=) xdy ra khix = 1

Mit khac  4y* +4y+3=(2y+1)' +2>2 Déu (=) xay ra khi y=—%

Vay x++42-x* =4y +4y+3=2 khix=I Véy=-%
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x=1
Vay nghiém cua phuong trinh la 1

2

x+y+z=1

Xyt ezt =xyz

Vi du 3:Giai h¢ phuong trinh sau: {

Giai: 4p dung BDT Cosita co
4 4 4 4 4 4
+ + +
Xty  y+z z+x

4 4 4 2.2 2 2 2.2
X' +y +z' = 22Xy +yzi+zx
2 2 2
2.2 2.2 2.2 2.2 2. 2 2.2
Xy +y'zh zy +zz? xz+yx
SXy vz zJ n Y
2 2 2

>y xz+2°xy+x°yz > xyz.(x+ y+z)
Vi x+y+z= 1) Nén x*+y*+z* > xyz Dau (=) xdyrakhi x=y=z =%

x+yt ezt =xyz 3

Véy{ xhy+z=l c6 nghiém x=y=z=l
lxy—4/=8-»" (1
xy=2+x’ (2)
T phuong trinh (1) =8-)?>0 hay [y[<V8
T phuong trinh (2) = x* +2=|x[.[y] <2v2]x|
:>x2—2\/§|x|+\/2_2£0:>(|x|—\/§)2£0:>|x|=\/§:>x=i\/§

Néux =2 thiy=22
Néux=-+2 thiy=-22

Vidu 4: Giai hé phuong trinh sau{

_ =2 =22
Vay hé phuong trinh c6 nghiém { x=\2 va { x=2/2

y=—2 y=-22
3/ Diing BPT dé gidi phwong trinh nghiém nguyén

Vidu I: Tim cac s0 nguyén x,y,z thod manx’ +y* +z° <xy+3y+2z-3
Gidi: Vix,y,z la cac sO nguyén nén x* +y° +z> <xy+3y+2z-3

2 2

X +y 4z —xy—3y—2z+3g0©[x2 —xy+%j+(%—3y+3j+(zz ~2z+1)<0

2 2

elx=Z| 31 Z-1] +(z-1) <0 (*)
2 2
2 2
Ma x—% +3 %—l +(z—1)220 Vx,y€R
2 2
olx-2| +3[Z-1] +(z-1) =0
2 2
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Céc sb X,y,Z phaitimla <y=2
z=1
Vidy 2: Tim nghi€ém nguyén duong cua phuong trinh 1l
X y z
Giai: Khong mat tinh tong quatta gid st x>y>:z
I 1 3

Ta cod 2=l+—+—£—:>2z£3
X y z z

Ma z nguyén duong vdy z = 1. Thay z = 1 vao phuong trinh ta dugc

l.{.l:l
x oy

Theo gida st x>ynén 1l = —+— <— = y<2 may nguyén duong

= |-
< |-
< | =

Nény=1hodacy=2
Véiy=1 khong thich hop
Véiy=2tacox=2
Vay (2 ,2,1) 1a mot nghi€ém cua phuong trinh
Hoan vi cac s6 trén ta dugc cac nghiém cua phuong trinh 13 (2,2,1);(2,1,2);
(1,2,2)
Vi du 3:Tim cic cdp s6 nguyén thoa man phuong trinh Jx+vx =y  (¥)
Giai:
(*) V61x <0,y <0 thi phuwong trinh khong c6 nghia
(*) Voix>0,y>0

Tacod Jx+vx =y ox+x=1"oJx=1"—x>0
bit x=k (k nguyén duong vi x nguyén duong )
Tacd k(k+1)=)°
Nhung 4> <k(k+1)<(k+1) > k<y<k+1
Ma giita k va k+1 1a hai s nguyén duong lién tiép khong ton tai mot sb
nguyén duong nao ca
Nén khong c6 cdp s6 nguyén duong nao thoa man phuong trinh .
Vay phuong trinh ¢6 nghiém duy nhat 13 : {x - ?)
y =
Bai tap dé nghi :
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Bai 1:Chtng minh rang véi moi a,b,c > 0 :i+i+i S
bc ac ab a b c

HD : Chuyén vé quy dong miu dua vé tong binh phuong cac dang thirc.

BéliZ:Chl'mgminhbétdéngthﬁc:L+L+L+..+ L o (ne N*)
12 23 34 n(n+1)

1 1 1

kk+1) k k+1
Bai3:Choa,b.c>0vaa+tb+c <l.Cmr: [l+lj[l+%j[l+lj264

a C

c

HD : Ap dung bat déng thirc Cos1 cho [l+1j ,[l +%j ,[l+lj
a

Bai4 :Cho a>c>0,b>c>0. Cmr:\/c(a—c)+\/c(b—c)S\/E

HD : Ap dung bat dang thirc Cosi cho \/% — ,\/5 bc , 10i cong hai vé
a a
theo vé.
2 2
Bai 5: Cho a, b >1. Tim GTNN cia $= -+
1 ae

14 2 2 2 14
HD : Ap dung bét dang thirc Cosi cho -*—, b va xét truong hop dau

-1 a-1

¢C__9

xay ra .
2 4
Bai 9 : Tim GTLN va GTNN ctia y = S5-5% *12x°
(1+2x7)
HD: Pit x= %tga, ae [—%%}

Bai 10: Cho 36x’+16y” =9.Crmr : %Sy—2x+5£%

X =1COSCZ

HD: bit : 23
=—siha

Ty

Bai 11: Cmr : \1++v1-x> 2§(I+2\/1—x2), Vx e[-11]

HD : bat x = sin2ea, a e[—%,%}

Bai 12: Cho a,6>0,c <1. Chirng minh rﬁng: a’+b*+c’ <l+a’b+b’c+c’a
Bai 13: Cho AABC ¢6 a, b, ¢ 13 d6 dai cac canh. Ching minh ring:
a*b(a—b)+b’c(b—c)+c*a(c—a)>0

Bai 14: Cho ne Z1<n,a,b>0. Chimg minh ring a erb” Z(W;’j"

Bai 15: nez,2<n. Ching minhrﬁng: 2<(1+1j <3
n
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Bai 16: C6 ton tai xe R sao cho: 1< %83* 39
3 tgx

Bai 17: Cho AABC c¢6 dién tich bﬁng 4 (don vi dién tich). Trén cac canh
BC, CA, AB lay lan luoc cac diém A’, B’, C’. Ching minh riang: Trong tit ca cac
tam giac AB’C’, A’BC’, A’B’C co it nhét 1 dién tich nho hon hay bﬁng I(don vi
dién tich)
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