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Tai lieu nay dugc thuc hién vi muc dich hoc tap. Bat ¢t cac thao téc, trao doi tren tai lieu nay
vi muc dich thuong mai déu phai dudce sy dong ¥ ciia cic tac gia.
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L.0i cam on

Chic chin tuyén tip nay sé hoan thanh dugc néu khong cé su gitip d tif nhitng ngudi ban ciia
chiing t6i. Ho da truc tiép dong vién chiing tdi thuc hién, gép ¥ dé c6 thé tuyén tip mot cach tot
nhit cdc bai toan bat dang thiic. Xin chan thanh cim on hai anh sau da gitip chiing toi rat nhiéu
trong viéc thuc hién tuyén tap nay

1. Nguyén Van Diing - Giang vién Hoc Vién Ky thuat Quan su Ha Noi;

2. V6 Quéc Ba Can - Sinh vién Pai hoc Y Duge Can Tho.



Chuong 1
Mot so két qua va cac ky hiéu

1.1 Mot so két qua

Trong phan nay chiing toi sé liét ké ra cac két qua va cac ky hiéu dugc st dung. Cac chiing minh
ctia cac két qua nay cdc ban c6 thé tim thiy trong céc tai liéu tham khio ma chiing t6i ghi & cubi
tuyén tap.

1 (Bﬁt dg’lng thitc AM — GM). V6i céc sb thuc khong am ay,ay, ... ,a,, ta ludn c6

ait+a+...+tay
n

> Vaiay...ay.

Diéng thiic x4y ra khi va chi khia; =a, = ... = a,.

2 (Bét dang thitc AM — GM suy réng). Véi céc sb thuc khong am x;,xa, ..., x, va cdc sb thuc
duong o, @, ..., 6 tong bang 1 thi ta ludn c6

o O
QX1 4 0Xp + ...+ Ox, > X1 X2 X
Diéng thiic x4y ra khi va chi khia; =a, = ... = a,,.

3 (Bﬁt dzzlng thitc Cauchy — Schwarz). Cho hai bo s6 thuc ay,as, . ..,a, va by, b, ..., b,. Khi
do, ta ludén co

(@ +as+...+a>) (b3 +b3+...+b2) > (a1by +arby + ... +anb,)*.
Diéng thiic x4y ra khi va chi khi ton tai mot sb thuc k sao cho a; = bk; véii=1,2,...,n.

4 (Bét dang thitc Holder). V6i m day sb khong am x;j (i = 1,2,...,m, j = 1,2,...,n) va
P1,P2,---,pp > 0théoaman py+pr+...+p, =1tacd

m n Pi
H(M) =5
i=1 j=1 j=1i

xPE

m
1y
=1

Ding thic xay ra khi m day sb d6 tuong tng ty 1&.

5 (B4t dang thitc Chebyshev). Gid st ay,as,...,a, va by, ba,. .., b, 1a hai bd sb thuc bat ky.
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Chuong 1. Mot s6 két qué va cdc ky hiéu 1.1. Mot s6 két qua

(i) Néu hai ddy trén don diéu cung chiéu thi

1
aiby+abr+ ... +ayb, > Z

(ar+ar+...4+ay)(by+by+...+Dby).

(if) Néu hai day trén don diéu ngudc chiéu thi

1
arby +abr+ ... +a,b, < ;(al +a2+...+an)(b1 +b2+...+bn).

6 (Bat dzzlng thitc trung binh lily thira). Cho ay,as,...,a, 1a cic s6 thuc khong am. Dit

r r r
(a1+a2+...+an> rs0

~ =

n

vaias .. .a, r=20

Khi d6 A, dudc goi la trung binh liy thuta bac r cia ay,as, .. .,a, vand co tinh chit A, > A, véi
r>s>0.

A=

7 (Bﬁt dg’mg thitc Schur). V6i moi s thuc khong 4m a, b, ¢, r, ta ludn c6
a(a—b)(a—c)+b (b—c)(b—a)+c (c—a)(c—Db) >0.
Diéng thiic x4y ra khi va chi khi a = b = ¢ hoic a = b, ¢ = 0 cing cac hoan vi.
C6 hai két qua thuong dudc si dung lar=1var=2.
Véi r = 1, ta c6 bét dang thic Schur bac ba
ala—b)(a—c)+b(b—c)(c—a)+c(c—a)(c—D) > 0.
Cic dang tuong duong ciia bat dang thiic trén la
@ +b* + 3 +3abe > ab(a+b) + be(b+¢) + calc +a)

(a+b+c)*+9abc > 4(a+b+c)(ab+ be+ca)
abc> (a+b—c)(b+c—a)(c+a—b)

9abc
a+b—+c

Véi r = 2, ta c¢6 bét dang thic Schur bac bon

>+ b+ > 2(ab +bc+ca).
a>(a—b)(a—c)+b*(b—c)(b—a)+c*c—a)(c—b) > 0.
Dang tudng duong ctia bt dang thic trén 1a

a* +b* +c* +abc(a+b+c) > ab(a® + b*) + be(b* + ¢*) + ca(® + a?)



1.1. Mot s6 két quad Chuong 1. Mot s6 két qua va cdc ky hiéu

8 (Bat d:amg thitc Vornicu — Schur). Cho a > b > ¢ 1a cic sb thuc va x, y, z 1a cac ham s6 khong
am. Xét bit dang thifc sau

x(a—b)(a—c)+y(b—c)(b—a)+z(c—a)(c—b) > 0.
BAt dang thifc trén diing néu mdt trong cic tidu chuin sau dudc thdéa man

1. x>y (hodc z > y);

2. x+z>y;

3. VX + V22

4. ax > by (hoac cz>by)véia>b>c > 0;

5. ax+cz>byvéia>b>c>0;

6. ax+./cz>\/byvéia>b>c>0;

7. bz > cy v6i a,b,c 1a d0 dai ba canh cia mot tam giac;

8. X2+ y*+ 72 <2(xy+yz+zx).

9 (Ham lf\)i). Cho I 12 mot khoang trong R. Mot ham f x4c dinh trén I dudc goi 12 16i khi va chi
khi v6i moi a,b € Tva a, >0théaman o+ =1, tacod

of(a)+Bf(b) = f(aa+ pb).
Néu bét dang thic nay ngudc chiéu thi f dudc goi 1a mot ham 16m.
Néu f kha vi trén I thi £ 16i khi va chi khi dao ham f’ ctia n6 12 mdt ham ting.
Néu f lién tuc trén [a; b] va c6 dao ham f” trén (a,b), thi f 1i khi va chi khi £ > 0.
10 (Bét dzzlng thuc Jensen). Néu ai,as,...,a, 1a cac sd Fhu’c khong am saocho a; +a + ...+
a, =1vaxy,x,...,x, la cac so thuc thi v6i moi ham f 16i trén R ta ludn c6
arf(x1)+axf(x2) +...+anf(xn) > flarxi +axxa + ...+ anxy).

11 (Bat dazlng thitc Newton). Véi moi s6 thuc khong am ay,as, ..., a,, dit

n

Z a dj, ...4aj,
1<ir<...<iy
Sk = Ck )
n

thi khi d6 ta ludn c6 57 > Sy 1Sk 1.
12. Vé6i a > b > c 1a cic sb thuc khong &m va P(a, b, c) 1a mot ham dbi xting cho ba bién a, b, c.
1. Codinh p=a+b+c,q=ab+ bc+ ca. Khi d6 v6i moi ham £ kha vi trén [0, o) théa man
k(x) = f'(x) 1a ham 15i thi
P(a,b,c) = f(a)+ f(b)+ f(c)

dat gid tri 16n nhat (néu c6) khi @ > b = ¢ va dat gi4 tri nhé nhit (néu cé) khia =b > ¢
hoac ¢ =0.



Chuong 1. Mot s6 két qué va cdc ky hiéu 1.2. Cidc ky hiéu

2. Cd dinh p=a+b+c,q=ab+bc+ ca. Khi d6 v6i moi ham f kha vi trén [0, ) théa min
k(x) = f'(x) 1a ham 16m thi

P(a,b,c) = f(a)+ f(b)+ f(c)
dat gid tri 16n nhit (néu c6) khi a = b > ¢ hoiic ¢ = 0 va dat gid tri nhé nhat (néu c6) khi
a>b=c.
3. Cb dinh p = a+b+c,r = abc. Khi d6 v6i moi ham f khé vi trén [0, ) théa man k(x) =
/(1) 1a ham 16i thi
P(a,b,c) = f(a)+ f(b)+ f(c)
dat gia tri 16n nhat (néu c6) khi a > b = ¢ va dat gia tri nhd nhét (néu c6) khia=b > c.
4. Codinh p =a+b+c,r = abc. Khi d6 v6i moi ham f kha vi trén [0,c0) théa man k(x) =
/(1) 1a ham 16m thi
P(a,b,c) = f(a)+ f(b)+ f(c)

dat gid tri 16n nhét (néu c6) khi a = b > ¢ va dat gid tri nhé nhit (néu c6) khia > b =c.

1.2 Cécky hiéu

1. V6i moi tam gidc ABC, ta dit a = BC,b = CA,c = AB. Ngoai ra, p,R,r,S lan ludt 1a nita chu
vi, ban kinh dudng tron ngoai tiép, ban kinh dudng tron noi tiép va dién tich ciia AABC.

(Déi vé6i tam gidc A’B'C’ cac ky hidu ', b, ', p',R', 7, S ciing dudc hiéu theo nghia tuong tu).

2. Cho f 1a mot hAm n bién. Téng hoan vi, ky hiéu 1a Y cye, duge dinh nghia la

Zf(al,az,...,an) = f(ay,az,...,an) + f(az,as,...,a1) + ...+ flay,ai,...,an—1).

cyc

Trong tuyén tap, ky hiéu ¥ tuong duong vé6i Y. Ngoai ra, ky hiéu Y con d€ chi tong hoéan vi

cyc a,b,c

cho ba bién a, b, c.



Chuong 2

Tuyen tap cac bai toan

2.1 DPétoan

1. V6i moi sb thuc khong Am a, b, ¢ thda man a+ b+ ¢ > 0, ta ludn c6

a b c 1

+ + <.
4da+4b+c 4b+4c+a 4c+4da+b 3
2. Cho a,b,c 1a cic sb thuc duong. Ching minh
a b c

+ + Sé-
a++/(a+2b)(a+2c) b++/(b+2c)(b+2a) c++/(c+2a)(c+2b) 4

3. Chiing minh v6i moi a, b, c duong

2 bz 2
N TR ——
a?+ab+b> b +bc+c? A4catar T

% s A s 1 @bt e
4. Neu a, b, c la cac so thyc duong va k = ;=7 thi

1 N 1 N 1 2(k* +k+1)
D +bc+c?  PHca+ad® AP+ab+b? T a?+b2+c2+ab+bc+ca

5. Cho a,b,c 1a cic sb thuc khdng 4m sao cho khong c6 hai s6 nao ddng thdi bang 0. Chiing
minh ring khi d6
a(b+c) b(c+a) c(a+b) a’b+b*c+cta N ab® + bc? + ca?
b>+bc+c?  24cata*  a?+ab+b> " ab>+bc?+ca?  a?b+b c+cta

6. V6i moi s6 thuc khong am a, b, ¢ thda man ab + be + ca > 0, ta ludn c6

a* + bc b* +ca c?+ab 5 a4+ b>+¢*
b>+bc+c? +ca+a®> a?+ab+b* 3 3(ab+bc+ca)

7. Véi a,b,c 1a cic s6 thuc khong Am théa min ab + be 4 ca > 0. Hay chiing minh

1 1 1 1 8
> .
b*>+bc+ > +c2+ca+a2 +a2+ab+b2 ~ 3(ab+bc+ca) + (a+b+c)?




Chuong 2. Tuyén tp cdc bai todn 2.1. Dé todn

8. Néua,b,c > 0 théa man (a+b)(b+c)(c+a) > 0 thi

a’ N b N e (a® + b +c?)?
b2+4bc+c*  44ca+a*  a*+4ab+b* ~ 2(a+b+c)(ab+bc+ca)?

9. Gid st a, b, c 1a cic sb thuc duong. Hay ching minh

a+b b+c cta 27(ab® 4 bc? + ca® + 3abc)
a*+bc+c*  b>+ca+a*  +ab+b* T (a+b+c)*

10. V6i moi a,b,c > 0 thdéa man ab + bc + ca > 0 ta ludn cd

a N b3 N Pt at+b*+ct
202 —bc+2c?2 22 —ca+2a?  2a>—ab+2b2 T B+b3+3

11. Cho a,b,c > 0 théa man (a+b)(b+c)(c+a) > 0. Ching minh

Z 1 N 4(a+b+c) <Z 1
da+b+c a*+b>+c*+3(ab+bc+ca) — =b+c

12. Néu a, b, c 1a céc s6 thuc duong thi

bc N ca N ab 2(a* +b*+c*) +ab+bc+ca
(c+a)(a+b) (a+b)(b+c) (b+c)(c+a) ™ 2(a®2+b*+c2+ab+bc+ca)’

13. Cho a,b,c 1a cic s6 thuc khong 4m thda man khong c6 hai sb nao dong thdi bing 0. Chiing
minh ring
a b c >3(a2+b2+c2) 1

b+c+c+a a+b~ (a+b+c)? 2

14. V6i moi a,b,c > 0 théa man 3(a® + b+ c?) +ab + bc + ca = 12 ta ludn c6

a n b n c <3
Va+b b+c eta T 2

15. Cho cic sb thuc khong 4m a, b, ¢ thda man ab + bc + ca > 0. Chiing minh

a 2+ b 2+ c 2+1>§ a*+b* + 2
b+c c+a a+b 24 ab+bc+ca

16. Cho céc sb thuc khong am a, b, ¢ thdéa man (a+b)(b +c)(c +a) > 0. Hay ching minh

1 1 1 9
> :
(b+c)? + (c+a)? * (a+b)? = 4(ab+bc + ca)

(Iranian Mathematical Olympiad 1996)

17. Gia st a,b, c 1a cac s6 thuc khong am, trong chiing khong c6 hai s6 nao dong thai bang 0.
Hay chiing minh bit dang thiic sau

az+2bc+b2+2ca+cz—|—2ab+ 2abc
(b+¢)>  (c+a)?  (a+Db)? (a+b)(b+c)(c+a)

5
> —.
-2



2.1. Dé todn Chuong 2. Tuyén tap cdc bai todn

18. Véi a,b, c 1a cic sb thuc duong, hiy ching minh

1 1 1 2
(c+a)*(a+Db)? * (a+Db)*(b+c)? * (b+c)*(c+a)? = (ab+bc+ ca)?’

19. Cho céc s6 duong a, b, c ¢ tich bing 1. Chiing minh

1 1 1
2a3+3a—1—2jL 2b3+3b—|—2jL 2¢3 +3c+2

3
> —.
-7

20. Néu a,b,c > 0 vaab+ bc+ca =3 thi

3abc

a+bc b+ca c+ab < 2_
2 2

a’+1 Jr192+1 + A+1—
21. Cho céc s6 thuc duong a, b, c thda man ab + bc + ca = 3. Ching minh

a+ b3c?
b+c

3+%Z(a—b)22

22. Néu a, b, c 1a cic sb thuc khong am thi

3(a+b+c)

Va2 +be+ D +ca+\/c2+ab < 3

23. V6i moi a,b,c > 0 taludn c6

av/ a2+2bc+b\/b2+2ca+C\/c2+2ab > \/g(ab—i-bc—i—ca).

24. Néu a, b, c 1a cc sb thuc thudc [—1; 1] théa man diéu kién
1+ 2abc > a* +b* + 2,
thi khi d6 ta ludn c6 bat dang thiic
14-2(abc)" > a®" + b + ™.
(Intennational Mathematical Competition 2010)
25. Cho céc s6 thuc a, b, ¢ c6 tong biang 0. Chiing minh
a’*b* + b*c? + c*a* + 6abe > 3.

26. Cho a,b, c 1a céc sb thuc c6 tong bing 3. Chiing minh

a4 b+ 2P+ 4+ )+ 18 > 9(a® + b7+ ).
27. Chung minh véi moi a, b, ¢ thuc

(@ +b*+*)? >3(a’b+bc+Pa).

28. Néu a, b, c 12 cic sb thuc duong va n > 2 thda man a" + b" + " = 3 thi

an+1bn +bn+lcn +Cn+1an < 3.



Chuong 2. Tuyén tp cdc bai todn 2.1. Dé todn

29. Ching minh bit dang thiic sau véi moi sd thuc a, b, ¢
3(a> —ab+b*) (0> —be+c*)(* —ca+a*) > b + b33+ 3d.
30. Gia st a,b,c > 0. Ching minh
(a* +ab + be) (b + be + ca)(c* + ca+ab) > (ab+ bc + ca)?.
31. Cho ba s6 khong 4m a, b, c. Chiting minh
(@ +b° 4 4 3abc)* > (a+b+c)(ab + be + ca)(a® 4+ b + ¢ +abc).

32. Néu a,b,c 1a céc s thuc khong 4m théa man a + b + ¢ > max{a,b,c} thi

8 2b2 2
o >a*(b+c)+b*(c+a)+cP(a+b).

3 3 3
b 2ab
@ e bt ) (cta)

33. V6i moi s6 thuc khong 4m a, b, ¢ thda man ab + bc + ca > 0, ta ludn c6

a(b+c) n b(c+a) n c(a+D) - 8a’h*c?
a*+bc b +ca cr+ab — " (a®+bc)(b?+ca)(c*+ab)’

34. Cho a,b,c 1a cic s6 thuc khong am trong chiing khong c6 hai s6 nao dong thdi bing 0.
Chiing minh

L SN S (a+b+c)?
a*+bc b +ca c*+ab ~ 2(a®+b%+c?)(ab+bc+ca)

35. Chiing minh ring

(b+c)*  (c+a)* (a+b)?
>6,
a+bc  b24+ca  E+ab —

trong d6 a, b, c 1a céc s6 thuc khong &m sao cho a + b + ¢ > max{a,b,c}.

36. Néu a,b,c 1a céc s6 thuc khdng am sao cho (a+b)(b+c)(c+a) > 0 thi

P+t S+add AP+ S a? N b? n c?
a’?+bc b +ca E+ab” \b+c c+a a+b)’
37. Gié st a, b, c 1a cac s6 thuc khong am va ab + bc + ca = 1. Ching minh

1 1 1
+ +
82 +bc 3p2+ca  E2+ab

9
> —.
4

38. Cho a, b, c 1a cic sb thuc phan biét. Hay chiing minh

<bic)2+ <cfa>2+ (afb)zzz-




2.1. Dé todn Chuong 2. Tuyén tap cdc bai todn

39. V6i moi sb thuc a, b, ¢ thdéa min (a —b)(b—c)(c —a) # 0 ta ludn c6

a—>b 2+ b—c 2+ c—a 2>5
b—c c—a a—b) ~ 7

40. Gia st a, b, c 1a cic s thuc d6i mot khic nhau, vay ta c6

b-ot (o (a-b)'
(c=aa=b7 " (a=b2(b-? " (b-P(c—a)

(Mongolian Mathematical Olympiad 2010)

33
> —.
-2

41. Cho tam gidc ABC, ba dudng trung tuyén m,,my,, m. ing véi cac canh a, b, c. Ching minh

<bac+m+ab>< Ma | M Me >>6xf3.

b c mpMme MMy Mgy,

42. Cho tam gidc nhon ABC. Khi dé, ta c6 bét dang thiic

a’ n b? n 2 S R\ 1
Rrl—a 2t —b 2+ —2 "\ 7 :
43. Gié sit tam gidc ABC c6 R = *2. Ching minh
(B* +c* —a®) (P +a®> — b)) (a® +b* — ) < a*b*ct.

44. V6i a,b,c 1a cac sb thuc khong am théa man ab + be + ca = 1. Chiing minh

5[ a? +3 b? +3 c? Satbicd 3abc
a c .
b+c c+a a+b "~ (V445 +v/6)v/ab + b6 +
45. Ching minh v6i moi a,b,¢c > 0thdéamana+b+c=2

bc ca ab 233
4 + 4 + 4 <
V3a2+4 V32 +4  V3c2+4 T 3
(International Mathematical Archimede Olympiad 2010)

46. Néu a,b,c > 0 thi

LI N I S A £ SR AR B 2
a* b ¢ (a+b+c)?> " 25\a b ¢ a+b+c)
(Iranian IMO Summer Training Camp 2010)

47. Cho a,b,c 1a d dai ba canh cia mét tam gidac ¢ chu vi 2. Chiing minh

(Bosian Mathematical Olympiad 2010)



Chuong 2. Tuyén tp cdc bai todn 2.1. Dé todn

48. Gia st x,y,z 12 cdc sb thuc duong va xy + yz +zx = 1. Khi dé, ta c6

x2 y2 ZZ 5
3—\@4-;4-;"‘;2()64-)14‘2) .

(Iranian Mathematical Olympiad 2010)

49. Chiing minh ring

ZQ/(az%—bz)(az—ab%—bz)§2(a2+b2+c2)< 1 . >

2 3 b—|—c+c—|—a a-+b

trong d6 a, b, ¢ 12 cic sb thuc duong.
(Turkish IMO Team Selection Test 2010)

50. Néu a,b,c 1a cac s thuc duong thi

b2 2 2 2 2 b2
T T Y datbto) >

6(a®+ b +c?) 4o E+ca+@ '
a b c a+b+c

a b c
51. Cho a,b,c > 0 va k = 4(31/2 —4). Chiing minh

b+c c+a a+b _ 4@ +b*+c?) k(a? +b*+c? —ab—bc — ca)
+—+ > +2+ —— :
a b c ab+bc+-ca a*+b*+c

52. Néu a, b, c 1a cic sb thuc duong thi

g Yot ot o) ) o)

53. Cho a,b,c 1a cic sb thuc duong théa man a + b+ ¢ = 3. Chiing minh

11 1
12 <++) > d(a® + b+ ) +21.
a b ¢

54. Cho a,b,c 1a c4c s6 thuc duong c6 téng bang 1. Chiing minh

1+1+1> 25
a b ¢~ 1+48abc’

55. Chitng minh v6i moi a,b,c > 0thdamana+b+c =3

11 1
8 <++> +9 > 10(a® +b* 4 c?).
a b c

56. Cho a, b, c 1a cc s6 thuc khong am sao cho a+b+c > max{a,b,c} vaa+b+c = 1. Chiing

minh | . . 5
4+ —.

+ + >
Va2 +ab+b> VbE2+bc+c2 VAR +ca+d? V3

10



2.1. Dé todn Chuong 2. Tuyén tap cdc bai todn

57. Tim gi4 tri 16n nhit ctia biéu thic sau véi céc s6 duong a,b,c thbamin a+b+c =3

bc ca ab
Plabe)=3ratiiptisa

58. Tim gi4 tri 16n nhit ctia biéu thiic
P(a,b,c) = (ab)* 4 (bc)* + (ca)k,
Vv6i a,b, c,k 1a cic s6 thuc khong am tlly y théa mdn a +b+c = 1.

59. Tim gi4 tri nhd nhét ctia biéu thic

a \F b k c k
P(a,b,c) =
(a,b,¢) <b+c> +<c+a> +<a+b> ’

trong d6 a, b, ¢,k 1a cac s thuc khong Am sao cho ab + bc + ca > 0.

60. Cho céc s6 nguyén duong 18 a, b, c,d ddi mot khac nhau. Ching minh
abc+ bed + cda+ dab + 34 < 2abcd.
61. V6i moi s thuc duong a, b, c,d ta ludn c6 bat dang thitc

a® —be b —cd 2 —da d*>—ab
+ + + >
b+2c+d c+2d+a d+2a+b a+2b+c

62. Cho a,b,c,d 1a céc s thuc duong dong thdi thdéa min cic diéu kién sau day

b d
abed =1, a+b+c+d>g+*+£+—.
b ¢ d a
Haiy chiing minh ring
b ¢ d a
—+—-+—+->a+b+c+d.
a b ¢ d
(IMO Shortlist 2008)
63. Cho a,b,c,d 1a céc sb thuc duong thda min
1 1 1 1

Hay chiing minh

2a+b+c+d)> VB +T+ VP +THVS+T+Vd3+7.
64. Cho a,b,c,d > 0 théoa man a+ b + ¢ +d = 4. Chiing minh

1 1 1 1

<.
5—abc+5—bcd+5—cda+5—dab <1
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Chuong 2. Tuyén tp cdc bai todn 2.1. Dé todn

65. V6i moi a,b,c,d > 0 taludn co

a+b b+c c+d d+a
. +d-

. . >ath d.
e T erat aa T et

66. Néu a,b,c,d 1a cic sb thuc khong am théa man a+ b+ c+d = 3 thi
ab(b+c)+bc(c+d)+cd(d+a)+da(a+b) < 4.
67. Cho cic s6 thuc khong am a, b, c,d. Ching minh ring
a* + b+t +d* +2abed > a*b* + aP? + dPd? + b2+ bPd? + FdP.
68. V&i moi s thuc khong am a, b, c,d ¢6 tong bang 1 ta ludn c6
4(a® +b* + 3 +d*) 4+ 15(abe + bed + cda + dab) > 1 +48abcd.

69. Cho a,b,c,d 1a cic sb thuc khong am c6 tdng bang 1. Ching minh
a+br+t+adt+ 124—78abcd > %
70. Gié st a,b,c,d 1a cac sb thuc duong cé tdng bang 4. Hay ching minh
abe + bed + cda+ dab + (abe)* + (bed)? + (cda)?® 4 (dab)? < 8.
71. Cho céc s6 duong a, b, c,d cé tich bang 1. Khi d6, ta c6
(a—=1)(a=2)+b-1)b-2)+(c—1)(c—=2)+(d—1)(d—2) > 0.

72. Cho a,b,c,d 1a cic sb thuc khong am sao cho trong chiing khdng c6 hai sb nao dong thoi
bing 0. Chiing minh

1+1+1+1+1+1>243
A+ P+ B+ P43 P+d A+d T 2(a+b+c+d)?

73. V6i cic sb thuc khong am a, b, c,d thda man abc + bed + cda+ dab > 0 ta ludn c6

1 1 1 1 1 1 81
> :
a’+b? +a2+02 +a2—|—d2 +b2+c2 +b2+d2 +c2+d2 “ 2(a+b+c+d)?

74. Cho a,b,c,d, e 1 cac s6 thuc duong. Chiing minh

(1+a:—b> (Hbic) <1+cjd> (Hdie) <1+ej)—a) - G)S

75. Gia st a,b,c,d, e 1a cac sb thuc khong am cé tdng bang 5. Chiing minh

72
(@ + D) (B + )P+ dP)(d + )P +d?) < 79

12



2.1. Dé todn Chuong 2. Tuyén tap cdc bai todn

76. Véi a,b,c,d, e 1a cic sd thuc duong c6 tdng bang 5, hay chitng minh
abc+bed + cde+dea+eab < 5.
77. Cho sdu s6 thuc duong a, b, ¢, x,y,z. Ching minh

(a—l—b+c)(x+y+z)> ax_ by L«
a+b+c+x+y+z “a+x b+y c+z

78. V6i hai tam gidac ABC va A’B'C’ bat ky ta c6
d(b+c—a)+b(c+a—b)+c(a+b—c)>V48SS'.

79. Cho ay,a,...,a, (n > 3) la céc sb thuc khong am c6 tdng bang 1. Hay chiing minh

2

n
n
a
\ﬁ; \/a,+1 \/n+1

™=

I
—_

(Chinese IMO Team Selection Test 2006)

80. Ching minh véik=n—1

n
n noq (”—1),2‘112
Yay oznttk| =2,
i=1 =14 Y aa
1<J

trong d6 ay,as, .. .,a, (n > 3) 1a céc s6 thuc duong.

81. Cho ay,a,...,a, (n > 3) la cic sb thuc duong. Chiing minh

n nl n n
P32 SRS 5 3 (1) o0 e

: ~a A - a;
82. Gié st aj,az,...,a,(n > 3) 1a cic sb thyc duong théa man a? + a3 + ...+ a2 = n. Ching
minh

3 3 3
X1 X5 X

n
+2 2 2+"'+2 2 - 2 2 2’
x2+x3+ +xn1 x3+x;+...+x; x{+x5+...+x,_, n—

(Mathematics and Youth Magazine)

83. Cho ag,ay,...,a,(n > 1) 1a cic s6 thuc duong théa man diéu kién a; | —a; > 1 v6i moi
k=0,1,...,n. Chiitng minh ring khi d6

1 1 1 1 1 1
() (1) (1) (e ) (141,
agp a;—ap a, —ap ap ay ay

(International Mathematical Competition 2010)

13



Chuong 2. Tuyén tip cdc bai todn 2.2. Loi gidi

2.2 Loi giai
1. Vdi moi s6 thice khéng dm a, b, c théa man a+b+c > 0, ta luon cé

b 1
4 <
da+4b+c 4b+4c+a 4dc+4da+b 3

Lai giai 1. Ta thuc hién bién ddi bt ding thic nhu sau

da(a+b+c)  4b(a+b+c) 4cla+b+c) <4(a+b—|—c)
da+4b+c 4b+4c+a de+da+b — 3 '
a—i-i%a +b+ Sab +c+ Sbe <a+b+c+7a+b+c
4a+4b+c 4b+4c+a 4c+4da+b — 3 7
ca n ab n bc Sa—I—b—{-c.
da+4b+c 4b+4c+a 4c+4a+b 9

Nhan xét ring néu ab + be + ca = 0 thi bit ding thiic ctia ta I hién nhién. Dudi day ta sé xét véi
ab + bc+ca > 0. Ap dung bét déng thiic Cauchy — Schwarz, ta c6
ca B ca
da+4b+c  (2a+b)+ (2a+b)+(2b+c)

ca 1 1 1

9 <2a+b+2a+b+2b+c>
a

9

_c 2 n 1
- 2a+b 2b+c)’

1 2ca ca 1 2ca ca
T<fz = — E E
v -9 <2a+b+2b+c> 9( 2a+b+ 2b+c)

1 2ca bc l - c(2a+b) a+b+c
9Z<2a+b+2a+b> oL 2015 9

Suy ra

Bai todn dudc giai quyét. Dang thiic x4y ra khi va chi khi a = b = ¢ hoic a = 2b,c = 0 cung céc
hoan vi tuong tng.
Loi giai 2. Bién ddi tuong duong va thu gon lai, ta c6 bit dang thiic cAn chiing minh tuong
duong véi

fla,b,¢) =4(a+b+c)> —27(a*b+b*c + ca+abc) > 0.
Khong mét tinh tdng quat gia st b 1a s6 nam gitta a va c. Ta c6

fla,b,c)— f(a+¢,b,0) =27c(b—c)(b—a) >0,

nén ta chi can chiing minh f(a+c,b,0) > 0 1a di. Nhung bat dang thiic nay lai hién nhién ding
vi theo bit ding thiic AM — GM ta c6

27(a+c)*b = 27 (a+c)-(a+c)-2b

(a+c)+(a+c)+2b7°

3 =d4(a+b+c)’.

Si.

2
27
2
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2.2. Loi gidi Chuong 2. Tuyén tip cdc bai todn

2. Cho a,b,c la cdc sé thuc dwong. Chiing minh

a b c
a++/(a+2b)(a+2c) +b+ V(b +2¢)(b+2a) " c++/(c+2a)(c+2b

3
<z,
) 4

Lai gidi. Trudc hét, ta sé chiing minh rang
a a a
a+ \/(a—I-Zb)(a—I—QC) 4(a—|—b) 4(a+c)

hay la

(2a+b+c) [a+ \/(a+2b)(a+zc)} > 4(a+b)(a+c).

Dit x = 4t2 y = @E¢ thj hién nhién x,y > 1. Khi d6 bét ddng thiic nay tré thanh

(e+9) [1+ V2= D2 = 1)) > 4.

4xy
xty— L > xay—1-/(2x—D(2y—1),
Y= ray ZFTY V( )(2y—1)

(r=y)? _ ty—12—(2x—1)(2y—1)
Xty T oxdy—l4y/(2x—D2y-1)’

1

J— 2 J—
=) X+y x+y—-1+ (2x—1)(2y—1)]20

Bit dang thifc nay diing vi

x+y—14+y/(2x—1)2y—1)>x+y—1+/2-1)2—-1)=x+y. (x,y>1)

Tir déy, bing cach thiét 1ap hai bat déng thiic tuong tu, ta suy ra

a 1 a a
Za+ \/(a+2b)(a+2c) = 4Z<a+b+a+c)

1 a b 3
_4Z<a+b+a+b> T4

Phép chitng minh hoan tit. Pang thifc xy ra khi va chi khia =b = c.

Nhan xét. Loi giai 1 clia bai todn trudc va 16 gidi cia bai todn nay déu st dung dén dang thic.
C6 thé néi d6 1a nhitng 15i giai rat hay, nhung nghi ra qua that chi phai dé dang gi. Viéc phat
hién ra nhiing dang thifc d€ tach va ghép c6 nhiéu y nghia trong chitng minh bét dang thitc. Mi
cdc ban cuing 1am mot sb bai toan sau dé rén luyén thém ky thuat nay
Bai toan 1. Cho a,b,c la cdc sé thite co tong bang 3. Chiing minh

1 1 1 1

< —.
4a* +b* + 2 +4b2—|—cz—|—a2 +4c2+a2+b2 -2

Bai toan 2. Vdi moi s6 thuc a,b,c théa man a* + b* + ¢ > 0 ta luon co

a® —be b? —ca 2 —ab
> 0.

4a® +4b2 + 2 + 4b? +4c% +a? + 4c2 +4a%+b> —
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Chuong 2. Tuyén tip cdc bai todn 2.2. Loi gidi

3. Chiing minh véi moi a,b,c duong

a? b? c?

> 1.
ﬁ+w+w+w+m+&+ﬂ+m+ﬂ—

L&i gidi. Nhan c4 hai vé ctia bit dang thic véi a® + b* + ¢ +ab + bc + ca va chi y

(@ +b*+c*+ab+bc+ca)  , ca*(a+b+c)
=da —_—
a’+ab+b? a’+ab+b*’

ta sé dua diéu phai chiing minh trd thanh

2(a+b
y P DT S o 2 v abtbetca,
a’+ab+ b?
hay la
ca? N ab? N bc? S ab-+bc+ca
a2+ab+b2 b 4+bc+c? 2+ca+a? T a+b+c

Ta c6 thé thiy ngay bat dang thiic nay hién nhién ding theo bt dang thic Cauchy — Schwarz

ca® ca® (Lca)? __ab+bc+ca

= >
Z’az—l—ab—f—b2 z"c(az—l—ab—f—b2) ~ Yc(a?+ab+b?) at+b+c

Chiing minh hoan tit tai ddy. Pang thic xay ra khi va chi khia = b = c.
Nhén xét. Néu dit 2 = x, £ =y, % =z, ta dudc xyz = 1 va bat ding thic trén trd thanh

1 1 1
+ + > 1.
x+l oy 4y+1l o 24zl T

Day 1a mot két qua c6 nhiéu ting dung trong gidi toan.

£ N £ s d2b? el N
4. Neu a,b,c la cdc so thic duong va k = = thi

1 N 1 N 1 _ 2k +k+1)
b2+bc+c? c24ca+a? a?+ab+b? " a?2+b2+c2+ab+bc+ca

Loi giai 1. Nhan ca hai vé ctia bat dang thiic da cho v6i a® + b+ ¢2 + ab + bc + ca va chi y

a?+b*+c*+ab+bctca 1+a(a+b+c)
b% +bc + 2 b 4be+c?
ta c¢6 thé viét lai n6 thanh
a 2(a* + 0> +2)?  2a®+b*+c?
(Cl+b+0)2ﬁ < ( )2 ( )a
b*>+bc+c (ab + bc + ca) ab+bc+ca

Ap dung bét déng thic Cauchy — Schwarz, ta c6

(b* 4 be +c*)(a® + be+a*) > (ab+be +ca)*.
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2.2. Loi gidi Chuong 2. Tuyén tip cdc bai todn

Suy ra
a B a(2a® + be) < 2a* + abe
b2+bc+c? (b2 +bc+c?)(2a2+be) ~ (ab+be+ca)?’

Thiét 1ap hai bat dang thic tuong tu, ta sé chiing minh két qua manh hon Ia

(a+b+c)(2a® +2b> +2¢3 + 3abc) 1< 2+ +c2)?  2a®+b +c2)
(ab+ bc + ca)? ~ (ab+bc+ca)>?  ab+bc+ca

Thuc hién bién ddi va rit gon, ta thiy né tuong duong véi

abc(a+b+c) < a*b? +b*c* + 2,
1a mot két qua co ban va quen thudc. Pang thiic xay ra khi va chikhia =b =c.
Lai gidi 2. Chii y ta c6 dang thiic sau

y 1 (@4 P+ A+ (@ + b+ *)(ab+be+ca) + (ab+ be + ca)?
b2+ bc+c? (a4 ab +b?) (b2 + bc + c2)(c? + ca+a?) '

Do d6 bét dang thic cin chiing minh tuong duong véi

(@ +b%+ )2+ (a®> +b* + c?)(ab + be + ca) + (ab + be + ca)?
(a*+ab+Db*)(b?> + bc+ ) (c? + ca+ a?)

_ 2(a® + b+ ) +2(a* + b* + ¢*) (ab + be + ca) + 2(ab + be + ca)?

- (@® +b% + 2 +ab + bc + ca)(ab + bc + ca)?

9

hay la

(a> +b* 4 * 4 ab + be + ca) (ab+ be + ca)?
<2(a* +ab+b*)(b* +be + *)(c* +ca+a?).

Bing phép khai trién truc tiép, ta c6 thé viét lai bat dang thic trén thanh
Za4(b2 +A)+abP + b3+’ > achaz(b +¢) +3a’b* .
Bét déng thiic nay ding vi theo AM — GM ta c6
a*(b* 4+ A) +b* (A +d®) + Ha® + b)) > 2abe(a® + b3 + )
> achaz(b—i- c),
va @’b3 + b’ + *a® > 3a’h*c?. Ching minh hoan tét.

5. Cho a,b,c la cdc s6 thuc khong dm sao cho trong chiing khong co hai sé nao ciing bang 0.
Chitng minh rdang khi dé

a(b+c) N b(c+a) c(a+b) >a2b+b2c+c2a+ab2+bcz+ca2
b2+bc+c?  2+ca+a? a?+ab+b? T ab?>+bc?+ca?  a’b+bic+ca’
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Chuong 2. Tuyén tip cdc bai todn 2.2. Loi gidi

Lgi giai. Ta c6 cac phan tich sau day

a(b+c) a(b+c) 2a
it S J —
Zb2+bc+c2 Zb2+bc+cz Za+b+c
R Za[(b+c)(a—|—b+c)—Z(bz—l—bC—l—cz)]
a+b+c b2+ bc + ¢

1 alb(a—b) —c(c—a)]
a+b+cZ b2+ bc +-c?

1 ab(a—b) ca(c—a)
a+b+c2b2+bc+c2 _Zb2+bc+c2

1 ab(a—>b) ab(a—Db)
P ) M i v Dy pwormwr

1 ab(a—b)*(a+b+c)
a—|—b—|—cz (b2 +bc+c?)(c? +ca+a?)
B ab(a—b)?
_Z(b2+bc+c2)(c2+ca+a2)’

a’b+b*c+cla . ab® + bc? + ca? o (a®b+b%*c+ca—ab® — bc* — ca*)?
ab?+bc2+ca>  a*b+b*c+cta T (ab®+bc? +ca?)(a*h+ b2c + c2a)
(a=b)*(b—c)*(c—a)’

(a*b+ b*c + c*a)(ab* + bc? + ca?)’

va

(a* +ab +b?)(B* + be+ ) (c* + ca+a*) — 3(a’b+ b*c + ¢*a) (ab® + bc? + ca?)
= (a—b)*(b—c)*(c—a)*.

Ta c6 thé viét lai bat dang thiic can chitng minh thanh

ab(a—b)?

(a=b)*(b—c)*(c—a)®
)y (b% +bc+c?)(c? + ca+a?)

(ab? +bc? + ca?)(a*b+b*c+c?a)’

>

ATl(a® +ab+b?)
(ab* + bc? + ca?) (a?b + b*c + c2a)’

Z’ab(a2 +ab+b*)(a—b)* >

ATI(a* +ab+b*)
bla—b)*+3Y &b (a—b)* —3A >
Y abla—b)*+3) a’b*(a—b) = (ab? 4 bc? + ca?)(a?b + b*c + c2a)

—3A,

AZ

b(a—b)* +6ab —b)(a—c) >
Yabla—b)"+abe} ala=b)(a =) 2 C A ) @bt Pt Pa)’

trong d6 A = (a — b)*(b—c)?*(c —a)?. L& hién nhién, ta c6 6abc Y a(a —b)(a—c) > 0. Vay ta
chi can ching minh

A2

b(a—b)* +be(b—c)* —a)* > -
abla=b)"+be(b—c) +calc—a)” 2 (ab? +bc? + ca?) (a*b+ b*c + c*a)
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2.2. Loi gidi Chuong 2. Tuyén tip cdc bai todn

V6i chi y & hai bat déng thic ¥ a’b?(a—b)?> > Avaa®b> + b3 +3a’ < (ab® +be? +ca®) (a*b +
b?c + c*a), bat dang thiic Cauchy — Schwarz cho ta

474 4 272 212
4w abi(a—b) [La*b*(a—b)?
Y ab(a—b)* =}, TR R 7% SR B SR i
> A?
~ (ab®+bc? +ca?)(a*b+b*c+c*a)’

Phép chitng minh hoan tit. Déng thic xay ra khi va chi khi @ = b = ¢ hoic abc = 0.
Nhan xét. C6 thé thiy két qua nay manh hon két qua sau (v6i cing diéu kién)

a(b+c) b(c+a) cla+b) .
b24bc+c?  2+cata®  at+ab+b? T

Ngoai ra, két qua trén con c6 dang tuong duong 1a

a’(b+c) b*(c+a) c*(a+b) >2(a2+b2+c2)
b2+bc+c?  2+ca+a? a?+ab+b2~  a+b+c

6. Vi moi sé thuc khong dm a, b, c théa mdn ab + bc +ca > 0, ta luén co

a’+bc b*+ca c?+ab 5 a? +b*+c?

> -4 .
b*+be+¢? +c2+ca+a2 +a2+ab+b2 =37 3(ab+bc+ ca)

Loi giai. Bt dang thiic da cho tuong duong véi

Z a® + bc Z a’ + bc S (a+b+c)?

B2+bc+c> ~Ya*+Yab = 3(ab+bc+ca)’
hay la
a’ +abc b3 +abc N ¢ +abe a+b—|—c> (a+b+c)
b*+bc+c  ct+ca+a®  a*+ab+b? 3 T 3(ab+bc+ca)

C6 hai truong hgp xay ra.

(i) a®+b*+c* > 2(ab+bc+ ca). Ta bién ddi bat dang thic nhu sau

Z a’ +abc Z N (a+b+c) 2(a+b+c)
b* + be + c? ~ 3(ab+bc+ca) 3 ’

a 1 YaY da?
3Y &Y 5 4 6ab > 4Ya.
LY pere O N e a = Ty AR

St dung bit ding thiic Cauchy — Schwarz, ta c6

Z a _Z a? S (Ya) _ at+b+c
b24+bc+c2  ~a(b:+bc+c?) ~ Ya(b?+bc+c?)  ab+bc+ca

19



Chuong 2. Tuyén tip cdc bai todn 2.2. Loi gidi

Ta chi can ching minh

(a+b+c)(a®+b*+c?)
ab+bc+ca

1
T3abe ) ey 2 Aatb o),
hay tuong duong

(a+b+c)(La*—2Yab) 1
3ab —— >0
ab+bc+ca +od C2b2+bc+c2 -

1a mot bat déng thic diing theo gia thiét a® + b* +¢? > 2(ab + bc + ca).

(ii) 2(ab+bc+ ca) > a® +b? + c*. St dung bét déng thic Vornicu — Schur, ta d& dang ching
minh dudc

y a’ +abe Yy a?(b+c) _Za(a—b)(a—c)
b2 +bc+c? B +bc+c? ~ b +be+c?

Mt khic, theo mot két qua quen biét thi

a’(b+c) b*(c+a) c*(a+Db) >2(a2+b2+c2)
2 +bc+c?2 24ca+a® a?+ab+b>2~  a+b+c

)

nén két hop vdi trén, ta suy ra dugc

a’® +abc N b +abc N ¢ +abc >2(a2+b2—|—62)
b24+bc+c?  2+ca+a® at+ab+b>~  a+b+c

Vay ta chi can chiing td dudc ring

2(a®+b*+c?) atbtc (a+b+c)
a+b+c 3 T 3(ab+bcHca)

Pay 12 mot bt dang thic thuin nhét véi ba bién a,b,c nén ta cé thé gia st a+b+c=1.
Dit g = ab + bc + ca, bat dang thiic trén trd thanh

1
2(1-2 > -
(1-2q)+ =

W =

hay tuong duong véi W > 0, diing theo gi4 thiét 4g > 1.

Vay trong moi trudng hop ta ludn cé didu phai chiing minh. Pang thiic xay ra khi va chi khi
a=b = choic (a,b,c) 1a mdt hodn vi ctia bd sb (¢,,0) v6it > 0.
7. Vi a,b,c la cdc s6 thiee khéng am théa mdan ab + be + ca > 0. Hdy chiing minh

1 1 1 1 8
> .
b*>+bc+ > +c2+ca+a2 +a2+ab+b2 ~ 3(ab+bc+ca) + (a+b+c)?
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2.2. Loi gidi Chuong 2. Tuyén tip cdc bai todn

Loi giai. Nhan c4 hai vé& ctia bat dang thiic da cho v6i (a + b+ c)? va chid ¥ ring

(a+b+c)*  d*+2a(b+c)+(b+c)*  a*+bc 2a(b+c)
b2 +bc+c* b? + be + c? D2 4be+cr PE+botc?

ta sé dua diéu phai chitng minh tr thanh

Z a® + bc Z a(b+c) S (a+b+c)?
b% +bc + c2 b*+bc+c* — " 3(ab+bc+ca)

Bit dang thiic nay diing do

a®+be b* +ca c?+ab §+ a+b*+c?
b>+bc+c?  c+ca+a?  a’+ab+b> ~ 3 3(ab+bc+ca)
_ 4 flatbto?
3(ab+ bc+ca)
theo két qua bai toan trudc, va
a(b+c) b(c+a) c(a+b)

2
b*+bc+c*  2+cat+a® a’+ab+b* T
12 mot két qua quen thudc.
8. Néu a,b,c >0 théa man (a+b)(b+c)(c+a) > 0 thi

a’ N b’ N c (@®+b*+c?)?
b*+4bc+c?  c2+4ca+a*  a?:+4ab+b% ~ 2(a+b+c)(ab+bec+ca)?

Loi giai. Theo bét dang thic Holder thi
@ 2012 2 2)3
Zb2+4bc+c2 Za (b*+4bc+c )Za > (Za ).
Tur day suy ra

a’ N b3 N 3 - (a2—|—b2—}—62)3
b*+4bc+c*  2+dca+a*  a?+4ab+b* T (a+b+c)Ya?(b?+4bc+c?)’

tic la

a’ N b’ n c (@®+b*+c?)?
b*+4bc+c*  2+4dca+a*  a?+4ab+b* ~ 2(a+b+c)(ab+be+ca)?’

Ping thic xay ra khi va chi khi a = b = ¢ hoic a = b,c = 0 cing cdc hodn vi.
9. Gid sit a,b,c la cdc sé thuc duong. Hdy chitng minh

a+b b+c cta 27(ab* 4 bc? + ca® + 3abc)
a’+bc+c*  b>+ca+a*  cr+ab+b* T (a+b+c)*
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Chuong 2. Tuyén tip cdc bai todn 2.2. Loi gidi

Loi giai. Theo bat dang thic Cauchy — Schwarz thi

y atb (X (a+b))?
a’+bc+c? ~ Y(a+b)(a®+bc+c?)
B 4(a+b+c)?
- Ya}+Ya?b+3Y ab? +3abc’

Do d6 bai toan dudc dua vé
4la+b+c)®>27 (Za3 + Zazb +3 Zab2 + 3abc) (Z’ab2 +3abc) .

Ap dung bét ding thiic AM — GM, ta c6

7 o | (E@+Ea?+35ab? +3abe) +3 (Lab? + 3abe) ] ?

_9 {(a+b+c)3+ab2—|—bc2+ca2—|—6abc]2
_ 5 ,

Do vy ta chi can ching minh
4(a+b+c)* >3[(a+b+c) +ab® + b + ca® + 6abc],

hay tuong duong
(a+b+c)* >3(ab® +bc® + ca® + abc) + 15abc.

Bit dang thiic nay diing do

4(a+b+c)?
3(ab2 + b+ ca*+ abc) < (a—|—9+c)’
12 mot két qua da biét, va
S5(a+b+c)?
9

theo AM — GM. Déng thic xy ra khi va chi khia = b = c.

15abc <

10. Vdi moi a,b,c > 0 théa mdan ab + bc + ca > 0 ta ludn co

a N b3 N 3 - at+ b+t
202 —bc+2c?2 22 —ca+2a?  2a>—ab+2b2 T B+b3+3

Loi giai. Theo bét dang thic Cauchy — Schwarz thi

y a’ _y ab - (a* +b* +c*)?
20> — be +2¢? @ (2b? —bc+2c?) — Ya’(2b* — b+ 2¢?)
B (a*+b* + c*)?
~2Y a5 (b2 4 c2) —abc(a* + b 4-c*)’
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2.2. Loi gidi Chuong 2. Tuyén tip cdc bai todn

Suy ra ta chi can ching minh
a*+ b4t S 1
2Y a3 (b* +c?) —abe(a* +b* +c*) T ad+ b3+ 3

BAt dang thifc nay tuong duong véi

(a*+b*+ M@+ + ) > 2205 (b* +c*) —abe(a* 4 b* +c*),
hay la

a'+b +c +abe(a* + b + N+ Y a (PP + ) = 2) (B + ).
Tit bat dang thic Schur bac bay

a(a—b)(a—c)+b(b—c)(b—a)+c(c—a)(c—b) >0,

ta suy ra

a' +b" +c" +abe(a* +b*+¢*) > a®(b+c) +b%(c+a) +S(a+Db).
St dung bét dang thiic nay, ta sé dua bai toan vé

Y adb+co)+Y a* (b’ +) >2) (b + ),

tuong duong véi

ab(a® +b)(a—b)* +be(b> +3) (b —¢)? + ca( +a®) (¢ —a)* > 0,
hién nhién ding. Pang thifc xay ra khi va chi khi a = b = ¢, hoic a = b,c = 0 cling c4c hodn vi.

11. Cho a,b,c > 0 thoa man (a+b)(b+c)(c+a) > 0. Chiing minh

Z 1 N 4(a+b+c) <Z 1
da+b+c a*+b>+c*+3(ab+bc+ca) — =~b+c

Lui giai. BAt dang thic da cho tuong duong véi

y 1 1 S 4(a+b+c)
b+c 4a+b+c) ~ a>+b>+c*+3(ab+bc+ca)’

hay 1a
Z c S a+b+c
(b+c)(d4a+b+c) ~ (a+b+c)>+ab+bc+ca
Theo bét diang thiic Cauchy — Schwarz thi
c - (a+b+c)?

Z'(lH—c)(4a+b—i—c) ~Y(b+c)da+b+c)
Vay ta chi can chiing minh
a+b+c S 1
(b+c)(d4a+b+c)+(c+a)(db+c+a)+ (a+b)(dc+a+b) ~ (a+b+c)2+ab+bc+ca

Khai trién va thu gon, ta dugc bat d.‘?lng thic Schur bac ba
@+ b3+ +3abe > d?(b+c¢)+b*(c+a)+c*a+D).

Ding thiic xay ra khi @ = b = ¢ hoic a = b, ¢ = 0 cung cac hoan vi.
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Chuong 2. Tuyén tip cdc bai todn 2.2. Loi gidi

12. Néu a,b,c la cdc s6 thuc duong thi

be N ca N ab S 2(a* +b*+c*) +ab+bc+ca
(c+a)(a+b) (a+b)(b+c) (b+c)(c+a) ™ 2(a®+b*+c2+ab+bc+ca)

Loi giai. Ta thuc hién bién ddi bat dfmg thic da cho nhu sau

a?(b+c)+b*(c+a)+c*(a+b) - ab+bc + ca
(a+b)(b+c)(c+a) — 2(a®+b*+c*+ab+bc+ca)
2abc ab+bc+ca
— >1— ,
(a+b)(b+c)(c+a) 2(a® 4+ b*+c? +ab+ bc + ca)
ab+bc+ca 2abc
> )
2(@®>+b>+c*+ab+bc+ca) — (a+b)(b+c)(c+a)

(ab+bc +ca)(a+b)(b+c)(c+a) > dabe(a® +b* + ¢ +ab+ be + ca).
Khai trién va thu gon, ta thu dugc
@ (* + )+ b3 (P +a?) + 3 (@ + b*) > 2abe(a® + b* + ),
diing theo AM — GM. Diéng thic xay ra khi va chi khia = b = c.

13. Cho a,b,c la cdc sé thuc khong dm théa mdan khong co hai sé nao dong thoi bang 0. Chiing
minh rdng
a b c >3(az+b2+cz) 1

b+c+c+a a+b = (a+b+c)> 2

Loi giai. Bt dang thiic da cho c6 thé dudc viét lai thanh

a b c 3 _3@+br+?)
+ + 52— — L
b+c¢ c¢+a a+b 2 (a+b+c)?
St dung cac dang thiic
a b ¢ 3 (a—b)?

b+c+c—|—a +a+b 2 :ZZ(b+c)(c+a)’
va

(a+b+c)? B (a+b+c)? ’
ta c6 bat dang thiic trén tuong duong véi

3(a? +b*+?) { (a—b)>+(b—c)*+(c—a)?

(afb)2 (afb)2+(b7c)2+(cfa)2
LGt dera > (atbtc? :

Néu (a—b)% + (b —c)? + (c — a)* = 0 thi bat dang thic nay la hién nhién. Néu (a —b)? + (b —
¢)?+ (c —a)? > 0, st dung bét ding thic Cauchy — Schwarz, ta c6

(a=b? _ (a—b)* [L(a—bp]’
Z’2(b+c)(c+a) _22(a—b)2(b+c)(c+a) = 2Y (a—b)*(b+c)(c+a)
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2.2. Loi gidi Chuong 2. Tuyén tip cdc bai todn

Vay ta chi can chiing minh

[((a—b)2+(b—c)*+(c—a)*]?

(a—b)>+(b—c)*+(c—a)
2Y (a—b)%(b+c)(c+a) '

(a+b+c)?

>

Bit dang thiic nay tucng duong véi

(@a+b+c)[(a—b)*+(b—c)*+(c—a)’] >2Y (a—b)*(b+c)(c+a),
hay la

a>(a—b)(a—c)+b*(b—c)(b—a)+c*(c—a)(c—b) >0,

chinh 1a bét dang thic Schur bac bdn. Véi a > b > ¢, dang thic dat dudc khi a = b = ¢ hoic
a=b,c=0.
Nhan xét. Bing phuong phdp tuong tu, ban doc ciing c6 thé ching minh dugc két qua sau day
Bai toan. Vi moi sé thuc khéng am a,b,c théa man ab + be + ca > 0 ta luén cé bdt ding thiic

1 1 1 2 1
> .
a2+2bc+b2+2ca+ c2+2ab ~ ab+bc+ca +a2+b2+c2

14. Véi moi a,b,c > 0 théa mdn 3(a* + b*> + c?) +ab + bc + ca = 12 ta luén co
a n b n c_ . 3
Va+b b+c eta T V2

Lai gii. Chu y ring tt bit dang thiic AM — GM va diéu kién clia bai todn ta d& dang suy ra dudc
3 < a*+b* + ¢ < 4. St dung bat dang thitc Cauchy — Schwarz, ta c6

(Ei) -[Evsiies
a+b (a+Db)(a+c)
< Za(cH—c)Zm
2(a® 4+ b* +c* +ab + bc + ca) (ab + be + ca)

(a+b)(b+c)(c+a) '

Miit khéc, stt dung két qua quen thudc
8(a+b+c)(ab+bc+ca) <9(a+b)(b+c)(c+a),

nén két hop vdi trén, ta suy ra

(Z a )2 _ 2@+ 0>+ +ab+be+ca)(ab+be+ca)

atb (a+b)(b+c)(c+a)
9(a? +b*+c* +ab +bc +ca)
- 4(a+b+c)
Nhu vay ta chi cAn chiing minh
9(a? +b*+c? +ab +bc + ca) 9
4(a+b+c) -2
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Két hop v6i diéu kién 3(a® + b* +¢?) +ab +bc + ca = 12 ta c6 bét dang thiic nay tuong duong
vé6i
6—(a*+b*+¢%)
V24 —5(a2+b2+c2) ~

hay la
B-a? -0 —)4—a*—b*—?) <0,

ding do 3 < a® + b 4 c? < 4. Pang thiic xay rakhi vachikhia =b=c=1.

15. Cho cdc sé thuc khong dm a,b,c théa mdn khéng c6 hai s6 nao dong thoi bang 0. Chiing

minh
a 2+ b 2+ c 2+1>§ a*+b* + 2
b+c c+a a+b 24 ab+bc+ca

Loi giai 1. Bit dang thiic can chitng minh tuong duong véi tliing bét dang thifc trong diy sau

2
(a+b)(b+c)(c+a)2 <bj—c) n (a+b)(b—2|—c)(c+a)

U5, (a®+b*+2)(a+b)(b+c)(c+a)
— 4 ab+bc+ca ’
Zaz(cH—b)(a—i-c) (a+b)(b+c)(c+a)
b+c 2
- 5(@®>+b*+c*)(a+b+c)  Sabe(a®+b* +c?)
- 4 4(ab+ bc + ca)
Z’az(a—bb)(a—c) @B+ + (a+b)(b+c)(c+a)
+c 2
S 5(a* +b*+c?)(a+b+c) B Sabc(a® 4 b* + c?)
- 4 4(ab+ bc + ca)

% 2 2(q_ _ 21520 -2
St dung cdc bét diing thiic Vornicu — Schur va AM - GM, ta 06 L 52000 > 0 va 3l te) >

S“Tbc. Do d6, d€ chiing minh bét ding thic trén, ta chi can chiing minh dugc bat dang thic sau
ntia la da
(a+b)(b+c)(c+a) S 5(@+b*+c*)(a+b+c) Sabe

N+ b+ 3
(@ +b°+c°)+ > 1 )

Sau khi thu gon, ta thiy n6 tuong duong véi
@+ + ¢ +3abe > a*(b+c) +b*(c+a)+c(a+b),

hién nhién ding vi dy chinh la bat dang thiic Schur bac ba. Pang thic xay ra khi va chi khi
a=b =c, hodc a = b,c = 0 cung cac hoan vi.
Loi giai 2. Theo bét dang thic Cauchy — Schwarz thi

5 a 2_Z a y (@ + b2+ )2
b+c) =a(b+c)? = a’(b+c)?+b2(c+a)?+c(a+b)?
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2.2. Loi gidi Chuong 2. Tuyén tip cdc bai todn

Do d6 ta chi can chiing minh

(a® +b*+3)? LS a4+
a*(b+c)?+b*(c+a)*+c2(a+b)? 2~ 4 ab+bc+ca

Day 1a mot bat dang thiic thuan nhét v6i ba bién a,b,c. Vi vdy ta hoan toan c6 thé gia s mot
cach khong gidm tong quat ring a +b +c = 1. Dit ¢ = ab+ bc + ca va r = abc, bét dang thiic
tré thanh

1 —2¢g)> 5
(A-2F oo 5
q=—r 2q
C6 hai truong hgp xay ra.
i) 0<q<1l Trong trudng hop nay, ta cé
(i) q<y g g hgp nay.
1 —2g)? 1 —2¢g)> 5 2-5¢)(1—4 5
(2 q) +62( 261) +6:7+( 61)(2 61)27_
q-—r q 2q 2q 2q

(ii) § <gq < 3. Tubat ding thic Schur bac bon
at+ bt +ct rabcla+b+c)>d}(b+c)+b(c+a)+c(a+b),

ta suy ra ngay r > @4:1;%(1—(])7 va né dan t6i

(1—-29) (1—-29) 6(1—2g)
6> = " 46
gor 07 g Gz 104 —5g+1 "
_ 5 (61490 -39)4g-1) _ 5
2 2q(10g%2 —5¢+1)  ~ 2q°

Vay bai toan dudc gidi quyét tron ven.

16. Cho cdc 56 thuc khong dm a,b,c théa man (a+b)(b+c)(c+a) > 0. Hay chiing minh

1 1 1 9
> .
(b+c)? + (c+a)? * (a+b)? = 4(ab+ bc + ca)

Ldi giai 1. Nhan c4 hai vé clia bit dang thiic da cho véi (a+ b+ ¢)?, ta thiy né tuong duong véi
a \? b \? c 2
I+— | +(1+ + 1+
b+c c+a a+b

2 232, 2
a a 3 9 a+b+c
2 >24 2. 27 0
Z’194—C+Z’(174—c> _2+4 ab+bc+ca
Theo két qua bai todn trudc thi
y a 2> 5(a® +b*+c?) 1
b+c) ~ 4lab+bc+ca) 2

27
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Chuong 2. Tuyén tip cdc bai todn 2.2. Loi gidi

Nhu vay, ta chi cin chiing minh dudc

9 a®+b*+c?

3
b+c 4 abtbctca 272 4 ab+bc+tca

22 a 5 2+b2+c 1

tuong duong voi
2
a+b+cz(a+b+c)'
b+c c4+a a+b = 2(ab+bc+ca)

Bit dang thiic nay hién nhién diing theo bit dang thiic Cauchy — Schwarz

a’ b? c? (a+b+c)?

YT = 40 Thlcxa) T clath) = alb+o)+bleta) L elatb)

=VP.

Bai toan dudc chitng minh xong. Vi gia thiét a > b > ¢, ta c6 dang thiic dat dudc khia =b = c
hoac a =b,c = 0.

Loi giai 2. Ta c6
Za3 +Zab(a+b) +3abc = Za (a+b) (a+c)

=Ya <b+c P >(a—|—b)(a+c)

ca(c+a)(a+b) ab(c+a)(a+Db)
_Z b+c Z b+c

ca(c+a)(a+b) ca(b+c)(c+a)
_Z b+c Z a+b

a+b b+c
=Y calc+a) b+c+a+b )

Tu day suy ra
Y a(a—b)(a—c)=Y ala+b)(a+c)—2) abla+b)

=Y ca(c+a) <Zilz + b+c> —2Y ca(c+a)

c+a
a+b b+c ca(c+a)(c—a)?
= —2 = .
an(c+a)<b+c+c+a ) )y (a+b)(b+c)
Quay trd lai bai toan ctia ta. Nhan ca hai vé& v6i ab + bc + ca, ta ¢ thé viét lai né thanh
a ab 9
> 2.1
Zb—i—c+z’(a—i-b) @D
Z a n 4abc B
b+c  (a+b)(b+c)(c+a) 22)
1 4abc ab ’

e PR s e B DY pw

Tu phén tich & trén, ta c6

Z a_ 4abc o Ya(la—b)(a—c) _ Y ab(a+b)*(a—b)?
b+c  (a+b)(b+c)(ct+a) (@a+b)(b+c)(c+a) (a+b)*(b+c)*(c+a)*

28



2.2. Loi gidi Chuong 2. Tuyén tip cdc bai todn

Mait khéc,

1 4abc ab  (a—b)*(b—c)*(c—a)?
Z—’_ (a+b)(b+c)(c+a) _Z (a+b)2  4(a+b)2(b+c)(c+a)?

Do d6 ta c6 bit dang thiic (2.2) tuong duong
4Y ab(a+ b)*(a—b)* > (a—b)*(b—c)*(c —a)*.
St dung bat dang thiic AM — GM, ta ¢
VT >4Y ab-4ab(a—b)* =16Y a’b*(a—b)> > Y a’b*(a—Db)*.
Do d6 ta chi can chiing minh dugc
@b (a—b)* +b*c*(b—c)? +Pd(c—a)* > (a—b)*(b—c)*(c —a)?,
hay tuong duong
2abcla(a—Db)(a—c)+b(b—c)(b—a)+c(c—a)(c—b)] >0,

diing theo bit dang thiic Schur bac ba.

Nhan xét. Chic hin ban doc ai ciing biét dén bat dang thiic ndi tiéng nay. Khong nhiing ndi
tiéng vi vé dep va do kho, né con ndi tiéng vi tAm ting dung quan trong trong viéc chiing minh
cic bat ding thiic khac. Sau day sé 1a mot vi du minh hoa cho diéu nay. Ma ddng ngac nhién
hon, bai todn dusi diy con manh hon cé chinh bat dang thiic Iran 96.

Bai toan. Cho a, b, c la cdc sé thice khong am théa mdan ab + be + ca > 0. Chiing minh

a+b*+c? 2bc n 2ca n 2ab
ab+bc+ca (b+c)?  (c+a)? (a+b)?

5
> —.
2

Chiing ta hay cung 1y giai mot chuit tai sao bt dang thiic nay lai manh hon bat ding thiic Iran
96. That vay, dé bat déng thiic Iran 96 & dang (2.1) va st dung bét ding thic Cauchy — Schwarz,
ta dudc
a ab (a+b+c)? ab
> .
Z'b—i—c 13 (a+b)> ~ 2(ab+bc+ca) L (a+Db)?

Suy ra ta chi can chiing minh

2
(a+b+c) y ab > 2’
2(ab+bc+ ca) (a+D)> — 4
hay la
a’+b*+c? 2bc 2ca 2ab

5
> —.
ab+bc+ca+ (b+c)? * (c+a)? + (a+b)? ~ 2

Day chinh 1a bit dang thiic & bai todn trén. By gid ta sé chiing minh né st dung bét dang thiic
Iran 96.
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Loi giai. Nhan ca hai vé ctia bit dang thiic véi a + b + ¢, ta thiy n6 tuong duong véi

(@®+b*>+c?)(a+b+c) bc 1 S5(a+b+c)
2Y —— +2ab > .
ab+bc+ ca Z’lH—cjL . Cz(b—l—c)z - 2

St dung bét dang thiic Iran 96, ta cé

(@ +b*+c*)(a+b+c) bc 9

VT > 2 2abc ——F——
- ab+bc+ca + z"b—kc—i_ e 4(ab+ bc + ca)
_ 2(@+b*+c*)(a+b+c)+9abe 2y bc
B 2(ab+ bc + ca) b+c

Vay ta chi can chiing minh
2(a* +b*+c*)(a+b+c) +9abc ) be _ 5(at+b+c)
2(ab+ bc + ca) b+c— 2 '

Bit dang thiic nay tuong duong véi tiing bat dang thic trong diy sau

b

2(a®> +b*+c*)(a+b+c)+9abe c
b+c’

ab+bc+ca

3a+b+c)>) (b+c)—4)

2(a® +b*+ ) —Yab(a+b) - Z (b—c)?
ab+bc+ca - b+c

Y(2a+b+c)(a—b)(a—c) 1 1
ab+bc+ca ZZ’(a_b)(a_c)(c—i-ct+cz—i-ly)’

)

x(a—b)(a—c)+y(b—c)(b—a)+z(c—a)(c—b) >0,

voi

1 } B a®(2a+b+c)

=(2a+b — = >0
*=(2atbtc) ab+bc+ca (c+a)(a+b) (ab+bc+ca)(c+a)(a+b) —

va céac biéu thic y, z tuong tu. Khong mét tinh tong quat gid st a > b > ¢ thi ta dé thiy x > y, va
n6 dan t6i

x(@a=b)(a—c)+y(b—c)(b—a)+z(c—a)(c—b) = y(a—b)(a—c)+y(b—c)(b—a)
y(a—b)*>>0.

a—
a —
BAt dang thifc dudc chitng minh hoan chinh.

17. Gid sit a,b,c la cdc s6 thic khong dm, trong chiing khéng cé hai s6 nao dong thoi bdng 0.
Hdy chitng minh bdt ddng thiic sau

az+2bc+b2+26a c2—|—2ab+ 2abc
(b+¢)>  (c+a)?  (a+Db)? (a+b)(b+c)(c+a)

5
> —.
-2
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Lai giai. D& thiy bat dang thic cAn chiing minh tuong duong véi

a \* bc 2abc 5
)y (b—l—c) 2} (b+c)? + (a+Db)(b+c)(c+a) = 2

Theo mot két qua quen biét thi

2bc 2ca 2ab 5 a*+b*+c?

(b+c)? * (c+a)? + (a+b)>? — 2 ab+bc+ca

Suy ra ta chi can chiing minh

a 2+ b 2+ ¢ 2+ 2abc @+ b+
b+c c+a a+b (a+b)(b+c)(c+a) ~ ab+bc+ca

Nhén c4 hai vé clia bt ding thic nay cho (a+b)(b+c)(c+a) va d€ y ring

V

a*(a+b)(a+c) a*(a—b)(a—c)

— 2a4°
b+c b+c tea
va
2 b2 2 b) (b b 2 b2 2
(@ +b*+c*)(a+b)(b+c)(c+a) :(a2+b2+cz)(a+b+c)—a c(a”+b*+c*)
ab+bc+ca ab+bc+ca
ta c¢6 thé viét lai n6 thanh
2 —-b _
ZM+2(a3+b3+c3)+2abc
b+c
b 2 b2 2
> (@4 0+ F)(a+ bt ) — Lela b F)
ab+bc+ca

X 1 4 2(a—b)(a— s abc(a?+b*4-c? L 1A, 12 . . N
Dé thiy ¥ %ﬁgad >0va % > abc theo céc bat dang thic Vornicu — Schur va AM

— GM nén bai toan dugc dua vé

2(a® +b* + ) +2abe > (@ +b* +c*)(a+b+c) —abe,
hay tuong duong

ala—b)(a—c)+bb—c)(b—a)+c(c—a)(c—b)>0.

Day chinh 1a bt dang thic Schur bac ba.

Nhan xét. Tir két qua nay ching ta suy ra két qua sau

Bai toan. Vdi a,b,c > 0 théa man (a+b)(b+c)(c+a) > 0 ta co
a2+bc+b2+ca+c2—|—ab n 6abc
(b+c)?  (c+a)? (a+b)? (a+b)(b+c)(c+a)

9
> —.
=4

18. Vdi a,b,c la cdc sé thuc dwong, hdy chiing minh

1 1 1 2
(cta)(@tb? (@t b2t  rcP(eta? = (abtbetca)
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Loi giai. Quy dong mau sb rdi khai trién, ta cé bat dang thiic can chiing minh tuong duong véi
(a* 4+ b* + c* +ab+ be +ca)(ab+ be +ca)* < (a+b)*(b+c)*(c+a)*.

Ly (a+b+c)?(ab+bc+ ca)? trit di cho ca hai vé rdi thuc hién bién ddi, ta dugc
(LaXar) - (Ea*+ Lab) (Lab)* > (LaXab) ~[Tla+b)"
(Zab)3 > [ZaZab—H(a-i—b)] [ZaZab—l—H(a—l—b)] ,

(ab+ bc+ca)® > abe [(a+ b+ c)(ab +be + ca) + (a+b) (b +c)(c+a)].
St dung bét dang thic hién nhién (a+b)(b+c)(c+a) < (a+b+c)(ab+ bc + ca), ta sé dua
diéu phai ching minh trd thanh
(ab+bc + ca)® > 2abc(a+b+c)(ab + be + ca),
hay tuong duong v6i a’b? + b*c? + c?a®> > 0, hién nhién ding. Pang thiic x4y ra khi va chi khi
a=>b — 0,c > 0 cung cac hoan vi.

Nhan xét. Bing cich 1am tuong ty nhu trén, ta chiing minh dugc
Bai toan. Vdi cdc s6 thic duong a,b,c ta cé

1 1 1 at+b+e \’
2T 2T 7 S :
(b+c)?  (c+a)*> (a+D) ab+bc + ca
19. Cho cdc sé duong a,b,c cé tich bang 1. Chiing minh

1 1 1
2a3—|—3a—i—2+ 2193+:5194err 2¢3+3¢c+2

3
> —.
-7

Lui gii. Do abc = 1 vaa,b,c > 0nén ton tai x,y,z > 0saochoa = % b= 2 ¢ =Y. Bét ding
X Z
thic da cho tré thanh

X0

)» 2x6 42323 + 3xtyz

3
> —.
17
Theo Cauchy — Schwarz thi

y X0 - (3 +y +2%)?
2x0 +2y373 4+ 3x4yz T 2 x0 +2Y 3y 4 3xyz Y a3

Vay ta can chiing minh
(P +y +2)?
2Y x0+2Y x3y3 4+ 3xyz Y x3

3
> -
-7
hay la
4y P +8(3y +3° 2 + 2% > oxyz(F 3P+ 2).
Chuén héa xyz = 1 va thay x,y,z 1an lugt bdi x3,y3, 23, bt dang thic trén tré thanh
P(x,y,2) =x"+y +z°+8 ;—i—;—I—E —9(x+y+z) >0.
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2.2. Loi gidi Chuong 2. Tuyén tip cdc bai todn

Ta sé chiing minh P(x,y,z) > P (\/@, \/@,z) . That vay, ta c6

P(x,y,Z)P(\/JT,\/)T,z)z(xy)uW9(\/;\6)2
= (Va—vy)’ [(x/i+\/§)2+fy—9]
2W—ﬁ>2<2\/@+2ﬁy+8—9)

> (Vi 5)* (3V32-9) = 0.

Viy tadaco P(x v,z)>P (\f, VXY52 ) Bay gid chi can chiing minh P (\/)Ty, \/)T,z) > 0. Thay
Xy = \1[ roi thyc hién bién déi, ta dugc
(vVz—1)* (22 +22y2—62+2/2+10) >0,

hién nhién ding. Pang thifc xay ra khi vachikhia =b=c=1.

20. Néu a,b,c > 0va ab+bc+ca = 3 thi

a+bc b+ca c+ab< 3abc

9
a2+1+b2+1+c2+1 =2 2

Loi giai. Ta thuc hién bién ddi bat dang thic da cho nhu sau

a’+1 -2 2

Zbc—i— (1 —abc) Z 7 1_Z:bc

3 a b c
1 —abc) (= — - - > 0.
( “c)<2 211 P2+l c2+1>—

BAt dang thifc cubi hién nhién ding vi

Z’bc(aZ%- 1) +a—a’bc < 9  3abc

3abc

a b c a b c 3

< — F— Pr——
a2+1+b2+1+62+1 _2a+2b+20 2’

viabe < (@+beteay’)? _ | theo AM — GM. Ding thiic xdy ra khi va chi khia = b =c = 1.
Nhan xét. Qua 1i gidi trén, ching ta c¢6 thé thiy néu thay diéu kién ab + bc + ca = 3 béi
a+b+c=3hay \/a+ b+ /c =3 thi bat ding thifc vin ding. Ngoai ra, néu abc = 1 thi bat
déang thifc tré thanh dang thiic.

21. Cho cdc s6 thuc duong a,b,c théa mdn ab -+ bc + ca = 3. Chiing minh

a+b2 2
3 — .
) Za - b+c
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Chuong 2. Tuyén tip cdc bai todn 2.2. Loi gidi

Loi gidi. V6i didu kién ab + be + ca = 3, ta c6 thé viét lai bit dang thiic da cho thanh

b2c?
b+c’

a
R =D N D

Ciing tif ab + bc + ca = 3, ta d& dang c¢6 a + b+ ¢ > 3. Bay gio vdi chd y ring

a _a(ab+bc+ca)_aj+ abc <f+a(b+c)
b+c  3(b+c) 3 3(b+c)” 3 12

N be(b+c)
b+c < 4

, ta sé chiing minh bét dang thiic manh hon la

2(a* +b* +c2) 1l +ab(a+b)+bc(b+c)+ca(c+a)
3 = 4 ’

N |

tuong duong véi
2(a* +b* +¢2) N 3abc - 14_ 3(a+b+c)
3 4 —2 4 ’

St dung bét dang thic Schur, ta c6

9abc
a+b+c
> 2(ab+bc+ca) = 6.

a2+b2+c2+3abc2a2+b2—|—c2+

Tur day suy ra
2(a* +b*+¢?) N 3abc  5(a*+b*+c?) N a? +b* + c* + 3abc
3 4 12 4
5(a® +b%+c?) 3
12 2

Vay ta chi can chiing minh
222
5(a —i—lbz +c%) 1> 3(a—i—4b—|—c)7

hay 1a.5(a® + 5> + %) +12 > 9(a-+b+c). Theo Cauchy ~ Schwarz thi @ + b + ¢ > 4",
Do dé bai toan dudc dua vé

5(a+b+c)?

3 +12>9(a+b+c),

tuong duong véi (a+b+c—3) (a+b+c— %2) > 0, hién nhién diing. Pang thiic xay ra khi va
chikhia=b=c=1.

22. Néu a,b,c la cdc s thuc khong dm thi

3 b
\/a2+bc+ \/b2+ca+ V2 tab< (a+2+c).
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2.2. Loi gidi Chuong 2. Tuyén tip cdc bai todn

Loi giai. Khong mit tinh tdng quat clia bai toan, gia st a > b > ¢. Theo bit dang thiic Cauchy
— Schwarz thi

Vb2 +ca++/2+ab< \/2(b2+c2+ca+ab).

Do d6 ta chi can chiing minh

Vv a*+bc+ \/2(b2+cz+ca+ab) < 3((1—1—2b—|—c)‘

Khong mit tinh tong quét gia st b+ ¢ = 1. Pit s = be > 0, bat déng thic trén tré thanh

f(s) = a+1 —Va+s—+/2(1+a—2s)

6) 2 Lo N N < y 1)
s) = — - = , a> —
2(14a—2s) 2War+s \/2(2a+a) 2a  \/6a 2a 2

nén f(s) 12 ham dong bién. Suy ra f(s) > f(0). Vay ta chi can chiing minh £(0) > 0, tic 1a

3(a+1) B

5 2(14a) >0,

hay

1
anr +1-/2(1+a) >0,

hién nhién diing theo bét dang thiic AM — GM. Pang thiic xay ra khi va chi khi a = b,c = 0 cuing
cac hoan vi.

23. Voi moi a,b,c > 0 ta luén co

a\/@® +2bc+b\/ b2 +2ca+ c\/ ¢+ 2ab > \/3(ab + be + ca).

Loi gidi. Gia st a > b > c. Ta c6 hai trudng hop can xét.

(i) a>2(b+-c). St dung bat ding thic AM — GM, ta c6

2 2

VT2a2+b2+czz%+%+b2+cz
2 2
>% 2(b+c)2+b2+c2:%+3b2+3cz+4bc
2
az +3b% + 4+3c v3bc2\@(ab+bc+ca).

(ii) a < 2(b+c). Binh phuong hai vé bét dang thiic da cho, ta thu dugc

a*+b*+c* +2abc(a+b+c) +2Zbc\/(b2 +2c¢a)(c? + 2ab) > 3(ab + bc + ca)?.
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Chuong 2. Tuyén tip cdc bai todn 2.2. Loi gidi

Ta c6 bey/ (b2 +2ca)(c? +2ab) > be(ab + be + ca). That vay, bat déng thic nay tuong
duong v6i (b —c)?(2b+2c —a) > 0, hién nhién ding. Tuong ty, ta ciing c6

ab\/(a2 +2bc)(b*+ 2ca) > ab(ab+ bc + ca),

car/ (c=+2ab)(a” + 2bc) > ca(ab+ bc + ca).
V(¢ +2ab)(@? + 2bc) > calab + be + ca)

Cong ba bit ddng thic trén lai va st dung a* + b* + ¢* > a®b? + b*c? + c?a?, ta c6 ngay

a*+ b+ +2abc(a+b+c)+ ZZ’bc\/(b2 +2ca)(c? +2ab)

> a®b* + b*c? + *a® + 2abc(a+b+c) + 2Y be(ab+be+ca)

= 3(ab + bc + ca)’.
Chiing minh hoan tt. Pang thiic x4y ra khi va chi khia = b = c.
24. Néu a,b,c la cdc sé thuc thupc [—1; 1] théa mén diéu kién

1 +2abc > a® +b* + 2,
thi véi moi n nguyén duong ta luén cé bt ddng thitc
142(abe)" > a® 4+ b™ + 2"

Lai gidi. Tur gia thiét, ta c6 (a — be)? < (1 —b?)(1 — ¢?). Mot cach tuong ty, ta cling c6 thé viét
lai bat dang thifc cAn ching minh thanh

(@ =B < (1= 2 (1 — ).
Vé6i chii y 6 n € Z*, ta c6 hing dang thifc cd ban sau
d"—b"=(a—b) (@ ' +d" b+ ... +ab" 2+ "),
Vi thé bat dang thifc trén c6 thé dudc viét lai thanh
(a—bc)* (@' +a"Pbe+ ... +ab" 224 b

<=1+ + .. A" 4D (1 =)+ .+ 7).

St dung gia thiét (a — bc)? < (1 —b?)(1 — c?), ta sé dua diéu phai chiing minh tré thanh
(@' a"2be .. A ab" T b
<A+ 4 4P P2 (14 P22,

Theo bét dang thic Cauchy — Schwarz va bt dang thic vé diu gid tri tuyét doi, ta c6

(1+b2+.“+b2n74+b2n72)(1+C2+.”+62n74+62n72)
> (14 |be| + ...+ |be|" "2 + |bc|"1)?
> (|a]"™" +|a|"2|be| + ...+ al |be|" % + |be|"~")?
> (anfl+an72bc+.”_i_abanCan_i_bnflCnfl)Z.

Day chinh la diéu phai ching minh.
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2.2. Loi gidi Chuong 2. Tuyén tip cdc bai todn

25. Cho cdc s6 thuc a,b,c cé tong bang 0. Chiing minh

a*b* + b*c? + c*a* + 6abe > 3.
Loi giai. Do a’b*c? = ab - be - ca > 0 nén trong ba sd ab, be, ca ton tai it nhit mot s6 khong am.
Gia stt ab > 0. Khi d6, tit a+b+c = 0 tasuy ra c = —(a+b), va do d6 bit dang thiic cin chiing
minh c6 thé dudc viét lai thanh

(a®> +b*)(a+Db)?* +a*b* —6ab(a+b)+3 >0,

hay la
(a® +ab+b*)* — 6ab(a+b) +3 > 0.

Ap dung bit dang thitc AM — GM, ta c6
3ab[(a+b)* +4]

VT > (a* +ab+b*)* — 5 +3
_ (a*+ab+b*)? N 2(a*+ab+b*)*  3ab(a+b)?  6abt3
3 3 2
9a*b? 3ab(a+b)?
> +2ab(a2—|-ab+b2)—a(az+)—6ab+3
3ab(a+b)* 3ab(a+b)?
> 3020 + 2 (a; )7 _3a (a; S 6ab+3—3(ab—1)2>0.

Phép chiing minh hoan tit. Déng thiic xay ra khi va chi khia = b = 1,¢ = —2 cing cic hodn vi.
26. Cho a,b,c la cdc sé thuc cé tong bang 3. Chitng minh
a2+ ) 418 > 9(a + P4 ¢?).
Laoi giai. Thuin nhét héa bat ding thiic da cho, ta can chiing minh
9@ +b* + M+ 6(at+btc) @+ + ) F2(atb+e)* >9(atb+c)(d®+b* 4P,
hay 1a
8(a* +b* +¢*) — 6(a’b* + b*c* + *a?) — 4Za3(b +c¢)+6abc(a+b+c)>0.
Ta c6 cac phan tich sau
8Y a*—8Y a’b? =4 (a* — 1),

2Za2b2 - Zacha = Zcz(a —b)?,

va
4Za3(b+c) - 8acha = 4Zc(a —b)(a* - 1),

nén bét dang thic trén c6 thé dugc viét lai thanh

42((12 —b?)? —4Z’c(a—b)(a2 —b?) +Zcz(a—b)2 >0,

tuong duong véi
Y (a— b)*(2a+2b—c)* > 0.

Ding thifc x4y ra khi va chi khi a = b = ¢ hoic a, b, ¢ 12 mdt hoan vi ctia bd s6 (—1,2,2).
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Chuong 2. Tuyén tip cdc bai todn 2.2. Loi gidi

27. Chitng minh vdi moi a, b, c thuc
(@®+b*+2)? >3(b+bPe+Pa).

Loi giai. Viét lai bat dang thiic can chiing minh nhu sau

Za4 — Zazbz + 3Za2b2 — 3acha >3 Za3b — 3acha.
St dung cac phan tich

Za“—Zazbz _ %Z(az_bz)z7

3Za2b2 - 3acha = %Z(Zbc —ca—ab)?,

va
3Za3b - 3abc2a = —3Zbc(a2 —b?) +Z(ab—|—bc—l—ca)(a2 —b?)

= _ Z(Zbc —ca—ab)(a® — b?),

ta c6 bit dang thic trén tuong duong véi

%Z(az —b?*)? - Z(2bc —ca—ab)(a* —b*) + %Z(ﬂ?c —ca—ab)* >0,

hay la
1
5Z(aZ — b* —2bc+ ca+ab)* > 0,

hién nhién diing. Pang thiic xay ra khi va chi khi a = b = ¢ hoic a, b, ¢ 1a mot hoan vi tuong tng

cua bd so (Sin2 47”, sin? 27”, sin’ E) )

Nhan xét. Ta c6 két qua téng quat hon 1a
Bai toan. Vi moi sé thuc a,b,c,m,n, p, g théa man m > 0 va 3m(m-+n) > p> + pg+ g ta luén
co

mzfad'—i—nz:azb2 —|—p2a3b+g2ab3 — (m—{—n—l—p—l—g)acha >0.

28. Néu a,b,c la cdc s thuc duong va n > 2 théa mdn a" + b" + ¢ = 3 thi
A" D 4 T < 3.

Loi giai. D€ chiing minh bai todn ndy, ching ta cAn c6 két qua sau

B& dé. VGi cdc sé thuc duong x,,z co tong bdng 3 ta cé bdt ddng thiic

(Py+y*z+2°x) (xy +yz+2x) < 9.

Chitng minh. Ban doc c6 thé tu chiing minh 14y dua vao két qua bai toan vira roi.
Quay trd lai bai toan cia ta. Pit x = @,y = b" va z = " v6i x,y,z > 0. Tur gia thiét, ta c6
x+y+z =13 va bit ding thiic cAn chiing minh tré thanh

xXyV/x + yz/y + 2z < 3.
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2.2. Loi gidi Chuong 2. Tuyén tip cdc bai todn

St dung bét dang thic Holder, ta c6
(oyv/x+yzy +2x/z)" < (xy+yz+20)" " (FPy+yPz+ 2x).
Miit khdc, st dung bét ddng thiic co ban xy +yz + zx < 3 cling v6i bS dé trén (chd ¥ n > 2)
(xy+yz+20"" (Cy+yPz+ %)

= (xy+yz+20)"2 (xy +yz+2x) (FPy +y* 7+ 22x)

<32.9_3
nén két hop vdi trén, ta suy ra dudc

(eyv/x+yzg/y +2xy/z)" < 3",
hay
xXyV/x +yz/y + 2z < 3.

Day chinh l1a diéu phai ching minh. Ta c6 dang thiic x4y ra khi va chi khi x =y =z =1, tic la
a=b=c=1.

29. Chitng minh bdt ding thitc sau vdi moi sé thic a, b, c
3(a* —ab+b*)(b* —bc+*)(¢* —ca+a®) > a®b® + b3+ Pa’.
Loi gidi 1. Do @’ +b3c3 +c2a’ < |a|b + |b]?|c]? + [c[*|al?, va
(a®> —ab+b*)(b* — be+c*) (¢* — ca+a?)
> (af® = lab| + [b]*) (|b]* = be| + |c[*) (|c[* — |cal +|al*),
nén ta chi can chiing minh bat dang thitc da cho vé6i a,b, ¢ > 0. Bay gid, ta ¢é cdc dang thiic sau
4(a* —ab+b*) = (a+b)* —3(a—b)?,
4(b* —be +c*)(c* — ca+a*) = (2¢* — be — ca+2ab)* +3¢* (a — b)?,
nén bit déng thic Cauchy — Schwarz cho ta
16(a*> — ab + b*) (b* — be + ) (¢? — ca+d?)
> [(a+b)(2¢* — bc — ca+2ab) +3c(a— b)2}2
= 4[ab(a+b) + be(b+¢) + ca(c + a) — dabc).
Do vay ta chi can ching minh

16(a*b® +b3c3 +c*a?)

4lab(a+ b) +bc(b+c) + ca(c + a) — dabe)® > 3

Bit dang thifc nay tuong duong véi tiing bat ding thifc trong diy sau
[Z ab(a+b) — 4abc] P 4P > (a3b3 +b33+3a - 3a2b2c2) ,
[Zab(a +b) —2abc]| [Zab(a +b) —6abc| > = (ab+ bc+ ca) Zaz(b —c)?,

[Y ab(a+b)—2abc] Y a(b- ¢)? > Z(ab+bc+ ca) Zaz(b —c)%

W WIN W
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Chuong 2. Tuyén tip cdc bai todn 2.2. Loi gidi

Do [Yab(a+b) —2abc|Y.a(b—c)? > 2Y ab(a+b)La(b—c)* nén ta sé ching minh bat déng
thiic manh hon 1a

Zab (a+b) Za —¢)? > (ab+ bc + ca) Za —c)?,

tuong duong véi
abc(a+b+c) Za(b —c)+ Zaz(b —c)* >0,
hién nhién diing. Pang thifc x4y ra khi va chi khi @ = b = ¢ hodc a*b* + b*c> + c?a®> = 0.

Loi giai 2. Lap luan tuong tu 10i giai trudc, ta chi can ching minh bt déng thic véi a, b, c > 0.
Khi d6, véi chi y 6 danh gia

22 3y 7 - () = (¢ )" 20,
ta c6 thé dua vé chitng minh bét dang thiic manh hon 1a
9(a* + M) (b* + ) (c*t +a*) > 8(a’D* + b3+ Pad).

St dung céc két qua quen thudc 9(x+y) (y+2) (z+x) > 8(x+y+2) (xy+yz+2x), x> +y* + 22 >
xy 4 yz 4 zx va bit dang thiic Cauchy — Schwarz, ta c6

> 8(a* 4 b* + ) (a*b* + bt + tat)
> 8(a’h? + b*c? + *a*) (a*b* 4 bt + fat)
>8(a’b* + b’ +a’) = VP

Chiing minh két thic tai day.
Nhan xét. Bing cich 1am tuong tu nhu 16i giai 1 va 10i gii 2 & trén, ta ciing ching minh dugc
Bai toan. Néu a,b,c € R thi

3(a* — ab + b?)(b* — bc+ *)(¢* — ca+a®) > abe(a® + b + ).
30. Gid sit a,b,c > 0. Chiing minh
(a® + ab + be) (b 4 be + ca) (¢* + ca+ ab) > (ab+ be + ca)?.

Loi giai. Cach 1am thudng dudgc st dung cho bai todn nay 1a khai trién v6i nhiéu tinh todn phiic
tap va d& mic sai 1am. Sau day, chiing ta s& dén véi mot 15i giai so cAp hon.

Ditx® =4 y3 =2 73 = < thi xyz = 1 bt ding thiic da cho trd thanh
F+Y¥+D)P+2+ D)@+ +1) > (0 +y2 +22)°.
Gia stf y ndm gilta x va z. Theo bat ding thiic Holder thi
VI = +y+ 1) +2+ D) +2+1) > Py +y2 +1)°.

Vay ta chi cin chiing minh x?y + yz> 4+ 1 > xy? + yz2 + zx%. Thit vdy, st dung xyz = 1 ta c6 thé
viét 1ai n6 thanh z(x —y)(y —z) > 0, hién nhién ding. Déng thiic xay ra chi khia =b = c.
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2.2. Loi gidi Chuong 2. Tuyén tip cdc bai todn

31. Cho ba s6 khong dm a,b,c. Chiing minh
(@ +b* 4 4+ 3abc)* > (a+b+c)(ab + be + ca)(a® 4+ b° + ¢ +abc).
Loi gidi. Ly (@’ +b° + ¢ + abc) (a® + b + ¢ + 6abe) trit di cho cé hai vé, ta dugc
abe(a® + b + ) = 3a*b*c* < (a® +b° + ¢ +abe) [Za3 + 3abc — Zaz(b +0)].
Tit cdc hang dang thiic quen thudc
@+ b+ —3abe = (a+b+c)) (a—b)(a—c),

va
a’+ b’ +c3+3abc—2a2(b+c) =Y a(a—b)(a—c),

ta c6 thé viét lai bt dang thiic trén thanh
ax(a—b)(a—c)+by(b—c)(b—a)+cz(c—a)(c—b) >0,
voi
x=a>+b>+c +abc—bc(a+b+c)=a +(b+c)(b—c)* >0
va céc biéu thiic y, z tuong tu. D& thiy néu a > b > c thi x >y, suy ra ax > by. Diéu nay din dén
ax(a—b)(a—c)+by(b—c)(b—a)+cz(c—a)(c—D)
> by(a—b)(a—c) +by(b—c)(b—a) = by(a—b)* > 0.

Phép chitng minh hoan tit. V6i a > b > ¢, dang thifc xay ra khi @ = b = ¢ hoic a = b,c = 0.

32. Néu a,b,c la cdc 56 thic khéng dm théa man a+ b+ c > max{a,b,c} thi

8 2b2 2
aoe >a*(b+c)+b*(c+a)+c*(a+b).

3 3 3
b 2ab
@ e bt ) (cta)

Loi giai. Bt dang thiic trén 13 mot su lam manh ctia bt dang thiic Schur bac ba.

Ta st dung céc hang dang thiic sau

a3+b3+c3+3abc—2a2(b+c) =Y ala—b)(a—c),

8a’h*c? (a—b)(a—rc)
be — = abcy 2210 C)
b aF B broera) - L atb)aro
Suy ra bat dang thiic cAn chiing minh tuong ducng véi
(a—b)(a—rc)
“b)a—c¢)>abcy 2N E)
Yala=b)a=c)>a Cz(a+b)(a+c)’

hay la
A(b+c)a—b)(a—c)+b*(c+a)(b—a)(b—c)+c*(a+b)(c—a)(c—b)>0.

41



Chuong 2. Tuyén tip cdc bai todn 2.2. Loi gidi

Gidstia > b > c. Tacé a*(b+c) —b*(c+a) = (a—b)(ab+bc+ca) > 0, nén

a(b+c)(a—b)(a—c)+b*(c+a)(b—a)(b—c)+c*(a+b)(c—a)(c—b)
> b (c+a)(a—b)(a—c)+b*(c+a)(b—c)(b—a) =b*(c+a)(a—Db)* > 0.

Chitng minh hoan tit. Dang thiic xay ra khi a = b = ¢ hodc a = b, ¢ = 0 cliing cic hoan vi.
Nhan xét. Xin gii t6i cac ban mot sb két quéa ciing dang véi bai toan trén, chiing déu 1a nhiing
két qua da dudc 1am manh tif cac bat dang thic Schur bac ba va bac bbn

Bai toan. Néu a,b,c > 0 théa mdn khéng cé hai sé nao cing bang 0 thi

. 4abc(a® — b?)?
(i) Y a(a—b)(a—c)> (a+b+c)(a+b)(b+c)(cta)
(a+b+cP(a—bP(b—cPc—a),

2

. D a—e) > :

(i) Ya(a—b)(a ) Z bt betca)a+b)bro)(cta)

(iii) a® + b3+ 4 3abe > ab\/2(a? + b?) + ber/2(b? + c2) + car/2(c? + a?);
2 p2 2

(iiii) a4+b4+c4+abc(a+b+c)'m22a3(b—|—c).

33. Véi moi sé thuc khéng dm a, b, c théa mdan ab + bc + ca > 0, ta luén coé

alb+c) b(c+a) cla+Db) S 8a’bh*c?
a*+bc  b*+ca  ct4ab — " (a®>+bc)(b*+ca)(c*+ab)

Loi giai. Khong mét tinh tdng quat gid st a > b > c¢. Trudc tién, ta c6 danh gid sau

a(b+c) n cla+b) S b*+ca 8a’h*c?
a*+bc  2+ab ~ b(c+a) (a®>+bc)(b>+ca)(c?+ab)

Thét vy, ta c6 nhan xét sau

alb+c) b*+ca . cla+b)(a—b)? < c(a+b)(a—b)?

a+bc  b(c+a)  b(ct+a)(@+be) ~  (a®+bc)(c2+ab)

T nhan xét nay, ta thiy chi can chiing minh

clat+b) cla+b)(a—b)? S 8a’h*c?
2+ab  (a*+bc)(ct+ab) ~ (a®+bc)(b*+ca)(c*+ab)’

hay tuong duong véi
8a’b*c?
2
Ta c6 thé thiy bat dang thifc nay 1a ding vi
8a’b*c? = ¢-2ab-2\/ca - 2bv/ca < abc(c+a)(b* + ca),
theo bét dang thiic AM — GM, va

c(a+b)(2ab+bc —b*) — abe(c +a) = be(a—b) (b —c¢) > 0,
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2.2. Loi gidi Chuong 2. Tuyén tip cdc bai todn

do gia thiét a > b > c. Panh gia clia ta dugc chiing minh. St dung no, ta sé dua bai toan vé
chiing minh
2
b*+ca b(c+a) -y
b(c+a) b*4ca ~

Thé nhung bit ding thiic nay lai hién nhién diing theo bat dang thiic AM — GM. Ta c6 dang thiic
xay ra khi va chi khi a = b = ¢ hodc a = b,c = 0 cung cdc hoan vi.

34. Cho a,b,c la cdc s6 thuc khong am sao cho trong chiing khong co hai sé nao dong thoi bang
0. Chiing minh

1 N 1 N 1 < 3(a+b+c)?
a*+bc  b2+ca 2+ab ~ 2(a*+b2+c?)(ab+bc+ca)

Loi giai. St dung bét ding thic Cauchy — Schwarz, ta ¢

1 1 1 9
> .
a2+bc+b2+ca+c2+ab ~ (a*+bc) + (b* +ca) + (¢* +ab)

Ta s€ ching minh

9 - 3(a+b+c)?
a*+b2+c2+ab+bc+ca ~ 2(a?+b*+c*)(ab+bc+ca)

BAt dang thifc nay tuong duong véi
(a® +b* + c* — ab — be — ca) (2ab + 2bc 4 2ca — a* — b* — ) > 0.

Do a® +b* + ¢? —ab — be — ca > 0 nén néu 2ab + 2bc + 2ca > a*> + b* + ¢? thi bai toan dudc
gidi quyét. Néu a® + b 4 ¢ > 2ab + 2bc 4 2ca thi lic nay ta ¢6 2(a® +b*> +¢?) > (a+b+c)?,
va diéu nay dan dén
3(a+b+c)? - 3
2(a®>+b>+c?)(ab+bc+ca) ~ ab+bc+ca

Vay ta chi can chiing minh

1 1 1 3
>
a2+bc+b2+ca +c2+ab ~ab+bc+ca’

hay tuong duong
bc

a(b+c)
> 3.
Z a’>+bc +Za2—i-bc -

Bit dang thiic nay dudc suy ra tit

a(b+c) n b(c+a) n c(a+D) - 8a’h*c?
a*+bc b +ca cr+ab —  (a®+bc)(b?+ca)(ct+ab)’
12 két qua bai todn trudc, va

bc n ca n ab .
a+bc b2 4+ca A+ab ™
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Chuong 2. Tuyén tip cdc bai todn 2.2. Loi gidi

1a mot bit dang thiic diing theo bt dang thic Cauchy — Schwarz

be (L be)? abc(a+b+c)
Y > =1+ >
a*+bc ~ Y bc(a®+bc) a’*b*+b*c? + c*a* + abc(a+b+c)

35. Chitng minh rang

(b+c)2+(c+a)2 (a+b)226,
a?+bc b +ca c*+ab

trong doé a,b,c la cdc s6 thuc khéng am sao cho a+ b+ c > max{a,b,c}.

Loi giai 1. Stt dung bat déng thic Cauchy — Schwarz, ta c6

(b+cf g (b+0)° [Z(b+e))”
)y a’+bc =L (b+c)?(a*+ bc) = Y (b+c)*(a®+bc)

Do d6 ta chi can chiing minh
[(b+¢)+(c+a)*+ (a+b)?]* > 6Y (b+c)*(a*+bc),

hay la
2Za2(a—b)(a —c) +3Zab(a —b)> >0,

hién nhién diing theo bit dang thiic Schur bac bdn. Pang thic xay ra khi va chi khia =b = ¢
hoiic (a,b,¢) ~ (1,1,0).
Loi giai 2. Ta c6 bat dang thic da cho tuong duong véi

Z(b +¢)?(b? + ca)(c? + ab) > 6(a* + be) (b + ca)(¢* + ab).
Bing tinh toan va khai trién truc tiép, ta c6 thé viét lai bt dang thiic nay thanh
(a—b)*(b—c)*(c—a)*+ Y ab(a+b)*(a—b)* >0,

1a mot két qué hién nhién.

Loi giai 3. Gia stt ¢ = min{a, b, c}. Khi d6 ta c6 hai dénh gia sau

(a+b? _ (a+b)

c2+ab ~ 24 (a+4b)2 ’ 2.3)
2 2 2
(b+c)* (c+a) S (a+b+2c) 2.4)

a*+bc  b>+ca (a+2b)2 telath)
Do (2.3) diing theo AM — GM nén ta chi can xét (2.4) 1a di. Bit dang thic nay c6 thé dudgc viét
lai thanh

(a+b+2c)*(a* +bc+b* + ca)

(@bl 4 c(a+b)

(b+c)*  (c+a)?
a2+bc  b2+ca

(a* 4 bc+b* 4 ca) > :
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2.2. Loi gidi Chuong 2. Tuyén tip cdc bai todn

Ta co
2 2 (b+c)*  (c+a)? 2
— 2
(a”+bc+ b +ca) 2 be T bt ca (a+b+2c)
(b+c)?(b*+ca) (c+a)*(a®>+bc)
= —2(b
@ +be b2+ (b+c)e+a)
_ (a—b)*(a*+b*+ab+bc+ca—c?)? S (a—b)*(a® + bc+b* + ca)?
N (a% +bc)(b% + ca) - (a% +bc)(c?+ca) ’
va 20,2 2 2 2
b+2 bc+b b+2 —-b
(a+ +(a3) (a®+bc+b"+ca) (atbt20) = (a+ b—i— c)*(a—Db) .
+cla+b) 2[(““ +c(a +b)}

Do vay ta chi cAn chiing minh
(a+b+2c)*(a—b)?
2 [ (a+b) + C( b)]

(a—b)*(a* + bc + b* 4 ca)?
(a% + bc)(c? + ca)

>

)

ding do (a—b)?> >0 va

(a*> +bc+b*+ca)? . (a+b+2c)?
(a*>+bc)(b*>+ca) ~ 2[(d+b) —i—c(a—{—b)}

Bay gid,st dung (2.3) va (2.4), ta sé dua diéu phai chiing minh trd thanh

(a+b)? (a+b+2c)?

> 6.
(a+b) +¢2 (a+b) +c(a+D) 6

bit x = == > 0 thi n6 tuong duong véi (1 e 2) > 0 1a mot bit dang thiic diing.

36. Néu a,b,c la cdc sé thuc khong dm sao cho (a+b)(b+c)(c+a) > 0 thi
P+ A+ad d+b - < a? b? c? )

a+bc b24+ca E+ab b+c+c+a+a+b

Loi giai. Ta thuc hién bién ddi bat dang thic da cho nhu sau
B+
(b4c)>2
Za2+bc+z o) Zb+

(a —i—b2—|—c Z oy >2(a+b—|—c)z

a
b+c
St dung bét dang thitic Cauchy — Schwarz, ta c6

b+c (b+c)? [E(b+0)
Zaz—i-bc )y (b+c)(a*+be) 2z(laJrc)(aZerc)
2(a+b+c)?
ab(a+b)+bc(b+c)+calc+a)
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Chuong 2. Tuyén tip cdc bai todn 2.2. Loi gidi

Vay bai toan dugc dua vé

(@*+b*+c*)(a+b+c) >y a
ab(a+b)+bec(b+c)+ca(c+a) ~ =~ b+c’

hay tuong duong
(a2+b2+c2)(a+b+c)+2abczbi+c >Y a(a+b)(a+c).

Lai st dung bat dang thiic Cauchy — Schwarz ta ¢é diéu phai chiing minh

a
b+c

(@®+b*+P)(a+b+c) +2abcz

+b+c)?
> (> +b*+¢* b 2ab -(a—
Z (@ +b7+c)latbtc)+2abe 2(ab+ bc + ca)

> (a2+b2+cz)(a—|—b+c)+3abc:Za(a—l—b)(a+c).
V6ia > b > c, dang thic xay rakhi a = b = c hoic a = b,c = 0.
37. Gid sit a,b,c la cdc sé thuc khong dm théa man ab + be + ca = 1. Chiing minh

1 1 1
+ +
82 +bc ip2+ca  $2+ab

Y

9
7
Loi giai. Gia st a > b > c. Ta thuc hién bién d6i bt dang thiic da cho nhu sau

1 5<+ 1 5<+ 1
%az—i—bc 8 %bz—i-ca 8 %cz—l—ab

1>0

8 —8a®>—5bc 8—8b*—5ca 5—8c*—>5ab
8a% + 5bc * 8b% +ca * 8c2 + 5ab
8a(b+c—a)+3bc 8b(c+a—b)+3ca c(5a+5b—8c¢)
8a? + 5bc 8b% +5ca 8c2+5ab

Tit bién ddi nay dé thiy bit dang thifc clia ta ding néu b+ ¢ > a. Xét a > b+ ¢, khi d6 ta sé
ching minh

>0,

(Zab=1)

8b 8a
> .
8b2+5ca ~ 8a?+ 5bc
That vy, bit dang thic nay tuong duong vé6i (a — b)(8ab — Sbc — 5ca) > 0, ding dan do 8ab =
3ab+5ab > 3(b+c)b+5ca > 6bc + 5ca > Sbc + Sca. Tu day suy ra

8a(b+c—a) 8b(c+a—D>) S 8a(b+c—a) 8a(c+a—D>)
8a? 4 5bc 802 +5ca ~ 8a?+5bc 8b2 4 5ca
16ca

>
(8a% +5bc)(8b% + 5ca) —

Bit dang thiic nay cho ta diéu phai ching minh. Pang thiic xay ra khi va chi khi a = b,c = 0
cung cac hoan vi.
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2.2. Loi gidi Chuong 2. Tuyén tip cdc bai todn

Nhan xét. Ching ta c6 két qua tdng quét hon 1a
Bai toan. Vdi moi a,b,c,k > 0 thda mdn ab+bc+ca =1 ta co

1 1 1 9 2
>mind — > 41,45,
ka2~|—bc+kb2+ca+kcz+ab_mm{k+1’k+ ! }

38. Cho a,b,c la cdc sé thuc phdn biét. Hiy chiing minh

)+ () () =

Lai gidi 1. Ta dé dang kiém tra dugc hing dang thifc sau

b b
a c c a iy

b—c c—a c—a.a—b+a—b.b—c -

r(;%) 2-2(4) (s )

2
(b ) 5o
b—c c¢c—a a—-b)

Ding thiic xay ra khi va chi khi abc = (a+b—c)(b+c—a)(c+a—b), changhana = —b,c = 0.

Va do do

Loi giai 2. Theo bét ding thic Cauchy — Schwarz thi
Z a _Z a*(2a—b—c)? < Y a(2a—b—c)]?
b—c) = (b—c)*2a—b—c)*? " Y (b—c)?(Ra—b—c)?

__[ze—of
Y (b—c)*(2a—b—c)?

Suy ra ta chi can chiing minh
[(@=b)*+ (b—c)*+(c—a)*)* > 2Y (b—¢)*(2a—b—c)’,
NhlI£1g day 1a mot hang d.'f}ng thic. That vay, datx=b—c,y=c—a,z=a—b,tac6x+y+z7=0
va dang thic nay dudc viét lai thanh
Py +2)? =2[P (-2 +y (2 —x) + 2 (x—y)*] .

Ta co
VP = ZZ(xzy2 —2x%yz4+27%x%)

= 4(°y + 3227+ 2207 —dwyz(x+y+2) = 40+ + 20,
va
VT — 4y +y22 +220%) = (P +y2 + )2 — 4B +y* 2+ 224%)
S N I P N e
— (PP — )P -y
= (P 4y =7 = 2xy) (F +y* — 22— 2xy)
= [(x=y)* =] [(x+y)* =]
=(x—y—g)x—y+z)(x+y+z)(x+y—2)=0
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nén ta c¢6 diéu phai ching minh.
39. V6i moi s6 thic a,b,c théa man (a—b)(b—c)(c —a) # 0 ta luon cé
a—>b 2+ b—c 2+ c—a 2>5
b—c c—a a—b) —7
Lui gidi. Pit x =b —c,y = ¢ —a,z = a— b thi ta cling c6 x+y+z = 0, va bat ding thiic di cho
trg thanh

2 2 2
X Z
i 45 >s
v 2 x

Chi y ring ta c6 hing dang thiic sau day

X Z X Z
)
y z X zZ Xx Y

That vay,
X Z X Z 1 1 1
+y+++y+:@+y+d<++>—3=—3
y oz ox 'z x 'y Xy z

Do d6
X .y Z 2 X Yy Z X Yy Z -x2 y2 Z2
124202 —go (24 iy i ) D D
y z x y z x z x y) y 22 x

2 2 2 2 2 2
X y Z X y Z

2 X
Mat khac, vi <l + § + % + f;) > 0 nén hién nhién )y‘—z + i—j + ;—i > 5. bay chinh la dieu phai chiing
. 2 p 2 i —b | b—c —a
minh. Dang thic xay ra v6i 1 + {= + =2 + =5 = 0.

Nhan xét. Tir 16i gidi nay, ching ta riit ra dang thic rat dep sau

a—>b 2+ b—c 2+ c—a 2_5+ 1+a—b+b—c+c—a 2
b—c c—a a—b) b—c c—a a-—b)

40. Gid sit a,b,c la cdc sé thuc déi mot khdc nhau, vy ta co

(b—c)* (c—a)* (a—b)* 3
(c—a)(a—b?  (a—b2b—cP  b-cPlc—al = 2"

Lai giai. Tuong tu nhu bai todn trudc, ta ciing dua bt dang thic vé

4 4 4
X y Z >33

Y222 22 2T

Véix=b—c,y=c—a,z=a—bvax+y-+z=0. D&y tacé hing ding thic sau

[T T T U S
A L RhAE
vz zx Xy xyz
(x+y42) (2 +y> 4+ 2% — xy — yz — 2x) + 3xyz
=3
xyz '
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2.2. Loi gidi Chuong 2. Tuyén tip cdc bai todn

Do va
Y “ y 2 2 2 2 Xy vz o
(42 4> ) 2 (XL
222 ey (yz+zx+xy> (zz+x2+y2>
Xy ya X
=9-2(5+5+5 .
(35+3)

Suy ra ta chi can ching minh

hay tuong duong véi

Day 14 mot bat dang thifc da kha cii va c6 nhiéu cach d€ gidi. Xin gi6i thidu véi cac ban mot cach
lam méi. Ta biét rang, theo nguyén ly Dirichlet, trong ba s6 x,y,z ludn ton tai it nhét hai s6 cung
d4u. Khong mét tinh tng quat, gia st x va y cing déu, thé thi xy > 0. Mit khac, dox+y+z=0
néntacéz = —(x-+y). Vithé

Xy yi o xy o yxty)  x(x+y)

22y (x+y)? ) 32
2 2
Yy (x Yy Xy
C (x+y)? <y2 e +y+x>
I &
-4 47

Bai toan dudc chitng minh xong. Ta c6 dang thifc xay ra khi b = ”T” véia>b>c.
Nhan xét. Diéu kién diu bang ctia bai todn nay cho ta hing dang thifc thi vi sau

—a)(a—b)? 2 2(a—b)2(b—c)?(c—a)?

Z (b—c)* 33 (a+b—2c)*(b+c—2a)?*(c+a—2b)?
(c

41. Cho tam gidc ABC, ba dwong trung tuyén my,my,,m. ing véi cdc canh a,b,c. Chitng minh

<bac+ca+ab>< Ma | Mo | Me >>6\/§.

b c mpm, mcmg Mgy

Ldi gidi. Theo bét dang thiic AM — GM thi

m, m, m, 1 1 1
a b c > 4
mpme Mg Mgy Mg Mp - N
3 3
> =
V3mampme L [(pie @2\ (i 2\ (@ 2
2 4 2 4 2 4
3v3
> v3
b+ a? + Ata b2 24p? 2
2 4 2 4 2 4
6
Vva*+b*+c?
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Chuong 2. Tuyén tip cdc bai todn 2.2. Loi gidi

Tir day suy ra

bc ca ab myg my, me bc ca ab 6
—+—+— + + >l —F—+— | Y
a b ¢ MpMe — MeMy Mgy a b ¢ Va2 +b2+¢2

Do d6 ta chi can chitng minh

b b
7C_|_Q+CL > 1/3(a®?+ b2+ 2).
a b c

Bit dang thiic nay tuong duong véi

a*b* + b+ *d® > \/361217262(612 +b%+c?),

12 bét dang thiic quen thudc xy + yz +zx > 3+/xyz(x +y+z) 4p dung cho x = a?,y = b?,z = ¢°.
Chiing minh hoan tt. Pang thic xay ra khi va chi khi a = b = ¢, hay ABC 1a mot tam gidc déu.

42. Cho tam gidc nhon ABC. Khi do, ta cd bdt ddng thiic

a’ b? 2 R\?
>(—) —1
b*+c*—a? + 2 +a*—b? +a2+b2—c2 - (r)
Loi giai. Ta c6 cong thiic thiic quen thude sau, ban doc c6 thé tu chiing minh 13y
I% +1=cosA+cosB+cosC.

Tir day suy ra

R\ 1
r)  (cosA+cosB+cosC—1)2

1
- 2
a2+b2—c? | B2 +2—a? | A+a’-b:
( 2ab + 2bc + 2ca 1
4a’b*c?

" (a+b—c) (b+c—a)?(c+a—b)?
Vay bét dang thiic da cho tuong duong véi

a? 4a2b3c?

> —1
Zb2+c2—a2 ~(a+b—c)*(b+c—a)*(c+a—0b)?*
a? 4a’b*c?
Yoot P 2 2
b>+c?—a (a+b—c)*>(b+c—a)’*(c+a—>b)
4a’b*c? 4a’b*c?

>
(@2 +b*—2) (b2 + 2 —a?) (2 +a>—b?) ~ (a+b—c)*(b+c—a)*(c+a—b)?’

(a+b—c)*(b+c—a)*(c+a—b)*> (@ +b*— ) (b* +* —a?) (P +a*> —b?).

R6 rang bat dang thic cudi dudc suy ra truc tiép bing cach nhan bét dang thiic sau véi hai bat
déang thiic tuong tu

(a+b—c)(b+c—a)’ > (a®+b* =) (B +*—dP).

Khong méy khé khin, ta c6 thé viét lai n6 thanh (a — ¢)?(c® + a* — b*) > 0, hién nhién ding.
Ping thiic xay ra khi va chi khi a = b = c, tiic 1 tam gidc ABC déu.
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2.2. Loi gidi Chuong 2. Tuyén tip cdc bai todn

43. Gid sit tam gidc ABC ¢6 R = ? Chiing minh
(B? +* —a®) (P +a* —b*)(a® 4+ b* — ?) <a*b*c*.
Lai giai. Sit dung céc cong thiic quen thudc abc = 4RS va
2(a*b? + Pt + Pd®) — (a* + b + ) = 1652,
ta co

abc _ abc
4 \/2(a*® + D22 + ca?) — (a* + b+ c*)

Mt khac, tir gia thiét R = /33, ta suy ra dugc

abc/3 _
V2(a2b? 4+ b2c? + c2a?) — (a* + b* + c4)

Do d6 bit dang thifc can chiing minh tuong duong véi

( 22abzcbxz/§ s 4) 17 +& @) < a'be,
\/ a — . a

hay la
[2(612192 + b2 +Pa?) — (at + bt + 04)] } > 274223 I_I(b2 +c2—d).

Khong mét tinh tdng quat gia st a > b > c. Khi d6 A+a?—b*>0vad?+b%—c?>0. Do do,
néu b* + ¢? — a* < 0 thi hién nhién bét dang thic trén la ding do

2Y a’b* =Y a*=(a+b+c)[[(b+c—a)>0.

Bay gid xét b% + ¢ —a® > 0. Ap dung bét déng thiic AM — GM, ta c6

CLar L) = [La®* +—a)]’

> 2711612(192 +¢? —a?) =27a°b*? I_I(b2 +c* —d?).
Bai toan dugc chitng minh xong. D thiy dang thiic xay ra khi va chi khi tam gidc ABC déu.

44. Véi a,b,c la cdc s6 thic khéng dm théa mdn ab + bc + ca = 1. Chiing minh

3| 2 S atbtet 3abc
a c .
b+c c+a a+b (VA +/5+V6)Vab + b + ¢

Loi gii. Do
sja?(ab+bc+ca) 3 a’bc
= a —|— y
b+c b+c b+c




Chuong 2. Tuyén tip cdc bai todn

2.2, Loi gidi

nén
2
s a? 3| 5, a*bc abe
— f a —a =
2/3
btc bte (aﬂ—%) +a<a3~l—%)+a2
_ a’bc
- 2/3 1/3
(b+c) [(Zﬁi) +a (%) +a2]

abe

V@b ay/@ b+ b+ )

N a(b+4c)+3/a(b+c)?+/alb+c)

abc

Vay ta c6 bat dang thifc da cho tuong duong véi

3abc

abc
Z a

(b+e)+ /@ (b+e)* +/alb+0)

hay 1a
1

>
(

3

VA+ /54 /6)V/a + b6+ ©

v

) a(b+c)+/a2(b+c)2+3/a(b+c)

St dung bt ding thiic Cauchy — Schwarz, ta c6

1

)y

9

(VA+V/5+/6)Va® + b0+ &

Ma theo bét dang thiic Holder thi

>
a(b+c)+/a*(b+c)? +/a(b+c) ~ Y [a(bJrc)Jr\3/a2(b+c)2+\3/a(b+c)]

9
24 Y V(b + o)+ Y Valb+c)

Y fa(bo+cp < {f3[Latb+ o] = Vi2
Y Valb+e) < /9  alb+c) = V1.

va

Nén tu day suy ra
1

9

> > —.
Za(b-l-c)—i-\3/a2(b+c)2+\3/a(b+c) T 24V124+V18 T
Mit khéc, theo bit dang thiic AM — GM,

3 _ 3 3€/§<g
(VA+V5+VOWVas +b0+c0 5. e = 5 T

i

9

két hop véi trén, ta suy ra ngay diéu phai chiing minh. Péang thic xay ra khi trong ba s6 a, b, ¢
c6 mdt s6 bang 0, hai s6 con lai c6 tich bang 1.
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2.2. Loi gidi Chuong 2. Tuyén tip cdc bai todn

45. Chitng minh vdi moi a,b,c > 0 théa man a+b+c=2

bc ca ab 23
4 + 4 + 4 S :
V3a2+4  V3p2+4 V32+47 3

Loi glal Ap dung bit déng thitc Cauchy — Schwarz va b3 dé quen thudc % + % > 2‘/2, (chi
can binh phuong hai vé&) v6i moi x,y > 0, ta c6

be bey/3
\/3612—|-4 V/9a2+(a+b+c)2+(a+b+c)2+(a+b+c)?
< bev/12 :bcm' 2V2
~ \/3Q2a+b+c) V24 (c+a)+(a+b)
bc\ﬁ< 1 1 )

W6 \Veta Vaib

Suy ra

C bev/12 1 1
ZWSZ e (vt vars)
c(a+b)

1
2\[2 N 2(4@2cva—i-b.

Mait khéc, ciing theo Cauchy — Schwarz thi

Y eva+b < /(a+b+c)(ca+be+ab+ca+be+ab)
2a+b+c) 4

ab+bc+ca< —m—— =L = —.
V3 V3

Nén két hop vdi trén, ta c6 ngay

\f
ZW 2\fzcx/a+ bh< \f 43 =

Dy la diéu can chiing minh. Dang thic xdy ra chi khia =b=c = 3.

46. Néu a,b,c >0 thi

1+1+1+ 1 ST 1+1+1+ 1 2
a*> b ¢ (a+b+c)?> 7 25\a b ¢ a+b+c)

Lai gidi. St dung bat dang thic Cauchy — Schwarz, ta c6

9 1 1 1 1 1
VT = I1+1+4+1 4+ s+5+—
28( T +9> [a2+b2+c2+(a+b+c)2}

29 ugg%z
— 28 b ¢ 3(a+b+c)|
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Vay bai toan dudc quy vé chiing minh

1+1+1+ 1 >14 1+1+1+ 1
a b ¢ 3(a+b+c) " 15\a b ¢ a+b+c)’

tuong duong véi é + % + % > ﬁ, hién nhién diing theo Cauchy — Schwarz. Pang thiic x4y ra
khi vachikhia=b=c.

47. Cho a,b,c la dd dai ba canh cia mét tam gidc co chu vi 2. Chiing minh

Lui giai. BAt dang thic da cho tuong duong véi
|ab* + bc* + ca* — a*b — b*c — ¢*a| < 3abe,
hay la
|(a—Db)(b—c)(c—a)(a*+b*+c* +ab+bc+ca)| < 3abe.
Do a, b, c 1a d6 dai ba canh ctia mot tam gidc nén ton tai x,y,z >0déa=y+z,b =z+x,c =x+y.
Khi d6, x4+ y+z = 1 va bit dang thiic trén tr thanh

|(x—y)(y—2)(z—x)[3(a* + b* +c*) 4+ 5(ab+ bc+ca)]| < 3(x+y+2)*(x+y)(y+2)(z+x).

St dung bat dang thic hién nhién |(x —y)(y —z)(z —x)| < (x +y)(y+2)(z +x), ta can ching
minh
3 +y* +2%) +5(xy +yzt+zx) < 3(x+y+2)?,

tuong duong véi xy + yz+zx > 0, hién nhién ding.

48. Gid sit x,y,z la cdc sé thie duong va xy +yz +zx = 1. Khi do, ta c6

2 2 2
X Z
3-V3+ 4+ S s ka2
y z.y
Ldi gidi. Chiing minh dugc nhiéu ngudi biét dén cho bit dang thic nay 1a st dung phuong phap
S.0.S. Duéi day ching toi xin dudc gidi thiéu mot 16i gidi so cAp hon chi st dung AM — GM.

DAu tién, ta can két qua sau

B& dé. Néu a,b, ¢ la cdc s6 thue duong thi
2 - (x+y+z)(x2+y*+72?)

- Xy +yz+zx )

2 2
Z
+ L+
Z X

x
y
Chitng minh. Bit dazmg thic trén tuong dudng véi
2 2 2

(xy+yz+2zx) <y+yz+x> > (x+y+z2)(P+y2+72),
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hay la
3
Xz
KLUYE DY a2
y Z x
Ap dung bét dang thiic AM — GM, ta c6 cac bét dang thiic sau
3 3 3,
X2 VX a0 v
y Z Z
Cong cic bit dang thic trén lai ta c6 ngay diéu phai chiing minh. Pang thic xy ra chi khi
X = y pr Z.
Tré lai bai todn cia ta. St dung b dé trén két hop véi diéu kién xy + yz+ zx = 1, ta thiy chi can
chiing minh bét ddng thiic sau 1a bai toan dudc giai quyét

3—V3+(x+y+2)(@P+y*+7%) > (x+y+2)?
3-V3+(x+y+2)(P 4y +27) >+ + 2+ 2y +yz+2x),
P+ +2) (x+y+z—1)>V3-1.

Bét dang thiic nay ding do x> +y? +27> > xy+yz+zx = 1 vax+y+z> /3(xy +yz +2x) =
theo AM — GM. Pang thiic xay rakhi vachikhix =y =z =

-

49. Chitng minh rang

J(@ b)) (a® —ab+b2) _ 2d®+b+c?) [ 1 1 1
E < + + )
2 3 b+c c+a a+b

trong do a,b,c la cdc sé thuc duong.

Loi giai. Theo bat dang thic Cauchy — Schwarz thi

2(a2+b2+c2)< 1 1 1 >>6(a2+b2+c2) 3(a® +b*+c?)

3 b+c+c+a a+b 2(a+b+c) T atb+c

Miit khac, ciing theo bit dang thiic nay va bit dang thic AM — GM, ta lai c6

Zc/(a2+b2)(a2—ab+b2) <Z\/“2;”2 + (a® —ab+b?)
2 = 2
_Z\/3a2—2ab+3b2
B 4

<

\/3 (X (3a2 —2ab+3b%)] \/9(a2 + b2 +¢2) —3(ab +bc + ca)
4 N 4 '

Vay ta chi can chiing minh

3@+ 2+ ) —(ab+b
a2+b2+c2>(a+b+c)\/ @457+ ) — (abt be+ ca)

6 )
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Chuong 2. Tuyén tip cdc bai todn 2.2. Loi gidi

tuong duong véi

V2(a+b+c)2[9(a? +b* +c2) —3(ab+ bc + ca)]

a+b 4> ) ,

hié€n nhién diing theo AM — GM

2(a+b+c)?+9(a® + b> +c*) — 3(ab + be + ca)

VP < 3 <a*+b*+c2
Piéng thiic x4y ra chi khia = b = c.
50. Néu a,b,c la cdc s thuc duong thi
Pr+c? F+ar aP+b? 6(a®+b*+ 2 bc ca ab
- - +2(a+b+c)2¥+2 —+—+—).
a b c a+b+c a b c

Day 1a mot bai toan kha chit vi ngoai dang thiic tim thudng 12 a = b = ¢ thi ta con ¢6 mot diém
"nhay cam" nita 12 @ = b,c — 0 (cling cdc hoan vi). Cho nén nhiéu ngudi sé nghi dén phuong
phéap S.0.S. Tuy nhién, bay gid chung t6i xin dudc trinh bay hai 16i giai chi st dung Cauchy —
Schwarz va Schur.

Loi giai 1. Dau tién ta dua bat dang thiic vé dang

(b=cf | (c=aP  (@=b? _ 2[(b=)+(e—aP+(a-b)?]
a b c a+b+c

Néu (a —b)> 4 (b—c)?+ (c —a)? = 0 thi bt dang thiic nay tré thanh dang thic. Xét (a —b)> +
(b—¢)*+ (c—a)? > 0, st dung bét dang thiic Cauchy — Schwarz, ta c6

(b—c)? (c—a)® (a—Db)? [(b—c)2+(c—a)2+(a—b)2]2
a b e & a(b—c)?+b(c—a)®*+c(a—b)?*

Vay ta chi cAn chiing minh

(b= +(c—aP+(@=b?]" _2[(b—c)+(c—a)+(a—b)’]
alb—c)*>+b(c—a)*+c(a—b)> — a+b+c

)

tuong duong véi
ala—b)(a—c)+bb—c)(b—a)+c(c—a)(c—b) >0,

chinh 1a bat déng thiic Schur bic ba.
Loi giai 2. Tuong tu nhu 15i giai trudc, ta cing sé chitng minh

(b—c)?  (c—a)?> (a—b)* _2[(b—c)*+(c—a)*+(a—b)?]
+ + > .
a b c a+b+c
Gia stt a > b > c. Theo Cauchy — Schwarz thi

VT s (b—c)+(a—)+(a=b) _4a—c]
at+b+c atb+c
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Do d6 bai toan dudc dua vé

4(a—c)? L2 [(b—c)*+ (c—a)*+ (a—b)?]
a+b+c a+b+c '

Sau khi thu gon ta dugc bit ding thiic hién nhién ding (a — b)(b—c) > 0.

51. Cho a,b,c > 0va k = 4(3v/2 —4). Chiing minh

2 2 2 2 2 2 _ _ —
b—|—c+c—|—a+a—|—b24(a +b°+c )+2+k(a +b —|2—c 2abzbc ca).
a b c ab+bc+ca a*+b-+c

Loi giai. St dung cac dang thic

b—l—c+c—{—a+a—|—b 6= Y(b+c)a—b)(a—c)

a b c abc ’

va
@ +b>+c? ! Y(a—b)(a—c)

ab+bc+ca  ab+bc+ca
ta c6 thé viét lai bat dang thiic can chiing minh duéi dang

9

x(a—b)(a—c)+y(b—c)(b—a)+z(c—a)(c—b) >0,
trong do
1 1 4 k
%+% ab+bctca a+br+c2
va céac biéu thic y,z tuong tu. Gid sit @ > b > ¢ thi dé thay x < y < z. Do d6, néu x > 0 thi
z>y>x>0, vano dan téi

xX=

x(a—b)(a—c)+y(b—c)(b—a)+z(c—a)(c—D)
>y(b—c)(b—a)+y(c—a)(c—b) =y(b—c)* > 0.
Nhu vay ta s€ chiing minh x > 0. Ta c6

x_bc(b+c)+a(b—c)2_ k b+c B k
- abc(ab+bc+ca)  a®+b2+cr T alab+be+ca)  a*+b*+ct

Do d6 chi can ching minh

b+c B k >0
alab+bc+ca) a?+b>+c2 =7

hay la
(1—k)a*(b+c)+ (b+c)(b* +c*) > kabe,

ding theo AM — GM
VT > 2(1—k)a*Vbc +4bevbe > 2aber/8(1 — k) = kabe.
Phép chiing minh hoan tit. Dang thitc xay ra khi a = b = ¢, va ldp lai khi a = b = (3v/2 +4)c

cung cac hoan vi.
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52. Néu a,b,c la cdc so thuc duong thi

g Yot ot o) ) o)

Ldi giai. Khong mt tinh tdng quét gia st b 13 s6 nam gitta a va c. Ta c¢6 danh gid sau

i oot (i) )

Diénh gi4 nay 1a ding din do

(a—i—ll)—l) <b+i—1>—(b+ll)—1> (a—ki—l) =

St dung danh gi4 nay, suy ra ta chi cin chiing minh

i oot ) () ) o

hay tuong duong véi

1 1 1 1 1
(a+—1> (c+—l>+<b+—1> <a+c++—2> > 3.
c a b a c

Dob+%—1: (b_b])z—I—lZ1Véa+c+é+%—2:M+c+%>0néntacé

a

1 1 1 1 1
(b+—1><a+c++—2>2a+c++—2.
b a c a c
Mait khac, vi

1 1 1 1 —1)?
(a+—1> <c+—1>+a+c++—2:3+(ca ) >3
C a a C ca

nén két hop véi trén, ta dé dang cé dugc diéu phai chitng minh. Péng thiic x4y ra khi va chi khi
a=b=c=1.

53. Cho a,b,c la cdc sé thuc dwong théa man a+ b+ c = 3. Chiing minh
1 1 1 3 3 3
12(—+—+4+-| >4(a+b+c’)+21.
a b ¢

Loi gidi. Gia st a < b < c. Bt dang thiic can ching minh c6 thé viét lai thanh P(a,b,c) > 0,
trong do

1

1 12
Pla,b,c) =12 —+ —
@ne=12(5+;)

+ = -4 +b%) -4 -21.
C
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Xéthiéu P(a,b,c) — P (452,422 ¢}, ta c6

20 2
P(a,b,C)—P<a;b,a;b,c> =12 (611+Z11_aj—b>+(a+b) 4(a* + )
= lazb((;;];); —3(a+b)(a—Db)
:3(a—b)2Lb(a b)—(a—l—b)].
St dung bt déng thiic AM — GM, ta c6
ab(a4+ b~ 1(661(1;)? > e —ak

Do d6 3(a [ Bt —(a+b) ZO,tﬁcléP(a,b,c)ZP(%,%,C).Vélytachicﬁnchling
mlnhP(%,T, c¢) >0, tic la

48 12
+——(a +b)> —4c* 21> 0.
a+b

Thay 3 — ¢ = a+ b vao bét dang thiic trén rdi thuc hién bién ddi, ta dugc

2,3 2 _
3(2—c)*(c’ +4c*—6¢+3) >0,
c(3—c¢) -

hién nhién diing. V6i a < b < ¢ dang thiic xay rakhia = b = 7 =2.

54. Cho a,b,c la cdc s thuc duong cé tong bang 1. Chiing minh
s
a b ¢~ 14+48abc
Loi giai. Viét lai bt dang thiic da cho dudi dang
1

1 1
1+48ab —+—-+—-1]>25
(1+ ac)<a+b+c>_ ,

hay la
11

1
—+—+—+48(ab+bc+ca) > 25.
a b ¢

Dit ¢ = ab + bc + ca va abe = r thi bat dang thiic trén dudc viét lai thanh

94 484 > 25.
;.

Chu y téi bit ding thiic sau
(a—b)*(b—c)*(c—a)*>0.
Khai trién ra, ddi bién theo ¢, va d€ y a+b+c = 1, ta thiy né tuong duong véi

@ — ¢ +(9g—2)r—27r* > 0.
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Coi day la mot tam thic bac hai theo r va giai ra, ta co
27r <9qg—2+2(1—-3¢q)\/1—3q.
Dén day, st dung bit dang thiic AM — GM, ta thu dugc

2(1-3¢) (1-124) /T=34
9g—2+2(1-3¢g)\/1—-3g=99—2+ ( 5)

12
-5t
1-3 129
(1-39) | (1-13) +1-3¢
<9g—-2+ Y

27¢*(7 - 16q)
5(5—12q)

p c A 2(7— : , LN N A, 22 P
Keét hgp véi trén, ta suy ra ngay r < ‘15((577 1126;)) . St dung danh gia nay vao bat dang thuc, ta dudc

(1-3¢)(5—16¢)*
d7—16q)

q

¢*(7—169)
5(5—-129)

T4 484> 1 48g =25+
;

do 1 > 3¢ theo bat dang thiic AM — GM. Viy bai toan dudc ching minh xong. Véi gia thiét
a>b > c, tacé ding thic dat dugc khia =b=c =1 hodca=§,b=c= 1.
55. Chiing minh vdi moi a,b,c > 0 théa man a+b+c =3

11 1
8 <++> +9>10(a® +b* + ).
a b c

Lui gii. Bit dang thic da cho c6 dang thuan nhit Ia

2,12, 2
8(a+b—|—c)<l 1+1) 9290(61 +b°+c*)
c

3 a' b (a+b+c)?

Va do ddy 1a mot bat déng thiic thuan nhat v6i ba bién a,b,c nén ta c6 thé bd qua gia thiét
a+ b+ c =3 ma chuin héa cho a + b+ ¢ = 1. Bét dang thiic tré thanh

8q
241 9>90(1-2
3r+9_9( q);

v6i g = ab+ bc + ca,r = abc. Tuong tu nhu bai toan trudc, ta cling cd
27r <9qg—2+2(1—-3¢q)\/1—3q.
Ap dung bét déng thic AM — GM,

2(1-34q)(1-29)y/T—3¢q

9g—2+2(1-3¢)\/T—3¢=9¢—2+

1—-2¢
1-3 1—=2¢)24+(1-3
<og_24 q) [(1-29)*+(1-3q)]
1—2¢q
_q*(1—12q)
1-2q
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27 , U
tacor < ‘]27((7 : 7122;)) . St dung dénh gia nay, ta dudc

8¢q 8¢ 9(8 — 15¢)(1 —4q)*

- — 1 49=90(1-2 >90(1—2q).

3r+9_ 3%_;231) +9=90( q)+ (7= 124)(1—2q) > 90( q)
—<4q

Phép chiing minh ciia ta hoan tit tai day. Pang thic xay ra véia =2,b = ¢ = % cung cac hoan

V1.

Nhan xét. Trong hai 15i gii trén, mic du déu st dung

27r <9g—2+2(1—-3¢q)\/1—3q,

2 2
q-(1-16q) _ q-(71—129)
s65-129) VAT S (io2g) -

Tai sao lai c6 su khéc biét d6? Va néu ta chi "c6 dinh" mot két qua thdi thi diéu gi sé xdy ra?
Cau hdi nay xin danh cho ban doc. V4i nhiéu ngudi, hai 18i gidi nay con khd "ning né" vé mit
tinh toan, tuy nhién theo quan diém ca nhan, chiing t6i lai cho ring ching rét dic sic. Mit khac,
chiing gitip ta "rén luyén" k§ ning bién ddi va phan tich thanh nhan ti. D€ luyén tip thém vdi
cach lam nay, mai cac ban cung thi stc véi bai toan kha "la lung" nhu sau

Bai toan. Vdi moi a,b,c € [O; V3 - 1] théa man a* + b* + ¢* +2abc = 1 ta luén cé

thé nhung méi 15i gidi lai ddn dén hai két qua rat khac nhau, d6 1a r <

3(a+b+c)>4(1+abc).

Diéu kién ctia bai todn nay khac han véi hai bai toan trudc. Viy ching ta sé phai xii ly sao day?
Ban doc thi suy nghi xem!

56. Cho a,b,c la cdc s6 thuc khong dm sao cho a+b+c > max{a,b,c} va a+b+c=1. Chiing

minh
1 1 1

+ + >4+
VP2 +bc+c2 VAR +ca+a® Va:+ab+b? V3

Loi giai. Thudn nhit hoa ca hai vé, ta sé dua bat dang thiic cin chiing minh thanh

y 4 4y bte o2
VD2 +be+ 2 VP2 +be+c2~ V3

Theo bit ding thic AM — GM thi 4 < &bt WA Vay ta chi cdn ching minh

b+c S a+b+c 4+/ab+ bc+ ca 2

a
+ > + + .
Z\/b2+bc+c2 Z“\/1224—Iac—i—c2 Vab+bc+ca a+b+c V3

Bit dang thiic nay 1a hé qua truc tiép clia hai bit dang thiic sau

a b c a+b+c
+ + > : (2.5)
Vb +bet+c? V2 tcata®  Va+ab+b? T Vab+betca
b+c c+a a+b 4v/ab + bc + ca 2
+ + > +=. 2.6)
Vb2 +be+cr VA +cat+ar  Va®+ab+b? a+b+c V3
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Véi bét dang thiic (2.5), ap dung bét dang thiic Holder, ta c6

2
a 2 2 3
_— a(b*+bc+c°) > (a+b+c)’.
<Z\/b2+bc+c2> Z ( )z ( )
Vay
y a S (a+b+c)*  a+b+c
b2+bc+ct ~ \| Ya(b?+bc+c?)  ab+bc+ca

Tiép theo ta s& chiing minh bét déng thic (2.6). Khong mét tinh tong quat, gia st ¢ = min{a, b, c}.
Ta c6 danh gia sau

b+c N c+a - 2(a+b+2c)
VP2 +be+2 VZ+cat+a:k  VB2+be+E 4+ +cata?

Panh gid trén 1a dbi xing cho a va b, vi viy ta c6 thé gia si a > b. Bay gio, ta c6
P +bc+? - —ca—a*=(b—a)(a+b+c) <0,
va

(b+c)? (c+a)? c(ab—c*)(a—b)
b +bc+ct  A+cat+a?  (P2+bc+c?)(c2+ca+a?) T

Do d6 hai bd sb sau day don diéu ngugc chiéu

b% +bc+ 2, V2 +ca+a?,
b+c c+a
VP tbe+c2 N Fcata®
Vay tif bat dang thic Chebyshev ta suy ra
b
(\/b2+bc+c2+\/c2+ca+a2>< e, _cFd >
Vb2 +bc+c2 V2 +ca+d?

b
>2<\/b2—|—bc+c2-+c+ c2+ca+a2-c+a>
Vb?+be+c? Ve +ca+a?

=2(a+b+2c).

Diénh gia ctia ta dugc chiing minh. St dung n, ta sé dua bét dang thiic (2.6) vé

2(a+b+2c) _4\/ab+bc—|—ca>i_ a+b
VD +bc+ 2+ +ca+d? atb+c T3 Vadtab+b?

2 {(\/bz—i-bc—kcz—\/ab+bc+ca)2+(\/ab+bc+ca—\/62+ca+a2)2
(Vb2 +bc+ 2+ 2 +ca+a?)(a+b+c)
> (a—b)? .
~ /3(a®+ab+b2) 2V a2 +ab+ b2 ++/3(a+b)]
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2.2. Loi gidi Chuong 2. Tuyén tip cdc bai todn

St dung bét dang thiic Cauchy — Schwarz, ta c6
2 2
2 [(\/b2+bc+c2—\/ab+bc+ca) + (\/ab—l—bc—l-ca—\/c2—|—ca—|-a2) ]
2
> (\/b2+bc+c2— vab +bc+ ca+vab+ bc+ ca— \/02+ca+a2)

2
= (\/b2+bc+czf \/62+ca+a2)
(a+b+c)*(a—b)?
(\/b2+bc+cz+\/cz—|—ca+a2)2.

Vay ta chi can chiing minh

(a+b+c)(a—b)? S (a—b)?
(VB2 +be+ 2+ V2 teatad®)? ~ \/3(a®+ab+b)2vVa® +ab+ b2 +/3(a+b)]

Dé thiy

3
(\/b2+bc+c2+\/c2+ca+a2)

2
< (\/b2+bc+ab+ \/ab+ca+a2) -2/ a*+ab+ b?

=2a+bte) (Vatvh) Ve tab i
<4(a+b+c)(a+b)Va®+ab+ b2,
Mait khéc,
\/3(a?+ab+b?) [2Jm+ \@(a+b)] > \/3(a2 +ab+b2)-2/3(a+b)
= 6(a+b)\/m>4(a+b)\/m.

Tir day suy ra

(a+b+c)(a—b)? o (a—b)?
(VB2 +bc+ 2+ 2 +cat+a)? ~ 4(a+b)Va*+ab+b?

(a—b)*
= V3(@2 +ab+b?)2vVa® + ab+ b2 +/3(a+b)]

Vay bit dang thic (2.6) da dudc chitng minh. Bit déng thic dudc chiing minh hoan chinh. Véi
¢ =min{a,b,c} ta c6 ding thic xdy rakhia =b=,c=0.

Nhan xét. Mai ban doc thi sdc v6i két qué téng quat hon sau day

Bai toan. Vdi cdc sé thuc khéng dm a,b,c,k, hdy tim gid tri nhé nhdt ciia biéu thiic

1 1 1
P(a,b,c) = + + .
( ) VK2 +bc+ke2 k2 +ca+ka?  Vka? + ab+ kb?

57. Tim gid tri I6n nhdt ciia biéu thitc sau véi cdc sé duong a,b,c théa man a+b+c =13

bc ca ab
P(a,b,c) = Ey + 3552 + 31
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Chuong 2. Tuyén tip cdc bai todn 2.2. Loi gidi

Loi giai. Gia stta > b > c. Tacd

1 1 1
P(a,b,c) = ab .
(a,b,¢) =a C<3a+a3+3b—l—b3+3c+c3>

Cé dinh p=a+b+c =3 var=abc, xét ham sb f(x) = 3x+ —— ta thu dudc
3x+3x? 1 3t (1 4+x?)

‘W) =—mmag k) = - )| =T

Fx) x%(34x2)? () =f <x> (1+43x2)2

()= — 18x%(2 — x? + 4x* 4 3x9)
(1+43x2)4

~ A ~ . s . 2, A . _ . ) 3
Tu day suy ra P(a,b,c) s& dat gia tri 16n nhAtkhia =b > c. Khidé a € [1,3)

<0.

a* 2ca a’ 2a(3 —2a)

b p—
Plab ) =3 at352 = 3536-2ar T 3+

= 8(a).

Tinh dao ham cua g(a), ta cé

27(4—3a+a*)(6—3a—a*)(1—a)?
4(3-3a+a?)*(3+a?)?

g'(a)=

Do d6 g'(a) c6 banghiém phan biét 1a — ‘FH .1, \ﬁ 3 Trong ba nghiém nay chi c6 hai nghiém

lalvaag= ‘F 3 thda man a € [1 } Mat khac, de thiy ring qua a thi g '(a) d&i diu tit duong
sang am. Suy ra g(a) dong bién khi a € [1,a0] va nghich bién khi a € [ao, 2] Tu nhitng 1ap ludn

trén, ta co
v33-3 114/33 —45
gla) <glao) =g 5 = YRR

Do déng thiic xay rataia = b = Q va ¢ = 6 —+/33 nén ta két luan ”\ﬁ 45 chinh 1a gid tri
16n nhit cta P(a,b,c).

58. Tim gid tri I6n nhdt ciia biéu thiic

P(a,b,c) = (ab)* 4 (bc)* + (ca)k,
vdi a,b,c,k la cdc sé thuc khong dm tiry ¥ théa man a+b+c = 1.
Lai gidi. Gid sita > b > c. Ta c6 hai trudng hgp can xét.

(i) 0<k<2.Codinhr=abcvap=a+b+c=1.Xéthamsb f(x) = k,taco
/ k / 1 k+1 " 2 k—1
f(x):—x—:ﬂc(x):f — ) =—kxX"" =K' (x) = -k (k+ 1)x <0.

Suy ra k(x) 12 ham 16m, vay P(a,b,c) sé dat gia tri 16n nhit khi @ = b > c. Khi d6

2k k k
i v a*+2ca)  2*+1 _c
Plasb,e) =a +2(ca)t = 5= 0 = T =) (t— Ze [0,1])
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2.2. Loi gidi Chuong 2. Tuyén tip cdc bai todn

Ta co
(1) = 2ke(tk — 2651 1)
g\ = (11 2)2%+
c6 cting diu v6i ham s6 A(t) = —tF +2:51 — 1. Lai ¢6 /(1) = t*2[2(k — 1) — kt], suy
ra h'(t) c6 nghiém 7 = 1y = @ < 1. Ngoai ra, qua o thi /'(¢) d6i diu tit duong sang

am. Piéu nay ching to h(¢) dong bién khi ¢ € [0,#;) va nghich bién khi 7 € (¢;,1). Do
lim,_0h(t) = —1 va h(1) = 0 nén A(t) con c6 mot nghiém nita la 7; € [tp, 1],A(r) < 0 véi
t€(0,¢1) vah(r) >0v6it € (n,1). Suyrag'(ty) =0,g'(r) <0véit € (0,1,) vag'(t) >0
véit € (t1,1). Do d6 g(t) nghich bién khi t € [0,#;] va dong bién khi ¢ € [t1, 1]. Tt nhiing
1ap luén trén, ta c6 g(¢) < max{g(0),g(1)} = max{‘%k7 937} :

(ii) k> 2. Gia st a =max{a,b,c},tacd
P(a,b,c) = (ab)* + (be)* + (ca) < (ab)* + (be)* 4+ d*2be < (ab+ ca)*.

Ma theo bét dang thiic AM — GM thi
(ab+ca)* =[a-(b+c)f < (

Nén két hop trén, ta suy ra dugc P(a,b,c) < ;.

Tir tAt cd cdc trudng hop trén, ta di dén két luan max P(a, b, c) = max { 4, %} Do g = % =

k=ko= % nén véi k = ko thi dang thiic xay ra tai @ = b = ¢ hodc a = b,c = 0 cling cic

hoan vi; v6i k > kg thi dzzmg thuic chi xay ra tai a = b,c = 0 cung cac hoan vi; con véi k < ko,
déang thitc dat dugc khi ci ba bién a, b, ¢ bing nhau.

59. Tim gid tri nhé nhdt cia biéu thiic

k b \k k
P(a,b,c) = 2 + +(==
Y b+c c+a a+b)’

trong do a,b,c,k la cdc s6 thuc khong dm sao cho ab+ bc +ca > 0.

Loi giai. Ta sé chiing minh riang két qua sau la ding

P(a,b,c) = a k+ b k+ ¢ k>min 23
T\ b+ c+a a+b) ~ Tk

Dé chiing minh két qua nay, ta sé xét ba trudng hop

(i) 0 <k < 1. Trudc hét, ta c6 két qud sau

X W I )
y+z Z+x xX+y

That vay, theo bat déng thiic AM — GM,

Z \/ y+z :Z Vx-(y+2) Z2Z'x+y—s—z =2
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Chuong 2. Tuyén tip cdc bai todn 2.2. Loi gidi

St dung két qua nay véi x = a?*,y = b*,z = ¢ ta dugc
a* b ck <5
Vb* 4 ¢ - Ve 4 a?k " Va*k bk

Tiép theo, ta s& chiing minh

a k> ak
b+c _‘/b2k+C2k‘

Bét dang thic nay tuong duong véi b 4 c2* > (b + )%, hay la

b 2k ¢ 2k
>1
<b+c> +<b+c> =

hién nhién diing. Tir ddy, bang céach thiét 1ap hai bit dang thifc tuong tu, ta cé

a k+ b k+ c k> a* n b* n ck
b+c ct+a a+b) T bk 2k Sk \[a?kp%k

Két hop véi trén ta suy ra

a k b k c k
P(a,b,c) = > 2.
(a,b,¢) (b+c> +(c+a> +(a+b) -

(ii) 1 <k < 1.Khong mét tinh téng quat gia st a > b > c. Ta s ching minh

b b 3
P(a,b,c) zP(a—; ,a—;— ,c) Zmin{z,zk}.

Bit dang thiic bén trai tuong ducng véi

k k k
a . b >9 a+b '
b+c c+a a+b+2c

Véichiy k> %, ap dung bét déng thiic trung binh liy thira, ta c6

k
whim(cfa)’; ety |

2 - 2

Suy ra

P 2k
a \* b \* bre T\ ca
+ 22— -

b+c c+a 2

Vay ta chi can chiing minh

a b a-+b
>4 —.
b+c+\/c+a_ Va+b+2¢
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2.2. Loi gidi Chuong 2. Tuyén tip cdc bai todn

Ta co
b)* b2 (a—b)*(a+b—2
Pb+c)+ b (c+a)= GFP  clath) (a—b)lath=2)
4 2 4
3 2
< (a+Db) +c(a—|—b) 7
- 4 2

nén 4p dung bét déng thiic Holder, ta dudc

2
[ a [ b (a+b)?
< ZH—C+ c+a> 2ct2(19+c‘)+l)2(c+a)

(a+b)  4(a+b)

(atb) | clath)? — q4b+2c
4 2

BAt dang thifc bén trai da dugc ching minh. Bay gid ta sé ching minh bit dang thic bén
phai. bat ¢t = fﬁ < 1 thi ta c6 bat ding thifc trén tuong duong véi

1) _2<t+11>k+ (;)k Zmin{Z,;}.

U i 1\*
f<’>:2k‘k<z+1)

ktk—1 1 \* 1
fl(1)=0 < = < > <= (k—1)Int —kIn2 = (r+1)In—

Ta co

2k r+1 r+1
Tiép tuc xét ham s6 g(t) = (k—1)Int —1In2 — (k+ l)lntj%17 ta cé
2kt +k—1
/
="
g t(t+1)
1—k 1
'(t) = t=ty=——<1. k>~
g(t)=0 = 0=—7 < < 25

Dé thiy qua o thi g’(¢) ddi du tif Am sang duong. Suy ra g(¢) nghich bién khi ¢ € (0,#] va

ddng bién khi ¢ € [tg, 1]. Do lim, ¢ g(t) = +eovag(1) =0nén tdn tai t; € (0,z9) d€ g(t;) =

0,g(t) >0véir e (0,¢1) vag(t) <0véit € (t1,1). Dodo f(1;) =0, (1)=0,f(t) >0

véit € (0,¢1) va f'(t) <0 v6it € (t,1). Vay f(¢) dong bién khi ¢ € [0,7] va nghich bién

khi 7 € [y, 1]. Tt nhiing 1ap luén trén, ta ¢6 f() > min{f(0), f(1)} = min {2, % .

(iii) k> 1. Ap dung bét ddng thifc trung binh lily thita va bit déng thiic Nesbitt

a n b n c < 3
b+c c+a a+b 2

1Z a "> lZa ">1
3 b+c) T \3&=b+c/) T 2k

a k+ b k+ c k>i
b+c c+a a+b) T2k
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Chuong 2. Tuyén tip cdc bai todn 2.2. Loi gidi

Tir tAt ¢4 cdc truong hop trén, ta két lun minP(a,b,c) =min{2, %} . Do2 =2 <= k=ko=

% — 1 nén véi k < ko, dang thitc dat dudc khi a = b,c = 0 clng cc hodn vi; v6i k > ko, dang

thitc xay ra khi a = b = ¢; véi k = ko, dang thic c6 dudc tai c hai trudng hop trén.
60. Cho cdc s6 nguyén duong Ié a,b,c,d doi mot khdc nhau. Chiing minh
abc+ bcd + cda+ dab + 34 < 2abcd.

Loi gidi. Gid st a > b > ¢ > d. Tt gi4 thiét, ta dé dang suy ra dugc a > 7,b > 5,¢>3,d > 1va
2 <min{a—b,b—c,c—d}. Vay suy ra
VP—VT =abc(d —1)+abcd — bed — cda — dab — 34
> d(abc — bc — ca— ab) — 34
=d[ab(c —1) —bc —ca] —34 > d(2ab — bc — ca) — 34
>2ab—bc—ca—34=bla—c)+ab—a(b—2)—34
>bla—b)+b(b—c)+2a—34>4b+2a—34>20+14—-34=0.

Dang thic xay ra khi va chi khia =7,b =5,c = 3,d = 1 cung cac hoan vi.
61. Vi moi sé thic duong a,b,c,d ta luén cé bdt ding thiic

a* —bd b?—ca 2 —db d* —ac
+ + + >
b+2c+d c+2d+a d+2a+b a-+2b+c

Ldi gidi. C6 thé thiy bit dang thiic da cho dudc suy ra truc tiép tii hai bat dang thic dudi day

a*>—bd c2—db >a+c—b—d

b—l—2c—|—d+d+2a+b_ 2 ’

b?—ca d*—ac b+d—a—c

—+ > .
c+2d+a a+2b+c— 2

Ta sé chiing minh bat dang thic thi nhét, bat dang thic thi hai dudc chiing minh tucng tu. Ta
thuc hién bién ddi nhu sau

a® —bd +b+d 2 —db +b+d >a+b—|—c+d
b+2c+d 2 d+2a+b 2 - 2 ’

2a> +b*+d*+2c(b+d) 2c¢*+d*+b*+2a(d+b) L atbtctd

2(b+2c+d) * 2(d+2a+Db) - 2 ’
(a—b)*+(a—d)*+2(a+c)(b+d) N (c=b)*+(c—d)?+2(a+c)(b+d)
b+2c+d d+2a-+b
>a+b+c+d,

(a=b)?*  (c—d)? (a—d)* | (c—b)?
b+2c+d+d+2a+b] + [b+2c+d+d+2a+b
2(a+c)(b+d)  2(a+c)(b+4d)

>ath d.
b+2c+d dt2arp —Atoter
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2.2. Loi gidi Chuong 2. Tuyén tip cdc bai todn

Ap dung bét déng thic Cauchy — Schwarz, ta c6

(a—b)? (c—d)? S (a—b+c—d)?
b+2c+d d+2a+b = (b+2c+d)+(d+2a+Db)’
(a—d)? (c—b)? S (a—d+c—b)?
b+2c+d d+2a+b~ (b+2c+d)+(d+2a+b)’
2(a+c)(b+d)  2(a+c)(b+4d) S 8(a+c)(b+d)
b+2c+d d+2a+b ~ (b+2c+d)+(d+2a+b)

Cong ba bét dang thic trén lai va chd y ring
(a—b+c—d)?+(a—d+c—b)?+8(atc)(b+d)=2(a+b+c+d)?,
ta ¢6 ngay diéu phai chiing minh. Pang thic xay rachikhia=cvab=d.

62. Cho a,b,c,d la cdc s thuc duong dong thoi théa man cdc diéu kién sau ddy

b d
abced = 1; a+b+c+d>g+f—|—£—|——.
b ¢ d a
Hdy chiing minh ring
b ¢ d a
—+—-+—+->a+b+tc+d.
a b ¢ d

Loi gii. Ta c6, theo cédc bit dang thiic Cauchy — Schwarz va AM — GM thi

a by (b d ) o (L D s ey (Ll
b ¢ d a a b ¢ d b d a c

:(a+c)(b+d)<1 +b1d>
1

(a—l—c)(b—l—d)( ! ! )2

“2 Vac ' Vbd

1 2 2 2

2(a+c>(b+d><a+c+b+d>' Jacv/bd
=2(a+b+c+d).

Vay ta co

g+é+g+§ + é+£+é+g >2(a+b+c+d)
b ¢ d a a bl a)=" ¢ '

Thé maa+b+c+d > %+§+§+% nén ta bat budc phai cé g—#%—k%-ﬁ-% >a+b+c+d.
Chiing minh hoan tat.
63. Cho a,b,c,d la cdc s6 thuc duong théa mdn

1111
atbtetd=—+5+ 5+

Hay chiing minh

Aa+b+c+d) > VB +T+VB+T+VA+T+VdP+7.
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Chuong 2. Tuyén tip cdc bai todn 2.2. Loi gidi

Loi giai. Tu diéu kién bai toan ta c6

-1 bP—-1 -1 d*—-1
+ + + =

a? b2 c? d? 0-

Mot céach tuong tu, bat dang thifc cAn ching minh tuong duong véi
(2a— @ +7) + (2b— /b +7) + (2c— NE +7) + (2d— Iz +7) >0,
4a2+2aV/a> +7+ (a3 +7)23 ~

3
a —1
>0,
L 40 +2avVa> + 7+ (a>+7)23 —

7 -0
44214+ 24+ (1+ 57

T6i day, ban doc c6 thé thiy 16 ngay su tuwong dong clia diéu kién va diéu phéi chiing minh & cac
dai lugng ";;1 ) ”3]7;1 ) 63631 , d3d;1. Nhu thé, y nghi don gian clia ta lic nay 13 st dung mot danh
gia dé dua céc dai lugng nay vé mot tdng. V6i y nghi nhu vay, bit dang thiic Chebyshev 1a su lua
chon t6i wu hon ca. Gia st a > b > ¢ > d, khi d6 ta c6 thé dé dang nhén thay hai bd s sau day
don diéu ngudc chiéu

ad-1 p-1 -1 d-1
a2 b 2 &

2/3 2/3

5/ 7 7 5/ 7 7
3 7 77 2/3 3 7 7\ 2/3
4+2“1+C3+<1+C3> , 442 1+$+ 1+$ .

Va theo d6 bat dang thiic Chebyshev cho ta

iy el >Za3—1 1
4+231+al3+(1+a7—3)2/3_ a

0.

23
44281+ 54 (1+2)Y

Phép chiing minh hoan tit. Pang thiic x4y ra khi vachi khia=b=c=d = 1.

64. Cho a,b,c,d > 0 thoamin a+b+c+d =4. Chiing minh

1 1 1 1
<
5—abc+5—bcd+5—cda+5—dab -

1.
Loi gidi. Khong mét tinh téng quét gid st a > b > ¢ > d. Dit x = bed,y = cda,z = dab,t = abc
thi hién nhién 0 < x <y < z < t. Ngoai ra, bt dang thiic da cho c6 thé dugc viét lai thanh

1+1+1+1
5—x 5—-y 5—z 5-t

<1

)
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2.2. Loi gidi Chuong 2. Tuyén tip cdc bai todn

hay tuong duong véi
l-x 1—-y 1—z 1-—t¢
> 0.
5—x 5—y+5—z+5—t_
Dox<ynén2—x—x*>2—y—y? ticla (1 —x)(2+x) > (1— ¥)(2+y). Mit khdc, theo bt

dang thiic AM — GM thi x+y = cd(a+b) < (Wﬁ =% <3nen
(5=x)2+x)=(5-y)(2+y)=(x-y)3-x—y) <0.
Do d6 hai bo sb sau ddy don diéu ngugc chiéu

(1=2)2+x),  (A=9)C2+y), (1-2)2+z), (A=1)2+1);
5-x2+x), (-y2+y), (-202+z), (-@2+).

Vay tif bat dang thic Chebyshev ta suy ra
Imx w(-0)24x) _ 1 |
= — 1—x)(2 _
)N M e T D MU R 0D D e o armre
Nhu vy ta chi can chiing minh

(I=x)24+x)+(1=y)2+y)+(1—2)2+z2)+ (1 —1)(2+1) > 0.

Khai trién va ddi bién lai bed = x,cda = y,dab = z,abc = t, ta thiy n6 tuong duong véi
abc + bed + cda+ dab + (abe)* + (bed)? + (cda)? + (dab)? < 8.

Ap dung két qua bai toan 70 ta c6 ngay diéu phai chiing minh. Pang thifc x4y ra khi va chi khi
a=b=c=d=1.

65. Voimoia,b,c,d > 0 ta luén co

a-a+b+b- b+c+c.c+d+d‘d+a S atbtetd.
b+c c+d d+a a-+b

Loi giadi. Khong mét tinh tdng quét gia st a = max{a,b,c,d}. Khi d6, ta thuc bién ddi bat dang
thiic da cho nhu sau

a2 ) (P ) e (L ) pa () s,
b+c c+d d+a a+b
ala—c) bb—d) c(c—a) d(d—Db) >0

b+c c+d d+a a+b
d

(a_)<b+c d+a + (C+d cH—b)zO7
(a——c)(a*+ad— bc—cz) (b—d)(b*+ab—cd — d2)>0
(b+c)(d+a) (a+b)(c+d) -

(a—c)?(a+c+d) (b—d)?*(b+d+a)
(b+c)(d+a) (a+b)(c+d)

d C
Tla=e)b=d) {<a+b><c+d> ) <b+c><d+a>] ="
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Chuong 2. Tuyén tip cdc bai todn 2.2. Loi gidi

Dé thiy
d C
(a—c)(b—d) (a+Db)(c+d) B (b-i—c)(d-i—a)}
d C
2 ~lla=e)(b=d) [<a+b><c+d> i <b+c><d+a>} |

nén ta chi can chiitng minh
(a—c)(a+c+d) (b—d)*(b+d+a)
(b+c)(d+a) (a+b)(c+d)

d C
> |(a—c)(b—d)| Lﬁb)(wd) * (b+C)(d+a)] '

Theo AM — GM ta cé

VT > 2l(a—e)(b— d|\/ (a+c+d)(b+d+a)

a+b)(b+c)(c+d)(d+a)

Do d6 ta s& chiing minh két qud manh hon 1a

(at+c+d)(b+d+a) - d n c
(a+b)(b+c)(c+d)(d+a) ~ (a+b)(c+d) (b+c)(d+a)

Ta co

(a+b)(b+c)(c+d)(d+a) = (a+b)(c+d) 2.7

\/ (a+c+d)(b+d+a) d
That vdy, bat dang thiic nay tuong ducng véi
(a+c+d)(b+d+a)(a+b)(c+d)>d*(b+c)(d+a),

dingvia+c+d>b+c,b+d+a>d+a,a+b>d,c+d>d.
Hoan toan tuong tu, ta ciing co

(a+c+d)(b+d+a) ¢
\/(a+b>(b+c)(c+d)(d+a) z (b+c)(d+a) (2.8)

Cong (2.7) va (2.8) lai ta thu dudc ngay diéu phai chiing minh. Pang thic xay ra khi va chi khi
a=cvab=d.
Nhan xét. Ngoai ra, chiing ta con ¢6 két qua sau
Bai toan. Néu a,b,c,d > 0 thi
ala—c) n b(b—d) N c(c—a) N d(d—b) > 0.
b+2c c+2d d+2a a+2b

66. Néu a,b,c,d la cdc so thie khéng am théa man a+b+c+d =3 thi

ab(b+c)+bc(c+d)+cd(d+a)+da(a+b) <4

72



2.2. Loi gidi Chuong 2. Tuyén tip cdc bai todn

Loi gidi. Pit P(a,b,c,d) 1a vé trdi clia bat dang thiic da cho. Khi d6, ta c6

P(a,b,c,d) — P(a+c,b+d,0,0) = b*c +d*a+ bed + dab — bc* — da® — abe — cda
= (b+d—c—a)(ad+bc),

P(a,b,c,d) — P(0,b+d,a+c,0) = a*b+ >d + abc + cda — ab® — cd* — dab — bed
=(a+b—c—d)(ab+cd).

RO rang c6 mot trong hai s6 (b+d — ¢ —a)(ad +bc), (a+c —b—d)(ab+ cd) 1a khong &m nén
P(a,b,c,d) < max{P(a+c,b+d,0,0),P(0,b+d,a+c,0)}.

Miit khac, ta lai c6, theo bit dang thiic AM — GM,

b+d b+d
Pla+c,b+d,0,0) = (a+c)(b+d)? =4-(a+c)- 2. ;
bid | btd\
<4<a+c+§+§> .
= 3
P(O,b+d,a+c,0):(b+d)(a+c)2:4-(b+d)-a+c-cH2—C

bd+ 4 4wk’
§4<++32+2):4.

Suy ra
max{P(a+c,b+d,0,0),P(0,b+d,a+c,0)} <4.

BAt déng thiic nay cho ta diéu phai chiing minh. Déng thiic xay rakhi vachikhia=1,b=2,c =
d = 0 cung céc hoan vi tuong ung.

Nhan xét. Bing phuong phép tuong tu nhu trén, ta cling chiing minh dugc

Bai toan. Vdi moi sé thuc khéng dm a,b,c,d co tong bang 3 ta luén co

ab(a+2b+3c) + be(b+2c+3d) + cd(c 4 2d +3a) + da(d + 2a + 3b) < 6/3.
67. Cho cdc s6 thuc khéng dm a,b,c,d. Chitng minh rdang
a* +b* +c* +d* +2abed > a*b* + P + aPd® + b2 + bPd” + PP
Loi giai. Khong mat tinh tong quat gia st d = min{a,b,c,d}. Dt
P(a,b,c,d) = a* +b* + c* +d* + 2abcd — (a*b* + d>c* + a*d* + b* P + b*d> + Pd?)
=a* + b+t dt F2abed — (@D + PP A PdP) — AP (P DR+,

Ta sé ching minh P(a,b,c,d) > P(t,t,t,d) v6i t = %”“. That vay, bat dang thiic nay tuong
duong véi

a* + b+t — b — bt — Pa® - 2d(1 — abe) — d* (@ + b+ ¢* —3t2) > 0.
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Theo bat dang thiic AM — GM thi 13 — abc > 0 va a® + b*> 4+ c> — 3t> > 0. Suy ra d(t3 — abc) <
t(t3 — abc) va d*(a® + b + ¢ — 3t?) < t*(a* + b* +¢* — 3t%). Do d6 ta chi can ching minh

at+ b+t — b — P — Pa? -2 (P — abe) — 12 (a® + b+ 2 —3t%) > 0.

Giastit=1.Piat g =ab+bc+ca <3 vaabc =r < 1 thi ta c6 thé viét lai bat dang thiic trén
thanh
q* —34q+73+20r > 0.

Theo bét dang thic Schur bac ba, ta c6

@+ b+ +3abe > ab(a+b) +be(b+¢) +calc +a).

Két hop véi t = 1, ta dé dang suy ra dudc r > #. Va diéu nay dan dén

20(4g—9) (3—¢q)(13g—3
P —34g+T3420r > ¢? —34g+ T3+ (Z ) _ ( q>(3q ) >0,

Vay latadaco P(a,b,c,d) > P(t,t,t,d). Cong viéc cua ta bay gid chi la ching minh P(z,7,¢,d) >
0. Rit don gién, ta c6 thé viét lai n6 thanh

d*+3d +13d > 31*d?,

la mot bat dang thiic hién nhién ding theo AM — GM. Chiing minh hoan tit tai ddy. V6i d =
min{a,b,c,d}, dang thiic xdy rakhia =b=c=d valiplaikhia =b = c,d = 0.

68. Vdi moi sé thuc khéng dm a,b,c,d co tong bdng 1 ta luén cé
4(a® +b° 4 +d*) + 15(abc + bed + cda+ dab) > 1+ 48abcd.
Loi giai. Khong mét tinh tdng quat gid st a > b > ¢ > d. Lic nay, ching ta c6 danh gia sau

48abcd

16d(a+b+c)3 3 2
4Y @+15Y abe+ ————_> (a+b 5d(a+b -
Y @ +15) abc+ (a+b+c)’+5d(a+b+c) t—hierd

Ya+b+c+d) ~

a,b,c
That viy, st dung cic hing dang thic quen thudc

Ha*+b°+ )+ 15abc— (a+b+c)* =3 Y a(a—b)(a—c),

a,b,c

15d(ab + bc +ca) — 5d(a+b+c)* = —5d Z (a—b)(a—rc),

a,b,c
16d a+4b+4c)(a—b)(a—-c
16d(a—|—b—i—c)3 a,%c( I I )
— 9 —48abcd = 9 ,

ta c6 thé dé dang viét lai bat dang thiic trén thanh
x(a—b)(a—c)+y(b—c)(b—a)+z(c—a)(c—b) >0,
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trong do
x=27a(a+b+c+d)—45d(a+b+c+d)+ 16d(a+4b+4c)

=9a+7d)(a—d)+19d(b+c—2d)+9a(2a+2b+2c) > 0,
va céc biéu thic y, z tuong tu. Ta c6
x—y=27(a—b)(a+b+c+d)—48d(a—Db)
> 108d(a—b) —48d(a—b) =60d(a—b) > 0,
vaz(c—a)(c—b) >0, nén
x(a—b)(a—c)+y(b—c)(b—a)+z(c—a)(c—D)
>y(a—b)(a—c)+y(b—c)(b—a)=yla—b)*>0.
Panh gid clia ta dugc chiing minh. St dung n6 két hop véi a+ b+ c+d = 1, ta sé dua diéu phai
chiing minh tré thanh
16d(1 —d)?
(1—d)®+5d(1 —d)*+4d> > 1+<9).
Ta co
16d(1—d)* d(1—4d)*(2+4d)
— = >0
9 9 -
nén bit dang thiic trén 1a hién nhién va phép chiing minh ciia ta dudc hoan tit. Véia > b > ¢ >d,
ta c6 dang thic xay ra khi a = b = ¢ = d, lap lai khi a = b = ¢,d = 0 va ldp lai 1an nita khi
a=b,c=d=0.

(1—d)*+5d(1 —d)*+4d*> -1

69. Cho a,b,c,d la cdc s6 thuc khong dm co tong bang 1. Chitng minh
148 1
4 g4 4 g4
b d"+—abcd > —.
a+b"+c + +27ac Z 5
Loi giai. Dit P(a,b,c,d) 1a vé trai cia bit dang thiic da cho. Do tinh dbi xing, gia st d =
min{a,b,c,d}. Ta s& ching minh P(a,b,c,d) > P(t,t,t,d) v&i t = “*2+¢ > d, va bt ding thic
nay tuong duong v6i
3
148d(t° — abc) S0
27 -
Do 13 — abc > 0 theo bét ding thiic AM — GM nén ta c6 d(t* — abc) < t(t* — abc). Vay ta chi
can chiing minh

a+ b+t =3t —

148¢(t*> — abc)
27

Do tinh thuan nhét, gia st r = 1 va dit ¢ = ab +bc +ca < 3,r = abe < 1, bit dang thiic trén trd

thanh

at+ b+t -3t — > 0.

1958 —972q + 544> +472r > 0.
Theo két qua bai toan trudc thi r > *=. Suy ra

472(4—9)

1958 — 972 + 54¢* +472r > 1958 — 972g + 544> + 3

2(3-q)(271-81q) _
3 >

0.
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Diéu nay ching (6 ring P(a,b,c,d) > P(t,t,t,d). Mt khic, vit < 1 nén

1 148:3d 1
P(t,t,t,d)—ﬁ:3t4+d4+ > —ﬁ:3t4—|—(1—3t)4+
~2(1—30)(13—191)(1 —41)?

27

148°(1=3r) 1
27 27

> 0.

Tir ddy ta c6 diéu phai chiing minh. Pang thiic xay ra khi vachikhia=b=c=d = % hoac
a=b=c=%,d=0cing cdc hodn vi.

Nhan xét. Ngoai ta, ching ta con c6 mot s6 két qua cling dang

Bai toan. Cho a,b,c,d la cdc sé thuc khong dm théa man a+b+c+d = 1. Khi do

(i) (143a)(14+3b)(1+3c)(1+3d) < 8+353abcd,

(if) bc+bed +cda+d b<i+@bd'

ii abe +bed +cda+dab < — + —_-abed;

1 32

(iif) ab+ac+ad+bc+bd +cd < g—i-?abcd;

(iiii) 9(abc + bed + cda+ dab) < ab+ ac+ ad + be + bd + c¢d + 48abcd.

Ban doc hay tht stic v6i ching nhé!
70. Gid sit a,b,c,d la cdc s6 thuc dwong cé tong bang 4. Hay chitng minh
abc + bed + cda+ dab 4 (abe)? + (bed)* + (cda)* + (dab)* < 8.
M Giasta>b>c>dvadatt = %b”. Ta sé chitng minh hai bat drflng thiic sau la dung
abc +bed + cda+dab <+ 3dr?, (2.9)

(abc)? + (bed)? + (cda)* + (dab)* < 1 +3d%t*. (2.10)
Bit dr?mg thife (2.9) hién nhién diing theo AM — GM. Viy ta chi can xét bit dang thiic (2.10) la
du. Bat dang thic nay tuong duong véi
(£ —abe)(£2 + abe) +3d%t(? — abe) > d*(a*b* + b*c* + c*a® — 3tabe).
Ta c6 cc hiang dang thic sau
Y (a+4b+4c)(a—b)(a—c)

3
3 at+b+c\- ab.c
t°—abc=| —— | —abc=
ane ( 3 > ane 27 ’

va
a?b? + b*c* + *a* — 3tabe = a*b* + b*c* 4 *a® — abc(a+ b+ c)
=bc(a—b)(a—c)+ca(b—c)(b—a)+ab(c—a)(c—Db),

nén bat dezmg thiic trén c6 thé dudc viét lai thanh
x(a—b)(a—c)+y(b—c)(b—a)+z(c—a)(c—b) >0,
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véi
+abc +3d°t)(a+ 4b +4c) — 27bcd?

x=(r
(2 — abc)(a+4b+4c) + d*(a* 4 The) + 4d* (b — ¢)? + 2bc(a* 4 4ab + dac — 9d*)
0,

v

va cdc biéu thuc y, z tuong tu. Ta c6
ax — by = (2 + abc + 3d%t) (a®> — b* + 4ac — 4bc) > 0,

nén két hop véi a —c > “(bb_ <) ta dugc

x(a=b)(a—c)+y(b—c)(b—a)+z(c—a)(c—Db)
=(a—b)x(a—c)—y(b—c)]+z(c—a)(c—b)
(a—b)(b—c)(ax—by)

>
- b

+z(c—a)(c—b) > 0.

Vay bat dang thic (2.10) da dugc chiing minh. St dung (2.9) va (2.10), ta sé dua diéu phai ching
minh tré thanh
£ +3dr* +1° 4+ 3d%* < 8.
Thay d = 4 — 3¢ rdi thuc bién bién déi, ta c6 bat dang thiic trén tuong duong véi
(48 432 + 41 +2 -7t (1 —1)* > 0,

1a mdt bat ding thic hién nhién ding do 7 < 3. Ddng thic xdy rakhi vachikhia=b=c=d =1.

71. Cho cdc s6 duong a,b,c,d cé tich bang 1. Khi do, ta co
(a—1)(a=2)+b—-1)b—2)+(c—1)(c=2)+(d—1)(d—2)>0.

Loi giai. Khong mat tinh téng quat gid st a > b > ¢ > d. Liic ndly, ta c6 abc > 1 > d. D€ chiing

minh bét dang thic da cho, ta can c6 bit dang thiic sau
(@a—1)(a—2)+ B -1)b—-2)+(c—1)(c—2) >3 (3/@— 1) (3/%—2) . @1
Thay a, b, c 1an lugt bdi a3, b, 3, ta c6 bat dang thiic nay tuong duong vi
a4+ b8 +® —3a*h%c? > 3(a® + b + ¢ — 3abe).
St dung hiing déng thiic quen thudc
Oy P - 3xyz = (x+y+2) ) (x—y)(x—2),
ta c6 thé viét lai bt dang thiic trén thanh
S=x(a—b)(a—c)+y(b—c)(b—a)+z(c—a)(c—b) >0,
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trong do
x=(a*+b*+c*)(a+b)(at+c)—3(a+b+c)
> a*(ab+ bc + ca) + (ab+ be + ca)? — 3abc(a+b+c) > 0,
va cdc biéu thic y, z tuong tu. DE thiy y > z, do d6
§ > y(a—b)(a—c)+y(b—c)(b—a) = y(a—b)> > 0.
Vay (2.11) da dudc chiing minh. St dung n, ta sé dua bai toan vé

3 (Vabe—1) (Vabe —2) +(d = 1)(d —2) > 0.

Diit v/abc = t 1di thay d = % vao, ta cin ching minh

3 —1)(t—2) + <t13—1> (;—2> >0,

Khong miy kho khin, ta c6 thé viét lai né thanh
(t—1)>(3° =3 —t* 42 432 +2t +1) > 0,

ding do 3t° =3¢ —t* + 3 + 3.2+ 2t + 1 =332 = 1)(t — 1)+ 32+ 2t +1 >0 (vit > 1).
Diéng thiic x4y ra khi vi chikhia=b=c=d = 1.

72. Cho a,b,c,d la cdc sé thuc khéng dm sao cho trong chiing khong cé hai s6 nao dong thoi
bang 0. Chiing minh

1 + 1 + 1 n 1 n 1 n 1 S 243
A+ B+ B+d? P+ P+dd A+dP T 2(a+b+c+d)?

Loi giai. Dit P(a,b,c,d) = VT —VP. Gia st d = min{a,b,c,d}, ta sé ching minh P(a,b,c,d)
dat gia tri nho nhat khi d = 0. D€ chiing minh diéu nay, ta cin c6 bit dang thifc sau day
d

d d
P(a,b,c,d)>P<a+3,b—|—3,c—|—3,0>. (2.12)

Ta co
1 1 1 1 1 1

> > >
3 3 = 37 3 3 = 37 3 3 = 3

)

1 1 1 1
> ; >
G @ ) 0 +) T @ e )
1 S 1 243 _ 243
PHET (b d) 4 e+’ 2arbretd) a(apdibidicrd)”

Cong tit c4 cdc danh gid trén lai ta thu dudgc ngay (2.12). Vay ta chi cAn chiing minh

)

1 n 1 n 1 n 1 n 1 n 1 S 243
ad b3 bP+3 A+dd B+ T 2a+b+o)d
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St dung bat dang thiic AM — GM, ta ¢

1 1 2
2VT:Z<b3+ca+b3+cs>

2 2
> 3 /(= — 3 3
>3) \/ B33 (b3 +¢3) Z“\/b3c3(l)2—bc—i—cz)(b—i-c)

2 1
>3 =24y
X (3bc+b2;bc+cz)4(b+c) ) (b+c)?
va 3
24y >4,
z"(b+c)3 7 (a+b)(b+c)(c+a)
o, s _ s
(etbtbicteta) (a+b+c)
Suy ra
2 2 2 2 2 2 243

Z Lz = > )
PR R R R R B (a+b+c)

Tir day, chia ca hai vé cho 2, ta thu dudc ngay két qua can chiing minh. Véi gia thiét nhu trén,
déang thitc c6 dugc khia =b=cvad =0.
Nhan xét. Chd y ring hing sb k t6t nhit cho bat dang thiic

1 1 1 1 1 1 k
>
I e B e B N Rl N L Bl (a+b+c+d)?

la k = 2. Day la mot bat déng thic rét chit va kho.

73. Vi cdc sé thuc khong dm a,b,c,d théa mdn abc + bed + cda+ dab > 0 ta luén cé

1 1 1 1 1 1 81
> .
a’ +b? +az—i—c2 +a2+d2 +b2+cz +b2+d2 +cz—|—d2 “ 2(a+b+c+d)?

Loi giai. Tuong ty nhu bai toan trude, dat P(a,b,c,d) = VT — VP, ta cling sé chiing minh
P(a,b,c,d) dat gia tri nho nhat khi d =0 v6i a > b > ¢ > d. Khi d6, ching ta s€ danh gia
nhu sau

d d
P(a,b,c,d) > P (a,b—i— §’C+ 2,0> )

That vay, sau mot vai bién déi, ta c¢6 thé viét lai né nhu sau

d(4b+d) d(4c+d)
(a*> +b?)(4a? + 4b% 4 4bd + d?) + (a® +c?)(4a*> + 4c? +4ded + d?)
d(2b+2c+d) d?
TR 12 1 2bd 1 2ed+ ) R+ D)
2d° 2d?

> 0.
P+ (2b1d)? (@t d) (et d)P —

T
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Bit dang thiic nay thuc chit chi 1a hé qua ctia cdc bit dang thiic sau

4b+d S d
(a4 b?)(4a2 +4b2 + 4bd + d?) ~— 4a*(a® +d?)’
de+d S d
(@®+c?)(4a? +4c2 +4cd +d?) — 4a*(a*>+d?)’
2b+2c+d S d
(b%+¢%)(2b% +2¢2 +2bd +2cd + d?) ~ 2a*(a® +d?)’

BAt ding thifc thii nhit diing vi né tuong duong véi

8a’bd (b — d) 4 4bd* (a*> — bd) + d° (a*> — b*) +4b(a* — b*d) + 2> (d® + 64°b) > 0.
Hoan toan tuong tu véi bt dang thic thit hai

8a’cd(c —d) + 4cd*(a* — cd) + d° (a® — ) +4c(a* — 3d) +2a* (d® + 6a*c) > 0.
Bit dang thiic thit ba ciing ding do dang tuong duong ciia n 1a

2b(a* — b3d) 4 2c(a* — d) 4 2b(a® — bc*d) + 2¢(a® — b*cd) + 2d* (a®> — be) (b +¢)
+d*(2b+d)(a® — b*) +d*(2c+d)(a® — ) +2a*d > 0.
Cic ddnh gia trén ching t6 ring ta chi can ching minh P(a,b,c,d) > 0 véi d = 0. Khi d6, bat
déng thiic nay tré thanh

1 1 1 1 n 1 n 1 S 81
b*+c* 2+ad?>  a?+b* " 2a+b+c)r

St dung céc bét dang thitc AM — GM va Cauchy — Schwarz, ta c6

1 1 1 1 1
22c12+2b2+c222<219c+b2+c2>
4 1
=D e e wE A M s

4 . | . L2 (2.13)
—3\b+c c+a a+b
>4[ 9 ]2_ 27
3| (b+tc)+(ct+a)+(a+b)| (a+b+c)?’
va
1/1 1 1 1/1 1 1\>_1 9 2 27
ey ) > (D) > () =28 2.14
2<a2+b2+c2>_6(a+b+c> _6(a+b+c> 2(a+b+c)? .14)

Cong (2.13) va (2.14) lai, ta c6 ngay diéu phai chiing minh.V6i a > b > ¢ > d, dang thic c6
dugckhia=b=cvad=0.
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74. Cho a,b,c,d, e la cdc s6 thic duong. Chiing minh

(”aib) <1+bic> <1+c-fe-d> (Hdie) <1+e—l;a) - G)S

Ldi giai. Khong mit tinh tdng quat gid st a + b+ c+d +e = 1. Khi dé, ta thyc hién bién ddi
bét dang thiic da cho nhu sau

(at+b+c)(btetd)(ctdte)d+eta)etath) (3)5
(a+b)(b+c)(c+d)(d+e)(e+a) —\2/)’

atbtc btct+d c+d+e dteta e+a+b><3>5

d+e e+a a+b b+c c+d 2

<die_1) <e—il—a_1> (aib_l> (bic_1> (cid_1> - (3)5

D€ y ring v6i moi x,y > 0 théa man x+y < 1 ta cé

() G)- () - e

Tur danh gia nay ta suy ra
2 X > (2 X 2
d+e+a+b S \l-c '

<die‘1> <aib_1>

Mot cach tuong tu thi

v

Nhan nidm bét dang thic cuing chiéu trén cho ta
L 1 L 1 L _ 1 ! 1 L _ 1
d+e et+a a+b b+c c+d
2 2 2 2 2
> —1|(—=-1 -1 —-1 —1].
_<1—a ><1—b ><1—c ><1—d )<1—e >
Viy dé chiing minh bét déng thiic da cho, ta chi can ching minh dugc

(e ) (Z ) (Fe) () (Fe)= ()
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LAy logarith népe ca hai vé rdi xét ham sb f(x):ln(i—l):1n(1+x)—1n(1—x) v6i moi
x €10,1], tacod
1 N 1
o 14x 1—x
-1 1 -1 1
/! — > :0
PO =g Y i 2 0 T (1

f'(x)

Suy ra f(x) 1a ham 15i, vay bat déng thic Jensen cho ta

F(@)+ £(b) + £(¢) + £(d) + fe) 25f<a+b+§+d+e> :sf@ ~5in’.

Bai toan dudc gidi quyét. Pang thifc xay rakhi vachikhia=b=c=d =e.
Nhan xét. Ching ta c6 két qua tdng quat hon 1a
Bai toan. Néua; > a, > ... > a, > 0 thi

3 n
(vats) (eata)~(2%2)= ()
ay+ax ar+aj a, +a; 2

75. Gid sit a,b,c,d, e la cdc s6 thuc khong dm co tong bang 5. Chiing minh

729
(@ +b*) (B> + ) (P +d*)(d* + &%) (P +a*) < BN
Loi gidi. Do vai trd hodn vi vong quanh giita cic bién a,b,c,d,e nén ta c6 thé gia st e =
min{a,b,c,d,e}. Dit P(a,b,c,d,e) 1a vé tri ctia bt ddng thic da cho. Ta c6

2 2
d2+e2§<d+§> , 62+a2§<a+§) :

2 2
a2+b25<a+§> + b, c2+d2§cz+<d+§) :

nén . .

P(a,b,c,d,e) <P (a—i— 5,b,c,d+ 5,0) .
Tit day suy ra ta chi can chiing minh bat ddng thiic ban dau v6i e = 0. Khi d6, tacé a+b+c+d =
5 va bit dang thiic nay trd thanh

729

O(a,b,c,d) = a*d*(a* + b*)(b* +*)(* +d*) < - (2.15)

Do vai tro b, ¢ 1a nhu nhau, gia stt b < ¢. By gid, ta lai c¢6

»\’ b\ b\
az(a2+b2)§(a2+ab+4> :(a+2) , P +c* < <c—|—2> )

~

nén ) )
Q(a,b,c,d) < Q (a—i— E,O,c—i— 2,d> .
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2.2. Loi gidi Chuong 2. Tuyén tip cdc bai todn

Tir day suy ra (2.15) sé dudc chiing minh néu b = 0. Lic ndy a+c+d = 5 va ta can ¢6

729
a*Pd*(* +d*) < -
St dung bit déng thiic AM — GM, ta c6

2a*cd* (P +d*) = a* - cd - 2cd(c* +d?)

4<c+d>2<2cd+c2+d2>2 4<c+d>6
<a =4a
2 2 2

2

Ching minh hoan tit. Dang thic xdy ra khi va chi khi (a,b,c,d,e) = (2,0,3,3,0) cung céc
hodn vi tuong dng.

76. Vdi a,b,c,d,e la cdc sé thuc duong cé tong bang 5, hdy chiing minh
abc + bed + cde + dea+ eab < 5.

Loi gidi. Khong mit tinh tdng quat, gia st a = min{a,b,c,d,e}. Khi d6, st dung bit diang thiic
AM — GM, ta cé

abc +bed + cde+dea+eab = cd(b+e—a)+a(b+d)(c+e)
<c+d—|—b+e—a>3 <b+d+c+e>4
< +a| ————

3 2

:<5—32">3+a<55“>2.

5-2a\° 5—a\* 5(1—a)?(2+a)
_ — = >
3 ( 3 ) a( 2 > 108 20,

Mt khac, ta lai c6

nén két hop vdi trén, ta suy ra ngay két qua can ching minh. Pang thifc xay ra khi va chi khi tat
ca cic bién a,b,c,d, e déu bing 1.

77. Cho sdu s6 thuc duong a,b,c,x,y,z. Chitng minh

(a—l—b+c)(x—|—y+z)> ax by i
a+b+c+x+y+z ~a+x bty c+z
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Chuong 2. Tuyén tip cdc bai todn 2.2. Loi gidi

Loi giai. Ta thuc hién bién ddi bat dang thic da cho nhu sau

atbtctx+y+z (a+b+c)(x+y+2)
4 at+b+c+x+y+z

< atx  ax n b—I—y_ by . ctz ctz ,
4 a+x 4 b+y 4 cz

(a+b+c—x—y—z)? < (a—x)2+(b—Y)2+(C—Z)2

at+b+ct+x+y+z T atx b+y ct+z

hién nhién ding theo bét dang thiic Cauchy — Schwarz

[(a—X)Jr(b—y)Jr(C—Z)]ZS(a—X)2 (b—y)?  (c—2)°

VP =
(a+x)+(b+y)+(c+2) a+x b+y c+z

=VT.

Bai todn dudc gidi quyét.
78. Véi hai tam gidc ABC va A'B'C’ bdt ky ta co
d(b+c—a)+b(c+a—b)+c(a+b—c)>4V3SS'.

Loigiai. Dit x=p—a,y=p—bz=p—c X =p' —d,yy =p' —b,7 = p' - thi ta c6

x,y,2,x ¥, 7 1a céc s& duong va bat déng thiic can ching minh trd thanh

2x(Y +2)+ 297 +x) +2z(X +¥) > 43/ xyz(x+y +2)x'y 7 (X +y +72),
hay la
x(y' +2) +y(@ )+ 2+ ) X (v 2) 4y (2 +x) + 2 (x +y)
> 4/ 9xyz(x +y+ )XY (K +y +7).
Ap dung bét ding thiic AM — GM, ta c6

(Y +2) +y(E ) + 20 +)) 2 3V +y) (Y +2) (@ +),

Xy+2)+Y (2+x) +7 (x+y) >392V (x+y)(y+2) (2 +x).
St dung hai két qua nay, ta dugc
x(y) +2)+y(@ +¥) +2( +Y) X (v +2) +Y (z+x) +2 (x+y)
>3/ xyz(x + ) (Y +2) (@ +x) + 3V (x+y) (v +2) (z+x)
> 6/xyz(x+y) (v +2) (2 +0)XyZ (X +¥) (Y +2) (2 +x).

Matkhdc, tt 9(a+b)(b+c)(c+a) > 8(a+b+c)(ab+bc+ca) vaab+bc+ca > +/3abc(a+b+c)
tasuy ra 3v/3(a+b)(b+c)(c+a) > 8Vabc(a+ b+ c)>/?, va nhu thé
z(x+y) (v +2) (2 +x)xyd () + ) (& )

- 64(xyz)3 /2 (x+y+2)> 2 (XY )2 (W +y +2)3/?
- 27 '
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2.2. Loi gidi Chuong 2. Tuyén tip cdc bai todn

Két hop v6i trén, ta dé dang suy ra dudc

x(V +2)+y(@ + X))+ 2 +Y) X v+ 2) + Y (24 %)+ (x+y)
> 6/xyz(x+y) (y+2) (2 + XY ( +y) (¢ +2) (& +x)
- 6\6/64(xyz)3/2(x_|_y_'_Z)3/2(xlylzl)3/2(xl+y/+ZI)3/2
- 27
=4/ 9xyz(x+y+2)xy (x +y +72).

Day 1a diéu phai ching minh. Dang thiic x4y ra khi va chi khi cic tam gidc ABC va A’B'C’ déu.

79. Cho ay,a,...,a, (n > 3) la cdc s6 thuc khéng dm co tong bang 1. Hay chitng minh

2

Z\/J’Z\/amtl Vn+1

=1 i=1

Lai gidi. Theo bit dang thic Cauchy — Schwarz thi

1 1 1
\/CTI+\/LTZ++ ang\/n<al+n++n> <n+a2++an)

el ) (oo

_ \/(nal—&—n—l)(n—i—l—nal)'

n

Tir day suy ra

n

ai (nay+n—1)(n+1—na;)

\/1—|—611 n(1+a1)
) 2n+1
=4/n —na; — ———.
: n(l+a)

Thiét 1ap cic danh gia tuong tu, ta sé chitng minh bt dang thiic manh hon 1a

i 49 2n+1 < n®
n+2—na; — )
= " on(l4a) T Vil
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Chuong 2. Tuyén tip cdc bai todn 2.2. Loi gidi

Lai st dung bat dang thiic Cauchy — Schwarz ta cé

1 2n+1 1 [ 2n+1
n+2—na,— — n+2—na— ——
z;\/ l (1+a,) Z "ol +a)
n*(n+1)—(2n+1) !
n n
~1+a

20t 1)— n2(2nn+ 1)

n+ Y, a;

i=1

n2(2n+1 n?
n?(n+1)— ( ): .
n+1 vn+1

Il
=

Bai toan dugc giai quyét. Pang thiic xay ra khi va chi khi a; = %,Vi =1,2,...,n.

80. Chiing minhvéik =n—1

n
n noq (I’l— l) _;1 az2
YaY L owik|— o,
i=1 i=1 a Z aiaj
i<j

trong do ay,as,...,a, (n > 3) la cdc s thuc duong.
Loi giai. Bt dang thiic da cho tuong duong vdi titng bit dang thiic trong diy sau

n

n a; (I’l—l) iglaiz
Z<+ )+n>n —an424 —0
i<j N4 G Y aia;
i<j
2% 2
n (l’l—l) _Zai
Z( + -2 +2>+2n—n2>n2—2n+2+n‘_1,
i<j N4 di Y aia;
i<j
(-1 % a?
(al+aj) 22(H—1)2+ . i=1 7
1<j aia.j Zalaj
i<j
0 (ta)
(az‘i‘a])z (n=1) (z’;lal>
n
1<J aa/ Zala]
i<j
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2.2. Loi gidi Chuong 2. Tuyén tip cdc bai todn

Ta c6 thé thiy bat dang thifc nay hién nhién diing theo Cauchy — Schwarz

Farw)] o-v(Ea)

=
vr > 25 = . =VP.
Y a;a; Y aia;
i<j i<l
Diéng thiic x4y ra khi va chi khia; =a, = ... = a,,.

81. Cho ay,as,...,a,(n>3) la cdc s6 thuc duong. Chiing minh

i=1 i
n 5 n n 1 n 1
<\ (Xad+2)aa | | X 5+2) (2.16)
i=1 i<j i=1 9 i<j 4idj

Miit khac, st dung bat dang thiic Newton, ta lai c6

n n
n n 4y aa; Y a; ap, ... 4, _,
1 i<j i1 <iz<...<in_2

4Zal~ajz ) -:
i<j i<jalaj ajay...day
2 n n
(n - 1) Z ai Z a aj, ...dj, (217)
i=1 1<ip<...<ip_1
>
alaz...an

n

=(n-1) ZZa,Z—.
i= 1 i

i=1

Két hdp (2.16) va (2.17) lai, ta thu dugc

n n

+ (n—1) Za,z

= :1

| A

LeXs

Ta c6 diéu can chiing minh. V6i n = 3, déng thifc xay ra khi a% = a»ajz, hoic a% = asa;, hoac
a% = aja,. V6in > 4, dang thifc chi xdy ratai ) = ar = ... = a,.
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Chuong 2. Tuyén tip cdc bai todn

2.2, Loi gidi

82. Gid sit ay,ay,...,a, (n > 3) la cdc s6 thuc duong théa man a? + a3+ ...+ a2 = n. Chiing

minh

3 3 3
X X X,

+ +...+
BB+ x| FHx . XD X4+,

Loi gidi. Goi S 1a vé tréi ciia biéu thiic da cho. Pt xo = x,,, khi dé ta c6

Vay ta chi can chiing minh

n—1
nn—2)> Zx,-(n—x%,l —x7).
i=1

Lai dp dung bét dang thic Cauchy — Schwarz, ta cé

n1 n—1
Y xi(n—x7 —x) Zx n—xi—x;) ) (n—xi—x3).
i=1 i=1
Mait khac,
n—1
Y (n—xiy —xj) =n’—2n,
i=1
n—1 n-1
Y n—xp —x)=n"= Y xjxg —x]
i=1 i=1
1= 1
—n?_ 5 (o + 2077 +x7 )
i=1
, I 5o
=n 5 (X7 +xi2q)”

Do dé bai toan dudc dua vé

n—1
wn=27 2 n(n-2) [ —§Z<x%+x%1>2],

hay tuong ducng véi

> .
“n-—2



2.2. Loi gidi Chuong 2. Tuyén tip cdc bai todn

Bit dang thiic nay ciing diing theo Cauchy — Schwarz
2

(P TIC SR I = P [
l;(xi +xiq)" > " [;(xi +xiq)| = " -4n” =4n.
Piéng thiic x4y ra khi ax = 1,Vk=1,2,...,n.
83. Cho agp,ay,...,a,(n > 1) la cdc s6 thuc duong théa man diéu kién ay, 1 — ay > 1 véi moi

k=0,1,...,n. Chiing minh rang khi do

1 1 1 1 1 1
ao ar —aop a, —ao ao aj ay

Loi giai. Ta sé sit dung phuong phap quy nap dé chiing minh bai toan nay. Gia st bit dang thiic
da cho diing t6i n, ta ciing sé chitng minh né ding cho n + 1. Diéu gia st cta ta 1a

1 1 1 1 1 1
(i) ()20 () ()
ao ar —aop a, —ao ao aj ay

va diéu can chiing minh Ia

1 1 1 1 1 1
1+<1+ >---<1+>§(1+> (1+>-~-(1+ )
ao ar—ao api1 —Aao ap ay an+1

St dung gia thiét quy nap & trén, ta c6

1 1 1 1
<1+ )[1+<1+ >...<1+ )]
ant1 aop ay —aop ay — ag
1 1 1 1
<<1+> <1+>'-'<1+><1+ >
agp aj ay Ap+1

Do d6, ta sé chiing minh bét dang thiic manh hon la ding

1 1 1
1+(1+ ><1+)
ag ap—ag ap+1 — Ao
1 1 1 1
S(l—i— >[1+<1+ >---(1+ )}
An+1 ap ap—aop an —ap

Ta thdy bat dang thic nay tuong duong véi

1 1 1 1
<1+ ><1+ >---(1+ )
ao(ans+1—ao) ap —ap a —ap an, —aop

1 1 1 1 1
<— 1+ 1+ (1 :
an+1 aodn+1 ay —do az —aop ay —ap

1
(145 ) (14t ) (142 ) =0
An+1 —ao ay—aop az —ap an —ag

Tt gia thiét agy1 —ax > 1,Vk =0, 1,...,n ta suy ra ngay

1 1 1 1
VT < 1+-— l+= ) (14+-)=1=VP
n+1 1 2 n

Nhu vay, ta chi can chiing minh bét dang thic da cho trong truting hop n = 1 1a phép chiing minh
sé dudc hoan tat. Xin danh cho ban doc hoan chinh.

hay la
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