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CAC CACH NHIN KHAC NHAU POI VO'I MOT BAI TOAN

Tiép cdn loi gidi cua mét bai toan, ching ta cd nhitng cach nhin, quan niém khac nhau.
Nho viée thay d@oi cach nhin va quan niém dé chiing ta sé ¢ nhiing cach gidi khac nhau cho mat
bai toan. Sau day la mot bai toan nhuw vay:

Bai todn: Cho a, b, ¢ & cac sé thwe dwong théa man: a + b + ¢ = 1. Chieng minh:

Jvatb+Vvb+c+VJc+a<+é
Bai qiai

Céach 1: Ap dung BPT Cauchy ta co:

2
2 b

ﬁ.x/ﬁz /;(a+b)ﬁ¥+) (1
5 ) 2+ (a+b)

= Na¥h= §.(a+b)SBT )
, + +b

f,/(a+b— —(a+b)< (a ) (3)

Cong cac vé twong tung (1), (2) va (3) ta duoc: \E.(\/a+b+ Vb+c+ Je+a) <

[24+2.(a+b+c)]=2 ©Va+b+Vb+c+Vc+a<e.

N |-

Diu “="xay rakhia=b =c = 1/3 = DPCM.

Céch 2: Ap dung BPT Bunhiacopxki ta cé:

Va+b+Vb+c+vcta<,(1+1+1)(2a+2b+ 2c)=+6.Diu“="xay rakhi

va+b _ vVb+c _ VJc+a

— = - :>a:b:cméa+b+c:1=>a=b=c=§:>BPCM

Céch 3: Dung hinh hgc gidi tich trong khong gian.
batx =va+b ;y=+vb+ct+;z=+c+a (xy,z>0)
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_ Vva+b +Vb+c +cta=x+y+z=m(m>0)
x2+y2+z2=2(a+b+c)=2

Vé6i m la tham sb, ta c6: x +y +z = m 1a phuong trinh mat phang. x? +y?+2z2 =2 la
phuong trinh miat cau tam 1(0;0;0) va ban kinh r = /2. Theo bai ra thi hé sau phai c6 nghiém:

+ -l— = 1 5 . ’ \ \ . ~ .
{ xryTa=m M . Tuc la mat phang (1) phai cat mat cau (2). bieu nay xay ra khi

x2+y2+2z2=2 (2)
khoang céch tir tam I dén mat phang (1) phai phai nhé hon hodc bang ban kinh r, tuc 14 ta c6:

|0+0+0—m|

V3

<V2e|m|<Vv6=m< V6 hayva+b+Vb+c++Vc+a<6.
Dau “=" xay ra khi mat phang (1) tiép xtc voi miat cau (2). Ta tim toa do tiép diém cua ching:
x=t
Puong thang qua 1(0;0;0) va vudng goc véi mat phang: x + y + z = V6 1a: (d): {y =t
z=t
Giao diém cua (d) voi miat cau IéK:StZ:Z@t:\/g (v‘|t>0):>x:y:z:\E =
K(\E;\E;\E)ﬁ a+b=b+c=c+a=§=>a:b:c=1/3$BPCM.

Céach 4: Diing phwong phdp bién déi két hop véi BPT cauchy:

PitP=vVa+b+Vb+c+Vc+a>0=P =2@+b+c)+2(Vatb. Vb+c+Vb+c

Neta +Vat+bJcta)=P <2+ 2.[(a+b);(b+c) + (b+c):(c+a) + (Ha):(mrb)] ePP<2+

4(a+b+c) _

Z.T—6<:>P§\/8(doP>0). Diu “="xayrakhia=b=c=1/3= DPCM.
Cach 5: Ditng phwong phdp bién doi:

x+y+z<V6 ()
bitx=vVa+b ;y=vb+c+;z=+Vc+a =>{x*+y*+z?=2
0<x;y;z<?2

Me x2+y2+z22+2(xy+yz+2zx) <6 © x2+y?+2z2+2(xy+yz+zx) <3(x*+

y2 4 22) & (X-2xy+y?)+(y2-2yz+79)+(2%-22x+X%) = 0 & (x-y)? +(y-z)*+(z-x)? = 0 (luén dung)
Viy (*) dang, hay BDT da cho diing. Déu “=" xay rakhix =y =z =>a=b=¢ = 1/3 = DPCM.

Cach 6: Ditng phwong phdp bién doi:
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x+y+z<V6 (%)
Ditx=+Va+b ;y=vVb+c+;z=Vc+a =>{x>+y?>+2z2=2

O<x;y;z<\/§
e x2+y2+22+2(xy+yz+2zx) <6 ©2[ x2 +y?2 + 22 + 2(xy + yz + zx)] < 6(x? +
y?+2z%) © x> +y*+ 22> xy + yz+ zx. Ap dung BPT Cauchy ta c6: x? +y? > 2xy ;
y2+2z2>2yz; x* 4+ 2% = 2z2x = x*+y* + 2% = xy + yz + zx. Vay BDT da cho 1a dung.
Dau“="xayrakhix=y=z=a=b=c=1/3= DPCM.
Céch 7: Dung dinh ly thugn cia tam thac bédc hai:

VGi moi X € R ta lubn co:

—(x—va+b)?<0 —x*4+2va+b—(a+b)<0 (1)
—(x=Vvb+c))<0e{—x2+2vb+c—(b+c)<0 (2)
—(x—Vc+a)?<0 —x2+2Jvc+a—-(c+a)<0 (3)

cong vé véi vé (1), 2) va (3) ta dugc: —3x*+2Wa+b +Vb+c + Ve+a)x—
2(a+b+c)<0& —3x2+2(Wa+b + Vb+c + Vc+a)x—2 <0 (*). Do (*) dang véi

moi XER nén A’ <0 hay (Va+b + Vvb+c + Vc+a)’—6 <0 & va+b+Vb+c+
Ve + a <+/6. Dau “="xayrakhi a=b=c=1/3= DPPCM.

Céch 8: Dung dgo ham khdo sat ham sé:

Taco: Va+b+Vb+c+vVc+ta<Vée & Vi—c+Vi—-b+V1I—a<+6 (*). Do ab,c
€(0;1)néntaco:5-3a+0;5-3b+*0; 5-3c #0.

(5-3a)i-a | (5-3HWVIZD , (S-3AVI=C _ & (aw) X4t ham sb f0) =5

*) (5 - 3a) 5- 3b) 5- 3) ) véix € 0; 1)

1-3x

Co (%) = i VGi X € 0; 1) = f’(x) =0 & x = 1/3. Ta c6 bang bién thién:
X 0 1/3 1
(%) ¥ 0 -
Ve
VAN
/ 1/5 oll ™\
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Dox € 0;1)nén5-3x>0= (5-3x).f(x) < (5 - 3x).f(1/3) hay 5 — 3x).f(x) < (5 — 3x). g

Thay x lan luot béi a, b, ¢ thi ta co: VT(**)< (5 3a+5—3b +5—3c) =6. Vay (*) dung,
teclava+b +vVb +c++c+a < V6. Dau* ”xayrakhla—b:c:1/3:>DPCM.

Céach 9:Diing phwong phdp don bién két hop véi dgo ham khdo sat ham sé :

Taco:Va+ b+Vb+c+vVe+ta=Vvi—a+Va+b++a+c. Laico: Wa+b++c+a)i=

2a+bh+c+2a?+alb+c)+bc =1+a+2 a2 +a(l—a) +bc <l+a+2 /a+(”“)

=1l+a+2 /a+(1—a)2—1+a+2 /a+———+— =l+a+va?+2a+1=2(+1) (i

ac (0;1).= Va+b+vVc+ta < 20+a)= Va+tb+Vb+c+Vcta < Vi—a+
J2(1 4+ a). Xéthamsé f(a) =v1 —a ++/2(1 + a) véi a € (0; 1). Khdng mat tinh tong quat,
giasta=Max{ab;c} =>1=a+b+c <3a=> <a<l. TaCOf(a)_zm \/ﬁ

Xétf(a)>0e 4(l-a)=>2(l+a) @ a<1/3= fa)=0<« a=1/3. Taco bang bién thién

cua f(a) voia e [% ; 1) nhu sau:

h :?a) ] 3/3 _ 1 ]
f(a ve \
@) % s

Maxf(a)
[g D
khi a=b=c=1/3= DPCM.

Vay = /6 tai a = 1/3 hay ta dugc Va + b + Vb + ¢ ++c + a < 6. Dau “=” xdy ra
Céch 10: Dung dinh 1y vi-et va diéu ki¢n c6 nghiém ciia bat phwong trinh béc hai -
bitx=va+b ;y=+vb+ct;z=+c+a
x+y+z=S x+y=S-z x+y=S5S—-z
S IxP+y?+z2=20 Jx*+y?=2-7’o xy:—(s_z)2+zz_2
2

0<x;y;z<V2 0<xy;z<V2 0<xy;z<V2

Ap dung dinh ly Vi-et ta c6 diéu kién can dé ton tai x, y Ia:
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2 (S—2)*+2z*-2 2 2 2 2 2
(-2 24.f@(5—z) >2.(5—2)"+2z2"—4©32° =252+ 5 -4 <0 (%)

Do (*) phai co nghiémznén A’ >0(via=3>0) hay S? —3(5? —-4) >0 52 <6

©S< V6 (Vis>0).Vay:Va+hb++Vb+c++c+a<+6. Diu“="xayrakhi a=b=c=
1/3 = bPCM.

Céch 11: Dung dinh BDT phu :

—3x+5

e V6i vV x € (0;1). Dox € (0;1) nén-3x +5> 0,
nén ta duoc 24(1-x) < 25— 30x + 9x* & 9x*—6x + 1 > 0 & (3x-1)> = 0. BDT nay ding véi

Ta chirng minh BPT phu sau: v1 — x <

V x € (0; 1). Ap dung cho céc sé a, b, ¢ € (0; 1) ta dugc:

Vi—a< ‘23%5 (1); T-a< ‘zjgs 2); VJi-a< ‘23%5 3)

Cong vé theo vé cua (1), (2) va (3) ta duoc:

-3(a+b+c)+ 15

Vi—-c+Vi—-b+Vi-a< e .Maa+b+c =1nénVi—-c+Vi—-b+

Vi—a<+6 hay Va+b+Vb+c++c+a<+6. Diu “=" xay ra khi a=b =—c¢c = 1/3
= DPCM.

Céch 12: S dung vec-to va toa dé trong khéng gian:

Trong khdng gian Oxyz, xét X(Va + b; Vb + ¢; Vc + a); y(1;1;1). Taludn cé X. y < |X|. |y
néntacd: .va+b+1Vvb+c+1vVc+a<V3./(a+b)+(b+c)+(c+a)

o Va+b+Vb+c++Ve+a<V6.Diu“="xayrakhi ¥,y cung phuong=a=b=c=1/3
= DPCM.

Céch 13: S dung lwong giac hoa:

Taco:va+b++vVvb+c++vVc+a=+Va+b++vV1—b++V1—a.Doab,c>0vaa+b+c=
1néna, b, c € (0;1). bita = cosx; b = cosy V6i x,ye(0;%).Khidé\/a+b+\/1—b+

V1—a=/cosx + cosy + V1 — cosx + /1 — cosy:\/ZcosHTy.cos%+\/25in2§+

\/ZSinzg < \/2cosxzi + \/E.sin;—c + \/f.sin% = \/2(1 — 2sin? ?) + 2\/§.sinx%y . cos%

x+y

< \/2(1 — 2sin? %) + 2y/2.sin—> = A. B¢ chung minh bai toan, ta chi can ching minh
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A < V6, that vay: A<‘/_<:>\/2(1—281n2x y)+2\/—s|nx+y<\/€

IS

@\/2(1—251'112%)3 —2v2sinm2 +6 (*).Doo<x y<Z nén0<=2<

:sin?SSin§-£=—2f3|nx+y+\/3 >—2\/§.g+ V6=v6-2>0va

2 x+y

1 — 2sin >1-2. (?)2 = 0 nén hai vé cua (*) déu duong, binh phuong hai vé ta duoc:

1 — 2sin? Ty<4sm( ¥y +3- 4\/_S|n <:>65|n( Yy - 4\/_sm—+2>0

o (Ve. smx+y V2)? > 0 (BDT dung). Néen A<+v6 hayva+b+vVb+c+vVc+a<+6.

xX=y

A e 2 : H — ol _1 - - . -

Déu“="xayrakhi{ . x+ty vZ_ 1 esinz=sin¥ == o cosx =cosy =1 — 2sin?Z =1-
SN = BT 2 ¥ 2

2.2=-=a=b=c=13= DPCM.
Céch 14:Diing dao ham khdo sat ham sé :

szlta:%-x;bzg— y;c:§+x+y. Doa,be (0;1) nén:0<3l-x<1va0<§— y < 1. Vay

x,ye(_?z;i).Tac():\/a+b+\/b+c+\/c+a:\/§+x+\/ +y+\/——x— = f(x;y).

-1

1
+
’2 2
2. §+x Z.Jg—x—y

Ta xem f(x;y) 1a ham sb cua x véi y 1a tham s6 = £,(X;y) = CXétfou(xy) =0

o= +x<§—x—y<:>x<—— Ta c6 bang bién thién sau:

X -2 y 1
2

£°x(%y) -
f(x;y) M \
N §

Vay f(x;y) <M = f(—%;y) =2. \/g — % + \/2 + v = g(y). Xét ham s g(y) véiy € (_?z;i).

o v -1 1
g(y)= 2.\/?%4'2.\/%—3/-

AN NN

g(y) 20 2+ y<>—Zeoy<0.Taco bang bién thién:
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Y -2 o §
9 y) + 0 -
a(y)

SN

N

AN

= fxy)<V6 =+Va+b++Vb+c++Vc+a<+6.Dau“="xayrakhix=y=0= a=b=c
=1/3 = DPCM.

Céch 15: Dung BPT phu -

x4+ y2+2z2=2

batx =va+b ;y=+vb+ct;z=+c+a =
’ Y {0<x;y;z<\/§

. Vay ta can chang minh:

X +y +z < /6. Trudc tién ta chimg minh BPT: t < 3t% + (1 - 2//6)t + 2 (*), that vay:

(*) @ 3t*- 2//6t + 2 > 0 & (V3t-v/2)* = 0 (ludn ding). Ap dung cho céc s6 x, y, z ta duoc:

< 3x% + (1 — 2V6)x + 2
y <324+ (1 —2V6)y + 2= x+y+z2<3(x?+y?+2z9)+(1-2V6)(x +y+2z)+6
z <322+ (1 — 2V6)z + 2

o x+y+z<A6. Déu“z”xéyrakhix:y:\/g = a=b=c=1/3= DPCM.

ChUy: BBT (%) tim duot bang cdch xét duong thang y = t 1 tiép tuyén cua Parabol y = 3t° +
(1-2V6)t + 2 tgi diém ty = \E
Céach 16: S dung véc-to, toa dé trong mat phang va dgo ham :

Trong mat phiang Oxy xét #(1;1); #(x;y). Bang cach dit x =va+b;y=vVb+c;z=+c+a

X+y+z=m xXt+ty=m-—z
Sy 2t =20 Ix2 4 y2 =2 - 22 (+)  Maii.b < [ill3| nén x +y < \/2(x2 + y2).
0<xy;z<V2 0<x;y;z<V2
Két hop (*) ta dugc: m —z < \J2(2 —22) hay m < \/2(2 —22) + 2 = f(z). Ta c6: f*(2)=1 -
2z _\J2(2-z2)-2z 2

’ = —z?) = 2 = |=
ot iy L @=0e022-2) =427 o1 J;

Ta c6 bang bién thién cua f(2):
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’(2) + 0 -

(2) V6
NN

Vaym < f(z) < f(\/g) =+/6. Dau “=" xay ra khi z = \E =x =Yy (u, ¥ cing phuong)

NN

= a=b=c=1/3= DPCM.
Céach 17: DUng phwong phdp tea dp trong mdt phang:
bat x=va+b; y=+vb+c;, z=+c+a

xty+z=m x+y=m—-z (1)
Xty +zi =20 )22 =232 (2)
0<x;v;z<A2 0<x;v;z<2

(1) 13 phuong trinh duong thang, con (2) 1a phuong trinh duong tron tam O(0;0), ban kinh

R = V2 — 22 trong mit phang Oxy. Vay dé ton tai X, y thoa man (1), (2) ta can c6: Khoang céch
tir O dén duong thing (1) phai nho hon hoic bing ban kinh duong tron (2): "”—JE' <2 - 72

& m?-2mz+7° <4-27° & 37°-2mz + m* — 4 < 0. Bit phuong trinh nay phai c6 nghiém z

nenA’'>0haym?-3m?°+12>0 © m’°<6 @em<+v6 hayva+b+Vb+c+Vc+a<

V6, m=+6 khiz:\/é =x=y= a=b=c=1/3= DPPCM.

Cach 18: Duw dodn diu bing xdy ra, dwa vé trwong hep ddu bang xay ra khi cac phan ti

bang 0:

Pit x=vVa+b;y=vVb+c; z=Vcta=x*+y>+22=2Vva0<x;y;z <2,

tacénchl’rngminh:x+y+z§x/€(1).Daitx:m+\E;y:n+\E;z:k+\E.Tacénchﬁ:ng

minh:(m+\/§)+(n+\/§)+(k+\/§)s\/€ hay m +n+k <0 (2). Lai c6: x% + y2 + z2 = 2
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=>(m+\/g)2+(n+\E)2+(k+\E)Z:Z@m2+n2+k2+2.\E(m+n+k):0
<:>2.\E(m+n+k):-(m2+n2+k2)sOhaym+ n + k < 0.Vay (2) ding, nén (1) dung

:BBTdﬁchodfmg.Déu“=”xéyrakhim:n:k:0=>x:y:z:\E:a:b:cle
= DPCM.

Nhdn xét: Cach nay goi cho ta mér huéng di méi dé chuirng minh BDT, d6 la duw dodn ddu bang
& BDT sau dé dat an phu, duwa vé truong hop ddu bang xay ra khi cac phan tir bang khong.

Céach 19: Dw dodn ddu bang xdy ra, tie dé quy ra BPT diing hién nhién(la BPT phu ta ding
dé chitng minh BPT ban ddu):

Pit x=vVa+b;y=Vb+c;, z=+vc+a = x?+y?+2%=2(x). Ta can ching
minh: x +y + z < /6 (1). Dy doan ddu “=" xdy ra & (*) taix:y:z:\/g, nén ta lién tuong

dén BDT ding hién nhién: (+/3.t —v/2)?>0,VteR. Taco: (vV3.t — V2 )’ >0 3t>-2V/6.t +

3t2+2 A 3t2+2 . L ‘. 3x2+ 2 |
2>20et< 2\/E.Vayts 7e (VteR), ap dung chocac so X, Yy, ztaco: x < 7e Yy <
3y2+2 3z%+2 3(x%+y2%+2z2)+6 _ , £ vy o
e ISR =>x+y+zS%—\Mhay(l)dung.Dau ="xayrakhix=y=z

:\E = a=b=c=1/3= DPCM.

Bai viét cia: Tran Tudn Anh (c nhan Toan).
Dién thoai: 0974.484858.

Email: TranTuanAnh858@gmail.com
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