ABRBC NMMMETHFHOIDO

---NGUYEN ANH CUONG ---
A. Loi gigi thiéu
Mot lan niratdi lai c6 dip gap lai c&c ban voi mot phuong phép chirng minh bét ding thire méi. Néu nhu
phuong phap chinh phuong hoa dé khoi day trong ta bao nhiéu sy thich tha vathoa thué khi hang tram bai
bit dang thirc kho da nga rap trudc sic manh caa nd thi téi tin chic c&c ban s& con hanh phuc hon véi
phuong phép ndy. Cac ban co thé tin dugc khong, khi trude ddy ching ta phai cuc khd 1y gidy nhép rava
bién ddi thi bay gio chiing ta s c6 thé giai bai todn chi voi céi luét nhin dau tién. Nao chiing ta hdy ciing
nhau thuang thirc vién kim cuong nay s& cat banh chung rasao nhé J.
B. Phwong phap ABC
Toi xin ma dau phuong phép ndy bang viéc xét mot sb bai toan sau:

Bai 1

Cho ab+bc+ca=1va

i) atb+c=mmi [ ¥ - \/§JE l\/§,+¥]. Tim diéu kién cua abc sao cho a,b,c lacac sb thuc.

i) a+tb+cl \/§,+¥J, a,b,c3 0. Timdiéukién abc sao cho a,b,c lacéc sb thuc khéng am.
Giai:

Chuing tada co hai dai luong trung binh caa a,b, . Su xuit hién caa abc khién ching talién tuong téi dinh

ly Viete, vi vay tanghi téi viéc xét phuong trinh;

X3 - mX?+ X - abc=0(*)

Y éu cau cuadé bai twong dwong véi viéc, tim diéu kién caa abc dé

i) Phuong trinh (*) ¢ ba nghiém thuc.

ii) Phuong trinh (*) c6 ba nghiém khéng am.

Pat f(X)=X*- mX?+ X - abc

Taco: f'(X)=3X?2- 2mX +1.Phuong trinh c6 hai nghiém

_m+ym?- 3.y M- Vm? - 3
3 T 3

xl 2
X - ¥ X, X, +¥
f'(x) + 0 - 0 +

Phuong trinh 6 ba nghiém khi vachi khi f(X,)3 0, f(X,)£0
(6+2m*)X, - m (6+2m*)x, - m oy
9

Tur day suy ra £ abcE

Day ciing chinh |adép sb cuacau i).



Cauiii) , nhan xét ring dé a,b,clacéc sb thuc duong thi ngodi viéc phai thoa man (1), abc con chiu thém
rang budt O £ abc, vanguoc lai voi (1),abc3 O,a+b+c3 0,ab+bc+ca? 0 thi a,b,c3 0.Vay néndap
sos8la

i +2m? - mi
maxiO,(6 2m°) X, - ml

2
|

Nhu vay latadé hoan thanh hai cau hoi dugc néu racaabai toan.

¢ oo (672 )X, - m

Bai téan trén gilp tardt raha nhan xét sau:
Nhan xét i)
@ bieukién canvadu dé ton tai cac so thuc a,b,c khi dabiét truéc cac giatri ab+bc+ca=1va

(6+2m?)X, - Mo bes (6+2m2)X1- m
9

a+b+c=mmi [ ¥,-\/§JE l\/§,+¥] El
@ Diéu kién can vadua dé ton tai céc sd thuc khdng am a,b, ¢ khi dabiét trude cac giatri
R i +2m? -mu +2m? )X. -
ab+bc+ca=1vaa+b+cl [\/§,+¥J la maxi 0, (6 2m9)X2 ng abc £ (6 2m9)X1 m
1
0 Nhanxét 1 duoc suy tatruc tiép tir bai todn d&néu, chl v rang tai sao a+ b+ clai bi rang
budc chay trong cac doan nhu trén. C6 hai céch giai thich sau:
(a+b+c)?2 3(ab+bc+ca) =3
f'(X)=3X?- 2mX +1 budc phii khong hoan toan dwong, hay néi cach khac la
phuong trinh f'(X) = 0phai cd nghiém, ttic D =m?* - 33 0
o Nhan xét 1 con cho tathém diéu gi, thay vi phai sir dung mot bo (a,b,c) véi a,b,cl R dé
bidu dién tat ca c&c phan tir caatap R® thda ab +bc +ca =1, tacd thé sir dung bd
(a+b+c,ab+hbc+ca,abc) véi sy rang busc ciia a+b+ ¢ va abc nhu d&néu. Ciing hodn

toan twong tu khi tamuén bidu dién tit ca cac phan ti caatap R thod ab+bc +ca =1.
Nhan xét ii)
@ aVai mdi bo sb thuc (ay,by,c,) déu tim duoc hai bo (X,, X,, Yy ); (25, 25,1, ) S0 cho
*a, +hy+C, =X H X, Y, =2, + 7+
*aghy, +10,C, +Coay, = X Xg + X Yo F YoXo = ZoZy + 2ot 1,2,
* XOXOyO £ aObOCO £ ZOZOtO
Déng thirc xay rakhi hai trong babién (a,,b,,c,) bing nhau.
@ b.Véi mdi bo sb thyc khdng am (a,,b,, ¢, ) tadéu tim dugc mot trong hai b (X, Xy, Vs ); (291 Z: 1o )
hoic (0, Xy, Y, ); (25, 25,1, ) thdamén diéu kién sau
*ag by +C, =X, H X, Y, =2, + 7+
*aghy +10,Cy +Coay = XoXg + X Yo + YoXo = ZoZ, + 2ot 1,2,
* XOXOyO £ aObOCO £ ZOZOtO
béng thirc xay rakhi hai trong babién (a,,b,,c,) bing nhau.
Hay
*ay+hy o =0+ X, +y, =7, 27, +t,
* @y, +byCy +Coay = XY = 297y * Zoty +1,2,
*0 £ aghyC, £ 7,70t



Déng thirc xay rakhi mot trong babién (a,,b,,c,) bing .

o Nhan xét hai 1akhdng hién nhién vano ciing chinh languon gc caa phuong phép ndy. Nhan
xét 2 ndy c6 didu gi tha vi, cha'y ring moi biéu thire déi xang f (a,b,c) theo babién a,b,c
d&u c6 thé bidu dién thanh g(A, B,C) thong qua 3 dai luong trung binh

§ A=a+b+c
§ B=ab+bc+ca
§ C=abc

Do d6 theo mét 1& thdng thudng véi suy nghi giam sb bién, tass ¢6 dinh A, B vacho C chay.
Tamong doi ham g dat cuc tri khi C dat céc giatri bién. Tuy nhién takhéng can biét mot
céch cy thé C s dat giatri bién khi ndo, tachi can biét mot céach triru tuong khi C dat giatri
bién thi a,b,c st ¢6 hinh thu ra sao, vanhan xét 2 s¢ cho ta 161 giai cho cau hoi nay.

0 Bay gio chiing tass di vao viéc chirng minh chi tiét nhan xét 2:
a) Trudc hét tass chirng minh bai toan véi cac bo sb thuc (a,,b,,c,) theaman: a, +b, +c, =m va
a,b, +b,c, +c,a, =1. Thong quabai toan 1, vai cac ky higu X, X, dugc gitr nguyén, ta co:

. (6+2m*)X, - m (6+2m2)X1- m _

Min Max

£ ajb,c, £

Béy gio chung ta s¢ xét thir xem khi a,b,c, dat giatri bién thi hinh tha caa a,,b,,c, ¢ rasao.
Xét phuong trinh f(X)=X®- mX?2 + X - Min=0(*). Taco:

m+\/m2-3lx m- vm?- 3
3 )

=g nhu d&néu lén &

f'(X)=3X?- 2mX +1 c6 hai nghiémla X, =

bai todn 1. Hon thé nira f(X,)=0, hay néi cach khac f(x)=0 va f'(x)=0 c6 cling mot nghiém & X, .
Vay nén phuong trinh f(X)=0 phai c6 nghiém kép, gia sir nghiém kép d6 1 x,, x, vanghiém con lai 1a
Y,- Nhu vay theo dinh ly Viet tasg co:

*Xot X T Yo =M=a, +hy +¢

* XoXo %Yo + YoXo =1=a5h, +15C, +Coay

* X% Yo = Min £ a,b,c,

Chirng minh hoan todn twong ty vé6i s ton tai cua (z,, zg,t, )

Nhu vay latada chitng minh duoc bai toan dé néu trong truong hop a, +b, + ¢, = m va
a,b, +b,c, +c,a, =1. Vi mot tu tusng hoan toan twong tu, ban doc hdy chirng minh sir ton tai cho truong
hop: a, +b, +c, =m va a,b, +b,c, +c,a, =-1

Bay gio gia sir a, +b, +c, =M va agh, +byc, +c,a, = =N thilisucachd (x,, Xy, Y,) va

C . . & b, ¢, 9
(2, 2,,t,) 06 tn tai khdng. CALI tra 10 1206, thuc vay, xét cac s (a,,b;,c,) = 52,2 %~ hsq
VNI INTYINT 5

man diéu kién:

a +bh +c = % ,ab, +bc +ca =+1. Nhu vay theo chirng minh trén thi cac bo

(x,, %, ¥, )(z,,2,t,) 1aton tai. Nhan xét ring ta cé thé xay dung cac bo (x,, X,, Y, ) va (z,,2,,t,) nhu sau:

(%o X, Yo) = (YN[, AN A INZ,) v (29, 201t0) = (N[22, [N]22, [N, ). Thuc vay:



X+ %+ Yo = IN|(x + % +2) = N[z + 2, +1) = 2, + 2, +1, -fr M =a, +b, +,
* XoXo T X Yo + YoXo = |N|(X1X1 +X Y, +YX) =22 + Z5t + 1,7, = |N|(2121 +z1, +t121) = i|N| =N

3 3 3
“Xoxo¥o = NI oy, £ ([N abe, = abuc, = (N b, £ (NI} 2z, = 2z,
Nhu véy |ata d& ching minh dugc hoan chinh cau (a). Y tuéng chirng minh cau (b) |& hoan toan
tuong tu vaxin dugc nhuong cho ban doc

Bai 2:
Moi dathic f dbi xing theo cac bién a,b,c déu cd thé bidu dién dudi dang dathtc theo cac bién
deg(f)

3

abc,ab+bc+ca,a+b+c. Va deg(abc) £
Nhan xét rang ta chi can ching minh sy biéu dien cho cac dang dathue sau, vi mot dathuc doi xing bat ky
déu c6 the duoc biéu dién thong qua sy két hop ciia céc dang nay bang céc phép nhan thém hé s va +,-
(elementary operation):
I(n)=a"+b" +c"
I1(m,n)=a™" +a"b™ +b™c" +c"b™ +c™a" +a™c" m3 n3 p3 0
11 (m,n, p) =a™b"c? +a™bPc" +b™a"c” +bMaP’c" +c™a"b” +cMa’b"
Tuy nhién, nhan xét ring

@ 1l cothé bidudidnqua Il cingvéi abcnhu sau:  C = (abc)® 1l (m- p,n- p)

@ 1l cothé bidudidnqua | nhusau: 1 =1(m)i(n)- 1(m+n)
Nhu vay tachi can ching minh | ¢6 thé biéu dién qua abc, ab + bc + ca,a+ b+ c. Tass chirng minh diéu

nay bang phuong phép quy nap:
Véi n=0,1, ménh dé dacho hién nhién ding.

Gi4 sir tadé ching minh dugc 1 (k) c6 thé bidu dién thanh da thirc thong qua cac bién
abc,ab+bc+ca,a+b+c," k £ K. Nhan xét ring diéu ndy ciing dang déi vesi 11 (m,n) va 111 (m,n, p)
"m3n3 p30:m+tnEK.

Bay gio tasé ching minh tinh bidu dién cua | (K +1). Tacoé:

(K +1)=(a+b+c)I(K)- (K1)

bdng thoi: 11(K.1) = (ab+bc+ca)l (K - 1)- HI(K - 111).

Dodé: (K +1)=(a+b+c)I(K)- (ab+bc+ca)l (K - 1)+ 111 (K - 111).

Mt khéc, theo gia thiét quy nap, cac biéu thire 1 (K), 1 (K - 1), 111 (K - 1,11) déu cd thé bidu dién dudi dang
dathuc theo céc bién abc, ab +bc + ca,a+ b+ c. Biéu ndy cho takét luan tinh ding din caaménh dé da
néu

Nhu vay, ménh dé d& néu da duoc chirng minh théng qua nguyén |y quy nap.

Tinh chit deg(abc) £ %(f) duoc suy rakhahién nhién, boi 18 bidu thirc abcco bac 1a 3 ddi véi céc bién

a,b,c. Do d6 khi coi abclamét bién bac 1 thi bac caa abc phai khdng [on hon % S0 véi bac cuadathic

tinh theo cac bién a,b,c



Ban doc c6 thé hiéu da thirc tinh theo bac caa abe nhu sau. Gia sir;
f(a,b,c) = (a+b+c)abc+ab +bc+ca vénlamot dathirc bac 4 theo a,b,c. Nhung khi tinh bac ciada
thirc theo bién abc, taxem a+b+ ¢ va ab+bc+ca nhu cac hang sd m,n. Khi d6 dathuc duoc viét lai la:
f (a,b,c) = g(abc) = mabc + n ladathirc bac nhit theo bién abc.

Théng quahai bai toan trén, chiing ta da co day du céc két qua can thiét (background) dé budc vao thé gisi
ABC, Abstract Concreteness. J

ABC Theorem,

pinh ly 1: Néu f (abc,ab+bc+ca,a+b+c) laham don diéu trén R theo abc thi cuc dai va cyc tiéu
xay rakhi trong bas a,b,c cd hai s bang nhau, con trong tip R* thi xay rakhi c6 mot sé bang 0 hay
c6 hai sb bang nhau.

Pinh Iy 2: Néu f(abc,ab+bc+ca,a+b+c) |ahamI5i trén R theo abc cuc dai xay rakhi trong ba sd
a,b,c c6 hai sb bang nhau, con trong tap R* thi xay rakhi c6 mot s6 bang 0 hay 6 hai sd bang nhau.

Pinh ly 3: Néu f (abc, ab+bc+ca,a+b+ c) laham 1dm trén R theo abc cuc tiéu xay rakhi trong ba
sb a,b,c co hai sb bang nhau, con trong tap R* thi xay rakhi c6 mot sd bang 0 hay c6 hai s bang
nhau.

Chirng minh: .
Ca badinh |y trén déu dugc chirng minh théng qua nhan xét ii).

Dinhly 1:
- Vi mdi bo sb (ay,by,¢,)1 R® déu tim duoc hai b (X, %o, Y, ); (2o, Zg.t,) S0 cho
¥aythy tC =Xt Xty =7+ 7t
* aghy +0,Cy +Coay = XoXo + X Yo + YoXo = ZoZp + 2oty +1,2Z,
* XOXOyO £ aObOCO £ ZOZOtO
Déng thirc xay rakhi hai trong babién (a,,b,,c,) bing nhau.
Vi mdi bo sb thure khong am (ay, by, ¢, ) tadéu tim dugc mét trong hai bo
(X0 %o Yo )i (2o, 2o t,) hodc (0, %y, Y, ) (25, 25,1, ) thBamén diéu kién sau
¥aythy tC =Xt Xty =7t 7t
*agby +byCy +Cody = XXo + XY + YoXo = ZoZy t Zoty +15Z,(1)
* XOXOyO £ aObOCO £ ZOZOtO
Déng thirc xay rakhi hai trong babién (a,,b,,c,) bing nhau.
Hay



*a, thy +¢, =0+ X, +y, =7, +7, +1,
*aghy +b,Cy +Coay = XYy = 252y + Zpt, +142,(2)

*0 £ a b,c, £ 7,7,
Déng thirc xay rakhi hai trong babién (a,,b,,c,) bing 0.

@ Cach1: (Direct Proof)
Do f laham don diéu theo bién a b,c, nén ham sb dat cuc dai hay cuc tiéu tai cac diém bién caa ayb,c,,
hay gia s f tang vatacan tim cuc dai (c&c truong hop con lai chang minh twong ty), tacd
f (89DoCo, B0y + DyCo + CoBy, BD5C,) £
f (Zozoto’aobo +0,Cy + o8y, 8y + g + Co) =f (Zozoto’ 2,2y + Zoly + Z5ty, 2, + 74 +to)
Vay nén cuc dai xay rakhi c6 hai bién biang nhau.

Trong trudng hop a,b,cT R*, dbi vai truong hop tang tim cuc dai, ta chang minh hoadn toan tuong tu nhu
trén. Trong truong hop ting vatim cuc tiéu (truong hop giam ciing chirng minh tuong tu), khi ¢6 dinh
a+b+c,ab+bc+ca thi khéng phai 1Gc ndo abc ciing dat duoc cuc tiéu khi ¢6 hai bién bang nhau ma doi
khi 1akhi c6 mét bién bang 0. Do d6:

f (byCo, @by +byC, + Cody, BghgCo ) ®

(XX Yo 80Dy +BCo + €y, 85 +By +Co) = F(X, X Yo, XoXo + X5 Yo + YoXos Xo X5 + V)

hoac

f (80D6Co, 80D + DyCo + Cog, BhCy) ®

(0,00, +byCy +Cog, 85 +10, +Co) = 1(0, %Yo, X + %)
Vay nén cuc tiéu sz xay rakhi c6 hal bién bing nhau hoac mot bién bing 0.

Két hop moi truong hop tardt rakét luan nhu dinh 1y 1.

@ Cach 2: (Contradiction Proof)
Taciing chirng minh cho trudng hop tang tim cuc dai. Gia sir ham s dat cuc dai tai diém (ao by, co) trong

d6 a,,b,,c, khac nhau tirng déi mot vacyc dai 1a M . Tuy nhién lai ton tai mot bo (z,, z,,t,) thod méan:
M= f (aoboco’aobo +B,C, + Coao’aoboco) <

f (Zozoto’aobo +0,Cy + o8y, 8y + g + Co) =f (Zozoto’ 2,2y + Zoly + Z5Ly, 2, + 74 +to)
Diéu vé ly nay cho phép takét luan cuc dai xay rakhi cé hai bién bang nhau

Trong trudng hop a,b,cT R*, talai xét truong hop ting vatim cuc tiéu, néu nhu ham sb dat cuc tiéu tai
diém (a,,b,,c,) trong dé a,,b,,c, khac nhau tirng d6i mot vakhong cé bién nao bing 0, dit cuc dai 1a M .
Mot trong hai truong hop sau xay ra:

M = £ (b Co, 85D +ByC, + o4, BobyCo) >

(XX Yo 80Dy +BCo + €y, 85 +By +Co) = F(X, %Yo, XoXo + X5 Yo + VoXos Xo + X5 + V)

M = £ (b, Co, 85b +B,C, + 4, B5byCo) >

f(p’aobo+boco+coao’ao+t’)o+Co):f(O’Xoyo’Xo+Xo) o o
biéu vo ly nay cho phép takeét luan cuc dai xay rakhi co hai bién bang nhau hoac mét bién bang 0.

Dinh 1y 2 va 3 dugc ching minh tuong tu véi c&c tinh chat cia ham 16i valdm, ham sb 16i dat cuc dai , ham
S0 16m dat cuc tieu khi bién dat cac giatri ¢ bién. Chi tiét caa chirng minh xin nhuong lai cho ban doc.



Tur céc két qua trén tart raduoc mot sd hé qua |i tha sau:

Hé qud 1: Ham sb f(a+b+c,ab+bc+ ca,abc) lamot dathirc bac nhit theo abc dat cuc dai va cuc
tiéu trong tap R khi ¢ hai bién bang nhau, trong tap R* khi ¢6 hai bién bang nhau hay mét s6 bang 0.

Hé qud 2: Ham sb f(a+b+c,ab+bc+ ca,abc) lamot tam thirc bac hai theo abc vahé sb bac cao nhat

duong dat cuc dai trong tap R khi ¢ hai bién bang nhau, trong tap R* khi ¢6 hai bién biang nhau hay
mot sb bang 0.

Hé qud 3: Moi dathtc d6i xirng babién a,b,cbac bé hon hay bang 5 dat cuc dai va cuc tiéu trong tap
R khi c6 hai bién bang nhau, trong tap R* khi ¢6 hai bién bang nhau hay mét s bang 0.

Hé qud 4: Moi dathtc d6i xirng babién a,b, c bac bé hon hay biang 8 c6 hé sb cia a’b?c? trong biéu
didn quadang f(abc,ab+bc+ca,a+b+c) khéng &m dat cuc dai trong tap R khi c6 hai bién bing
nhau, trong tap R* khi co hai bién bang nhau hay mot sb bang 0.

Chirng minh:
Hé qua 1.
Pathic bac nhit mx +y 1aham don diéu. Do d6, theo dinh Iy 1 ham f(a+b+c,ab+hc+ca,abc), 1a
dathuc bac nhat theo abc, don diéu ndat cuc dai vacuc tiéu trong tap R khi c6 hai bién bing nhau,
trong tap R* khi co hai bién bang nhau hay mat s bang 0.
Hé qua 2:
Tam thirc bac hai vai hé sb duong m?x? + nx+ p 1aham 15i trén doan lién tuc. Do d6 theo dinh Iy 2 thi
dbi véi ham sb f(a+b+c,ab+hbc+ ca,abc), lamot tam thirc bac hai theo abc vahé sb bac cao nhat
dwong, tirc Iamot ham 16i nén dat cuc dai trong tap R khi c6 hai bién bang nhau, trong tap R* khi c6
hai bién bang nhau hay mét s6 bang 0.
Theo bai toan s6 2, dathic doi xirng babién a, b, c bac bé hon hay bang 5 ¢6 thé bicu dién thanh da
thac f(a+b+c,ab+bc+ca,abc) valadathuc bac nhit theo abc (do deg(abc) £ OP%(]C) = g suy ra

deg(abc) =1). Do d6 theo hé¢ qua 1 dathirc dat cuc dai va cuc tiéu trong tap R khi c6 hai bién bing
nhau, trong tdp R* khi c6 hai bién bang nhau hay mot s bang 0

Hé qua 4: , , , ‘ ,

Theo bai toan s6 2, dathirc doi xiing babién a,b, ¢ bac bé hon hay bang 5 c¢d thé biéu dién thanh da
thic f(a+b+c,ab+hbc+ ca,abc) valatam thirc bac hai theo abc (do deg(abc) £ %ﬁ) = g suy ra
deg(abc) = 2), hon nirahé sb cua a’b?c? lai khdng am nén theo hé qua 3 tadi dén két luan &m dath tc

dat cuc dai trong tap R khi c6 hai bién bang nhau, trong tap R* khi cé hai bién bang nhau hay mot sd
bang 0.



Céc h¢ qua trén that sy lanhiing vii khi rat loi hai. Vi chiing, taco thé tom gon m@t phén rat I6n cac bat
dang thirc doi xirng ba bien , von lamot thé loai van thuong xuyén dugc ratrong cac ki thi hoc sinh gioi
hién nay.

C. ABC va Unqg dung

Bay gid chiing ta hdly xét quamot sd vi du cu thé xem phuong phédp nay duoc van dung rasao nhé J

Bai 1 [Suu Tam]
Cho x,y,zl R thoa x> +y?+2z*=9.
Tim giatri I6n nhat caa P = 2(x+ y + 2) - xyz

Giai:

P dao sintrongdang f(x+y+z xy+ yz+ zx, xyz), vadiéu kién déi xing khdng rang buoc xyz ma chi
phu thuoc vao x+ y + z,xy + yz + zx (*). Vay nén taco thé dua bai téan vé viéc giai quyét:

Cho 2a®* +b* =9

Tim giatri 16n nhat caa P = 4a+2b- a’b

2
Dé tim giatri 16n nhat ta thay a:1{9 2b vao P, vacan tim giatri lon nhat coa

_ 2
P = f(b)=2/2(9- b?)+2b- @
_ 2
£(b) = 4b _§+3b
J2o-0?2) 2 2
Thay céc nghiém caa phuong trinh dao ham bang 0 vao f vatanhanduoc f_, =10 khi a=2,b=-1.
(*) Ly luan ndy c6 thé gitip tadp dung ABC c6 thé duoc giai thich theo hai cach nhu sau: o
- Trong ABC, tachi quan tdm dén abc, con ab+bc+ca,a+b + ¢ tacoi nhu cac hang s6. Do
do chling bi rang bugc nhu thé ndo ciing khéng quan trong ’
- Chung taco thé chuan hoabai toan thanh: Tim giatri I6n nhat caa
oSy +y?+ 27

\/(x2+y2+22)3
abc, do x? + y? + 2% ciing lahang khi xy + yz + zx, x + y + z lahang.

=0P 90°- 87b> +87b- 9=00 (b2 - 1)9b* - 780> +9)=0

= 27 A X pY A ’ A A A e P
Xyz , d@y van [amat dathac bac nhat néu tinh theo bién

Ba 2 [ngyén Anh Cudng] ‘
Cho céc s6 thyc duong a, b, c . Ching minh rang:
3} abc +g3 ab+ac+bc

a*+b*+c® 3 a’+b?+c?

ii)a3+b3+03 W1, 6&512+b2+C292
4abc 4 ab+ac+bc§




Giai:
i) Bat dang thirc cia chiing tard rang co thé viét duoc dudi dang dathirc dbi xang bac 5

P = abc(a® +b? +c2)+§(a3 +b° +¢*)- (a® +b® +c*)ab+bc +ca)? 0

Vatachi can xét cyc tiéu khi c6 hai giatri trong babién bing nhau hay mot bién bang 0.
Truong hop hal bién bang nhau, gia st a = ¢ bat dang thac tuong duong véi:
a’h 2, a’+2ab . - 2a+bh U,
—t+ -3 —— - A - 300 (a- b)*(a+b)3 0.
2 b 3 2al b O\ )§2a2+b2 e’ +07)f (a- bJ'(a-+b):

Truong hop c6 mot sd bang 0, gia sir 1a ¢, bat dang thuc twong duong Véi:

25 ab2U a® +b?+3(a- b)* 3 0.
3 a’+b

i) Métda thu:c7do| xtng bac bay, nhung céc ban dirng lo, 6 van |a da thic bac mot ddi véi abe J, do d6
theo talai co the 8p dung ABC trong truong hop nay. Taxét hai truong hop:
Truong hop hai bién bang nhau, giz‘i st a=c bat dang thic twong duong voi:

2a +b? 1 a2a’+b?0

4a°b 4 a+2abg

a2a’ +b° 30, aa’ +b2 6

§ 4a’h 4 ga +2abg

(a- b)*(2a+b) . (a- b)*(3a® +b? + 2ah)
4a’p (a2 + 2ab)’

(a- b)[(20- a)2+a2))s 0

Truong hop c6 mot bién bang 0, bat dang thirc d& cho hién nhién dung.

(e}

>

(am)

Ba 3[lran Olympiad 1996]
Chtrng minh bat dang thirc sau ddng véi cac s thuc duong a,b,c
& 0
(ab+bc + ca) 1 ~+ 1 ~+ L >3 2
Sarof b+l (crafs 4

Bai téan Iran 96 ndi tiéng, mot dathuc ddi xung bac 6 valabac hai dbi voi abe (**):
9(a+b)b+c)c+a)? - 4(ab+bc+ca)(a+b)?(o+c)’ +(b+c)fF(c+a) +(c+a)(a+h)’|£0
Vay nén ham sb dat cuc dai khi c6 hai giatri bang nhau hay mot s6 bang 0.
Truong hop c0 hai bien bang nhau, bat dang thirc tuong duong Vc’ri
0 . e
(a2 +2abf —2 33 %9 (a- b)’e 2a+b2 1
4a’ (a+b)’y 4 g2a(a+b)® (a+b)’g
Truong hop c6 mot bién bang nhau, gia sir1a ¢, bat déng thirc twong duong Véi:
o] - é
ab —2+i2+i2i3 9 (a- b)’&— Lot 4
Savoy @ b5 4 b afa+b)
(**) Tai sao ta co thé két luan duoc diéu ndy tir da thirc vira chuyén thanh. Thar nhat:

2u 300 b(a- b)’30

-6° 00 (a- b)*(4a® +4p? +7ab)e 0



4(ab+ b+ ca)|(a+b)E(b+c)? +(o+c)*(c+a) +(c+a)?(a+b)?]chi chira abc bac 1, vi tuy dathic nay 12
bac 6, nhung thuc s tachi cin xét bac cia abctrong |(a+b)?(b+c)? +(b+c)(c +a)? +(c+a)? (a+b)?|,
von lamét dathirc bac 4.

Con bidu thie 9f(a +b)(b+c)(c +a)]* ciing vén lamot dathiic bac 6, tuy nhién (a+b)(b+c)(c+a) chi
chiranhiéu nhét 1a abc bac 1, binh phuong 1én thi hé s cua a’b”c? lakhong am. ,
Nhu vay, d6i khi ta khéng can khai trién toan b dang biéu thirc nhu thé nao, ta chi can ly luan duoc hé s6
cua a’b’c? ladu dé 4p dung dinh ly ABC.

Ban chét cua phuong phép ladanh gia abc, vay nén vi ¢c gap nhiing bai téan CC,)ObE_AlC dep d& nhu vay la mot
diéu tot dep nhung kh(?ng phéi |Gc nao ciing nhu vay, thé nén thua san cac bien doi sau dé danh gidham so
theo abclamot diéu can thiét.

MOT SO DANG THUC

Pé thuan tién trong nhirng phan tiép theo, taquy uéc a = x+y+z,b = xy + yz+ Xz,c = Xyz

Tass xét qua céc dai luong hodn vi vong quang caa cac bién x,y,z s8 dugc bidu dién qua cac dai luong
trén ra sao.

x*+y*+z°=a’-2b

xy(x+y)+yz(y +2)+ 2{z+x)=ab- 3¢

xy(x2 + y2)+ yz(y2 + 22)+ zx(z2 + xz): a’b- 2b’*- ac

x*+y*+z°=a’- 3ab+3c

x*+y*+z*' =a’ - 2a’b+2b” +4ac

X+y, y+z+x+z:ab- 3c

z X y c

(xy)* +(y2)’ + (29 =b” - 2ac

(xy)* +(y2)* +(2¢)° = b° - 3abc +3c?

(x2y+ y’z+ zzx)(xy2 +yz° + zx2)= 9c® + (a3 - 6ab)c+ b®

Dudi day xin cung cip cho c&c ban mot sb danh giavé a,b,c trong cac mién khéc nhau:

Pinh ly 1:

Phuong trinh bac ba co cac nghiém thuc X, y, z khi vachi khi - 27¢? +(18ab- 4a®)c+ab? - 4b* 3 0(1)
binh ly 2:

Phuong trinh bic ba cé cac nghiém thuc duong x, y, z khi vachi khi ¢6 (1) vaa>0,b>0,c>0

Pinh ly 3:

Phuong trinh bac ba c cac nghiém 1 ba canh tam giac khi vachi khi c6 (1),(2) va a® - 4ab+8c > 0.

Céc hé qué d& néu tuy hixu higu nhung van con gip nhieu han ché. S
Sau day mét so vi du takhdng thé [am truc tiep tir cac hé qua da néu ma phai nho vao mot so6 bien doi hay
céc dinh ly danéu.

Ba 1 [Russia Olympiad 2005]:
Cho a,b,clacéc so6 thuc duong thoa man:
a® +b? + ¢? =1.Chirng minh rang:
a b c
+ +
a’+bc b*+ac c®+ab
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Mot bit dang thic d6i xtrng, diéu kién khéng rang buot abc, viéc duavé dathirc dbi xing 1a dé dang, tuy
nhién lai 1én téi bac 9, vralaqbéc batheo abc L. bicu nay nam ngoai kiém sbat cua cac hé qua, vay nén ta
phai c6 chut tha thua bien d@oi nho nho.
Pit x = E; y= %; 2= Bat dang thirc trong duong voi:
a c
Xy + yz + xz = 1. Chirng minh rang:
(N S SR
XY+zZ yz+X X+y
Bay gid thi moi chuyén tro nén dé dang roi, mot dathirc bac hai theo xyz véi hé sb bac cao nhat khéng am,
vatacan tim cyc dai. Tachi can xét cac truong hop khi ¢6 hai bién bang nhau, hay mot bién bang 0.
Truong hop 1: x = z. Bét dang thic twong duong véi:
2 4 21 3 3véi 2xy+x* =1.
Xy+x X +y
1- X2 2 1 -
, vata can chirng minh 1 + = 3 3, xl [0,1] . Biéu nay khéng qua kho khan
- X (2 p 10X
2X

Thay y=

va céc ban s8 ¢ thé giai quyét dé dang.
Truong hop 2: z = 0. Bat dang thuc tuong dwong véi:

EETE IO,

Xy XYy

Tacé1+13 2 b i+1+13 2 +i:3.
Xy Sy ox oy Jxyoxy

Bai 2 [Nguyén Anh Cuong] : ‘
Cho céc s6 thyc duong X, Y, z. Chirng minh rang :

x‘+yt+2z! 20xy + yz+ xz)
\/XZ 2+ 2,2 22+\/ 2 2 2 31+\/§
y? +y*z* + 2°x X*+y*+z

Giac mong dua vé dang dathirc doi xing coi nhu tan v. Tadanh dénh gia truc tiép theo ham déi véi bién
xyz . VAN véi quy udc a = x+ y+z,b = xy+ yz+ zx,c = xyz, Sir dung céc hang dang thirc da néu & trén ta
bién bat dang thuc vé dang:

4 2 2

\/a -2a’b+2b +4ac+ 2b 31442
b® - 2ac a’- 2o
Ham theo ¢ laham bac nhit nén don diéu. Theo dinh Iy mot, cuc tiéu xay rakhi ¢ hai bién bang nhau hay
mot bién bang 0. o
Truong hop 1. x = z. Bat dang thac tuong duong Vi
2
2x* +y* .\ 2(x +2xy)3 142
X4 +2X2y2 2X2 + yZ

Do tinh thuan nhat caa bit dang thirc ndy nén tacd thé gia sir x =1, khi d6 ta.can chang minh:




J2- 22y+1
2y +1 y? +2
V2(y- 1)

C oy J(y + 2)(2y )y ezl 2oy 1)
Taco thé danh gia cac mau sb mot cach nhe nhang nhung van dam bao tinh ding dan caa dau 16n hon hoac
bang sau khi ¢anh gia nhu sau:

Jy* +2)2y? +1) £2y* +42 b 2y? +1+/(y* +2)2y? +1) £ 2y? +1+2y* +4/2
Jy?+2f2y+1) s y+v2p y2+2+[(y? +2)2y+1)3 y? +y+2+42 |
Do d6 cdng viéc con lai cia chung tala ching minh:

(y+2)° ; V2
2y  +2y2 +2 41 yR4y+2+4/2
U y*+y3 +(5- \/E)y2+(5+ 2J2y3 O)

Truong hop 2: z = 0. Bét ding thic tuong duong Véi:

x+y 2xy 31442
x+y

Taco: x +y43 3 2x*y?, do do:
O 0
x+y / 31+\/§3§1 {x2+32/ L 22Xy 2
x> +y? 2 g Xy X“+y°
3 2- 1+24/ Y 5142
2xy

Cudi cling dudi day lamot sb bai tap dé cac ban lam quen véi phuong phép nay:
Bai tdp ap dung
Bai 1[Seu tan:
Cho céc sb thuc duong a,b, c. Chitng minh rang:
S SR S 6
2a’+bc 2b*+ca 2c*+ab a’+b’+c®+ab+bc+ca
Bai 2:[Darij Grinberg- Old and New Inequality]
Cho a,b,c lacéc sb thyc duong. Ching minh rang:
a b c 9
+ + 3
(b+c)® (c+a)® (a+b)? 4(a+b+c)
Bai 3: [Mircea Lascu — Old and New Inequality ]
Cho a,b,c lacéc sb thyc duong. Ching minh rang:
b+c c+a a+b4{;a+b+c<‘j
a b c eb+c c+a a+bg
Bai 4.[Vietnam TST, 1996]
Chung minh bit dang thirc sau ddng véi moi sb thuc a,b,c




(a+b)* +(b+c)* +(c+a)'3 ;(a4 +b* +c?)

Bai 5:[Nguyen Anh Cirong] ‘
Cho céc 6 thyc duong a,b,c. Ching minh rang :

\/a+b+b+c+c+a+2\/ab+bc+ca 2 Jg42
Cc a b a’+b?+c?

D.ABC Upgrade

Nhu vay |a chling ta da phan ndo luét qua sic manh caa phuong phdp nay, hy vong céac ban thay thich thu
v6i nhitng gi toi datrinh bay. Trong cac phan sau, téi s3 1an luot luét qua cac dlem yéu cia phuong phap
nay va lan luot giai quyét chiing mét cach dang ké nhat.Viéc ngdy cang nang cap phuong phap van conla
mot van dé dang duoc phét trién, ching tdi rat hoan nghénh cac y tuang caa cac ban vé viéc nang cap

phuong phap.

Nhu céc ban da thiy, ddi véi cac bai todn bat dang thic co s rang budt gitra cée bién a,b, ¢, néu sy rang
budt ndy chi lién quan d¢én a+b+c va ab+bc+ ca thi dinh Iy ABC s3 ¢6 co hoi phét huy sic manh. Thé
nhung dbi vai nhitng bai todn ma ban than abc bi rang budt thi sao. Véi y tuang nhu vay, ching ta sé nang
cap dinh ly ABC dé dinh ly ndy c6 kha nang ddi phé vai nhitng béi toan thugc nhitng dang trén.

ABC Upgrad

i) Cho a,b,c dong thoi 1a céc sd thuc hodc 1a cac s thue duong. Khi d6 néu dai luong abc,a+b+c da
dugc cho trude (nghiala dd dugc cd dinh sin) thi ab +be + ca s3 dat gidtri 1én nhat vanho nhat khi co
hai trong babién a,b,c bang nhau.

ii) Cho a,b,c ddng thoi 1a céc sb thuc duong. Khi d6 néu dai luong abc, ab + be + ca dd duogc cho trude
(nghialadadugc b dinh sin) thi a+b+c S8 dat giatri nho nhat khi 6 hai trong babién a,b,c bang
nhau.

Chirng minh » ‘
i) Gia st a+b+c=1 va abc =m(truong hop a+b+c=n cothé duaveé truong hop ndy mot cach dé dang

bang cach dat a = nx,b = ny,c¢ = nz, ban doc ciing ¢4 dugc xem qua k¥ thuat nay trong phan chirng minh
dinhly ABC & cé&c phan trén.). Tass chung minh ab + bc + ca dat gidtri nho nhat valén nhat khi c6 hai
trong babién a,b,c bing nhau trong ca hai truong hop a,b,ci R va a,b,cl R*.Pat ab+bc+ca=S
Mot lan nita, talai dwaveé bai todn ton tai nghiém cua phuong trinh:

Pit f(X)=X%- X?+SX-m
Tacé: f'(X)=3X?- 2X +S.Phuong trinh 6 hai nghiém
1+41-35 _ _1-1-35

X, ==X, =

Phuong trinh c6 ba nghiém khi vachi khi f(X,)3 0, f(X,)£0

Taco: f(X,)2 00 (6S- 2)X,+S- 9m= 0, gia sir cd tap nghiém 1a R,
f(X,)£00 (6S- 2)X,+S- 9m£ 0, gia sir c6 tap nghiem la R,

Trudc tién tass chirng minh cho truong hop a,b,cl R.




Goi S, Sy lan luot lagidtri nho nhat valon nhat trong tap R, G R, (giao cua hai tap ndy khéc rdng,
néu khéng phuong trinh khéng c6 nghiém véi moi giatri caa S). Nhan xét rang hai giatri ndy 1anghiém
ciiamot trong hai phuong trinh (6S- 2)X +S- 9m=0 hay (6S- 2)X, +s- 9m=0 (céc giatri ndy chic
chan ton tai, néu khéng thi phuong trinh bac 3 s3 ¢6 nghiém khi S chay t6i cong vé cuing hoac am vé ciing),
khi d6tastco S, £SES,_ .Baygiotass kiemtrakhi S dat mot trong hai giatri ndy thi liéu cé ton tai
basb thuc a,b,c khdng va hinh thi cua a,b, ¢ s rasao.
Dicudautiénlardrang vi S, S, I R, GR, .Dicuthrha,do S,,S,, langhiém ciamot trong hai
phuong trinh (6S- 2)X +S- 9m=0 hay (6S- 2)X, +s- 9m=0, nénhoicla f(X,)=0, hoicla

f (Xz) = 0. Khi nay phuong trinh bac ba da cho s& c6 nghiém kép, hay ndi cach khéc, [Gc nay hinh thu caa

(a,b,c) 1a (x,x,y)

Bay gio ta s chizng minh cho truong hop a,b,cT R*. Truéc hét tacan phai c6 m3 0. Nhan xét rang

01 R, C Ry, ,Vikhongton tai cac s thyc a,b,c thoaman a+b+c=1ab+bc+ca=0,abc?® 0. Picu
nay co nghiala R, C R, tachbiét thanh cac khoan ma cac cén lacung am hogc cung duong. Goi R, 1a
tap Ry, C Ry, bo di cac doanam. Goi S

2 S 1 cc giatri nho nhat vanho nhat trong tap R, ndy. Vata
laicd: S, ESES,, . LY luantuong ty nhu truong hop R, taciing s€ suy raduoc khi S cham cac bién

ndy thi hai trong babién (a,b,c) labing nhau.

ii) Ban doc c6 thé dé dang suy ra ching minh cho dinhly ABC Upgrade 2 sau khi da xem qua chirng minh 1.
Tuy nhién doi vai a+b+ ¢ thi khéng c6 rang buoc vé can trén khi a,b,c3 0. Tuy nhién s8 ¢6 can duéi do
a+b+c dabi chan dudi boi 0. Do d6 nén trong truong hop ndy chi tontai S, , ciing vay, khi ndy ta di téi
két luan a+ b + cdat giatri nho nhat khi hai trong babién a,b,c bang nhau.

Céc ban c6 thé thiy tu tuéng triru tuong s cu the (abstract concreteness) 6 rang hon trong chiing minh trén,
Chuing ta khéng can biét giatri nhé nhat cia ab+bc+ca hay a+b+c cu thé 1a bao nhiéu nhung van cd
thé chirng minh duoc khi dat dugc giatri nay thi hai trong babién a,b,c bang nhau.

Chuing ta s3 luét quamot s vi du dé xem céch &p dung caadinh Iy ABC Upgrade ndy nhu thé no:
Bai 1: [Hojoo Lee] Cho céac sb thuc duong a,b, ¢ thoa man abc 3 1. Chirng minh rang:

1 1 1

+ +

l+a+b 1+b+c 1+c+a
Giai:
Nhan xét rang ham s bén phai giam khi bién a ting. Do d6 chiing tachi can chirng minh khi abc = 1(di
véi truong hop, abc =k 3 1, taco:

1 1 N 1 c 1 1 1

+ + + £1)
l1+a+b 1+b+c 1+c+a 1+b+c a

1+c+—
k

3

1+24+ b
, ? k
Bat dang thac da cho teong duong voi:
f(a,b,c)=(1+a+b)l+b+c)l+c+a)- (1+a+b)l+b+c)- (1+b+c)l+c+a)- (1+c+a)l+a+hb)3 0
Nhan xét ring bac cuadai luong ab+bc +ca trong f(a,b,c) chi labac 1 ( f(a,b,c) chi labac 3 theo
a,b,c). Vay nénkhi ¢ dinh a+b+c thi f(a,b,c) dat giatri nho nhit khi ab+bc +ca dat giatri nho nhit,
khi nay hai trong babién a,b,c bang nhau. Taduavé ba toan:
Cho céc s6 thuc duong X,y thoAman: x?y =1. Chiing minh rang:



1 2

+ £1.
1+2x 1+x+y

Thay y = iz vao bét ding thirc vata can ching minh:
X

1+2x 4, x+i2 31+ 2x)(x° + x* +1)

X
Nhu vay bat dang thirc ¢& duoc chirng minh hoan toan.

_ 2
1 N 2 £10 2(x- D) x(x+1

Bai 2: [Seu Tam : Cho céc sb thuc duong a,b,c thoAman: a+b + ¢ = 3abc .Ching minh rang:

2892+E+@93 ab(a+b)+bc(b+c)+ca(c+a)
eb a ¢c¢cg

Bai 3 [BUi Viét Anh]: Cho céc sb thuc duong a,b,c. Chirng minh rang:

a b o abc
+ + + 2 32
b+c c+a b+a (a+b)(b+c)(c+a)
Giai:

Déi vai bai todn nay thi du co cb dinh hai dai lwong ndo di nirathi chiing tadéu s3 khong thu dugc mot
ham sb tt vai bién con lai (tt & day ngu y 1i, 18m hay don diéu). Tuy nhién ¢ day, tass thiy dugc su lién

hé giita hai dai lwong —2— + 2 +_C vz abc

va , chling latong vatich cia c&c dai luong
b+c c+a b+a (a+b)(b+c)(cta)

a b

, , . Nhu vy ching ta hdy thtr chuyén bién theo huéng nay xem.
b+c c+a a+b

bat x= a Y = b 2= ¢
b+c c+a b+a

hé, vavai mdi quan hé ndy ching ta co thé tim nguoc trd lai a,b,c. Vatir do taciing 3 ¢ bai todn trong
duong sau:

, van dé lamdi lién hé cua x, y, z thé ndo. O day tdi xin duaramdi quan

Cho x,y,z3 0 thoAman: CHNRIE S S 2Xyz + Xy + yz + zx = 1. Chang minh rang:
1+x 1+y 1+z

X+y+ z+2\/ﬁ3 2.

Nhu vay tasé ¢6 dinh Xyz va xy + yz + zx duavé bai toan sau:

Cho a,b3 0 thoaman: 2a’b+a?+2ab=1. Tim giatri nhé nhit cia: 2a+b+2ay/b .
1-a* _1-a

2a’°+2a 2a

2a+ lé—aa +./2a(1- a) 3 2. Thuc vay, bat dang thirc twong duong véi:

Thay b= (a£1) , tacin chung minh:

1-a 28 1\, ]
it m(l a)3 2(1- a)

U i+‘/ 2a 32
2a 1- a




Mt khéc ,_2a 3 2J2a.
l-a (1 a)a 1-a+a

2

Dod6: L+ |22 s L 4520 2,/—2\/_a 2423 2.
2a l1-a 2a

Tom lai bat dang thire d& dugc chirng mi nh hoan toan.

Cubi cuing, mat phan rat quen thudc va khéng nén thiéu, d6 1a phan bai tap cho cac ban &p dung:

Bai 1:[Seu tam ‘
Cho céc s6 thyc duong a,b, ¢ . Ching minh rang:

X+y+z 2
KIE2 ez s 2 (o +fyz +42x)

Bai 2: [Suu tam ‘
Cho céc s6 thyc duong a,b,c thod mén: abc =1. Chirng minh rang:
a b c
+ +
b+c+l c+a+l a+b+l
Bai 3: [Nquvén Anh Cuong] ) ’
Cho céc so thuc duong a,b,c thodman: (a+b)(b+c)(c+a)=8. Tim giatri I6n nhat vanho nhat cua:

P=+abc++a+b+c
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E.Mg 6 cira dong

Trong phan nay, t6i s3 xét qua mot 16p cac bai toan ma céc bién bi chin trong céc tap dong, vén la mot van
dé con chua duoc phét trién trong c&c phan vé dinh ly ABC dandi o trén. Déi véi 16p bai todn ndy, ching
ta ciing c6 mot phuong phép khéc dé giai quyét. T6i s& gigi thiéu vé phuong phép ndy trudc, sau do s
chiing ta s& nghién ciru vé cach ttng dung ABC trong céc bai todn nay sau:

Bai toan:
Cho X, X,,..., X, T [a,b] . Chitng minh ring f(x,,X,,...,,)3 C trong d6 a,b,C |acéc hing sb cho
trudc.

Gap nhiing tinh huéng nhu thé nay, dau bang caa bat dang thuc thuong xay ratai c&c giatri bién, nghiala
bang a hay b. Trong nhirng truang hop nhu vay, tass ¢d gang chirng minh
f (X)) % 000r X )3 mln{f(a Xy oo X )y £ (B, X, ..., X, )} . Cudi cling ta sz thu dugc giatri nho nhét cia ham sb

1 n

dat dugc khi mot s giatri bang a vacac giatri con lai bang b . Phuong phép nay goi 1a phuong phép tiép
can du bang. Ta sé luét quamot sd vi du sau:

Bai 1 [Thi doi tuyén todn truong THPT Ning Khiéu]
Cho a,b,cl [04]. Tim giatri I6n nhit cia
f(a,b,c)=a+b+c- ab- bc- ca




Tasz chitng minh f(a,b,c) £ max{f (0,b,c), f (1b,c}}(*) . Tacd chitng minh truc tiép bing phuong phép dai
sb nhur sau: (f(a,b,c)- £(0,b,c))(f(ab,c)- f(Lb,c))=clc- 1)(1- a- b)> £0 , tr d6 suy ra (*)

Hay bang mot céi nhin giai tich, ta co thé suy ranhanh chéng hon véi nhan xét ham sb don diéu theo bién a.
Vatir d6 tryctiép suy ra (*).

Hoan toan thire hién nhirng bit dang thirc trong tu d6i voi cac bién b, ¢, tasé suy ratinh chét sau:

f (a,b,c) £ max{(0,0,0);f(0,0,1);f(0,1,1);f(1,1,1)} . Tir day cd thé dé dang két luan giatri 16n nhat cua

f (a,b,c) 1a 1. DAu bing xay raching han nhu: a=b=0,c =1.

Bai 2 [Nguyén Anh Cuong]
Cho x,y,zl [12]. Tim giatri I6n nhét cuabiéu thirc sau:

c=—0% , *% , ¥

XZ+YZ XYtyz Xy+Xz

Déi véi bai todn ndy, néu tadp dung ngay viéc chitng minh C(x, y, z) £ max{C(L, y, z),C(2,y, z}} thi s3 gap
kha nhiéu kho khan. O day chiing ta sé 4p dung mot meo nho dé lam cho cong viéc nay tuong déi don gian
hon:

1 1 1
C=f(xyz)= 1 21 + 1X1+ 1y1 Dén day céc ban ciing ¢ thé dodn dugc chiing ta st 1am gi tiép
X'y y oz z x

theo. Dat azi,bzl,c:l;a,b, ] €l 0 vatacan tim giatri 16n nhat coa

PEyeT e gy

a b C
g(a’b’c):b+c+c+a a+b
Taxé& coi nhu b,c lacéc hang s, va a labién:g''(a,b,c) = b, X >0. Nhu vay g laham16i

(c+a)® (b+a)’
theo bién a, tic 14 g dat giatri I6n nhat khi a cham céc bién.
Tur day tasuy raduoc diéu mong mudn: g(a,b,c) £ max{g(Lb,c), g(2,b,c)}.
Hoan toan thirc hién nhirng bt déng thire twong tu doi véi c&c bién b, c, tass suy ratinh chat sau:
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g(a,b,c)£ maxi g(2 5 2) g(], ); g(],],%); g(lll)g. Tir day co thé dé dang suy ragiatri 16n nhat cia

g la g, dat duoc khi (a,b,c) = ¢ & 110 hay giatri I6n nhit caa f 1a %, dat duoc khi (x,y,z)=(211).
e 1]

Nhu vay qua hai vi du cac ban ciing ¢ co thé phan nao 1am quen dugc voi phuong phép ndy. O day toi s3
néu ramot phuong phédp khéc, chirng minh dyavao dinh ly ABC.

Trong céc phan trén, tathay rang ABC chi &p dung dugc khi c&c bién chay hoan toan trong R hoic R,
vay nén mubn p dung ABC , taphai kéo dan doan da cho thanh R hoic R*.

Bai 1 [Thi doi tuyén todn truong PTNK]
Cho a,b,cl [04]. Tim giatri 6n nhit cia
f(a,b,c)=a+b+c- ab- bc- ca




Taquay lai bai toan nay, ta s¢ tim cach kéo gian doan [0,1] thanh R*. Nhan xét néu nghich dao a ® 1 ,ta
a

thu dugc bo sb ndm trong doan [1,+¥]. VAn chuabién thanh R* duoc, talai tiép tuc trir b sb cho 1

1ol 1vatasthu duoc bo sd ndm trong doan [0,+¥ |. Nhur vay tadé chuyén a ® L 1=x dékéo
a a a
[01]® [o,+¥].
Tur nhirng y tuong nhu trén, ta se di tai o1 giai sau:
Pit a= 1 b= ! ,C= 1 trong d6 x,y,z1 R*. Biéu thirc d& cho tro thanh:
1+x 1+y 1+z

1 N 1 N 1 1 1 1
1+x 1+y 1+z (1+x)(1+y) (1+y)(1+z) @+2(1+x)

f(ab.c)=g(xy.2)=

_ @+ y)a+2)+(+Z)a1+x)+ 1+ x)1+y)- 3- x- y- 2
) L+ X)L+ Y)(L+2)
Xy+yz+ X+ X+y+2z
XyZ+XxXy+yz+zx+Xx+y+z+1

Dén day ban doc ciing c6 thé d& dang thiy g(x, y, z) £ 1, khong cin &p dung thém dinh Iy ABC nira, tuy
nhién biéu thirc ndy ching tada cé thé &p dung ABC mot cach dé dang dé dwavé truong hop hai bién.

Co6 hai lgi thé khi chiing ta kéo da mot tap dong thanh tap R* nhu thé ndy, thir nhat l1ata co thé &p dung
dugc dinh ly ABC nhu trong truong hop & trén, thir hai latacd thé danh gladu:oc dé dang hon, vi ¢ day ta
s3 danh giacéc bién vai s 0, vadiéu nay lic ndo ciing dé dang hon. Chang han trong biéu thirc trén, d¢anh
gia xyz3 0 va 1 3 0.

Xy+yz+zXx+Xx+y+z

Bai 2 [Olympic 30-4 — Thanh phd Ho Chi Minh]
Chox,y, 21 [1,2]. Ching minh ring:

a(x,y,2) = (x+ y+z)(1+1+l)£1o
X Yy z

Mot 1an nirata sz sir dung k thuat kéo dan cac bién. Tass s dung ABC, trudc tién kéo dan [1L2] ® R nhu

sl X® il 2 =a. Nhu vay, dat
X_



—a+2'y—b+2'z c+2.
a+l’” b+l c+1
f(ab,c) = a@+2 b+2 c+298a+1 b+1 c+19£10
+1 b+l c+lga+2 b+2 c+2g
- MN

U £10
(@a+D(b+D(c+D(a+2)(b+2)(c+2)

:a,b,cT R". Tacan chirng min bai ton sau:

Gd6: M =(a+2)b+1)(c+1)+(a+1)(b+2)(c+1) +(a+1)(b+1)(c+2)

N =(a+1)(b+2)(c+2)+(a+2)(b+1)(c+2)+(a+2)(b+2)(c+1)
That déng tiéc la bt dang thac: MN - 10(a+1)(b+1)(c +1)(a+ 2)(b + 2)(c + 2) £ 0 khdng thé danh gid bang
dinhly ABC duoc, do hé s cua a’b?c? cudi cling thu dugc laam (ban doc ¢d thé nham ra dé dang). Thé
nhung g:hl]ng takhong bo cugc mot cach df% dang, chting ta s¢ nho ABC Upgrade de giai quyet truong hop
nay. Co djr)h apc va a + b +C, vatasg thay biéu thirc thu duoc Iédathﬁc bac nhat theo ab + bc +ca Vay
nénta dj den két luan bat dang thirc da cho dat cuc tri khi ¢ hai bién bang nhau. Nhu vay ta chi can chirng
minh bat dang thirc:

f(a,a,b) %8.'*‘2 b+2aa%a+1 b+19£10

e a+l b+1£ at+2 b+2g

- aea+2<_) @+2008@@+29 @+200
U g - C —=£0
gat+tlg éb+1 a+1 b+1gg
U -(ab+3b)(ab+3a)£0
Nhu vay labai toan da duoc chirng minh.

Sau day lamot sb bai tap cho cac ban &p dung:
Bai 1[ Tap chi toan hoc va tudi tré] :
Cho a,b,cT [1,2]. Tim giatri 6n nhit cia

_a*+b’+c?
3abc i
Tap chi Toan Hoc vaTuoi Tré.

Bai 2: [Seu tan]

Cho x,y,z1 [1,2]. Chirng minh ring:

(X+y+z)ai+1+£93 A S
X Yy Zy &Yy+z Z+X XxX+yg




E.Dinh Iy ABC mé régng
Nhu vay |a ching tada giai quyét duoc hai yéu diém cua ABC . Yéu diém thir badé nhanrala ABC chi &p
dung duoc cho céc bai toan ba bién, thé con nhiéu bién hon thi thé ndo???. Chiing ta sé cling nhau giai quyét
van dé nay véi dinh Iy ABC mé rong.
Truéc hét, ching talam quen véi mot kha niém mai nam trong dinh Iy ABC cia chiing ta
. Kha ABC
1) binh nghia
X ét mot biéu thirc babién f(a,b,c).
Tagoi f(a,b,c) lamot biéu thirc kha ABC néu nhu bt ding thirc f(a,b,c)3 0 c6 thé dugc ching minh
dravao dinh Iy ABC dé duavé hai truong hop sau:
i) Hai bién bang nhau.
ii) Mot bién bang 0.
2) Phuong phép chirng minh kha ABC
Bé ching minh mét biéu thie f (a,b,c) lakha ABC, tas chuyén biéu thuc f (a,b,c) thanh biéu thic g ddi
véi cichién A=a+b+c,B=ab+bc+ca,C =abc .Biéuthic f(a,b,c) lamet biéu thirc kha ABC néu
nhu g(A B,C) lamét ham 16i theo bién C.

Vidu: v
Chirng minh biéu thirc sau lakha ABC
f(a,b,c) =a’®+b* +c® +3abc- ab(a+b)- be(b+c) - ca(c+a)
Giai:
bit A=a+b+c,B=ab+bc+ca,C =abc, tacd:
f(a,b,c) =g(AB,C)=A®- 3AB+3C+3C- AB+3C=A%- 4AB+9C
Xét g(A B,C) theobién C.Tacd: g =9,g =0 dodb glaham i theo bién C. Vay biéu thic f(a,b,c)
lakha ABC.
[I. Pinh ly ABC mé rong
X ét mot bidu thirc dbi ximg nbién f(a,,a,,...,a,), trongdé f c6 cuctiéuvan? 3. Tass coi
f(a,,a,,...,a,) nhu lamot biéu thec babién g(a,,a,,a,) voi c&csd a,,a;,...,a, duoc coi nhu lacéc hing
s0.
Khi d6 néu g kha ABC thi bét ding thic (a,,a,,...,a,)3 0 cd thé dwavé xét hai trueong hop sau:
i) m bién bang nhau, n-m bién bang nhau.
ii) 1 bién bang 0.
Bat dang thirc dugc chirng minh [addng din néu né dugc chirng minh tinh ding dan trong hai truong hop
trén.

Chirng minh:
Tagia sir f c6 cyuctiéu nhu gia thiét da néu va cuc tiéu xay ratai diém (x, x, ..., x, ) (*)

Néu x,X,..x. =0 hay x chi cd kha nang nhan mot trong hai giatri cb dinh thi cyc tiéu ndy khéng &m theo
gia thiét danéu trong dinh 1y.

Néu x, co kha nang nhan bagiatri khac nhau vakhéc 0, tagia sir (x,, x,,%,) 1amot bo maba giatri trong
bo khéc 0 vakhéc nhau ting déi mot. Taco dinh c&c bién x,, X, ..., X, nhu lanhiing hiang s va xét ham
f(X,, X0 Xg) Xy 1eens X, ) Nhr lahdm g(x,,%,,%,).



Theo gia thiét thi g lakha ABC, vay nén nd dat cuc tiéu khi c6 hai s6 bang nhau, hay mét sb bang 0. Biéu
ndy ciing c6 nghialatdn tai bo (a,b,c) dé g(x,, x,,%,) > g(a,b,c) hay
f (X, %0, X, X400 X, )3 F(@,0,€, %1000 X ).
Diéu ndy mau thuin véi giai thiét (*)
Tom lai thi dinh ly ABC da duoc chirng minh.
111. Ung dung ABC mé rong

Bai toan 1:
Chung minh bat dang thirc sau ddng véi cac giatri thuc duong caa a,b, ¢, d
3la* +b* +c* +d“)3 1+ 3(a® +b? +¢* +d?) *)

4abcd ab+ac+ad +bc+hbd +cd

Bat dang thac tuong duong véi:
3(a* +b* +c* +d*)(ab+ac+ad +bc+bd +cd)- 4abed(ab +ac+ad +hbc +bd +cd)
- 12abed(a® +b? +¢2 +d?)3 0
bat:
f(a,b,c,d) =3(a* +b* +c* +d*)ab+ac+ad +bc+bd +cd)- 4abed(ab+ac +ad +bc+bd +cd)-
12abcd(a® +b* +¢c* +d?)
Nhan xét ring néu ¢b dinh bién d thi f |aham déi xiing theo babién, vahon nira f kha ABC. Nhu vay
theo dinh Iy’tagé chi phai xét»céc truong hop sau (tase xu ly véi (*)):
i)a =0, bat dang thirc la hién nhién
iila=b=xc=d =y, bat dang thirc trong duong voi:
A +y") g, 60 +y?)
2X2y2 X2 + y2 +4Xy
g Ax+y) -7, 2x- )
2X2y2 X2 + y2 +4Xy
Ap dung BDT (x+y)? 3 4xy va x* +y? 3 2xy tass chang minh duoc truong hop nay.
iiila=b=c=x.d =y, bat ding thirc tuong dwong vai:

I3 +y'), |, A +y?)
453y 3x* +3xy
g Ax- VB 2y +y?), Ax- y)
4x%y 3x° + 2xy

Ap dung bt dang thic 3x* + 2xy 3 3x? va 3x? + 2xy + y? 3 4xy tasé chitng minh duoc truong hop nya
Tom lai theo dinh |y ta cd diéu phai chirng minh.

Bai toan 2:
Cho céc sd thuc a,,a,,...,a, 3 0 thbaman a, +a, +...+a_ =n. Chang minh rang:

R L N N NG
a a, a, a’+a +..+a’

Giai:

pit f(a,,a,,..a,)=VP.




Cb dinh a,,a;,...,a, tadugc ham babién vakha ABC. Nhu vay tachi can xét 2 trusng hop:
i)a, = 0. Bat dang thirc hién nhién dung
i) mx+(n- m)y =n. Ching minh:

m.n-m, 22n\/n-1 23n+2’_n-1

X y mx~ +(n- m)y

Taduavé ba toan:

mx+(n- m)yaEm n- mo 2Jn- 1(mx + (n- m)y)® 3 n+2Jn-1

n X oy g n(mx2 + (n- m)y?)
g mh- mix- y)* 5 2/n- 1m(n- m)(x- y)°
nxy nmx? +n(n- m)y?

U (mx2 +(n- my?- 2Jn- 1xy)(x- y)’3 0
Bét ddng thirc trén [ading dén do: mx? +(n- m)y? 3 2/m(n- m)xy 3 2/n- Ixy.
Tém lai bat diang thire duoc chirng minh hoan toan.

V. Bai tap o ,
Bai 1: Chirng minh bat ¢ang thirc sau cho céc so thuc duong a,b,c,d

4 4 4 4
a’ +b +c +d +143 (a+b+c+d)8§'_+l+1+19
2abcd b
Bai 2:
Cho céc s thuc duong a,,a,,...,a, tho& g aa, =1. Ching minh ring

1£i<jEn

N
2 0?2

[}
a’+..+a’+kaa,..a, 3 i+min%2,kae :
1 g P

U
- ! y
f b

Bai 3:
Chirng minh rang ddi véi  X,,X,,.., X lacéc sb thuc tho& x7 + x2 +...+ x* =1 tacd bat dang thirc sau:

6
S+ X+ a x%,X; £1
Xl 2 n (n _ 2) \/ﬁ +1 Xl 273
G. Kétludn _ L ,
Trong phan bai tap, ching toi deu co gang ghi rd nguon goc ciabai toan tai lay tir dau. Tuy nhién do sy han
ché nén mét so bal toan chung téi khéng rd xuat xir, tdi xin chan thanh xin 16i tac gia ciabai todn vaxin
duoc dé tya cac ba toan la Suu Tam.



