TOAN HOC

C ing véi céc bat ding thic (BDT) giira

trung binh cfng va trung binh nhin,
Schur, Jensen va Holder, BBT Cauchy-
Bunyakovski-Schwarz (CBS) la m{t két qua
kinh dién, ¢ nhiéu irng dyng. Cau héi quan
trong nhat & diy la lam sao ta nhin biét dugc
mt bt ding thirc co thé giai bing phuong
phip nay? Rat khé ¢6 thé néi mit cach rd
rang, nhung c6 1€ 1a nén nghi dén BDT CRBS
khi ta thdy tong cua céc can thirc, tong ciia cdc
binh phvong hay déc biét 1a khi ta ¢6 cac biéu
thirc chira cén.

Dau tién, ta s& xét mjt sb bai todn ma trong
liri gidi ap dyng BDT CBS & dang kinh dién:
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Khé khin Ién nhét la chon a, va b . Ta sé
théy rdng trong mit vai trwdmg hop, diéu nay
la hién nhién, trong vai trvomg hop khac lai
khong don gian chut nio. Sau diy ching ta
gidi mt so bai toan.
* Thi du 1. Chuing minh rdng néu x,y,z la cde
sd thie thod mdn diéu kign x*+y* +z*=2, thi
bdt ding thire sau ddy ding: x+y+zs2+x2 .

(D& aé nghj IMO, Ba Lan)

Léi gidi. Tai sao ta lai nghi dén BDT CBS?
Nguyén nhén la BDT can chimg minh co dang
x(1-yz)+y+z<2 vA ta cén phai ddnh gia
théng qua téng x?+ ) +z!, Tuy nhién, cb rat
nhiéu cach dé ap dung BDT CBS. Chon lya
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(x(l=y2)+y+2)P <(x?+y* + 22N 2+(1-12)*)
khéng mdy thanh cong. Vi thé cé thé sé tit
hon néu coi y + = nhu mit sb hang. Neéu
chiing ta dé ¥ riing bét ding thirc cé dau bing
chang han khix = |,y =1 va z = 0, chon lya
x(1=y2)+ ¥+ 28 (2 +(y+2)2 N1 +(1-yz)?) trdr
nén khd tr nhién. Nhye thé cin chimg minh
21+ 32)2-2yz+y2z2)sde 32 s 222, didu
ndy hién nhién vi 22 y?+2222yz.

Mot tmg dung khong tim thuong khic cua
BDT CBS la bai todn sau.

% Thi dy 2. Cho ab.cxy.z la cdc 56 thuc
dwong thod mdn diéu kign ax+by+cz=xyz.

Ching minkh rdng x+y+z>Jatb+/btc+jc+a.

Lot gldi, Ta vidt L+24-5 21 va phép thé
yz Ix Xxy
a = yzu, b= zxvvi ¢ = xyw tr& nén ty nhién.

Nhu véy, can chimg minh

Jz{yu+xv}+,fx{zv+}w}+ﬁr{zu+m]qx+_}'+z
viiut+v+w=1.

Cé thé thdy dang cia BDT CBS:
(N0t ) +xzv e yw) + s aow))

S(x+ y+2) yu+ yw+xv+xw+ Zu+ 2v)

va biéu thire cudi cing nhé hon (x+y+z2)? vi

u+tv+ws=l,

Ta thiy c6 thé ap dung BBT CBS khi ¢b cac
tong. Thé con vdi tich s thi sao? Thi dy sau
s& chimg to ring trong trudmg hgp ndy, ta cdn
cd mt chit sdng tao.
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*Thi du 3. Cho a,as....a, 14 cdc 56 thuc

dwomg (vdi n = 2). Chitng minh rdng

(g +1)af +1)...(a} +1)2(afay +1)...(ala +1).
(Cudc thi CH Séc-Slovakia-Ba Lan, 2001)

Léi gidi. Ta thir 4p duyng BDT CBS cho méi

thira s6 c6 mit & vé phai. Mot cach ty nhién,

ta viét (1+a?a;)?<(1+a}X1+aka)), vi ta cin

1+a;, bieu thirc c6 mat & vé trai. Twong ty, ta

co thé viét

(1+aia; ) =(1+ai Nl +afaq),...,

(I+aja ) =(1+ai Nl +aia,).

Nhin theo vé cac bét ding thirc nay vdi nhau,

ta dugc

((atay +1)..(ada, -H}p}2

<(a} +1)...(@} +D(1+ala)...(1+a2a,) (*)

Nhung diy chwra phai 1a diéu ta can. Nhur thé

BDT CBS khéng cé hi§¢u qua cho BDT ndy.

Khéng han thé! Ta lai 4p dung li luéin ndy mét
lin nita dé cé

((1+aa)..(1+akay))’
<(a +1)...(ai +1Naja; +1)..(ala +1)
Nhur thé néu

(afay+1).(aia +1) 2 (1+aia)...(I+afa,),

thi (*) s& cho ching ta két qua, con néu ngugc
lai thi (**) s& két thic i gidi cia ching ta.0)

Bay gi¢r ta s& xem xét nhirng bai toan khé hon.

**)

W Thi dy 4. Cho hai 56 duomg x, y sao cho
2+y? 242 Chirng minh rdng x*+)y3<2.
(CHLB Nga, 1999)

Léi gidgi. Y tuomg 0 ddy la chin x*+)* boi
A(x? +y*) véi A ndo d6. Picu nay 1a ¢6 li néu

nhin vao cac luy thira. Ta thir 4p dung vii thi
thuit véi BDT CBS va BDT gitra trung binh
cfng va trung binh nhén:

(F+y PP+ y T+ P2)s(2 + 2 )P+ 2)
2
- JC R T,
_r{x +yi+xi+y J .

& 2

Nhur vay ta @3 chirng to ring x*+)3< x2+ 32,
Nhung (x?+p?) P =(x+y)x*+)") va do do
x4yl s x+y5\,fm, suy ra x?+y*s2
va x*+)°=2.

W Thi dy 5. Chimg minh rdng néu x,y,z thugc
doan [~ ; 1] thod mdn diéu kign x+y+z+xyz=0,
thi ta cd

Je+l+ fy+l+dz4123.

Léi gidi. Diu tién ta sé ap dung BDT CBS &
dang hién nhién:

Jx+l +J}'+I +yz+] £J3[1+}'+z+3} ;

Nhung biéu thirc vé phai cé nhé hon 37 Cé,
néu nhr x + y + z < 0. Biy gid ta gia sir rdng
x+y+z>0 Khidéxyz <0. Co thé gia sir
2<0. T ddy tacdx,y € (0; 1]. Ta s& khéng
tir bo va cd ging ap dung BDT CBS mét lan
nira, nhung lan nay la cho hai cén:

Vr+l+fy+1+4z4182x+2p+ 444241,

Ta cén chirng minh

J2x+2y+4+4/241<3

2(x+y)

-2z
= <
2+:;11+2}r+4 1+Jz+l

—z(xy+1) < -z

=)
24, 2x+2y+4 1+Jz+|
2o+ 21+ +2<,2x+2y+4.,

Vi 1422020020 , nén tét ca quy vé chimg
1+xy

minh m\f{l-ﬂ{l-ymuy;u;/lr“f. Ta

mudn sir dung BDT CBS thé nao dé dé lam
mét di | — x & vé trai. Cu thé la

xy+y/(1=x)(1= y)(1+xy)
= J;-ny* +Nl=x 14+ xy—p—x3?

£1|||II+.1}'—}! sl=< ,fI+HTP.




Cé thé thi dy kho nhéit trong cac bai loén
dang nay la bai toan sau day.

*Thi du 6. Ching minh rdng véi cde sé
dwong a, b, ¢, x, y, 2 ta cé bt ding thire

i{yd- z]+*b—{z+x}+L{x+y}
b+c c+a a+b

5 J Xytyztax .

x4+ y+z

(Crux Mathematicorum)

Laigiai. Kihifua+ b+ = Za. Tuong ty
vii cac tong co cac bién so duge ldy hodn vi
vong quanh. Ta cd

Ei;{yﬂHZUH} ={Zﬂ][ZEJ

b+c
oL sl V0T I s
_I{E(bﬂ-:'][zbﬂ:JEl(z }-+z]
Ta s& chimg minh

%[E{J}Tﬂ]: aj—zzfizzx (1)

tir day suy ra dpcm.

Ta ¢6 (1) tvong duong véi
(X e+ x4 xy+yz+20))(Lx)

23(Xyz)+ 2T x)

Bdri vi

TV ez zy() +9(Tz).

Nén chi cin chirg minh

(ENEA +o(oz)2(T) +3(s2).

Nhung diéu niy la hién nhién sau khi binh
phuong hai vé cia BPT. O

Biy gid ta s& nbi vé mét thi thuit dd duge dp
dung kha nhiéu trong nhifng nim gin day dé
gidi céc bai toan thi. Pay chinh li mijt trong
nhirng phurong én cia BET CBS:

2. a7 Z |

k=]
vai mgia, thyc va b duong, k=1,2, .., n

Mt dp dung don gian cia thd thudt nay 1 bai
todn sau, duge @& nghj tai Cude thi gilta cac
thanh phé (Tournament of The Towns
Competition).

% Thi dy 7. Chieng minh réng véi cde 56 thuc
dwomg a,b,c ta cé bdr ddng thirc sau;

a’ b el

+ +

b? +be+c?
5 a? +b? +¢? |

a+b+e
Léi gidgi. Néu viét lai vé phai dudi dang

(a? +b? +¢:1)1
{a+h+r:}{ﬂ1 +bi4c 1] i

at+ab+b? cl+ac+a?

ta s& biét cin lam gi:

D D .

a‘ +ab+b? a(b?+ab+al)

. (Ze)

= ¥ a(a* +ab+b?) ,

Nhir viy, ta s& c¢6 diéu phai chimg minh néu
Y a(a? +ab+b?)<(Y a)- (3 a?), va thyce t€ thi
& day xay ra diu bing. O

S& co nhitng truong hgp ma gin nhu ta khéng

thé tim duygc a, va b, . Ta sé thao lun mot sé
bai todn ma trong d6 thd thuft niy dwgc ép
dung m§t cach khéng hién nhién chit no.

*Thi du 8. Chimg minh rdng véi ba sé
dwong a, b, ¢ ta cé bdt ddng thirc

{b+:‘ua}= 5 (c+a-b)? ! (a+b-c) 21
a’+(b+c)? B 4(a+c) cl+(a+b) 5
(Mhéit Ban, 1997}




Ldai giai. Cach thirc ty nhién nhat la

bie .\ bic _Y
E{b+c—a]1 _Z[_a_-l] E[ZT-3J
al+(b+c)t b+cY’ bcY

vi trong cich ndy ta thu dwge mot bét ding
thirc ba bién sé ma d4 biét kha rd mdt sé tinh
chat. Nhu vy, cdn chimg minh ring néu
_b+e c+a a+b

L . 2=—— thi
a X b c

{x+y+:-3}z E‘%{xi +y2+2143),

X

diéu nay tuong dwong véi
(3x) 155 x+3¥ xy+1820.

Pang tiéc 1a khong thé sir dyng tryc tiép dir
kién xy+yz+zx 2 12. Vi vily, cin tim cdc bér
diing thir dang nhu xy+ypz+zxzk(x+y+z).
Hing sb tt nhét 1a k = 2 (vi ta ¢6 ddu béng
khi x = y = z = 2), Thét thé, sau mdt so tinh
todn tryc tiép, BDT ndy co thé viét dudi dang
(X a')+3abc =Y ab(a+b), vi 46 chinh 12

BDT Schur. Tir 46, ta ¢6 thé viét:
{Z:}I —152x+321}-+lﬂ
2 [z.t}l -QE:HIE >0.

Va BT cudi cing ding vi x+y+226.

Tai ki thi Toan Qudc té 2001, bai todn 2 da
gy duge kha nhiéu khé khén cho cée thi sinh.
Ta dva ra m{t cich tiép cdn khéac, cho phép
dwra ra mét md réng dep.

% Thi dy 9. Cho k la 56 thuc, k > 8. Chimg
minh rdng véi cde 56 nguyén duomg a, b, ¢

ta co
e _ . b PO - > 3
Jat+kbe bi+kea ci+kab  Nk+l
Lei gidi. Ta cd, theo BDT CBS thi
a 2
[Em’](Zﬂﬂﬂli'kbf IE(E-G} .

Bdy gi&, ap dung BDT CBS cho tdng thir hai

[Eau"al +ih5v:]l =(Zu‘r;u"a’ +kabc }1

< (E a}(Z{u?' +kabe }} E

Nhur vy chi can ching minh
(k+1)(Ta) 29(3(a* +kabe)).

Nhung diéu ndy tuong dwong véi
(k-8)(a+b'+c") + 3(k+ 1) (a+b)(b+c)(c+a)
> 2T7kabe.

Bat ding thirc cudi cing ld hién nhién theo
BET trung binh cfng - trung binh nhén.

Bai tap ap dung
Bai 1. Cho x, y, z la céc s6 Iém hon | thoa mén
I

didu kitn L+1 4122 . Chimg minh ring
X ¥ 32

Jx+y+zevx-1+y-1+Jz-1.
(Iran, 1998)

Bai 2. Chimg minh riing néu céc sb a, ay, ..., Ge
!
thuc doan ;-ﬁ} thi ta cb
=

e T S T B O
h+dy i+ds aQu+as as+as
rﬂs*ﬂn+ﬂa—ﬂl > 0.
dg+dy d+dy
Bdi 3. Cho x € [0; 1]. Chirng minh ring
#(13/1-x2 +04/1+x2) < 16.
(Olympic 30/4, 1996)

Bai 4. Chimg minh ring v&i 2n s6 thyc ay, a;,
vevy Oy XYy X35 6104 Xg 12 0O

o (£)(E) 2 2(30 )

Déng thirc xay ra khi nao?

{Kvant, 1989)
Bai 5. Cho a, b, ¢, x, ), z 1a céc s0 thyc sao
cho (a+b+ec)x+y+2)=1 vi
(a 4B +c ) (x2 +y2+20)=4.
Chirng minh ring ax+by+cz 20.
(Cubc thi Mathlinks, 2005)



