PHUONG PHAP CHUYE’:N VI TRONG CHUNG MINH
BAT DANG THUC HOAN VI

VO QuOC BA CAN

Hién nay c6 rat nhiéu phuong phap manh va méi dé chiing minh bat dang thirc nhur 1a
EV ctia Vasile Cirtoaje, SOS ctia Pham Kim Hiing va Tran Tudn Anh, ... Nhung cac phuong
phép nay phan 16n chi ding dé giai quyét cac bai toan déi xing, khi gap cac bat dang
thitc hoan vi thi ching thuong t6 ra kém hiéu qua. Vay chiing ta c6 cach nao dé giai quyét
cac bat déng thic hoan vi khong? Bai viét nay, chung toi xin dugc chia sé cung cac ban
mot kinh nghiém nhé dé chiing minh bat dang thitc hoan vi 3 bién (va doi khi ta ciing c6
thé 4p dung n6 cho bat dang thirc hoan vi 4 bién). Rat mong nhan dugc y kién déng gop
clia cac ban!

Nhu da néi & trén, cac phuong phép chiing minh bat dang thitc déi xting thi rat nhiéu
nén néu ta c6 thé chuyén mot bat dang thitc hoan vi vé dang ddi xing thi viéc ching
minh khong con gi kho khan cd. D6 chinh la kinh nghiém nh6 ma ching t6i mudn gidi
thiéu cting ban doc, mot ky thuat gitp ta chuyén mot bat dang thitc hoan vi thanh mot
bat dang thirc dbi xting dé giai, ta tam goi d6 la "phuong phdp chuyén vi".

Dé hiéu r6 hon y tudng ctia nd, ching ta hay cting xét vi du sau
Example 0.1 Cho cdc so thuc khong dm a, b, c théa mian a + b + ¢ = 4. Chitng minh ring
a?b + b%c + c*a + abc < 4.

(Vasile Cirtoaje, Pham Kim Hung)

Loi gidi. Bat dang thitc cAn chiing minh c6 dang
a-ab+b-bc+c-ca+ abc <4.

Ta thay rang day la mot bat dang thitc hoan vi véi dang thicc xdy rataia = b = ¢ = 1
vaa =2,b =1, =0 (v6i gia thiét c = min{a, b, c}). Diéu nay ching t6 rang viéc danh
gia n6 1a khong dé dang chtit nao, chi can mot chut "quéa da" thi ciing c6 thé dua dén két
quéa khong mong muén. Mot cach tu nhién, ta nghi ngay dén viéc chuyén né vé dang dbi
xtiing dé giai. Thong thuong, moi ngudi thuong nghi dén viéc chuyén vé ddi xing cho ba

bién, nhung viéc nay rat kho thuc hién (vi bat dang thitc nay c6 dén hai diém dang thuic),
cho nén ta hay nghi dén viéc dua vé d6i xiing cho hai bién (ma khong phai ba). Mubn lam



diéu nay, cac ban hay cing dé y dén hai biéu thic dugc gach chan & trén, chiing c6 diéu
gi kila? A, néu ta hoan déi vi tri cho nhau thi ta c6 thé thu dugc mot bat dang thirc méi la

a-ab+b-ca+c-bc+abc <4.

Va that thu vi, day lai la mét bat déng thirc doi xung cho hai bién a va c. Vi vay, néu ta
c6 mot danh gid kifunhuw a-ab+b-bc+c-ca+abc < a-ab+b-ca+ c-bc+ abe thi d6
1a mot diéu tuyét voi! May man thay, diéu nay tuong duong véi c(a — b)(b—c) > 0 va
chiing ta hoan toan c6 thé dat dugc diéu nay bang cach gia st b 1a s6 hang nam gitra a va
c. Dén day, ta tim dugc 16i giai cho bai toan nhu sau:

Khong mat tinh téng quat, gia st b 1a s6 hang nam gitra a va c. Khi d6, ta c6

a-ab+b-bc+c-ca+abc < a-ab+b-ca+c-bc+abc
1 <2b+u—|—c+a—|—c)
b =

= bla+c)* < 5

Bai toan duge chitng minh xong. Dang thitc xay ra khi va chi khi a = = 1lva
a=2,b=1,c=0(cung cac hoan vi tuong ung). u
Pay l1a mot vi du quen thudc, va c6 16 nhiéu ban sé cho réng n6 qué quen thudc, hién
nhién. Va néu ban, nao tinh y thi sé thdy rang viéc danh gid a-ab+b - bc + ¢ - ca + abc <
a-ab+b-ca+ c-bc+ abc & trén thuc ra chinh 1a viéc stt dung bat dang thiic sdp xép lai
cho hai bo s6 don diéu cung chiéu (a,b,c) va (ab,ca, bc) (véi gia thiét b la s hang ndm
gitta). Tuy nhién, chiing t6i dén védi y tudng chuyén vi nay hoan toan déc lap véi bat dang
thitc sdp xép lai. Chung ta hay cting di dén vi du sau dé thay 16 dugc diéu do6

Example 0.2 Cho cdc sb khong dm x,vy, z cd tong bing 1. Chitng minh bit dang thitc sau

ViRt 2 e Vit 22,

(Phan Thanh Nam)

R6 rang v6i bai toan nay, viéc stt dung bat dang thirc sap xép lai la rdt kho (c6 thé néi 1a
khong thé), nhung viéc st dung phép chuyén vi nhu trén thi ta van c6 thé ap dung dugc.
Va mot diéu thi vi nira 13, véi nhitng cach phan tich khac nhau thi chiing ta lai c6 nhitng
phép chuyén vi khac nhau, gitip dua bai toan di dén két qua. Chang han, & vi du nay,
chiing ta c6 hai cach chuyén vi sau

Loi gidi 1. Bat dang thic nay c6 dang dong bac (& vé trai) la

¢ﬂ+w+w+u+¢w+#+w+@+ 2422+ zx +zy > 2.

Ta thy rang bat dang thiic nay chita can va hoan vi cho 3 bién x, y, z nén viéc danh gia n6
sé gap rat nhiéu kho khén, cho nén y tudng cta ta ¢ day chinh la chuyén né vé dang doi



xting, chang han cho y va z. Dé thuc hién, ta hay dé y 2 biéu thitc yx va zy duge gach chan
& trén, néu ta chuyén vi 2 biéu thirc nay thi sé thu dugc mot bat dang thic méi

\/x2+y2+xy+xz+\/y2+22+yz+£+ z2+x? +zx +xy > 2.

Va that thu vi, n6 1a mot bat dang thic déi xing cho y va z. Véi ¥ tudng nhu vay, chiing
ta can c6

\/y2+zz+yz+yx+ \/zz+x2+zx+zy > \/y2+zz+yz+yz+ \/zz+x2+zx+xy.
Binh phuong 2 vé, va thu gon, ta thdy bat dang thitc nay tuong duong véi
Y —y)(x—2)(x +y+2) 2 0.
Diéu nay c6 thé dat dugc néu ta gid sit x = min {x,y,z} hodc x = max{x,y,z}. Véi

nhitng phan tich nay, ta di dén 15i giai ctia bai toan nhu sau:
Khong mét tinh téng quaét, gia st x = min {x,y,z}, khi d6 theo trén, ta c6 ngay

\/y2+zz+yz+yx+\/22+x2+zx+zy2 \/y2+22+yz+yz+\/zz+x2+zx+xy,
nén bat déng thitc ctia ta duoc dua vé

VXFYPP+Vx+24y+2z22>2,

tuong duong
VX+YPP+H V422> 2x+y+z

Ap dung bat dang thirc Minkowski, ta c6

Vit PR+ Va2 > \/(ﬁ+ﬁ)2+(y+z)2: 4x 4 (y +z)?

= \/4x(x—|—y—|—z)+(y+z)2:2x—i—y—|—z.

Do d6, bat dang thiic ctia ta duge chiing minh xong. Dang thiic xay ra khi va chi khi
x=y=2z=%hodcx =1,y = z = 0va cic hoan vi tuong ting. |
Loi gidi 2. Néu cac ban khong thich phép chuyén vi nhu trén, ching ta c¢6 thé thir chon
phép chuyén vi kiéu khac nhu sau: Hay chd y dén 2 biéu thitc dugc gach dudi trong bat
dang thtic

\/x2+y2+xy+xz+\/ﬁ+zz+yz+yx+\/Zz+ﬁ+zx+zy22-



Néu ta thuc hién phép chuyén vi cho 2 biéu thiic nay thi sé thu duge mot bat dang thiic
méi dbi xtiing cho x va z la

\/x2+y2+xy+xz+\/22+y72+zx+zy+\/xﬁ+22+yz+yx22-

Nhu vay, ta can cé

\/y2+22+yz+yx+\/zz—i—xz—i—zx—i—zyz \/xz—i—zz—l—yz—i—yx—f—\/zz—i—yz—l—zx—l—zy,

hay la
2_ .2
x(x* =y )(y—z) = 0.
Diéu nay c6 thé dat dugc néu ta gia st y 1a s6 hang nam gitra x va z. Dén day, ta thu dugc
mot 161 gidi moi nhu sau:
Gia stt y 1a s6 hang nam gitra x va z, khi d6 dé thay

\/y2+zz+yz+yx+\/22+x2+zx+zy2 \/x2+zz+yz+yx+\/22+y2+zx+zy,

neén ta chi cAn chitng minh duoc

\/x2+y2+xy+xz+\/y2+z2+zx+zy+\/x2+zz+yz+yx22,

tuong duong

\/x+y2+ z+ 2+ Vx+z—2xz>2,
hay la

2
x+z+2y2—|—2\/(x—|—y2)(z—|—y2) > (2—\/x—|—z—2xz> .

Datt = xz (0 < t < y(1 — 2y)) thi bat dang thic trén dugce viét lai la

F(8) =20 422 — 442/t + (1 -y + )2 +4/T—y — 2 > 0.
Ta co6
1 - 4
2[t+ 21—y + )Pt -y =2t
nén f(t) la ham 16m, suy ra f(t) > min {f(0), f (y(1 —2y))} nén ta chi can ching minh
0.

)
duoc £(0) > 0va f(y(1—2y)) > 0. biéu nay doéng nghia véi viéc chitng minh bat dang
thuc trén khixz =0va (x —y)(z —y) =

710 = -

<0,



+ Néu xz = 0, ta gia st z = 0, khi d6 x = 1 — y va bat dang thtic trén trg thanh

Vi-y+y2+/1—y+y>2

Bat dang thic nay hién nhién diing, béi vi theo bat dang thirc Minkowski, ta 6

Vivrr e vTTy = | (VI9) e (vie) o
> \/(Vl—wr\/1—y)2+(y+0)2=2—y-

+ Néu (x —y)(z—y) =0, tagid sity = z, khi d6 x = 1 — 2y > 0 va bat dang thtc trén
trd thanh

\/1—2y—|—y2+\/y+y2+\/1—y—2y(1—2y) >2,

tuong duong

\/y+y2+\/1—3y+4y221+y-

Nhung bat déng thic nay ciung hién nhién dung, bdi vi theo bat déng thuc
Minkowski, ta co

Jy v e1-3y+a2 = /(P + v+ (Vi + (1 -2y
> (VI VI -2 =1y,

Phép chiing minh ctia ta dugc hoan tat. n
Véi y tudng chuyén vi nhu vay, chiing ta c6 thé giai duge kha nhiéu bai toan dep va kho.
Sau day la hai vi du khéc

Example 0.3 Cho cdc s6 khéng dm x,y,z théa man x +y + z = 1. Chiing minh ring

\S/x—y+z3+</y—z—l—x3+€/z—x+y3 <1
(Phan Thanh Nam)
Loi gidi. Ta thay bat dang thitc cAn chiing minh ¢6 dang VA + VB + v/C < 1, vé6i

A = x—y+2 =2+ 2%y—x® — P +2z(x* — ) + 22 (x —y) + 2,
B y—z+ X =y + Pz —yz? — 2P+ 2 (P —2%) + P (y —z) + 25,
C = z—x+yP=2+22x -z — > +2y(z — ) +y*(z — x) + v°.



Néu c6 2 s6 trong 3 s6 A, B, C c6 tong khong duong thi bat dang thiic ctia ta hién nhién
dung. That vay, giast A+ B <0thido C :z—x—l—y3 <z—x4+y <1 nén

VA+VB+VC<V—B+VB+vVC=+vC<1.

Bay gio ta sé xét truong hop nguoc lai, tic la licnay tac6 A+ B > 0,B+C > 0 va
C+ A > 0.Khido, gia stz =min{x,y,z}, va dat

D=y’ +y’x—yx* =3+ 2z2(y* —x*) +2%(y —x) + 2%, vaE = x> +¢° - 2%
Luc nay, ta c6 2 tinh chitsau:D+E=B+C>0,va
DE — BC = (a —¢)(b — ¢)(a® + 2ab + 2ac + bc) (2a* + b* + 2¢* + 2bc + 3ca + 2ab) > 0.

Véi nhitng tinh chét nay, ta dé dang ching minh dugc VB+vC < VD+ \3/E, va ta co
thé dua bat dang thic vé chitng minh

VA+VD+VE <1,

tuong duong

f/x—y+z3+{/y—x+z3+\3/x3+y3—z3§1.

Thuc hién tuong tu nhu trén, ta cing c6

f/x—y+z3+f/y—x+z3§\7§+\7§:22,

neén ta chi can chitng minh duoc

x+y—z>/xd+y> - 25

Day 1a mot bat dang thitc hién nhién ding vi
(xty—2P° = (P +y° 2% =3(x—2)(y—2)(x+y) 2 0.

Phép chiing minh ctia ta dugc hoan tat. Dang thitc x4y ra khi va chi khix =y = z =
hoac x =1,y = z = 0 va cac hoan vi tuong ung.

B «w-

Example 0.4 Cho cdc s6 khéng dm a, b, c c6 tong bing 3. Chiing minh rang
(3a% 4 be + 3b°) (3b* + ca + 3¢*) (3¢* + ab + 3a) < 900.

(V6 Quéc Bd Cédn)



L&i gidi. Khong mét tinh tong quat, ta c6 thé gia st b 1a s6 hang nam gitra a va c. Khi do,
véi chu y & dang thuc sau

(36 + ca + 3¢%) (3¢ + ab + 3a®) — (3b* + ab + 3¢?)(3c® + ca + 3a°) =
=3a(b—c)(b—a)(a+b) <0,
ta c6 thé dua bat dang thic vé chiing minh
(3a% + be + 3b) (3b* + ab + 3c?) (3¢ + ca + 3a) < 900.
Dén day, ta thay

(342 + bc + 3b%) (36 + ab + 3¢%) =

9b* + 3(a 4 c)b® + (942 + ac +9c*)b? + 3(a® + )b + 9a°c?

9b* +3(a+c)b® 4+ 9(a + ¢)*v* 4 3(a + ¢)3b + 9ac(ac — ab — bc) — 17b*ac
9b* +3(a+c)b®+9(a+c)** +3(a+c)%

3b(a+3b+c) [b* + (a+¢)?],

IA I

va
3¢ +ca+3a® < 3(a+ c)z,

nén ta chi can chitng minh duoc
9x%b(x 4 3b) (x> + b*) < 900,

voix =a+c.
Ap dung bat dang thitc AM — GM, ta c6

9 [5xb+ x(x +3b) +2(x2+ 7)1

2 212 <
9x°b(x + 3b)(x +b)_10 3 ,

Bab + x(x +3b) +2(x* + b%) = ?(Hb)z - %(X—Zb)z < ?(Hb)z = 30,

nén tur trén, ta duoc

9x%b(x +3b) (x* + b?) < 1% -10% = 900.

Bat dang thic ctia ta dugc chiing minh xong. Dang thitc xay ra khi va chi khia = 0,b =
1,¢ = 2 va cac hoan vi tuong ung.



Nhan xét 1 Bing cdch tuong tu, ta cd thé gidi dugc bai todn sau:

Vi a,b,c la cdc s6 khong dm c6 tong bing 3 va k la mot s6 cho trude (\/§ >k> %) , tim gid tri
16m nhat cila biéu thirc sau

P(a,b,c) = (a* 4 kbc 4 b*) (b* + kea + ¢)(c? + kab + a?).

n
Khong chi c6 cac bat dang thitc hoan vi ba bién méi stt dung duge phép chuyén vi nay
ma mot phan dong cac bat dang thirc hodn vi bén blen cling c6 thé ap dung dugc né. Pau
tién, chiing ta sé stt dung phép chuyén vi dé dua vé mot bat dang thic hoan vi cho ba
bién, r6i duing nhitng danh gia thich hgp dé chiing minh bai todn. Mdi cac ban ctung di
dén vi du sau dé 16 hon y tudng nay (day la mot bai toan rat kho)

Example 0.5 Cho cdc so khong dm a, b, c,d théa man a + b + c + d = 4. Chirng minh rﬁng
a®b + b3c + >d + d®a + 23abed < 27.
(Pham Kim Hung)
Loi giai. Trude hét, ta sé chung minh b6 dé sau

B6 de 0.1 Néu a, b, c la cdc s6 khong am thi

473 27
i 3 <
b+bc—|—cu—|—256abc(a—|—b—l—c) 256(a—|—b—|—c)

Chitng minh. Ban doc c6 thé tu chirng minh iy bang cach st dung phép chuyén vi cho 3
bién. H
Quay trd lai bai toan. Do tinh hoan vi vong quanh nén khong mét tinh téng quat, ta c6 thé
giasudla sb hang nho nhat trong cac s6a,b,c,d. Khidé, ta co

Cd+da— (Ca+dt)=—(C—d)(a—d) <0,
nén dé chiing minh bat dang thiic da cho, ta chi can chiing minh dugc

@b + bic + c2a + d* + 23abed < 27.

Dén day, ap dung bd dé trén, ta c6 thé dua vé chirng minh

27 . 473 .
— — - <
5 (4—d) 256abc(4 d) +d* + 23abcd < 27,
hay la
1

6361d — 1892)abe + 2 (4 — d)* +d* —27 < 0.

256 256 256



Néu 6361d — 1892 < 0 thi bat dang thtic trén la hién nhién vi % (4 —d)* +d* < 27.Néu
6361d — 1892 > 0 thi ta c6

i(6361d —1892)abc + 2(4 —d)* - dt—27

256 256
1 (4—-d)B3 27 i ou
< — — . R — —
< 5 (6361d — 1892) VAR (4—d)*+d*—27

= %(5512 +270d — 473)(d — 1)> < 0.

Bat dang thiic ctia ta duge ching minh xong. Dang thiic xay ra khi va chikhia = b = ¢
d =1hodca =3,b=1,c=d = 0va cac hoan vi tuong ing.

BAI TAP DE NGHI

1. Cho cac sb thuc khong am g, b, c théa man khong c6 hai s6 nao déng thoi béng 0.
Chung minh rfang
2,12, 2
ac+b-+c n 4abc >0,
ab+bc+ca  a%b-+ b%c + c?a + abe

(V6 Qubc Ba Can)
2. Gia str a,b, c 1a cac sb thuc khong am thoa man a2+ b2+ = 3. Chung minh céac
bat dang thiic sau

(@) a’b + b%c + c?a < 2+ abg;
(b) a®b? 4 b3c? + 2a® < 3.

(Vasile Cirtoaje)

3. Chung minh rf?mg véi moi s thue duong a,b, c ¢ t6ng bf!mg 3, bat d:fmg thic sau
luén ding
a L b i c o 3
b+c¢2 c+a2 a+b2 2

(Pham Kim Hung)

4. Chting minh rang v6i moi s6 thuc duong a, b, ¢ ¢ tong bang 3, bat dang thiic sau

luén dung
a n [ Db n c 3
b%+3 243 a2 +3 — 2

(Vo Quéc Ba Can)
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. Gia stt a,b, c 1a d6 dai ba canh ctia mot tam gidc ¢6 chu vi bang 1. Chirng minh rang

V2a+ 3+ 26+ B3+ V2c+a3 > V2+1.

(V6 Qubc Ba Can)

. Gid stt a,b, c 1a cac sb thuc khong &m thoéa man ab + be + ca = 3. Tim tat ca cac s6

thuc khong am k sao cho bat dang thitc sau luon ding
(ka4 b) (kb + c)(kc + a) > (k+1)3.

(Michael Rozenberg)

. Cho a,b,c,d 1a cac s thuc khong am théa man a + b + ¢ + d = 3. Chiing minh rang

ab(b+c) +bc(c+d)+cd(d+a)+da(a+b) <4

(Pham Kim Hung)

. Choa,b,c,dla cac sb thuc khong am thoéa man a + b + ¢ + d = 3. Chung minh réng

ab(a +2b + 3c) + be(b + 2¢ 4 3d) + cd(c +2d 4 3a) + da(d + 2a + 3b) < 6V/3.

(Pham Kim Hung)



