Tac gia:Vii Minh Thang,Nguyén Thé Anh,K41, PHSPHN

Look at the end point

Nhin vao diem mut
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Ta m& dau phuong phap nay bang hai dinh 1y sau:

Pinh 1§ 1 Néu f(x) 1 ham bac nhit theo x thi : néu 7@ > 0,7(8) >0 ki 46 F®) >0
voi moi xe [’1’:

Pinhly 2 : Néuf (33:' 12 ham bac nhéat theo x thi : min{ f {a:l;f ':b}} “_:f(x) <

mr:;:t:“% f@';f':b:'}vc')’i moi XE [a,5]

Dinh 1y 3

Néu F(@)1a mdt ham s 16i dudi trén khoang [2:8]thi

;0]

Néu F@a mot ham s6 16m duéi trén khoang [2;b] hi

() > maz{ @) f(B)}

DGi vdi bac THCS,chua hoc ham [6i,ham 16m thi ta ¢ thé st dung dinh Iy sau d6i véi ham béc 2:
Pinh ly 4:

cho (&) = ax?+bo+c(@£0) 2 € [o ]

_ 9 _ _—b
Khi d6 f'@}dat max,min tai = = achay £ = B hosc T = 2 véi S=r+T9="7

Céc tinh chat ham bac nhét trén day c6 tinh minh hoa hinh hoc rat tuong minh va dé hiéu.
Van dung céc tinh chat nay ta c6 thé Cm duogc nhiéu BDT hay va kho.

Vi du 1 Cho %:%:% € [0,2]
Chimng minh rang 2xtytz)(sytyrt+oz) <4 (*)

Léi Giai:BDT(*)
< (2—y—2)z+2(y+2z)—yz—4 <0

xét J(#) = Q2—y—2)z+2(y+2)-yz—4 6 0,2]
Theo dinh Iy thi /(&) < max{ f(0); £(2)}

Ta cod f'@' = _':2_?:' (2_3:' <0

f@)=-yz<

=> f(x) < 0véi x€ [0,2](dpem)

Vi du 2 Cho®,0,¢,8 €CM BDT:

{l—aj (1-0)(1—c)(1—d)+a+b+c+d >

Lai gidi

Cich 1: C dinh b,c,d xét ham bac nhat

f{c? =({1-a)(1-0)(1-c)(1-d)+a+btec+d-1
f)=btctd>g



FO) = (1-8) (1-0)(1-d) +btetd-1
C6 dinh ;3 xét :

fgz? = (1-8) (1-¢) (1—-d)+b+ctd-1

fl)=c+d >
FflO={1-c(1-d)Hc+d-1=cd>
0

= f':b:' = 0y6i moi be [Dil]

Cich 2:(Nguyén Thé Anh)

Pt b Efﬂil]

— §=fl@)=(1-a)(1-)(1-c)(1-d)+a+b+c+d—1ii g = Ohojc a =1
Vay dé S dat gi4 tri nho nhét thi a a = 0 %L} wong tw b €105 ) {01051}
Néucé 156 bang 1 thi S =0

Néu ca 4 s6bang 0thi § =0

Vi du 3:

Cho &;b;¢;A4;B;C 2 Othoa man:
a+A=b+B=c4+C =1
Ch{ng minh rang:
aB+bC+ecA <1

- FEX

;;l ??‘!Ec:} =aB+bC+cA =a(l-b)+b{1—c)4¢c{l—a)=a+bt+c—ab—bc—ca
_. fl@) <maz{ f(0); F(D}

Lai cd fO0)=b+c—bc

FO) <1 (b-1(1-g) < 0 diing

F(D=1-bc<1

TUr d6 ta c6 dpcm

Vi du 4 (IMO) : Cho 3 s6 duong $3Fy:3th6a man &,Y,%
CMBDT: Y+Yyz+Tz—-2xyz <37
Loi Giai
ry+yztrz—2zyz = o(y+z)+tyz—2zyz
7
C6 dinh x xétJ (yz) = z(1-z)+yz—2zyz—37
(y+2)° _ (1—x)?
Tacod Y& < ‘12 - 4
(1—x)

Yz €[ 4 ]

7 7
)= ﬁil_ﬁ}_ﬁz —:Jf;ji-:ﬂ—ﬁ
<—(#?-wtg)=—(-)" <0 o0

(1—x)? (1—x)?* (1—x)? _
D =2+ D TSl eily<o




(1—x)°

vy /7 )s

0 => dpcm:

Vidu 5:
cho Tiyz>0iz+y+z=1 .Chitng minh rdng:
4($3+y3—|—33}—|—15,ﬂ:yz >1

- FEX

Ngoai phuong phap dong bac,ta cé thé gidi bai todn nay bang Look at the end point nhu sau:
Ta co:

(234434 53) +155ys-1 = 4[(o-+y) 3oy +4534 15y
= 4[(1—2)° -3z y(1-2)]+z3+15zyz—1

— 4(1—z}3+12$y{z—1}—I—-’-le—|—15,:t:yz—1

= flzy) = zy(272-12)+423 —|—-’-l|:1—z:l3—l

(1—=)*
Do VS TY <3

_f@y?> mm{f (D};f{“f)z)}

F0)=3(22—1)2+1>0
(1—2)*

19
) =(1-2)%(5-7)20
TUr d6 ta c6 dpcm

Vi du 6 Cho 3 s6 ko 4m a,b,c théa man T+Y¥+z =1
Chtng minh rang J:S—I—yB—I—ZE—I—FSa:yz > %

Loi gidi:

Cach 1:

Ta c6 thé giai bai toan nay theo cach don gian nhu sau:

Pua BDT can ching minh vé dang:

4(23+y3+234+62y2) > (s+y+2)°

T3 4y2423462yz> y(r+y)tyz(r+z)+oz(r+z)
BDT nay hién nhién dung theo BDT Schur

Cach 2:

Xét :t:3—|—y3—|—2:3—|—6$yz—%

=(z+y)’ —3$y{$+y)+23+6£yz—%
= zy(92-3) —|—32:3—32:—|—%

(1—2)
Dén day thi bai toan trd nén don gian,chu y rang STys 4
Cac ban tu lam not coi nhu 1a bai tap



Vi du 7 (post by huyclvc)
Cho &,b,¢ 2 Ochimg minh

atbte_Yate < mas((va—vB)2(Vo—ve)(ve—va)d)
Chung ta da c6 3 101 giai cho BDT nay:

Loi gidi 1:(mather)

Gia st

maz((va—vb }2,(5 e }Q,KF va ]' )=(va—b 3'2
ma:ﬂ{%r (} (J r} vz — r}} (va— (}

flak .
I:'55’:1 16}_.;'{':? :' _ E(J_ j il >0

Theo dinh ly don bién ta co
f@b,0 > f(t,tt) =0(t = Yake)

Loi gidi 2:(ThaithuanGC)

Ph4 Max trude. Gia st @ 20> ¢,

Pit : & = x6:b = ybic = 26

BDT tuong duong :

Z::J;'5 3524272 < 3(£3-23)?

<=>L(T (522 + (3224 (s3-2HP) < (2359
Ta sir dung 1 BDt thudng duoc ding trong tiéu chuan 2 cua S.0.S :
522 42> 2= (32-22)2 2 (2-y 2+ (y2-22)

Do d6 BDT can cm tuong duong :

(3 e2) (2222 < 3(s-9)"

<= {Z:r:g} {:J:—|—2:)2 <3(zx? —|—£3—|—32:I2

bén tung toé ; ra 13 ok! ’

ma hinh nhu cai BDT nay con yéu !

Loi gidi 3(posted by huyclvc)

Pi tir bat dang thic : GS_I_bB_FCB_I_S&bC 2 ZG%.

Dua 61 bit ding thire 82+b2+<3+3Va2b%c% > 2(ab tbetca)

Pua toi bat giéng thirc r:;—i—b—i—c—i—Sm > 2':@4'@"'@:‘

Tt d6 co dieu sau

atbte Yops (OB @ (enal e B B (e —a)?)

\ )
Cai gi no cling c6 ngon ngudn cua nod ca &

Va tat nhién ta ciing c6 thé xtr 1y bai toan nay bang Look at the end point



Giasta=b<c

Luc d6 ta can CM
Hgﬂ—m < (va—vz)?
Coi day 1a 1 ham s6 bién b,xét
flz)= %{:ﬂ—l—a—l—c}—?ﬁm
_- fl@) < maz{ f@);fc)}
Gia s F@) = f(0)

fl@)z £

TacM f@ < (va—ve)?
<=>—%a—%c—m—|—2m

3 3 &
Chi § ring a+c+ct+Va2Ze+Va2e+valZe > 6Va3c3 =6vac
Ta c6 dpcm

Dé hiéu rd hon vé phuong phap nay.ta xét thém vi du sau:
Vi du 8:(chien than)
Cho G130nm01q € [—98;98]

Tim min cia © = #1809 Hg0g+.tayg04

Loi gidi:
VT dat min tai %3 € {98;-98}
Xét 19tich % € {98;_98}nhén 2 ddu Ti—

=>ton tai 1 tich nhan gia tri du:’?ong
Gia s 41097050189 =98

:>.5' = 982+a1a3+...—|—a19a1

Ta thdy %¢%¢41nho nhét 1a —982

-5 >982-982-982—..-982 = —17982
=>manS = —17.982

Péng thirc xdy ra vi du nhu 1% = 98103 = —98;a4 =38;..;0,5 =980, =—I8

Bay gio ta s€ trd lai xét bai toan quen thude:
Vidu 9:
Cho %ibic € [Dil].Chl'rng minh:
)
;b+c+1+(1—a}(1—b}(1—@ <1

Chung ta c6 thé d& dang kill bai nay bang cach sir dung BDT AM-GM(Cauchy)
Gia sit @ = maz{e;bic)
Ta co:
a a+b4ec
b+c+1—=b4c+l1
cyc




Ta i om (1-0 (-0 (-9 <55

Day 1a hé qua tryc tiép cia BDT AM-GM va ta c6 dpcm

Va sau ddy,ta s& giai bai toan nay bang Look at the end point
Van gia st & = maz{a;bc

Goi T'1a VT cua BDT

+b+
Ta co: —§+c+f+{1 a}{l b:”:l C:'

xet 7<max{ FO) F(U}
Laico / (51) =0
fO) = g H(1-B) (101
_ be(b+9—(+c2)—be—1 (b2+c2)(EE—1)—be—1

1+b+c — 1+b+4c
=> f {D} <0 —>dpcm

Vidu 10:

Cho Ti¥iZit € [Dil].Chfrng minh:

ziytylztz2tt+ilr—(pyltyzi42t24122) < 28—.?

Proof:

Xét ¥ =t ,cac TH con lai tuong ty:

fleyizt) = (y—t)o2+ 12—y Do tylzt 22—y 22 —yt?

D@ thiy day 1a ham s6 16i,ta co:

floyyszt) Smaz{ fOy;2;8); F (L))

Ta co fOwizt) = 2(y—t) (y+1-2)

Néu ¥+Z—t<0hi BDT hién nhién dtng,con néu ¥+1—2>0thi AM-GM:
y+i—z>0

Ding thirc xay ra khi {a:,y,z t:' {D’I;E;B}

Ta lai co:

fQyszt) = (1-2)12+ (22Dt + 14y 2z —y2—y2?

D3 théy day 14 ham 13 trén doan (051 nén ta co:

Fysz;t) € max{ f(Ly2305 /(L 2,00}

Tur d6 ta c6 dpem

Vi du 11: (posted by ThaithuanGC)

a;b;e>0;a4+b4+c =3

Lic do a2+b%4c24abc >4

Loi gidi(chien than)

Ta stir dung phuong phap Look at the end point

Ta co:

flab)= a21b2 12 ghe—a = ablc—2)+2c2—6c+5

Ta co:




(2—3)*
3=a+b+tec > Wab+c00 <7

_flzy) > mm{f@;f'((z;mg:‘}

Lai o6 FO =23 45>0
= a
FEED = L1242 >0

=>dpcm

Cudi cing,moi cac ban lam mot sb bai tap ap dung:
Bai 1:
Cho 20;¢ 2 Othoa man a+b—+¢ = 1.Chitng minh:
T(ab+bc+ca) < 2+%abe
(thong thuong ta giai BDT nay nhu sau:
BDT<>T(ab+bc+ca) (a+b+c) < 2(a+b+c)?

2{5&3 —|—53—|—r:3:| > zab{a—l—b}
& cyc

2{5&34—534—63] >a34+b3+c343abc > Zab{a+b}

Lai co cyc (Schur))
Nhung cac ban thir 1am theo Look at the end point xem,sé& tha vi 1am déyiéé')

Bai 2: Cho &>0ia1iGg;.ian €[05a]

5= an:{a—al} (@—ag)(o—ay_q)apla—ay)(a—apn)

Tim max

Bai 3:Cho ®iB5¢5dse €[ 3¢ )6 g> p=>0
Chirng minh:

(+btctd+e) (dH-++3+3) <254+6[\/ T3]
Solition of Vophung

Bé dé:

Cho %; €[@,0].a>0

B Bai _n2a+b)?
Z Ty Z T < dab
t=1 =1
Chirng minh:
Ta co: (‘ﬂ:c-j_a’:' {ijr..j_b:' <0& 1?3;—33,&;{6&-#5}—%6&5 <0
b
o Ttz Sath

Cho * = 1,27 cong vé véi vé




n{a—l—b]}'z;t: —|—abz bﬁﬂ'_\/{z;nﬁ}{i%}

g=1 =1 = =
Ap dung ta co: 2
JCTU TSR ENE FP e pat s i
Sau d6 ta so sanh (@-+b+ctd+e) {%+%+%+é+% < 52(5—;;}? voi

25+6(/3+/5)

<=>Pp%+92 > 2pq(ding)

=>dpcm
Solution of chien than
Giasi 6 Sb<c<d<e
Ta co:
{a+b+r:+c£+ :”:a‘|‘b‘|‘c‘|‘d‘|‘e:'
= 5+Z(¢ +7.) = 25+Z(¢ +¢
1< 1<g
va tong ldy theo tat ca 65 - 1I:Icap chis§1<<7<5Ta lai co:

Fa .9 F g
e~V5) =5+5-2

T
Ki hiéu f'@iy} = %"’5_2

hai chirng minh:
WPt

Ta s& chitng minh véi cac sé duong £ =¥ < Z ¢y BDT flEy)+fy;2) < flzz) ,nghia
la:

y+a: 2+:—: TF . z‘hr -2

Z -
Deyrangy+3 1_'<y_1:":1_:-::'{0 igsllzz
Tuong tu ta co:

S+3-5-1<0

=>dpcm

Str dung cac BDT nay ta nhan dugc:

pr, %HE& b§+f bic)+ £(c; -’i)+fgd €)+f(eq) < f(ma)

w2

Flpia)+ flosd)+ Flese)+ Flesa) < Flma)
Fma)+ Fad)+ Fldsg) < F(pi)
flod)+flase)+ flesa) < f(pia)
f{fﬂ;b}Jrf(b;ngrf Eﬂﬁ;q}' < f(ma)
fma)+flae)+ ) < flma)

Cong cac BDt nay lai ta ¢6 dpem




Bai 4: Béib4: Choa;b;c>0 .Chitng minh:
s el 551 > 2

Bai 5:
Cho T3 € [051] .Chirng minh: "
T+ TottLp+ T Tyt T ——z T <[F]

Bai 6:(Tong quat vi du 6)

Cho #11%2y%n > D.Chl'mg minh:
ﬂ1+ﬂ2+...+lﬁn

2
= —”falag...anﬁ_imaa:liéijiﬂ{( @~ fr;&j-} }
Bai 7:

cho @ibic;d € [0;1] .Chitng minh rang:
a+b+ct+d—abed <3

Bai 8:
Cho 1% gTn S [D51:| .Chirng minh:
:J:l—l—azg—l—...—I—:J:ﬂ—a:la:E...a:ﬂ <n—1

Bai 9

Cho Tiy;2>0ic+y+2 :l.ChCrng minh:
zyz+1 = d{zy+yztoz)
Bai 10:

Cho Li¥2>0ix+y+z =1 .Chithg minh rdng:
5(x2+4y2422)<6(x3+y3+23)+1

Bai 11(Téng quat vi du 9)
Cho 7 € INom > 2,3 0138g5-85 € [051]
Chi'ng minh:

a
Y sai (- (1-ay)..(1-ap) <1
CLcC

trong dé S = a1+a2+"'+a’ﬂ

Bai 12:

Pay la 1 bai toan rat hay cd nhiéu cach giai:

Cho Z3¥2>0ix+y+2 :?1 .Chithg minh rdng:
2

1 1 1
l—:ry+l—yz+1—:rz = ]

Bai viét xin dugc dung & day,rat mong y kién dong gop cua tat ca cac ban!

Moi y kién xin gtri vé dia chi vu_minhthang@yahoo.com

Xin Chan thanh cam on!


mailto:vu_minhthang@yahoo.com

Tai liéu tham khao:

1/Bat déng thtre,Suy luan va Kham pha-Pham Van Thuan,Lé Vi
2/Vo dich 19 nudc

3/Cac phuong phap chimg minh bat dang thirc-Tran Tuin Anh
4/Tap chi TTT2,NXBGD



