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I. PHAN MO DAU
1. Ly do chon de tai:

Tir khi tham dy cac hoi nghi Chuyén dé Bdi dudng hoc sinh giéi THPT do
truong Pai hoc Khoa hoc ty nhién Ha ni t6 chirc hang nam tir 2002 dén nay,dugc hoc tap
cac chuyén dé do cac giang vién , cac chuyén gia Toan cua B9 trinh bay va dugc sy dong
vién ctia thay Truong Thanh Phti chuyén vién mén Toan cta S¢ Gido duc va ddo tao Tién
Giang ching t61 c6 mot tdm huyét la s& ¢d géng thuc hién hoan chinh , cu thé hoa cac
chuyén dé phu hop véi trinh d6 hoc sinh tinh nha dé dong gdp vao thanh tich chung cua
Tinh trong céac ky thi HSG cép khu vue va cap qudc gia.

Trong nhitng nim gan diy bo mon Toan cua tinh Tién Giang di ¢ nhiing tién
bd va dat duoc mot s6 thanh tich dang ké trong cac ky thi HSG khu vyc. Nhung gan day
Bo di thay d6i manh vé quy ché thi HSG cap Qudc gia d6 1a khong con phan chia hai bang
A,B nhu trudc ma chi c6 mot bang thong nhat chung toan qubc. Pé thi kho hon va sd

lugng giai it hon gay kho khan cho ca Gido vién va hoc sinh mon Toan tinh nha.

Trong diéu kién kho khin d6 viéc tim tai lidu va viét cac chuyén dé nay 1a
viéc can thiét trong tinh hinh hi¢n nay.Pugc su ung hd cua céc thﬁy cO trong td6 Toan
truong THPT Chuyén Tién Giang ching toi thuc hién viét chuyén dé > Mgt sé Bit ding

thirc ndng cao’.
2. Muc tiéu nghién curu:

Nham hé thdng va phan loai kién thic cac bai tp c6 str dung mot s6 bat dang
thirc nang cao ma chi hoc sinh chuyén To4dn méi duoc hoc nhu: Bat dang thirc Cosi mé
rong , Bat dang thac Bunhiacopxki mé rong , Bat dang thic Jensen , Bat dang thirc
Tsébusep , Bit dang thirc Schwarz ,... .Giap cho hoc sinh c6 hé thong kién thic va biét
van dung vao viéc giai cac bai toan dai s6 dong thoi dinh huéng suy nghi tu duy toan hoc

va kha nang van dung sang tao trong cac bai todn mai.
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3. Nhiém vu nghién ctru:

Trinh bay noi dung céc bat dang thirc nang cao sau d6 chting minh va hudng

dan giai cac bai tap ap dung

Tuy theo timg ndi dung cua Bat dang thirc ¢ su lién hé véi cac bat dang thirc

con lai trong d6 ¢ str dung nhiéu dén phuong phap dao ham dé ching minh bat dang thirc
ma trong cac ky thi hoc sinh gidi toan thuong hay gap.

Vi déy 1a chuyén dé ning cao vé bat dang thirc nén chung t6i khong trinh bay
cac phuong phap chimg minh bat dang thirc , coi nhu hoc sinh chuyén Toan phai nim dé
1am co so cho viée hoc chuyén dé nay.

Rén luyén tu duy toan thong qua giai cac bai tip vé chimg minh bat dang thirc

va ap dung tim gia tri 16n nhét , gia tri nhé nhat ddng thoi trao d6i va hoc tap kinh nghiém

v6i cac thdy ¢ bo mon Toan cua tinh Tién Giang.
4. Phuong phap nghién ctru

-Dua vao céac chuyén dé da hoc & Ha Noi va céc tai lidu trong tat ca cac dot
bdi dudng dé trinh bay hé thong cac Bét dang thirc nang cao thudng gip trong céac ky thi

hoc sinh giéi Toan.

-Huoéng dan hoc sinh Doi tuyén tim tai li€u c6 lién quan,phan loai bai

tap,nhan xét cach giai, tao tinh huéng c6 van dé dé HS cung trao d6i nghién ctru.
-H¢ thong va sap xEp cac dang bai tap tir dé dén kho va co6 céc 101 giai cu the.

-Phuong phéap phan tich:gitip hoc sinh nim rd ban chat van dé , lya chon

phuong phap giai phtt hop dong thoi mo rong va twong tu hod bai toan.

5.Mt s6 két qua dat dwoc



Truong THPT Chuyén Tién Giang Nguyén Vii Thanh

Giup cho hoc sinh doi tuyén c6 thém phuong phap va tai liéu can thiét dé giai
cac bai tap vé Bat dang thtrc va 4p dung tim gia tri 16n nhat , gia tri nho nhat .

Qua chuyén dé nay gitp hoc sinh khic sau thém kién thirc vé Bat dang thirc
va dao ham.

Gitp cho hoc sinh ¢6 thém phuong phap dé viét cac chuyén dé nang cao khac.

IL.NQI DUNG NGHIEN CUU

1.Cac bai tap vé Bét dang thic va ap dung tim gia tri 16n nhat , gia tri nho nhat
thuong gip trong cac dé thi hoc sinh gidi cdp Qudc Gia gan day.Véi mong mudn c6 mot
chuyén dé bat dang thirc phong pht nén chung toi viét chuyén dé : ” Mgt sé Bt ding thirc

néng cao” d¢& phyc vu giang day cho hoc sinh Di tuyén tinh nha.
2. Pé tai duoc chia lam 8 chuong:

Chuong I: BAT PANG THUC JENSEN

Chuong II: BAT PANG THUC BERNOULLI

Chuong III: BAT PANG THUC CHEBY SHEV( Tsébusep)
Chuong IV: BAT PANG THUC COSI MO RONG

Chuong V: BAT PANG THUC BUNHIACOPXKI MO RONG

Chuong VI: BAT PANG THUC SCHWARZ (SVACXO)

Chuong VII: MOT MO RONG CUA CAC BAT PANG THUC
SVACXO,TREBUSEP,BUNHIACOPSKI

Chuong VIII: SU DUNG TINH CHAT THU TU CUA HAI DAY BAT
DANG THUC.

Trong mdi chuong sau phan trinh bay Bat dang thuc 1a phan chimg minh va
cac bai tap ap dung.

Dt ¢6 gang nhiéu nhung dé tai khong tranh khoi sai sot , rit mong nhan dugc
su dong gop tur cac dong nghi€p mon Toan cua tinh nha.

Sau ddy va trinh bay phan noi dung cta dé tai.
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Truong THPT Chuyén Tién Giang Nguyén Vii Thanh
Chuwong I: BAT PANG THUC JENSEN

I.1.Dinh 1y 1:
Cho ham s y = f(x) ¢c6 f"(x)>0 véi Vx € (a;b) (ham sb c6 db thi 1dm trén (a;b))

Véi ce(a;b) va y = f'(c)(x—c)+ f(c) 1a phuong trinh tiép tuyén cta (C) tai M(c,f(c) thi
S fle)x=c)+ f(e), Vxe(ab) (1)

(Puong cong ( C) ludn & phia trén moi tiép tuyén tai M véi ¢ € (a;b))
Chung minh: V61 ¢ € (a;b)

i/ Vi x = ¢ (1) xay ra ddu bang

ii/ Véix < ¢ : Ap dung dinh i Lagrange : S =/ = f'(d) , d e(x;c)
x—c

' tang trén (a;b) nén 1/ (d)< ()= f(x)— f(c)>(x—c)f'(c) (dox <c)

iii/Tuwong tu véi x > c ta cling co f(x)— f(c)>(x—c)f(c)

Vay f(x)2 f'(c)x =)+ f(c), Vx e (a;h)
Chiiy: Néu f"(x) <0 Vx e (a;b) thi (1) ddi chiéu ( dd thi ( C) 1i trén (a;b))
1.2.Dinh ly 2:(BDT Jensen)
Cho ham sb y=f(x) c6 dao ham cép 2 trén (a ;b)

a/ Néu f'(x)>0 v6i Vx e (a;b) thi Vx, €(a;b) ,i=12,...,n va Vo, €(0;1) thoéa

D=1 taco: flax +ax, +..+ax)<af(x)+a,f(x)+..+a,f(x,) (2)
i=1

Dau bang xdy ra khi vachikhi x, =x, =...=x,

b/ Néu 1" (x)<0 véi Vx e (a;b) thi (2) d6i chiéu.

Chung minh:



Truong THPT Chuyén Tién Giang Nguyén Vii Thanh

a/ bat c = Zal.xl. e(a;b) .Theodinhliltacd f(x)> f' (c)x—c)+ f(c), Vxe(a;b)

i=1

Thay x=x; :

FG)2 /(0 —0) + £(0), Vae(@h) = a,f(x)2 £ (e —of (©a, +a,f(c)
Lay tong ta duoc: Zaz’f(xi) Zf/(c)zaixi o Cf/ (C)ZO!Z. + f(C)ZOll.

i=1 i=1 i=1 i=1
Vi €= Zn:aixi va Zn:ai =1 nén

Zn:al.f(xl.) >cf'(c)—cf'(c)+ f(c)= Zn:aif(xi) Zf(iaixi)

Dau bang xay ra khi va chi khi x;=chay x,=x,=...=x,

b/ Ching minh tuong tu

Picbiét: Néu o, =, =...=, = 1 thi BDT (2) thanh :
n

f(al+a2;—...+an)£f(a1)+f(a2)+...+f(an) 3)

n

Chu ¥ : Bang quy nap ta CM duogc néu (3) ding v6i n=2 thi (3) ding v6i moi n ty nhién
16n hon 2

I.3.BPT Jensen dang tong quat ;
Cho ham sb y=f(x) c6 dao ham cap 2 trén (a ;b)

a/Néu f"(x)>0 v6i Vxe(a;b) thi Vx, e (ash) ,i=12,...,n va Vo, >0 taco:

a,x, + a,x, +...+anxn)< af(x)+a,f(x,)+..+a f(x)
a+a,+..+a a+a,+..+a,

S (4)



Truong THPT Chuyén Tién Giang Nguyén Vii Thanh
b/ Néu 1’ (x)<0 véi Vx € (a;b) thi (4) d6i chiéu.
Chirng minh: Ap dung BDT Jensen voi f, =<=—, Vi

2%

I.4. Chirng minh cic BPT c6 dién bing cach ap dung BPT Jensen:

a,+a,+..+a

a/BDT CoSi : Cho n so6 duong a,,a,,...,a, tacd L>1laa,..a, , dau

n
bang xay ra khi va chikhi g, =a,=...=a

n

Chitng minh: Xét ham sb f(x)=Inx voi x > 0
Tacé f'(x) :l f(x) = —Lz<0 Vx>0.Ap dung BPT Jensen ta c6 :
X X

a+a,+..+a, Ina, +Ina, +...+1naq, a+a,+..+a,

<In

< J(

)=

fla)+ fla)+..+ f(a,)
n

n n

at+a,+..+a
= In¢/aa,...a, <In——2 2

n

a4 ta,+..+a Loy e
Vay 1—=2 L>laa,...a, , dau bang xay ra khi va chi khi ¢, =a, =...=a
n

n

b/BDT Bunhiacopxki:
Xétham sd f(x)=x* co f"(x)=2>0. Ap dung BDT Jensen dang tong quat (4) ta co:

2 2 2 2
X+ X+t a,x, | X T et x

a+a,+..ta, a+a,+..t+a,

= (051x1 +a,x, +..+ax, )2 <(a,+o,+..+ 05,1)(051x12 + azxzz +..t anxf)



Truong THPT Chuyén Tién Giang Nguyén Vii Thanh

~ x _& \ 2 J4
bat i_b va 0€,~=bl- taco:

i

(ab, +ab, +...+ap,) < (af +a; +..+ a,f)(bf +b; + ...+b,f)

, . . . . al _ 612 _ B an
Dau bang xay ra khi va chi khi xl_x2—~-—xn<:>b——b—— —b—
1 2 .
¢/BPT Holder
Cho @, >0;b. >0 (=1,2,..,0):p>0.q>0 va~+>=1 Taco:
JZ}
1 1
n n p n q » )
p q o a, a
Zaibi < Zai Zbl Dau bang xay ra khi va chi khi : b_q:---: ’;
i=1 i=1 i=1 1 X

Churng minh:
Tacop>1.Xéthamsd f(x)=x" ,x>0.

Taco f"(x)=p(p-Dx"7 ,Vx>0.
Ap dung BDT Jensen dang tong quat (4) ta co:
P p p p
ax +a,x, +..+a.x < X" +o,x +..+a.x
a +a,+..+a, a +a,+..+a,

L !

p p p p ;
Soxtox, totax, (g +a,+..+a,) Plax’ +a,x +..+ax’)

= Zaixl. < (Zal. )é (Zaixip )%



Truong THPT Chuyén Tién Giang Nguyén Vii Thanh

1

1
n n ) ; n . q
. 1- , b. < : .
Chon &; = bl.q s X, = dibl- ! Taco Zalbl - Zal Zbl
i=1 1 i=1

=

1.5.Bai tap ap dung :

r
25| 2
i=1 < =l
Bai 1:Chox, >0, >1.CMR: n n

Huéng dan :Xét ham sd S(x)=x",x>0 Taco f//(x) =r(r —l)xr_z , Vx>0

Z} 2/ :{z] B

Ap dung BDT Jensen tacé : f [

Chii y: Néu 0 <r < 1 thi BDT d6i chiéu

Bai2: Cho x, >0, p2>¢g>0;p,ge N .CMR:

Huéng dan : Ap dung bai 1 véi r ya ; v, =x] taco:
q
P P
q q p
Zyi Zyi in Xi
i=1 S i=l1 — i=1 S i=l1
n n n n
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Truong THPT Chuyén Tién Giang Nguyén Vii Thanh

Téngqudt:xi>0,a2ﬂ>0: ==

Bai 3: Cho a, >0 .CMR: Zl+a >l+danaia (1)
a,...a,

1
—(Ing;+Ina,+...+Ilna,)
N _ Inyaa,y..a, n( 1 2 n
Huong dan: Ta co \n/ ada,..a =e =€

1 1 1 1 1
)= — - > & — x)= f(—) x
M) Z1-|- Ying +nay +..+na,) an( ) f(nz )

1+ e”

A 1
Xét ham so f(x):1 —va x,=Inag, >0
+

a+b+c
Bii 4: Cho a,b,c>0 .CMR: (b+c)*(c+a) (a+b) < B(a +b+c)} )

aln(b+c)+bln(c+a)+cln(a+b)

Huéng dan : (2) <
a+b+c

< ln[g(a +b+c)]

Xétham sé f(x)=In(a+b+c—x). Ap dung BDT Jensen ta co:

f(@) 2 (B +——— f(c )< pE b e

a+b+c a+b+c

2 2 2
<:>aln(b+c)+bln(c+a)+61n(a+b)Sln(a+b+c—m)ﬂn[z(a+b+c)]
a+b+c a+b+c 3

i 2ab+2bc+2cag%(a+b+c)<:>3(ab+bc+ca)s(a+b+0)2)
a+b+c 3

Bai 5: Cho ¢,>0,) a,=1,k>1.CMR: Zikz;ak !
i=1 i-1 4,

11



Truong THPT Chuyén Tién Giang Nguyén Vii Thanh

. 1
HD:Xétham sd f(x)=—, x>0
X

Bai 6:Cho a,b,c>0,a+b+c=1.CMR: (a+b)* +(b+c)' +(c+a)’ 2%

HD: Xétham sd f(x)=(a+b+c—x)*, xe(0;])

Bai 7:Cho tam giac nhon ABC.CMR:
2(sin4+sinB+sinC)+ (tan 4 +tan B +tanC) > 63

HD: Xétham sé f(x)=2sinx+tanx, xe(0;7)

sin 4 N sin B N sinC < 3\/§

Bai 8:Cho tam giac ABC va k >2.CMR: <
k+cosA k+cosB k+cosC 2k+1

HD: f(x) S , xe€(0;7)
k +cosx

9 L . 2
Bai 9: Cho a,b,c>0,a+b+c= 7 .Tim gia tri 16n nhat cua biéu thtrc :

S=(a+~a’+1)’"(b+~b> +1)(c+~c* +1)
Gidi: InS =bIn(a+~a’> +1)+cln(b+~b* +1)+aln(c+~c* +1)

Xétham sb f(x)=In(x+~+x>+1), x>0 cb f/(x)= —x<O,Vx>O

J&x*+1)

Ap dung BDT Jensen dang tong quat (4) ta co:

B f@) [ (0= (P,
a+b+c a+b+c
_,InS _f(w)Sf(l(a+b+c)):f(§):ln2:>SS\4/29
9 a+b+c 3 4

4

Vay max S =42° khia=b=c="%
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Truong THPT Chuyén Tién Giang Nguyén Vii Thanh

I 1
Bai 10: Cho p , q duwong va —+—=1.CMR véi moi x , y duong ta c6 :
p 4

p q
X
7 : P _
xyS?Jr . .Dau bang xay ra khi va chi khi X~ =)

HD: Xétham sé f(x)=Inx, x>0

q

Bai 11: Cho a,,b, > 0(i=1,2,...,n).CMR:

Jaa,..a, +1/bb,..b, <5/(a, +b)..(a,+b,)

HD:

iaa,...a, +4bb,..b, <z/(a,+b)..(a,+b,) <1+ \/

<:>1+</M < d(l +ﬁ)(l+&)...(l+ﬁ)
al aZ an

aa,..q,

< ln(l + n’Mj < l{ln(l + ﬁ) + In(1 +b—2) +...+In(1+ b—”)}
aa,..a, n a, a, a,

Xétham sé f(x)=In(1+¢€*), x>0, f[%xf]g Zf’;(x") , x, =In—L

1;1172...bn<\/al+b1 a,+b, a,+b

a,a,..q, a, a, a

n

1

Chuong I1: BAT PANG THU'C BERNOULLI

I1.1.Pinh li: Chox>-1va o € R .Ta co:
a/ (1+x)" 21+ ax , vdimoi a <0 hoac a >1
b/ (1+x)<l+ax, v6imoi O0<a<l
Chung minh:
Xétham sé f(x) =(1+x)“ véix > -1
Taco f'(x)=a(l+x)"; " (x)=ala-1)(1+x)""
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Truong THPT Chuyén Tién Giang Nguyén Vii Thanh
Phuong trinh tiép tuyén véi dudng cong tai diém M(0;1) 12 y = ax +1

a/Néu o <0 hogc a>1thi f/(x)>0véimoix>-1 = (I+x)* 2ax+1,Vx>-1

b/Néu O<a<1thi f/(x)<0véimoix>-1 = (1+x)* <ax+1,Vx>-1

Dau bang xay ra khi va chi khi x=0 hoic a =0,a =1

I1.2.H¢ qua:

Pitt=x+1>0va a>1 tacod t“ > at +1—a ,dau bang xay ra khi va chi khi t=1
I1.3.Bai tap ap dung:

Bai 1.CMR: " +(n+1)"" <(n+2)"",Vne N

n+3 n+3
Gidi:Tacc’):n”+3+(n+1)”+3<(n+2)”+3<:>( & J +1<£”+2j
n+1 n+1
Ap dung BPT Bernoulli ta ¢ :
n+3 n+3 n+3
(n+2} :(1+ 1 j 21_i_n+3>1_|_( n )
n+l1 n+1 n+l1 n+1
Bai2: Chon>1.CMR: "Vn > 4n+1

Gidi : Ta co ”‘\1/;>\”/n+1<:>n”>(n+1)”_1<:>( L j 1

n+l n+l

Ap dung BDT Bernoulli ta c6 : L = 1- ! N P 1
n+1 n+1 n+l n+l
Bai3:Choa>0van>m.CMR : (1+na)” <+ ma)"

n

Gidi: Ap dung BDT Bernoulli ta c6 : (1+ma)” >1+ " oma=1+na= (1+na)" <(1+ma)
m

Bai 4 : Cho a,b,c 1a cac so tu nhién thoéa a <b <c¢ .CMR v&i moi so6 tuynhiénd >atacod:
a’ +b* <

14



Truong THPT Chuyén Tién Giang Nguyén Vii Thanh
¢ a\
Gidi: Tacé a’ +b* <c’ @(gj >1+(zj Vic>bnén c>b+1
d d d d
Ap dung BDT Bernoulli ta co (E) Z(Ej =(1+l) 21+£>1+ﬁ>1+(gj
b b b b b

a a (aY
Vio<—<l=>—>|—1 )

b b \b

Bai 5:Cho a,b,c,ne N vaa<b<c<n.CMR: a" +b" <c"

Gidi : Ap dung BDT Bernoulli ta c6 : (%) :(1+%J >1+ n(cb_b) 14121+ 2

n

n n+l
Bai 6:Cho n 1a s6 nguyén duong .CMR : (1 + l} < (1 + Llj
n n+

Giai : Ta co

1Y 1YY (n+1Y (n+2Y" (n+DYT (ne2Y T n+1
I+—| <|1+—— = < = <

n n+1 n n+1 n n+1 n

n+l
S {n(n i 2)} > Ap dung BPT Bernoulli ta c6 :

(n+1)° n+1

n+l n+l
n(n+22) - 1 : o1 1 _.n
(n+1) (n+1) n+l n+l

Bai 7:Cho 0<a,h<1 .CMR: a’ +b° >1

Giai: Ap dung BDT Bernoulli ta c6 :

b b
i:(lJ =(1+1_aj <1+b(1—a):a+b—ab:>ab> a

a a a a+b-—ab




Truong THPT Chuyén Tién Giang Nguyén Vii Thanh

1_
Bai8:Chox,y>0va a>2.CMR: X + " 2277 (x + y)“

2x Y 2y )
GMkTadLW+y“2T”@+yy¢>( x] +( yj >9
xX+y xX+y

Ap dung hé qua BDT Bernoulli ta c6 :

[ 2x j >a. 2x +l1-a ; [ 2y j > . 2 +l-«a
x+y xX+y xX+y X+y

Tu doé suyra:

( 2 j +£ 2y j >2a+2-2a =2 (dpem)
X+Yy X+Yy

Bai 9:Cho a,b,c,p > 0 va sb nguyén duong n . CMR:
an+p + bn+p + cn+p > 31—(n+p)(a + b + C)n+p (1)

n+p n+p n+p
HD: (1)@(3—“j {Lj {3—) >3
a+b+c a+b+c a+b+c

n+p
Ap dung hé qua BDT Bernoulli ta ¢6 : ( 3 J > (n+ p).3—a+ 1-(n+p),...
a+b+c

a+b+c

NG N
BMI&Cmughc>QCMR:( J +( J +(
b+c c+a

23
>— (2
a+bj Tﬁ()

20 Y7 (26 Y7 ([ 2¢ \°
HD: (2)<:>( j +( j +( j >3. Ap dung hé qua BDT Bernoulli va

b+c a+c a+b
BpT: % 4 2 , ¢ .3
b+c c+a a+b 2
A
Bai 11:Cho tam giac ABC.CMR: a/sin*’A+sin>B +sin*’C < 3[7j (3)

16
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Truong THPT Chuyén Tién Giang

242 242 242
b/ [tan éj + (tanéj + (tangj > 3”5
2 2 2

N

2 v 2 v 2 v
HD: a/(3) < (—sin AJ + (—sin B] + (—sin Aj <3
V3 V3
-t =sin"? Ava sin® A+sin’ B +sin’ C SZ

Apdung t*>at+1-a véi a=—=
p g \/5

b/ Ap dung: tan% + tang + tan% >3
Chuong II: BAT PANG THUC CHEBYSHEV( Tsébusep)

II1.1.BPT CHEBYSHEV
1/Cho hai day n sb a,,a,,....a, va b,b,,...b déu tang hodc déu gidm tic 1a :

a,<a,<..<a, . leqza,2..2a, | ,
hoac thi ta co :
b b=b,>2..2b,

b <b,<..<bh
b, _a+a,+..+a, by+b,+..+D,

ab +ab, +...+ab, S
n n n

Dau bang xay rakhi ¢, =a, =...=a, hodc b =b,=...=b,
2/Cho hai day n s6 a,,q,,...,a, va b,b,,....,b, c6 mot diy tdng hodva mot day giam

tuc la :
a<a <..<a aza,>..2da
{1 2 " hoaic{1 2 " thitacd:
b=2b,2..2b, b <b,<..<b,
ab +a,b, +..+ab, catat.ta, b +b,+..+b,
n n

n

Dau bang x4y rakhi @, =a,=...=a, hodc b =b, =...=b
a<a,<..<a,

Churng minh:Ta CM cho truong hop:
& 810P {bIszs...sbn
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a,+a,+..+a

Got a = 2 khi1do ton tai k sao cho g, <...<g,<a<q,  <..<q, (1)

n
Ung véi k & trén 1ay b sao cho b, <b<h, , khiddtacd b <..<b <b<b, <..<h (2)

Tu (1) va (2) suy ra (a, —a)(b, —b) 20 véi moi i=1,2,...,n hay ab, —ab, —ba, + ab > 0véi
moi 1. Cong n BDT lai ta dugc : Zaibl. - aZbl. —bZai +nab=0.

Vina=) a=nab=bY a =Y ab>a) b= lZaiZbi Tir d6 suy ra dpcm
n

Dau bang chi xay ra khi ta co (a, —a)(b,—b)=0 véimoii, néu (a;) khong 1a diy
hang thi a, <a<a, khidé by=b=b tac b =b,=...=b

n

I11.2.Bai tap ap dung :

Bai 1:Cho q,,a,,...,a,tuy y .CMR: >

‘tai+..+a ta,+..ta, )
a, +a, +..+a (al a, +... an)

n n

HD: Gidstt a,<a, <...<q, .Xét ddy by=ay
Bai2:Cho a+b>2.CMR: " +b" <a™" +b"" v&i moi sb tu nhién n

Bai 3:Cho x,y > 0.CMR: (x + p)(x’ + y)(x" + ") <4(x'" + ')
Bai 4:Chom 1é va a, +a, +..+a,>n.CMR: ) a;' <> a™
k=1 k=1

HD:Gia st a>b thi a" > b"

Bai 5:Chon s6 a,,a,,...,a, khong am .CMR v6i moi s6 nguyén duong m ta 6 :

m m m m
a'+a) +..+a’ >(al+a2+...+anj

n n

HD: Giast 0<a, <a,<..<a,thi 0<a" <a) <..<a” Ap dung BDT Tsébusep va quy
nap

Bai 6: Cho n s6 a,,d,,...,a, duong .CMR v61 moi s6 nguyén duong k,1 ta c6 :

18



Truong THPT Chuyén Tién Giang Nguyén Vii Thanh

k k k / / / k+l k+1 k+l
a +a, +..+a, a+ay+..+a, _a +a," +..+aq,
n n n
‘ . . af‘Sa;‘S...Saf
HD:Ap dung BDT Tsébusep cho hai day
a <a <..<d

aA+bB+cC>z

Bai 7:Cho tam giac ABC.CMR:
a+b+c 3

Bai 8:Cho a,b khong am c6 tong bang 2.CMR: &’ +b° > a* + b*
Bai 9:Cho a,b,c > 0 va sb tu nhién n.CMR:

a™ + " 4 ! S a +b+c

a/ >
a +b" +c" 3

a+b+c

b/a‘b’c > (abc) 3 .Hiy tong quat bai toan

Bai 10: Cho a,b tiy ¥ ,m va n 1a hai sb tu nhién c6 cung tinh chén 16.CMR:
(@" +b")(a"+b")<2(a™" +b™")

Bai 11:Cho tam gidc ABC.CMR:

acosA+bcosB+ccosC 1
a/ <—
at+b+c 2
b/AsmA+BsmB+BsmB+Csmc+CSInC+ASlnA2sinA+sinB+sinC
A+ B B+C C+ 4
s o o a’ b’ c’ 1
Bai 12: a/ Choab,c>0va a”+b" +c" >21.CMR: + + >—

b+c c+a a+b 2
b/ Cho a,b,c,d >0va a* +b* +¢* +d* >1.CMR:
a’ b’ c’ d’

+ + +
b+c+d a+c+d a+b+d a+b+c

>1
3

c¢/Hay chimg minh bai toan tong quat
Bai 13:Cho a,,a,,...,a, 1a cic canh ciia da giac 16i n canh c6 chu vi 1a p.CMR:
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Z:ai>n

o p—2a, T n-2

Chuong IV: BAT PANG THU'C COSI MO RONG
IV.1.Chirng minh BPT Cési bang phwong phap dao ham:
a/ Bang cach lap bang bién thién ham s f(x) = ¢* - x-1 trén R ta chimg minh duoc
BDT: ¢* > x+1(1) véi moi x € R, diu bang xay ra khi va chi khi x =0

, a4 +a,+..+a

b/ BDT Casi :Cho cac so duong a,,a,,...,a, .Taco L>1laa,..a, , diu

n
bang xdy ra khi va chikhi ¢, =a,=...=a

n

Chung minh:

: ) a
GQiT:lZak Apdung (1) taco: e’ 27" Jh=12,..n
n

k=1
n
a
o 1] a

Nhan n BDT trén lai tadugc €~ 2 lTn =T ZHak DTZ,”/Hak

a a a
oLt=2=.=2L=loag=a-=..=aqa,
r T T

Dau bang xay ra

¢ BDT Cosi mé rong: Cho x,x,,.,x,>0 va p,p,,..,p >0Ta co

X + X +...+X
BDT X" .x3 .. x2 S( 121 X5 n Py

Dtpyt.+p,
j .Dau bang xay ra khi va chi khi

ptp,t...tp,
X, =X,=...=X,
Dic biét néu p, = p, =...= p, =1 thi ta dugc BDT C6Si.
Chung minh:
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X
Z k Pk 5

Da}t .Ap dung (I)tacd: v

Zpk

n ZPk

n
Pk 1 r 1 Pk 1
Nhan n BDT trén lai ta duogc : H Xg <T € — H X <T
k=1

IV.2.Bai tap ap dung :

a+b
Bai 1:CMR véi moi sb duong a, b taco : a’h” < (a;—b)

Gidi : Ap dung BDT C6Si mé rong ta co:

b a
— — ab ab a+b
aa+bba+b£ 4 /

a+b a+b a+b

a+b
bba a b , .
ab = ) .Dau bang xay ra khi va chi khi a=b

X x+1
Bai 2:V6ix > 0 .CMR: (1 +lj < (1 + —j
X

Giai: Ap dung BDT CoSi mo rong ta co:

1
X 1+—)+11 x+1 x+1
1 X( 2 1 1 :
(1+—j 1< X =(x+ j =(1+—j Vi 1+2 %1 nén déu bing khong

x+1 x+1 x+1 X
xay ra.
Chii y :C6 thé chtrng minh cach khac bang cach ap dung dinh 1i Lagrange nhu sau:
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Xét ham sé f(x) =xIn(1+ l) = x(In(x+1)—Inx)
X

Ta co f/(x):ln(x+1)—lnx—L1

X+
Ham sd g(t) = Int lién tuc trén [x;x+1] c6 dao ham trén (x;x+1) nén
dxe(x;x+1): Inx + i) —Inx =g'(c)= 1 > Ll suy ra f tang trén (0;+o00)
c X+

Vay f(x) > f(x+1) tir d6 suy ra dpcm.

2
Bii 3:Cho x e (0;2). CMR:(l—gjx <g
Giai: Ap dung BDT CoSi mo rong ta co:
2

2 2 2 X 1\

- - 2 | —(I-o)+2(1+>)
(1—% .gz(l—fj .(1+lj <| X 22 A

2) 4 2 2,
X

[\

x 4 1 (s
suy ra (1—%) <§ Vi 1—%¢1+5 nén dau bang khong xay ra.

Bai 4:Cho cac s6 duong x,,x,,x, va cac sd y,,,,y, théahé:

M =ap X, tapx, +a;x,

Yy = Ay X, +apXy +AXs rong d6 d; > 0 thoa {
V3 = 05X + A5 X, + 433X,

a, +a, +a;=1(1=12,3)
a;+a,; +as, =1(j =1,2,3)

CMR: X, X,X; < V)V, V3
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Giai: Ap dung BDT CoSi mo rong ta co:
aj tapt+ag;
a.x, +a.x, +a.x
i1 9% .93 11771 1272 i37V3 _ _
SR AR A =4y X, T a,X, T azx; =Y,
a;, +a, +a;

voii=1,2,3

aj tay +as;

A o X ay tdy tazy
Nhan 3 BDT trén lai ta duoc: V|

X,

ajztay;t+ass

X3 < Vi)hYs

= X,0X S V1)) );
Bai 5:Cho n s6 dwong x,,x,,...,x, théa x, +x,+..+x =1 . Tim gia tri 16n nhat cia

X' xy2..x (a,>0)

n n
: a )
Giai-bat 4 = Zak > bk = ; thi Zbk =1 Ap dung BDT C6Si mé rong ta co:
k=1 k=1
bl b2 bn
X X X b b b 1
1 2 n 1 2 n — —
— | =] ] S=x+=x X, =—(x+x, X)) =—
a, a, a, a, a, a, a a
aq a q a4 a,
X' X X 1 a'.a’..a
=L 2 L xiaxplxth<LE2
a a, a, a 1 2 n a
a’' ay} a' a a
2% =
< 4%y
L C o e X =— l
Dau bang xay ra khi va chi khi ﬁ:ﬁ: :ﬂ:i g
a, a, a, a
i a _a, a, a’.ay..a’r =L
Vay max X X7 ..X," = L g a Vi
a
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1 1
Bai 6: Cho p , q duong va _+g:1.CMR voi moi x , y duong ta cé :
P q
XV < T NA s \ c 1 -xp: q
V= b g .Dau bang xay ra khi va chi khi Y

Giai : Ap dung BPT C6Si mé rong ta co:
1 1 P P
— (vP\P (9)4 —
xp=(x"))T S =t =

Dau bang xay ra khi va chi khi xt =yt

, 51
Tong quat : V&i Prs Prs--s P, >0 va Zp_zl thi
k=1 Ff

1 1 1 P P> P
— — — _x' x X
xlxz...xnz(xlpl)l’l (xé’z)PZ...(xf”)PnS 424+
pl pZ pn
s P _ P2 — vPn
DAu bing xdy ra khi va chi khi: Xj = X5~ =...= X,

1 1

Bai 7:Cho p, q> 0 va p+q=1.CMR véi moi xe(O;%)ta co ptanp X+ qCthx > 1

Hudng dan: Ap dung bai 6

Bai 8 : (BDT Holder )

Cho X, >0, >0 (=1,2,...1):p>0.q>0 vd -+ =1 Taco:
P 4
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1 1
n n ; n ; x? x?
p q ¢ 1 _
inyig(zxi j (Zyi j Dau bang xay ra khi va chi khi : V—---—ynq
i=1 i=1 i=1 | k

Chimg minh:Dat A = (le.p )11” ;B= (Zyiq );

Ap dung bai 6 ta co :

e L e
B

AB p\A4 q

1 1
Suy ra inyi < (inpjp (Zyiqjq
i=1 i=1 i=1

Chii y :Néu p = q =2 ta dugc BDT Bunhiacopxki
Bai 9: (BDT Mincopxki)

Cho céc s6 khong am a,,a,,...,a,; b,,b,,....b, vap> 1 ta c6 BDT:

n?o

D@ +b) P <(Xar) (2B
Chung minh:

bat q=L>1 ta co l+l=1.Ap dung BDT Holder ta c6 :
p-1 P q
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D (a,+b)" =3 a,(a,+5)"" + 3 ba, +b)""
< (Zalf’ )p (Z(ai +b,) P )q + (Zbip )p(Z(ai + b)) )q
(Za )P +(pr) [Z(a +b)p:|P

=[St b ] <(Sary+ ()
[ X0y ] <(Zar ) + (T )

Chwong V: BAT PANG THUC BUNHIACOPXKI MO RONG
V.1. BAT PANG THUC BUNHIACOPXKI MO RONG

Cho m day so thuc khoéng am: a,,a,,...,a,;b,b,,....b ;...;c,,c,,...,c, Ta co:

n n*

(@ byctay b,y +.tayh,.c,) (@ +ay +..+a )" +b) +..+b").(c] +) +.+ )
Dau dang thirc xay ra khi va chi khi

a :b:...c;c=a,:b,:...:c,=...=a, b, :..:c

n n n
( Néu m chén thi khong van gia thiét a;,b;,c; khong am )
Chung minh: Gia st

1 1

1
A:(al’”+a;”+...+a;”)m #0;B= (b’”+b’”+ +b’”) #0;C = (clm+c;"+...+c;”)’” # 0
(Vi néu mét trong cac sé A,B,C bang 0 thi BDT dtng )

a. C m
bat x; :j;y" =z :E (i= ..»n) Khi do ZX Z)’ D=1
=1

® |

Theo BDT Cési cho m s khong 4m x,-m,y,-m,---,Zf’ (i=1,2,...,n) ta co:
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x'+y+z" '
X, Y,2; < . (i=1,2,...,n)

n 1 n n n m
:>ZXl.yl....Zl.£— le.’”+2yl.’”+_,,+zzi’” =—=1
i=1 m-\ i i=1 -1 m

a b cl+a2b [ +ab_n %<
ABC ABC T 4BC

=ab,.c +ab,.c,+..+ab, ..c <AB.C

= (ab,..c;+ab,..c,+...+ab, ..c)" <(a"+a) +..+a )" +b +..+D").(c" +c) +...+C))

Déu ding thtrc xay ra khi va chi khi x;=y;=...=z hay @, :b,:...ic;=A4:B:...:C tc 1a
a :b:...co=a,:b,:...ic,=...=a b :..:c,
V.2.BAI TAP AP DUNG

Bai 1:CMR néu x,y,z1a3 ) khong am thi ta c6 :

x"y" 4+ ytz" +2"x" < X"+ y'”’" +2"" y6im ,1n 12 2 s ty nhién

Giai :

Ap dung BDT Bunhiacopxki mé rong ta c6 :

(x”)/" +y/'Z" +Z”x’”)n+m =(X. Xy +Yyz.z +Z..z.x...x)n+m S(x’”’” +y/ +z”+’”) ()/”’” +Z"" +x”+’”)
:>()d”y’” +y'Z" +z"x’”)n+m S(x”*’” +y" +z”+’")n+m

n+m

Suy ra xl’lym +yl’lZm +anm aner +yn+m

Bii 2 :Cho céc s6 duong x,y,z va a,b,c thoa < + b 1.CMR:
X y z

of X4y 42’ z(i/a—2+%/b_2+%/c_2)3
n+l

b/xn+yn+Z nZ(nH an +n+1bn +n+l/Cn)
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Gidi :Ap dung BDT Bunhiacopxki mé rong ta co :

a/

(e + 7 30 <[l f[ffff

<(xX*+y +z )(—+é+—)(—+—+ ) X'+ y+z
y oz x y

DAu bing xay ra khi va chi khi : <: 2:é:yz:E:zzz>l:li/g,l=li/g
X y z y b z x\c

1=£+2+5=ﬁ+é#g+5§ﬁ=1<a+#$+@>
x y z x x\b x\c x
x=Ya@a® +p* +c*)
Khidé : {y=b@a* +3/p* +3c?)
z=Ye@a® +3p* +3)

b/

(n+1 an + n+l bn + n+1/cn )n+l —

o e o]

<(x"+y" +z)(—+ + )—x + "+ Z"
X y z

Déu bang xay ra khi va chi khi : 4. ”:Q:y"=£:z":>l:ln+\1/g,l=ln+\l/E
X y z y b z x \c
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X = \/_(n+l + n+l bn + \/_)
y nW<n+l + n+l bn + n-Kl/i)
7 = \/_(n+1 + n+l bn + \/_)

Bai 3:Cho céc s6 duong a,,a,,...,a,.CMR:

/.

Khi d¢ :

n n

k k k k
(al +a, +...+anj 4t +.ta,
Gidi: Ap dung BDT Bunhiacopxki mé rong ta co :

(al +a, +...+an)k :(all...1+azl...1+...+an1...1)k

k-1
S(al"+a§+...+af)(1k+1"+...+1") Snk‘l(af+a§+...+afj)

ta,+..+a ) _d+d+.+d"
:(al a, +... an) L4 tatta,

n n

Diu dang thurec xay ra khi va khi a;=a,=...= a,.
Bai 4:Cho cac sé duong p, q, X,y , z.CMR véi moi s6 nguyén duong n ta co :

n n n n—1 n—1 n—1
X z X + +Zz
A . y

py+qz pztgx  px+qy P4

Gidi:

e Véin=1 Ap dung BPT Svacxo ta co:

x .y .=z
py+qz pz+gx px+qy
2 2 2 2
X LY Lz S (x+y+2) S 3

pxy+qxz  pyz+qx  pzx+qzy (p+q)(xy+yz+zx) ptq

e V4in>1 Ap dung BDT Bunhiacopxki ta c6 :
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n—1 n—1 n—1 2
(x +y +z )

2
— xn — n — Zn
| Jx 2(py+tJZ),/ )y 2(p2+qx),/ Y (px+qy)
py+qz pz+gx px+qy

S_X”2(py+q2)+y"2(pZ+cJX)+Z“(pX+qy)]{ e }
- py+qz pztgx  px+qy

:>(xn—1 +yn—1 +Zn—1 )2

< [p(x”fzy + y”fzz + z”fzx) + q(x”fzz + y”fzx + z”zy)}£ X + Y + z )
py+qz pz+qgx px+qy

S(p+q)(x"1+y”1+znl)( AR A j
py+qz pz+gx px+qy

Ap dyung bai 1 ta co

xn—Zy + yn—2Z + Zn—2x S xn—l + yn—l + Zn—l

xn—22+yn—2x+zn—2y£xn—l +yn—1 +Zn—1

n n n n—1 n—1 n—1
X Z X + +Zz
Do d6 : TRRP A 2 J
py+tqz pz+gx px+qy pPtq

Bai 5:CMR néu a,b,c 12 ba s6 duong va n 14 s6 nguyén duong thi ta co :

a” b" c” 3(a+b+c)”
+ + >
b+c c+a a+b 2 3

Gidi:

e Véin=1 Ap dung BDT Svacxo ta co:

2 2 2 2
a b c a b < (a+b+c) S 3

+ + = + + > _3
b+c c+a a+b ab+ac bc+ba ca+cb 2ab+bc+ca) 2

e Véi n>2. Ap dung BDT Bunhiacopxki mé rong ta co :
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(a+b+c) =

a 4/7
Ab+cl.1+——Xc+a.l..l+—— \/a+ .. lj
(Qb+c e+ a Xa

C

B [(b+¢)+(c+a)+(a+b)]A" +1"+17)"
b+c c+a a+b

= (a+bre)y <2 L4 b PR, L
b+c c+a a+b

3 a+b+c a” b" c"
( — )< + +
b+c c+a a+b

Bai 6: a/Cho q,,b, >0.CMR:
i(a, +b)a, +b,)..(a, +b,) > tlaa,..a, +1/bb,..b,

b/Cho @, >0 .CMR: (1+a)(1+a,)..(1+a,) > (1+faga,..a,)
Dy (1 z(ul)n
na, " na T\
a/ Ap dung BDT Bunhiacopxki mé rong ta ¢ :
(taay...a, +1[bb,..b,)" = () ifa,..2la, +1[b /b, ..2/b, )
<[ ey + @) || ey + @) || Gfa,) + b,y ]

<(a,+b)(a, +b,)..(a +b )=
d(a1 +b)a,+b,))..(a,+b,) = Q/alaz...an +’(/b1b2...bn

a
¢/Cho @, >0.CMR: (1+——)(1+
na,

Hudng dan:
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b/Ap dung a/ bang cach thay b, =b, =...= b =1
¢/ Ap dung b/

Bai 7:Cho a,b,c,x,y,z> 0 va ax+tby+cz = 1.CMR:
x"+y"+z" > (”_1 a" +"\b" +”11/07)1_n ; Vn>2
Giai: Taco: 1=(ax+by+cz)'=
(Nada.oAax+54b. oAby + e, e 2)
< (”\1/;” +"Ib" + ”\1/07")"_1 (x" +y" + z")
—x"+y" +Zz" 2(”‘1 a" +"\b" +”Rl/07)l_n ; Vn>2
Bai 8 :Cho céc s duong a,b,c,p,q,r,d,X,y,z théa diéu kién ax" + by" +cz" =d .CMR:
[:1 + qm + I:n 2 Q/L_m(HW'*'HW*‘%W)HZ v6i m, n nguyén duong
Gidi:a/

vala " =" e W _ il £
x"
n+n\1/W — n+n\1/§ n+"\1/§ \/ n+r</qu
n+r{q/cm7 _ n+7{1/C’Z_n...n+r{1/C'Z_n-”+’</Zm"'n+r</Zm
Z z

Ap dung BPT Bunhiacopxki mo rong ta c6 :
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(HWJr"*WJr“W) (ax +by" +cz )’"[lfn+ g, j”

x" oyt oz

1+
:>pm+qm+ m_ (”’Lm’ap +n+mbm n+n+m/mn) n
Chuong VI: BAT PANG THUC SCHWARZ (SVACXO)

VI.1. BAT PANG THUC SCHWARZ (SVACXO)

(5]
Cho b,,b,,...,b,> 0,ta co BDT : chz? ~=L_Z_ Dau bang xay ra khi va chi khi
i=1 i Zb

%:% i,je {1,2,...,n}

i Y

Chitng minh:Ap dung BDT Bunhiacopxi cho hai diy \/bT ,J@ ,...,\/a va
e B
T P o

 (Xa)
b, = ) > =
D AT
a

Déu bang xay ra khi va chi khi % = b—f i,je{l,2,...n}

i J

VI1.2.Bai tap ap dung

n nz

a.
1
i=1

33

Bai 1:a/Cho a,,a,,...,a,> 0 .CMR:




Truong THPT Chuyén Tién Giang Nguyén Vii Thanh
a’
b/ Cho (5,) 1a mét hoan vi cia (a,).CMR: Zb—’ > Zai

Bai 2:Cho a,b,c 1a ba canh tam giac .CMR :

2 2 2
a b c
a/ + + >a+b+c
b+c—a a+c-b a+b-c

w4 b & jatrbic v6i p,g> 0
pb+qgc pc+qa pa+qb_ p+q ’

c/ a + b + ¢ >3
b+c—a a+c-b a+b-c

a N b N c
2b+2c—a 2a+2c-b 2a+2b-c

d/ >1

a’ b’ c’ S (a+b+c)

HD: c/VT= + + > —
alb+c—a) bla+c-b) cla+b—c) 2ab+2bc+2ca—a —b"—c

>3

d/ Tuong tu ¢/
Bai 3:Cho cac s6 duong a,b,c,d.CMR:

a b c
a/ + + >

3
b+c c+a a+b 2

a b c
+ + >
pb+qgc pc+ga pa+gb p+gq

\Y

b/

(v6ip,q>0)

c/ a + b - ¢ + d >2

b+c c+d d+a a+b

2
a a

HD: Viét =
b+c a(b+c)

Bai 4:Cho tam giac ABC c6 dudng tron ndi tiép tiép xuc véi cac canh tai M,N,P.

1
CMR: S0 <28 e
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2 2 2
HD: S,,, SlSABC AN Sipx n Sipy n S.ipy Zi PN (p—a) + (p—>b) + (p—o) 23
4 Sisc Sy Sow 4 bc ac ab 4

2 2 2 2 2
s (P07 (p=bP (p=cF _ Gp=2p) _1(a+b+ef 3
bc ac ab ab+bc+ca 4ab+bc+ca 4

Bai 6:Cho a,b,c,d duong.CMR:

a’ b’ c’ >c12+l)2+c2

a/ + + >
a+2b b+2c c+2a 3

a N b N C N d
b+2c+3d c+2d+3a d+2a+3b a+2b+3c

52
3

a+b b+c c+d d+a 8
c/ + + + 25

b+c+d c+d+a d+a+b a+b+c

3 4
a

HD: a/ Vit -4 =
a+2b a(a+?2b)

2
a

b/ Vidt — 2=
b+2c+3d a(b+2c+3d)

a+b (a+b)’
b+c+d (a+b)b+c+d)

¢/ Viét

Bai 7:Cho x,x,,...,x, >0 va Xi s Xy puees X, la hoan vi cta (x;) .CMR :

n xZ L n
DN rOAE

HD: » ~£ > =) x, 2 l( \/g )* (theo BDT Bunhiacopxki)
. n

3 3 3
Bai 8:a/ Cho x,y,z> 0 va xy+yzt+zx =1 . CMR: SR A RS 1
y+z z4+x x+y 2
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Truong THPT Chuyén Tién Giang Nguyén Vii Thanh

b/ Cho x,y,z,t > 0 va xy+yz+zt+tx = 1 . CMR:
3 3 3
X 4 y 4 z N t

} 1
y+z+t z+x+t t+x+y x+y+z 3

n
¢/ Cho x; >0 va xx, + x,x, +...+ x,x, =1, S=le.
i=l1

noox 1
CMR: L—>
;S—a. n—1

1

3 4
X

HD:a/ Viét ——— = oo VA X Y A2 XY+ Yz 2x
v+z x(y+2)

3 4
X

b/ Vidt ——— = .. va
v+z+t x(y+z+1)

3+ 4+ 27 +12)22(xy + X2+ Xt + Yz + Yt +2t)

a; (2.4) 2 2
o/ VT = Za(S 5 Szzz Ma ) S’<nYa’=8"-> a’<(n-1)> a

iy a’>l)

Bai 9:Cho a,b,c > 1.CMR:

2 2
a b

2

b/ log, a
a+b c+b a+c a+b+c

2
N log, b loga 9

HD: \Jlog, a +flog, b ++/log,c >3 (BDT Cési)

1 1 1 3

Bai 10:Cho a,b,c > 0 va abc=1.CMR: —; +— —
a(b+c) b (c+a) c(a+b) 2

2 2 2
HD:Détx:l,y:l,z:lVé G A 2x+y+zzé
a b c y+z z4+x x+y 2 2
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Bai 11: Cho n s duong a,,a,,...a, va Y a,=1.CMR: ) —%—>_"
= o 2—a 2n-1
a’ Za) 1 1 n
HD: VT = i > _
Z 2a,—a’ 2261 Za 2—2‘/11.2 2_1 2n—1
n
(VilZa321:>Za32n)
n
2 2 2
Bai 12:Cho tam gide ABC.CMR: Jo % 4 7 >9L
bc ca ab R
ap e B B (ot th) O o
bc ca ab ab+bc+ca a*+b*+c* R
(Vii+i+i=lvaa2+b2+c2:4R2(sin2A+sinzB+sinzc))
h o h o hoor

Bai 13:Cho hinh hp chit nhat c6 «a, £,y 1a goc cua dudong chéo véi cac canh ¢ kich thudc
4 4 4
cos" a  cos cos 1
y S8 cos vy

a,b,c.CMR: >
a b c a+b+c

HD: cos” a+cos” f+cos’y =1

Bai 14: a,,a,,...,a, 1a cac canh cia mot da giac n canh chu vi la p.CMR:
n

a, n
Z 2n—2

o D~ 2aq,

<L a. : 1 P
HD:Viét = 4 va ) a =z2—) a,=—
p— 2a a(p-2a,) Z n Z "n
Bai 15:Cho ba sb duong a,b,c c6 abc=1.Tim gid tri nho nhét cta biéu thuc :
bc ca ab

P= + +
a’b+a’c b*a+b’c cfa+c’h

HD: Dat x:l,yz

r_1
a” b ¢

37


Admin
Highlight

Admin
Highlight


Truong THPT Chuyén Tién Giang Nguyén Vii Thanh
Bai 16: Cho ba sd duong a,b,c c6 a’ +b> +¢* =1.Tim gia tri nho nhét cta biéu thuc :

7 b J

= + +
a+2b+3¢ b+2c+3a c+2a+3b

3 4
a

HD:Viét =
a+2b+3c a(a+2b+3c)

Bai 17: Cho a,,a,,...,a, € (0;1)va Z”:al. =1.CMR: Zn:\/l—ai < Jn(n-1)

i=1 i=1

W1 ERY
HD: n—1:21 @, QA1)
i n

~ 1

Bai 18:Cho x,,x,,....x, duong va S =) x,, alasd thyc tuy y .CMR :

X, X, X, nS
+ +..+ >
a+x,+x;+...+x, a+x+x+..+Xx a+x+x,+..+x_, nS+a)-S
A x x;
HD: Viet . = . ye
a+x,+x;+..+x, x(a+S-x)
Y| B C
tan’ = tan’ — tan’ — |
Bai 19:Cho tam gidc ABC.CMR: —— 2 . 2 . 2 > >

C A C A B
tan—+tan— tan—+tan— tan—+ tan—
2 2 2 2 2 2

HD:Ap dung tanétanE + tanﬁtang + tangtané =1
2 2 2 2 2 2

Bai 20:Cho tam gidc ABC .Tim gi4 tri nho nhat cta biéu thuc :
1 1 1
= + +
2+c0s2A 2+cos2B 2—cos2C

9 9

HD: M > >
6+cos2A+cos2B—cos2C

>

W | N

2
7 +;cosz(A—B)—Z[cosC+;c0s(A —B)}

Bai 21:Cho tam giac ABC .CMR:
38
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a/ab+bc+ca24\/§S b/ 36r* < ab + bc + ca <9R*
o/ 21 +1, +1)<~B(a+b+c) DL
R I I, I r
HD: a/ab= _2S b/
sinC

1

ab + bc + ca = 4R’ (sin Asin B + sin Bsin C +sin C'sin 4) = 4R’ sin Asin Bsin C( _1 + _1
sin4 sinB

S AR 9sin Asin BsinC

- - - =4R2.18sin£sin£sin£
sinA+sinB+sinC 2 2

. ) ) . C
va r =4Rsin—sin—sin —

A
2bccos§ B 2\/%

¢/ Ap dung [ = —a) < —a

pdung I, =——==""—p(p-a) <{p(p-a)

d/Apdl_mglJrlelzL Vai+i+izl
L L L+ +1 h, h, h r

Bai 23:Tam gidc ABC nhon c6 dac diém gi néu né thoa man diéu kién:
tan” 4 N tan’ B tan’C _

. . B . C

sin—  sin—  Sin—

2 2 2

18

HD:Ap dung tan 4 + tan B + tan C > 33 ;sing + sing + sin% S%

8 8 8 5
Bai 24:Cho tam gidc ABC c6 dién tich 1a S .CMR: —%— 7 =+ < =2 4 g
cos’ S costD  costs P
2 2
HD:Ap dung a* +b* +¢* >16S5” va cos’ g +oos? 2 4 cos? % < %

39
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. \ s cr o ) Ao, <2 , X
Bai 25: Cho a,b,c > 0 va ax+by=c.Tim gia tri nho nhat cta biéu thic 7 =—+

Nguyén Vii Thanh

2 2

Rl
a

Bai 26:Cho a,b,c > 0 va a+b+c=1 Tim gia tri nho nhét cua

1 1 1 1
M=—F———+—+—+—
a +b"+c- ab bc ca
. 1 9 9
HD:Viét M =—————+ + +
a +b"+c- 9ab 9bc 9ca
Bai 27:Cho q,,a,,...,a, duong .CMR:
a, a, a, a+a,+..+a,
+ +..+ >——= 5
a,+a, a,+a, a+a, 2a +a;+..+a))
K a, Cllz
HD:Viét = yeus
a,+a, a(a,+a,)

Bai 28:Cho tam gidc ABC .Goi 0;,0,,0; lan luot 13 tAm cac dudng tron bang tiép goc
A,B.C .Goi S,S,,S; 1an luot 1a dién tich cac tam giac O;BC,0,CA,0;AB .CMR:

S, +S8,+8, =238

HD:Ap dung r, = L;2(Sl +S8,+8;)=ar, +br, +cr,
p—a

Chuong VII: MOT MO RONG CUA CAC BAT PANG THUC
SVACXO,TREBUSEP,BUNHIACOPSKI

VII.1.N¢i dung BDT:

a
Cho ¢,,c,,...,c, >0; QB >4

¢ G c,

ab ab ab
L4224+

(a,+a,+...+a,)b+b,+..+D)

.. b Zb—zz...zb—”.Tac()BDT:
Cl ¢, ¢,

n_n >
G ) Cy
A M 5 [ ” . al a2
Dau bang xay ra khi va chi khi —=—=%=...=
¢ c
1 2

(1

¢ +c,+..+c,

. b b b
— hogc +=-2=...="=
c ¢ ¢ c

n
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Truong THPT Chuyén Tién Giang Nguyén Vii Thanh

. A e a a a .

CM: Trudce hét ta CMR néu ¢,,¢,,....,c, >0 ; —~>-—=2>...>—"thi
G G Cy

a+a,+..+a, _a o
L2 £>—2(2) véimoi k=1,2,....n
¢ +c,+..+¢c, ¢

n

ae A e, O , a,
That vay dat —+=m ta cd a, = mc, :>Za. Zch. = z

1 1 1 ]
., S

Ta CM (1) bang quy nap .V&i n=2
ab, N a,b, > (a,+a,)b +b,)

< (a,c, —a,c)(bc, —b,c,) 2 0(BDT ding )Gia st (1) ding

¢ c, ¢ +c,
: : a, _a a.,, b _b b
voi n=k khi d6 ¢,,c,,...,c, >0, >—2> >l A >2> >_Bl
cl c2 ck+l Cl c2 ck+1
Ta 6 ab, N a,b, - a,.b,., S (@, +a, +..+a )b +b, +..+b) N a,.b,.,
¢ c, Crut c+c, +..+c Crt
Ca +ta +...+a, _a b+b,+..+b
Theo (2) ta c6 ——2 E>—FL vy > D (3)
c+e +..+c ., c,+c, +..+c  c
k k k+1 k+1
a2t |, (X
\ /4 & _ A \ r =1 =1 k+1"k+1 1
Vi (1) ding vé1 n=2 nén tr (3) ta c6 ———— + c+ 1> =
k+1
2.c i 2.c
i=1 i=l
o1 \ 7 N a . b b b
Dau bang xay ra khi va chi khi L =—2=_.=-2 hoac +t=—*%=...=-12
G G Cy G G Cy

VIL.2..Mét s6 BPT dwoc suy ra tir (1)

VIIL.2.1.BDT Svacxo:
a.
V61 a, =b, Vi thi ta cé BDT Svacxo : Z (ZZ )
C.

VIIL.2.2.BDT Bunhiacopxki
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Truong THPT Chuyén Tién Giang Nguyén Vii Thanh

Néu dat x, = % vy =+Je thi @) thanh 323 2> (3, 3,)’

2
VIL.2.3.V6ia;=b; vaci=ntacoBDT :lZaf > (lZal)
n n

VIIL.2.4. BDT Trebusep

Voici=1tacod Zaibi ZlZaiZbi
n

VIL.3.Bai tap ap dung

a’ b’ c’ a+b+c
+ >

Bai 1:Cho a,b,c > 0.CMR : — >+ >+ =2
a +ab+b”~ b +bc+c” ¢ +ca+a 3

3 4

HD:Vidt — - ¢
a +ab+b” a(a +ab+b")

Bai 2:Cho M 6 trong tam giac ABC.Ké MA;,MB,MC; lan luot vuéng goc véi
BC CA AB

BC,CA,AB.Tim gia tri nho nhit cia T = + +
M4, MB, MC,

2
HDwviét BE - _BC
MA,~ BC.MA,
Bai 3:Cho a,,a,,...,a, duong va S =Y a, .CMR: Y %> "
i=1 aS—a n-—1
e a. a.2
HD:Viét : :

S—a, :ai(S—ai)"”

1

Bai 4:Cho G 12 trong tAm tam gidc ABC.GA,GB,GC lan luot cit dudng tron ngoai tiép
tam gidc ABC tai diém thir hai A;,B;,C;.CMR: G4 + GB + GC < GA4, + GB, + GC,

HD:Cédch 1:Goi M\N,P lan luot 1a trung diém cua BC,CA,AB .Ta co

2
a

MAMA, = MB.MC = vy
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2 2
= 3 6A(GA - 164y = = 64 =L GA+ % BDT cin CM twong duong véi:
2 2 4 27 6GA
2 2 2
o @ ¢ S GurGBLGC
3GA 3GB  3GC

Giast a2b2c=GA<GB<GC

Xét hai day:
1 1 1
a b 33 3
>2 > .3 53 >
GA GB GC GA GB GC
. a’ . b’ . c’ . a’+b°+c*  3(GA*+GB? +GC?)
3GA 3GB 3GC GA+GB+GC GA+ GB+GC

>GA+GB+GC

2 2 2
Céch 2 (Ap dung BDT Trébusep)Ta CM: “—+ 2 1+ € >3(G4+ GB + GC)

GA GB GC
a’<b’<c’
Ap dung hai day cung chiéu { | 1 1 Taco:
< <
GA GB GC

1+ 1 +1 612+b2+C2
@+b+¢ G4 GB GC _GA GB_ GC
3 3 3

2 2 2
=2 4 b 4+ Zl(a2+b2+cz)( r,1t. Y>3(a” +b* + ). !
GA GB GC 3 GA GB GC GA+ GB+GC

Ma %(a2 +b* +c*)=GA*> + GB* + GC* 2%(GA+ GB+ GC)’
Bai 5:Cho 0<x, <x,<..<x,;0<y <y, <.<y ;.;0<z <z <..<z CMR:

1 1 1 1
(;zxk)(zzyk)(zzzk) < ;(Z‘xkyk"’zk)

a b c R\3
+ + <
hy+h. h +h h +h  2r

Bai 6 : Cho tam giac ABC .CMR:
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a<b<c
HD: Ap dung BDT Trébusep cho hai diy 1 S 1 S 1 Taco:
h+h —h+h h +h

a b c <%(a+b+c)(h 1 1 1 )

+ + < + +
hy+h, h +h h +h +h, h +h, h +h

. 1 1 4 . : .
Apdung ah,=b.hy=ch =2S , —+—= (x,y>0)va s1nA+smB+s1nCS£
X y x+y 2

1
n-—1

3
Bai 7:Cho x,,x,,...,x, >0 thoa fo >1 va S:le. .CMR: ZSx,- >

1

3 4
X.

HD:Viét —21 ="
S-x x(S-x)

1

Chwong VIII: SU DUNG TINH CHAT THU TU CUA HAI DAY BAT
PANG THUC

VIIL1.Tinh chit thit tw ciia hai ddy bat dang thirc:

VIII.1.1.Cho hai day cung chiéu @, <a,<..<a, va b <b,<..<bh

n

n n n
Ta c6 BDT :Zakbk > Zakbl.k > Zakb,m_k trong d6 i,i,,...,i, lahoan vicua 1,2,...,n
k=1 k=1 k=1

Ching minh :Dung quy nap ta CM Zakbk > Zakbik (1).
k=1

k=1
Véin=2tacod: ab +a,b, —ab, —a,b =a,(b —b,)—a,(b—b,)=(a,—a,)b —b)=0
= ab, +a,b, 2 ab, + a,b,

Gia st (1) dung voin-1ta CM (1) ding véin.Giasu 1#4va i =1 .Taco:

D ab, = (ab, +ab)+(ab, +..+ab)
k=1
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Ma a <a,;5,<b = ab +ab <ab +ab dodo

> ab, <ab +(ab +ab, +..+ab )<Y ab, (theo gia thiét quy nap )
k=1

k=1

Ap dung (1) cho hai diy a,<a,<..<a,va -b <-b _ <..<-b tacd

n-1 —

—>.ab,., ==Y ab =Y ab =D ab, (2).Tu (1) va(2) suy ra dpcm.
k=1 k=1 k=1 k=1
Tong quat ‘Hai day (a,) va (b,) c6 sap thi tu gibng nhau néu a,<a; <> b <b,;Vi, jthita

n n n
cling co Zakbk > Zakbl.k > Zakbnﬂfk
k=1 k=1

k=1

VIIL.1.2.Cho hai ddy ngugce chiéu ¢, <a,<..<a va b >b, >..2b

n

n n n
Taco BDT :Zakbk < Zakbl.k < Zakbn+1_k trong d6 i,i,,...,i, lahodn vicua 1,2,...,n
k=1

k=1 k=1

Tong qudat ‘Hai day (a,) va (b,) c6 sap thi tu nguwoc nhau néu a,<a; < b 2b,;Vi, jthita

n n n
cling co: Zakbk < Zakbl.k < Zakbn+l_k
k=1 k=1

pa
VIIL.2.Bai tap ap dung
Bail: Choa,b,ctuyy .CMR : a/a* +b*>a’b+a b’

b/a* +b* +ct >ab’ + b’ +ca’
HD:X¢ét hai day th tu giéng nhau (a,b,c) va (a’,b’,c%)

Bai 2:Cho a,b,c >0 .CMR: &’b+b’c+c’a>a’bc +b°ca+cab

HD: Xét hai diy thir ty nguoc nhau (a®,b°,c”) va (l,%,l)
ab'c
1 a*+b> b+ *+a’. _a b ¢

Bai 3: Cho a,b,c >0 CMR: a+b+c<—( + + )S—+—+—
2 c a b bc ca ab
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L s a s i 11 1
HD: Gia st 0 <a <b < ¢ Xét hai diy cung chiéu a’ <b* <’ Va—SZS—taco
c a

2 12 2 2 32 2
c a b ¢

a+b+e<t v+ & (Hvaa+b+cs—+—+— (2)
c a b b ¢ a

2 2 2 2 2 2
Cong (1) va (2) rdi chia cho 2 ta dugc a+b+c£%(a b +b e, —l:a )(3)

c

1 g A 1 1 1 ,
Xét hai diy cung chiéu @’ <b’ <¢’ va —<—<—tacod
bc ac ab

3 3 3 3 3 3 2 2 3
a b c a b ¢ a b c .
—t—+—2>2—+—F—=—+—+— (4)va
bc ac ab ab bc ac b ¢ a

3 3 3 3 3 3 2 2 3
a b C a b c a b° ¢
—t—F+—>—4—F+—=—+—+—(5)
bc ac ab ac ab bc ¢ a b

T (4) va (5) suy ra

3 3 3 2 2 2 2 2 2
a_+b_+c_zla+b +b +c +c +a )(6).
bc ac ab 2 c a b

Twr (3) va (6) suy ra dpcm.

8 8 8
Bai 4:Cho ab,c >0 .CMR; &0+ 1,1
ab’c a b c

HD:BDT cin CM tuong duong voi : bC;c3 +—+ >4 4=

Xét hai ddy @’ <b’ <c’ va

S > —
b'c> a’c® a’b be* ac b b

Lai 4p dung BDT day thir tu v6i hai diy a” <b* <c” va é < % < % ta duoc

1 1

az bz 02 1
> 44 N >
= +—+ (2) JTu (1) va (2) Suy ra dpcm
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a’ N b’ N c’ S 1 N 1 N 1
¢ a b ab ~be Nea

1 1 1

30530 3
a b c

Bai 5 :Cho a,b,c > 0.CMR:

HD: Xét hai ddy thtr tw ngugc nhau (a°,b%,¢”) va ) ta co

T T T e
Bai 6 : Cho tam giac ABC ¢6 & ,h,,h, ,r1a d§ dai cac duong cao va ban kinh duong tron
2 2 2
h, h’ h S 1

noi tiép tam giac .CMR: —& Tt St >—
/A

a

i + i + iBBT cin CM tuong duong voi
h, h, h

HD:Ap dung h, =

285 1
a’r 3
3 3 3

a b ¢
—+—5+—~=2a+b+c

b* ¢ a

1 1 1

Ap dung hai diy tht ty ngugc nhau (o*,5°,¢*) va —2,b—2,—2) ta cd dpcm
a c

Bai 7: Cho tam giac ABC c6 m, ,m,,m_ ,R1a do dai cac duong trung tuyén va ban kinh

\ \ C iAo . m, m. m, _ 2
duong tron ngoai ti€p cua tam gidc.CMR: Z +t—St+—=2—
m, m, m. R

N

. 1 | | 9R
HD:Ap dung —+—+—2> 2 vam,+my,+m, < —
m, m, m, m, +m, +m, 2
2 2 2 2 2 2 2 2 2
A b l a+b" b+ +
Bai 8 :Cho ba s6 duong a,b,c .CMR: —— + c - ¢ o re ¢c~a

+ >
b+c c+a a+b 2 a+b b+c c+a

1 1
b+c c+a a+b

HD : Ap dung hai day tht ty giong nhau (a?,b%,¢%) va (

Bai 9:Cho tam giac ABC c6 cac canh a,b,c va p 1a nira chu vi.CMR:

ab+bc+ac >4p

p—-¢ p—a p-b

HD:bit x=a+b-c , y=b+c-a, z=ct+a-b (x,y,z>0)
47



Truong THPT Chuyén Tién Giang Nguyén Vii Thanh

BDT can CM tuong duwong voi :
(x+0)xr+2) | G+D0+0) | E+AE+Y)

>4(x+y+2)
X y z
yz Xy P B B B
—+—+—>x+y+z.G1asu:nyZZ>O.Xetha1day—S—S—Vayzﬁszxy
X y oz X y z

Bai 10:Cho n s6 duong a,,4a,,...,a, tiy y .CMR:

] a

a a,

aq
n

a>aa)".a">a"a,""...a
HD: Ap dung hai day thu ty giong nhau (q,) va (Ina,)

Baill: Giasu x, 2x,>...2x, va y,2y,>..2y, .CMRnéu z,z,,...,z, 1a mot hoan vi

bat ki cta cac sO ¥;,¥,,...,p, thi D (x, = ,)* <D (x, —z,)* (Thi Qudc té lan 17)

i=1 i=1

HD:Ap dung BPT diy tht ty ta co ny >sz .Ta co Zy >Zz do do

i=1 i=1

z”:(xl. - yl.)2 = Z”:xf - 22”:xl.yl. + Zn:ylz < Zn:xlz - ZZn:xizi + Z":le < Zn:(xl. — yl.)2 (dpcm)
i=l1 i=l i=l1 i=1 i=1 i=1 i=1 i=l1

Bai 12: Cho (ay) 12 mot ddy s6 nguyén duong phan biét (k=1,2....,n).CMR v6i moi n
nguyén duong ta co:

@ 5 % (Thi Quéc té Iin 20)

HD:Gia st (i,i,,...,i,)1a hoan vi cua (1,2,...,n) sao cho g, <q, <...<a, .Xet hai day thir ty

11 1 NG oY,
nguoc nhau g, <a, <...<a, va —>—>..>—tacd: ) —=>» —&
) I I, 12 22 2 k k2

n =1 k=1

[\

3 n a.
Bang quy nap ta CM duogc a, >k v61 moi ke{1,2,...,n} Vay ﬂ>zk—lk2 %

5 =
k=1 k k=1

Dau bang xay ra khi va chi khi a, = k véi moi k.
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Bai 13:Cho a,b,c 1a d§ dai ba canh tam gidc .CMR:
a’b(a—b)+b*c(b—c)+c*a(c—a)>0(Thi QT 1an 24 )

HD:Xét hai day c6 thtr ty ngugc nhau (be,ac,ab) va (a*+be,b*+ac,c*+ab) ta duoc:
be(a® + be) + ac(b® + ac) + ab(c* + ab) < be(b® + ac) + ac(c” + ab) + ab(a® + bc)
& a’be+b’c® +ab’c+a’c® +abc’ +a’h’ <b’c+abc’ +ac’ +a’be+a’b+ab’c
S ath +b+cfa’ <ab+be+c’a < a’bla-b)+bc(b—c)+ctalc—a)>0
Bai 14: Ton tai hay khong 4 hoan vi (a,);(b,);(c,);(d;)cua {1,2,...,50} sao cho

50 50
Z ab, = 22 cd,
k=1 k=1

50
HD:Ddi véi hai hoan vi bat ki (a,);(h,) cua {1,2,...,50} tong >_ab, c6 gié tri 16n nhat 1a

k=1

50 50

D k* =42925 va gia tri nho nhat 1a D" k(50— k) =22100, ma 2x22100 > 42925.Vay
k=1 k=1
khong ton tai.

Bai 15:Cho a,b,c > 0 va m,n 1 hai s6 nguyén duong. CMR:
a"b" +b"c" +c"a" <a™" + b + "
HD: Xét hai ddy c6 thir tw giébng nhau (a”,b",c") va (a",b",c")
Bai 16:Cho n sb duong a,,a,,...,a, va hai s6 nguyén duong m,n tuy ¥ .CMR:
a"a"+a,"a" +..+a"a" <a"" +a,"" +..+a "

HD: Xét hai dy c6 tht tu giong nhau (¢,”,a,”,...,a,")va (¢,",a,",...,a,")

Bai 17: p,q 1a hai ) duwong tuy y, a,,a,,...,a, lan ) duong tuy y .CMR v6i moi s6 tu
nhién k£ >2 ta ludn co :

k k k k k-1 k-l -1
4 & a4, 4 44 +.+tq,
pa, +qa, pa;,+qa, pa,+qa, pa +qa, ptq
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HD: Goi S l1a vé trai cia BDT trén.Ta co o' = \/ a'*(pa, + qa,),...

Ap dung BDT Bunhiacopxki cho hai bd sb ta duoc :

(a7 +a "+ +d ) < S|:a1k_2(pa2 +qay)+ak *(pa, +qa,)+...+ a7 (pa, + qaz)] (1)
Vé phai cua (1) bang p(aa, +a*2a, +..a*a) + q(aa, + i a, + ...+ a} a,)

Ap dung két qua bai 16 ta duoc @/ *a, +a' a, +..a P, <a T v al T + .+ at T va
alk_za3 + a§_2a4 +..+ aff_za2 < alk_l + a;‘_] +..+ a,f_l

Ta(Dsuyra (af ' +a' +..+a7)Y <S(p+q)a" +a™" +...+a") suy ra dpcm.

Bai 18: a,b.c,d 1a bdn sé duong tiry y. CMR v&i moi s6 nguyén duong n ta déu co:

an bn Cn dn . an—1+bn—1+cn—l+dn—l

+ + + >
b+c+d a+c+d a+b+d a+b+c 3
HD:Giai tuong tu bai 17
Bai 19:Cho n s6 duong a,,a,,...,a, va g0i s=a, + a, +...+a,. CMR v&i moi s6 nguyén

k k-1 k-1 k-1
a, a, &4 +ta +..+a,

Az a
duongk tadéuco: ——+ >
s—a, Ss-—a, s—a n—1

HD: Giai tuong ty bai 17
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