Phuong phap déi bién trong chiing
minh bat dang thiic

Lée Ho Quy
Truong THPT Duy Tan, Kon Tum

Trong thuc té gidi todn bat dang thic, cé nhiéu bat dang thic khong thé ching minh
truc tiep duoc. Trong nhiing tinh hudng nhu vay, ngudi ta thuong st dung phuong phdp
doi bién sb. Vi cac bién mdi, cdc bat ding thite tré nén dé dang hon trong viéc ching
manh.

1. Cac bat dang thic c6 thé chon dudc diém roi
Thi du 1. Cho a + b + ¢ = 3. Chiing minh réng
a® 4+ b* 4+ +ab + bc+ ca > 6.

Loi gidi. Dé thay a, b, c binh dang, ta du doan dang thiic xay ra tai diémroia =b=c= 1.
Vivay, tadit a =1+ x;b=1+y. Tu gid thiét, tasuyrac=1—z —y.
Ta co

a’>+ b+ +ab+be+ca=
=42+ 1+’ +1l-—z—9)*+Q4+2)0+y+1+y)(Ql-z—9)+ (1 -—z—y)(1+2)

1 3
=x2+xy+y2+6:(:E+§y)2+1y2+626-

Déngthfrcxéyrakhivachikhiy:Ovax+%y:O(:):B:y:Ohaya:b:c:1.
Vay a? + b? + ¢ + ab + be + ca > 6.
Thi du 2. Cho a + b = ¢ + d. Chiing minh ring

a4+ b? + ab > 3cd.

Loi gidi. Du doan dang thic xay ra tai diém roia=b=c=d.
Do vay, dat a = ¢+ x, v6i x € R. Tt gia thiét, ta suy ra b =d — x.
Ta co

a4+ b tab=(ctax)?+d—2z)P+(ct+ta)d—z)=+d*+2*+cd+cr —dx

1 3 1 3
:(c2+d2+1x2 — 2cd + cx — dx) +30d+1x2 =(c—d+ §x)2+1x2+3cd2 3ed.
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Diang thiic x4y ra khi va chi khi z :Ovac—d—l—%x =0« 2 =0vac=dhay
a=b=c=d.
Vay a? + b? + ab > 3cd.

Thi du 3. Cho a < 4. Chitng minh ring

a*(2 —a) +32 > 0.
Loi gidi. Du doan dang thic xay ra tai diém roi a = 4.
Do vay, dat a = 4 — x. Tu gia thiét, ta suy ra z > 0.
Ta co

A?2—a)+32=4—-2)*2—-4+z)=2"—102" + 32z =z[(x —5)*+ 7] > 0.

Diang thitc xay ra khi va chi khi 2 = 0 hay a = 4.
Vay a*(2 —a) + 32 > 0.

Thi du 4 (Bat dang thiic Nesbit). Cho a, b, ¢ la céc s6 duong. Chitng minh ring

a b c
+ +
b+c c+a a—+bd

3
> —,
-2
Loi gidi. Du doan dang thic x4y ra tai diém roia =b=c = 1.
Bat ding thitc can chiing minh tuong duong véi:
2a 2b 2c
+ + >
b+c c+a a+b
2a 2b 2c
S(—+1 —+1 — 41
(bJrc+ )+(c+a+ )+(a—|—b+ )
b b b b
<:>(a+ )+(c+a)+( +c¢)+ (a+ )+(c+a)+( +¢) > 6.
b+ c c+a a-+b

3

Dit x =a+b,y=c+a va z=a+ bthi bat ding thic trén tré thanh

+ z z+x x4+
1oz + 20
T Y z

6,

trong d6 x,y, z 1a cac s6 thuc duong.

Hay
x Yy y oz z
-+ = e —4+-)>6 1
il @D+ (D2 )
Ap dung bat ding thic AM-GM cho hai s6 khong am, ta c6
TiYs50 Y250 wm 24P 50
y z oy xr oz

Cong cac vé tuong tng ciia ba bat ding thic virta thu dude, ta nhan duge bat déng thic
. Tit d6, ta suy ra diéu phai chitng minh.
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2. Cac bat dang thic cho biét diéu kién ctia tong cac
bién nhung khéng (hoic khé) chon dudc diém roi
Thi du 5. Cho a < 1;a + b > 3. Chting minh rang
3a2+b2+3ab—¥ > 0.
Loi gidi. Dat a = 1 — 2 vi a + b = 3 + y. Tu gia thiét, ta suy ra x,y > 0, do do

b=2+zx+y.
T do, ta co

27 27
3a2—|—b2+3ab——4 ——3(1—x)2+(2+x+?j)2+3(1—ac)(2—|—x+y)__4
2 2 2
— — — - = — ) — — — — >
Yy —dxr+ Ty :ch—i—4 (x Y 2) +4y +2y 0

N

Déng thiic xay ra khi va chi khi z = % vay =0 hay a = —% va b=

Thi du 6. Cho a,b,c € [1;3] vd a + b+ ¢ = 6. Chitng minh rang
a) a’ + b* + 2 < 14;
b) a® +b* + * < 36.
Lot gigi. Dat a=x+ 1;b=y+ l;c =2+ 1. Khidé z,y,z2 € [0;2] vaz +y + 2z = 3.
Gid st x = max{x;y;z},suyraz+y+2=3<3z=1<z<2=(x—1)(z—-2) <0
nén
P+ <+ (y+2)?=2"+B-2)=5+2r—1)(z-2) <5
Thic 1a
2?24y +22<5 (2)
Twong tu, ta ching minh duge
2 +yP +22 <9 (3)

a) Ta c6
AP+ =+ 1)+ W+ 1P+ ) =22 P 2wy +2)+3 (4)

Tu va , ta suy ra a® + b +c? < 14 (dpem).
b) Ta co:

A +03 4+ = (z+1)2+(y+ 1)+ (2 +1)° = 22 +° + 22 +3(2* + oy +22) +3 (v +y+2)+9 (5)
Tu , va , ta suy ra a® + 0® + ¢* < 36 (dpem).
Thi du 7. Cho cac s6 thuyc a, b thdéa man dieu kién a + b # 0. Chting minh rang

1+ab

2 b2
a” + +(a—|—b

)’ >2.
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Lot giai. Dat ¢ = —1a+—+alf’. Ta c6 ab + bc + ca = —1. Khi d6, bat dang thic can ching
minh tré thanh
A+ 4+E>2
a? +b* + > —2(ab+ be + ca)
S(a+b+c)? >0 (Bat ding thitc ding).

Vay bat déng thic da dude ching minh.

3. Cac bat dang thiic c6 gia thiét cho ba bién la cac sb
thuc cé tich bang 1

Trong mot sb6 bai toan bat ding thitc, chiing ta hay gip gia thiét cho a, b, ¢ 1a cac s6
thuc c6 tich bing 1. Khi do, ta c6 thé thay cac bién sb a, b, ¢ bang cac bién s6 méi z,y, 2
khéc 0 sao cho a = £,b =¥, ¢ = 2. Ngoai ra, néu a, b, c 1a cac so6 duong thi ta ciing c6 thé

gia thiét them rang z,y, z ciing 1a cic s6 thuc duong.

Thi du 8 (IMO 2000). Cho céc s6 duong a,b,c thoa man dicu kien abc = 1. Chiing

minh rang
1 1 1
(a—1+5)(b—1+2)(0—1+5)§1

Léi gidi. Vi a,b, cla cac sb thuc duong c6 abe = 1 nén ta c6 thé dit a = g, b=%c=2
véi z,y, 2 > 0. Khi d6, bat ding thic da cho duge viét lai dudi dang
Y

(§—1+§ﬂ;—1+;ﬂ§—1+5)§1

(:):c—y—l—z.y—z—irx'z—x—i—y <
Y z z
Loyt —ata)(z -z +y)

TYZz

1

<1

T d6 suy ra bat dang thitc can chiing minh tuong duong véi
(z—y+2)(y—z+2x)(z—x+y) <ayz. (6)
Khong méat tinh tong quat, ta cé thé gid stz >y > 2z > 0. Ta c¢6
r—y+2>0 va y—z+x>0.
Do d6, néu z — x + y < 0 thi bat dang thiic @ ding, vi
(x—y+2)y—z+z)(z—x+y) <0< ayz.

Bay gio, ta xét trusng hop z — x + v > 0. Khi d6, 4p dung bat ding thic AM-GM cho
hai s6 duong, ta cé

(x—y+2)(y—2z+2)

Vit —y+2)(y—z+2) < > = .
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Twong tu, ta cling chitng minh duge

Vy—z+a)(z—z+y) <y
\/(z—:c+y)(x—y—|—z)§z.

Nhan theo vé céc bat ding thic trén, ta nhan duge @ Tt d6 ta c6 diéu phai chitng minh.

Thi du 9. Cho a, b, ¢ 14 cac s6 thuc duong théa man dicu kién abe = 1. Chiing minh ring

1 1 1
aw+n+b@+m+cm+m

3
> —.
— 2

Yy
2

5, véi z, v, z 1a cac s6 thuc duong. Khi d6, bat ding thiic can chitng minh tré thanh

Loi gidi. Via,b, cla cac s6 thice duong c6 abe = 1 nén ta co thé dit a = %, b= va ¢ =

1 . 1 L 1 >3
z(y y(z z(z =
3
- Yz n 2T n Y >3
wy+z) yle+z) zx+y) 2
3
- yz n 2T n Ty >3
zy+zx yz+xy zx4+yz 2
Hay
u v w 3
+ >,
v+w wHu u+tv o 2

voi u = yz,v = zz,w = xy 13 cac sd thyc duong.
Day chinh 14 bat dang thic Nesbit cho ba s6 duong. Do dé, ta cé diéu phai chiing minh.

Luu 4. D6i v6i mot sé bai toan ching ta lai gip cac biéu thic 7 g, <, trong do a,b, c la
cac s thuc khac 0. Khi do, ta dat o = %,y = 2,2 = ¢ dé dua bai todn vé céc bién méi
b

thoa man dieu kien xyz = §.2.¢ = 1.
c a

Thi du 10. Cho a, b, ¢ 14 cac s6 thyc duong. Chitng minh rang

b . c N a <1
a+2b b+2c c+2a "

Loi gidi. Bat dang thic can chiing minh tuong duong véi

L1
e+2 42 242

c

<1 (7)

b

Dit v = ¢,y = 2,2 = < thi z,y, z la cac s0 thyc duong c6 tich zyz = 1.

Khi d6, bt déng thite (7) duoc viét lai dudi dang

1 n 1 n 1 <1
r+2 y+2 z2+27
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hay

(+2)y+2)+y+2)(z+2)+(z+2)(x+2) < (z+2)(y +2)(2 +2)
S(ry+yz+zx)+4(z+y+2)+12<zyz+4(x+y+2)+ 2y +yz+ 22) +8
cd<zyzt+ry+tyz+ze e 3<zy+yz+zz (vi axyz=1)

Ap dung bat ding thic AM-GM cho ba sé duong, ta co
xy +yz + zx > 3¢/ (zy2)® = 3.
Tt d6, suy ra bat ding thic ding va ta c¢6 diéu phai ching minh.

Thi du 11. Cho a,b, ¢ 1 cac s6 thic duong. Chiing minh rang

ab n be n ca S a n b n c
clc+a) ala+b) blb+c) " c+a a+b b+c

Loi gidi. Bat dang thic can chiing minh tuong duong véi

ba+cb+ac a+b+c
cc+a aa+b bb+ec c+a a+b bic

hay
b 1 cl+a1>1+1+1 (8)
ct+l a4+l byl T 41 S b4
Datx:%,y:g, =< thix .y, 2 1& cac s6 thyc duong c6 tich zyz = 1. Khi d6
Y z x 1 1 1
(S) >

z+1+az+1+y+1_z+1+az+1+y+1
sylz+Dy+1D)+2z+ D)+ +z(z+1)(z+1) >

>+ 1D)y+ )+ @w+D)E+D)+(E=+1)(z+1)
Sy +y+22°) + (P + P+ )+ (oy+yz+zn) + (v +y+2) >

> (zy+yz+zx)+2x+y+2)+3

Sy +yl+ )+ @@+ + 22 > (e +y+z2)+3
Slr— 1P+ (= 12 (= 1P+ (o +y+2—3) + (0P 4y 202 —3) 20 (9)

Ap dung bat ding thic AM-GM cho ba sé duong, ta co

T+y+z>3Yryz =3 vh oy’ +y2t + 22’ > 3/ (vyz)3 = 3.

T d6 suy ra bat déng thiic @ ding. Do do, ta c6 bat dang thiic can ching minh.

150



4. Mot so bai toan chitng minh bat dang thic chia ba
bién a,b,c khong am cé vai tro nhu nhau

Ta c6 thé st dung phép doi bién: x = a+b+¢; y = ab+ bc+ ca; z = abe
Céc ding thic thuong sit dung

zy —z=(a+b)(b+c)c+a) (10)
Pty = (0t B)b+c) + (b et a)+ (et a)ath) (1)
2 =2y =a®+ b+ A

2 —=3xy+3z=a*+ 0+

Céc bat ding thiic thudng sit dung

2 > 3y (12)
x> 27z
y? > 31z
xy > 9z
2 —day +92 >0 (13)

Thi du 12. Cho a,b, ¢ 1a cac s6 thuyc duong thda man dieu kién ab + be + ca = 3. Chiing
minh rang
1 1 1 S @ +b+c 3

a+b+b+c+c+a_ 6 +a+b+c'
Loi gidi. Bat dang thic can ching minh tuong duong véi
(a+b)(b~|—c)+(b+c)(c+a)+(c+a)(a+b)>a+b+c+ 3
(a+b)(b+c)(c+a) - 6 a+b+c

Ditz=a+b+c¢, y=ab+bc+ca, z=abc. Ti (10) va (11) ta cod tré thanh

(14)

2
3
zyiyz Z%—F;<:>(x2+3)6x—(x2+18)(3x—2)ZO
&32° — 360 + 272 + 182> 0w 3(2* — 1224+ 92) + 222 — 92 >0

3(x® — 120+ 92) + 2(2* — 9) > 0.

Do y = 3 nén tit (12) suy ra 22 > 9, két hop véi (13) ta c6 bat dang thiic trén ding, suy
ra bai toan dudce ching minh. Déng thitc xay ra khi va chi khia =b=c = 1.

Thi du 13. Cho a,b,c 1a cac s6 thyc thuoc khoang (0;1) théa man diéu kien abc =
(1 —a)(1 —b)(1 - c). Ching minh ring
a4+ b + A + 5abe > 1.

Loi gidi. Tacoabc= (1 —a)(1—=0)(1—¢)=1—(a+b+c)+ (ab+ bc+ ca) — abe.
Do vay, néudat r =a+b+c, y=ab+bc+ca, z=abcthitacé2z=1—-x+y.
Theo (13) thi bat dang thiic can chiing minh trd thanh:

2? —3ry+32+52>162° —3ry+82> 162 —dx + 3 > y(3z — 4)
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Dé)’/réng1—m+y:2220vam223ynénx—1<y<%2.

Xét ba truong hop

Truong hop 1. Néux < 1thiz® —42+3=(1—2)(3 —z—2?) >0 > y(3z — 4).
Trm}’ngha’p,?.Néu1<x<%thin—4<0v€10<x—1<y,dodé

(2 —dx +3) —y(Bx —4) > (2° —4x +3) — (z — 1)(3z — 4) = (v — 1)* > 0.
Truong hop 3. Néu x > % thi

2 2 _32
—%(3$—4):w>0.

(2% —da +3) —y(3z — 4) > (2% — 42 + 3) 5 >

Nhu vay, trong moi trusng hop ta déu c6 2° — 42 + 3 > y(3z — 4), suy ra bat ding thiic
da dugc ching minh. Dang thic xdy ra khi va chi khia =b=c= 1.

5. Mot s6 cach doi bién khac trong chitng minh bat
dang thic

Thi du 14 (IMO 2011). Cho a,b, ¢ 1a céc s6 thuc duong. Chiing minh réng

a n b N 1 > 1
Va2 +8bc Vb2 +8ca V2 + 8ab

Nop 7 5 _ a _ b _ c
Lot giai. Dat v = T VT Trme T vasa

minh = +y + z > 1. Dé ¥ ring

RG rang z,y, 2 € (0;1), ta can chiing

@ a? T E 2
8c 1—22" 8ac 1—y2" 8ab 1— 22
1 2 2 2

).

Nhu vay, ta can phai chiing minh x +y + 2 > 1, trong d6 0 < z,y,2 < 1 va (1 — z%)(1 —
y*)(1 — 2%) = 512(xyz)>
Gia stt x +y + z < 1. Khi d6, theo bat ding thiic AM-GM, ta cé

_ (" y
= 02 ({2

— 2

1=2*) 1=y )1 =2") > [(a+y+2)° —2®] [ +y+2) =] [(x +y+2)° = 2*] =
=(z+z4+y+2)y+2)c+y+y+2)z+a)z+y+z+2)(x+y) >
24(:523;2)%.Z(yz)%.4(y2,z:c)i.2(za:)%.4(z2xy)%.2(:1cy)% = 512(xy2)* (Mau thuin !)

Vayr+y+22> 1.

Thi du 15 (IMO 1995). Cho a, b, ¢ 1a cac s6 thyc duong sao cho abc = 1. Chitng minh
1 1 1 3

> —.
a3(b+ c) * b3(c+a) +c3(a+b) -2
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Lot giai. Dat a = %, b= i, c= %, ta c6 xyz = 1. Lac d6, bat ding thic can chitng minh

c6 dang
x? y? 2? 3
+ + > —.
y+z z4+x x4y 2
Tit bat dang thitc Cauchy-Schwarz, ta c6
72 y? 52

[(y +2) + (2 +2) + (z + )] ) > (z+y+2)?

+ +
y+z zZz4+x Tty
Vay theo bat dang thic AM-GM, ta c6

2 2 2
x N Y n z >x+y+z>3(xyz) _3
y+z2z z4+x T4y 2 - 2 2

ol

3

Thi du 16 (Korea 1998). Cho a,b,c 1a cac s6 thuc duong sao cho a + b+ ¢ = abe.
Chting minh

1 1 1 3
+ + <5
Vida® V1402 i+ T 2

Loi giai. Dat a = %, b= 1%’ c= % Ta thay a+b+c = abe tuong duong véi 1 = zy+yz+zx.
Bat ding thtc da cho trd thanh bat déang thic

x . Yy i z <3
Vai+1 2 +1 2417 2
hay
3
T n ) + < <=z
Ve +ry+yz+zr Yt aytyz+z2z /R +ay+yz+ar o 2
hay
x Y z 3
+ + <z
Vat+y)le+z)  Jy+2)y+a) V+tao)(z+y) 2
Theo bat déng thic AM-GM, ta c6
T _a:\/(x—iry)(x—l—z)<1:z:[(x+y)+(x~l—z)]_l( t )
Jererd  @rokrs S2 @rpets 2w+rs oty
Tuong tu, ta cing c6
1
Y S_( Y I Y )
Vy+2y+a) ~ 2yt yte
z 1, =z z
< o ( + ).
Jernery 2are aty

Cong cac vé tuong tng clia ba bat ddng thic trén, ta c6 két qua phai ching minh.
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Thi du 17 (APMO 1996). Cho a,b,c 1a do dai cac canh ctia mot tam giac. Ching
minh

Va+b—c+vVb+c—a+Vet+a—b<Va+Vh+ e

Déang thtic xay ra khi nao?

Loi gidi. Dat t =a+b—c,y=b+c—a,z=c+a—0b Khido, tacéa=25=2b=
T ¢ = Y22 Trude hét, ta chi ¥ ring 2(z +y) > v +y+2/zy = (Vo + \/g){ déng thic

xay ra khi x = y.

Ap dung bat ding thic nay, ta c6 cac bat ding thitc sau

Va+b—c+vVbtce—a=vVr+y<V2vT+y=2V0
Vhb+c—a+Veta—b=g+vVz<V2Vy+z=2Vc
Veta—b+Va+tb—c=vz+Vr<V2Vz+z=2Va

Cong cac bat déng thic trén vé theo vé, ta c6 bat ding thic phai ching minh. Dang thic
xay ra khi va chi khiz =y =z haya=0=c.
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