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PHAT TRIEN VA NANG CAO KY NANG VAN DUNG BAT BPANG THUC BUNHIACOPXKI

Phan A. MO DAU
I. Pit van dé

Bit dang thirc va cuc tri 1a mot bai toan khé nham phat trién tu duy va ning cao
kién thirc cho hoc sinh cép THCS va THPT. Trong do, vi¢c van dung cac bat déng thire
co ban nhu Cosi, Bunhiacopxki dé giai duoc thanh thao cac bai toan vé bat ding thirc va
cuc tri khong phai 12 mot diéu don gian.

Trong cac ki thi cac cAp nhu thi hoc ki, thi vao 16p 10, thi hoc sinh gioi cip
truomg, cp tinh, cp qudc gia, Olympic khu vue, ...chung ta thudng thay sy c6 mit cla
bai bat dang thuc, cyc tri nham tim ra nhimg hoc sinh c6 nang khiéu hoc toan.

Hién nay, cac chuyén dé vé bat dang thirc dé co rat nhiéu thay co, cac tac gia Vlet
sach tim hiéu va viét vé van dé nay. Tuy nhién rat it cac tai liéu tim hiéu chuyén sau vé
viéc rén luyén k¥ ning van dung bét ding thirc Bunhiacopxki cho hoc sinh.

Trong qua trinh giang day, boi dudng hoc sinh gioi cac cap, toi da tim hiéu ,
nghién citc dé dwa ra mot sd k§ ning chinh thudng gip va viét thanh dé tai sang kién kinh
nghiém: “Phdt trién va ning cao kj niing vin dung bdt ding thivc Bunhiacopxki”
nham gitup hoc sinh ¢ thé chu dong, tu tin hon khi dtng trudce cac bai bat ding thirc va
cuc tri.

Dé tai chu yéu néu bét cac k¥ ning can rén luyén cho hoc sinh trong qua trinh vén
dung bét ding thirc Bunhiacopxki dé giai toan trong cac ki thi cac cip thuong gip.

II. Phwong phap tién hanh

Dua trén thirc té day céc 16p ban khao hoc tir nhién, tham gia day bdi dudng cac
16p hoc sinh gioi cac cap trong cac nam hoc vira qua. Trén co so do, toi da tim hiéu ,
nghién ctru , tich iy va tham khao ¥ kién cac ddng nghiép dé viét sang kién kinh nghiém
nay.

Dé tai da st dung cac phuong phap phén tich,d4nh gia ,du doan. Hé théng hoa cac
dang bai tap tuong ing vo1 cac ky nang

Trong qué trinh bién soan t6i d nhan dugc su gitp d& cua cac thiy co trong t6
Toan truong THPT An Nhon 1. T61 xin chan thanh cam on va mong dugc sy gbép y chan
thanh cua cac dong nghiép dé chuyén dé tré nén phong pht va c6 thém nhiéu tai kiéu cho
viéc bdi dudng hoc sinh gioi.
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Phan B. NOI DUNG DE TAI
“PHAT TRIEN VA NANG CAO KY NANG VAN DUNG BAT PANG THUC BUNHIACOPXKI”
I. Muc tiéu
Noi dung cua dé tai gom hai phan, phan 1: gioi thicu vé bat dang thire
Bunhiacopxki va cac bién thé thuong gip cta no, phan 2: gi6i thiéu mot sb ki nang can
rén luyén cho hoc sinh trong qué trinh van dung bat dang thirc Bunhiacopxki dé giai toan
Dé tai chu yéu di sau vao phan tich dé tim ra nhimg diém then chét trong cac ky
nang van dung bat ding thirc Bunhiacopxki dé giai toan. Cac tai liéu tham khao hién nay
hau nhu chi viét chung chung va giai mot s6 luong lon cac bai tap mang tinh chat roi rac.
Trong khi do, Chung t61 c6 gang qua nhtg vi du cu thé dé 1am ndi bat 1én ting k¥ ning
van dung bat dang thircBunhiacopxki dé gidi toan
I1. N§i dung giai phap cia dé tai
1. Giai phap
Chuong I. Giéi thiéu vé bat dang thirc Bunhiacopxki va cac bién thé
Trong chuong trinh toan hoc phé thong ta thuong gap bét ding thirc ma chung toi
goi 12 bit dang thirc Bunhiacopxki voi hai dang sau( co thé c6 nhiing tén goi khac ) :
< Dang 1.V6i a,a,,...,a,,b,b,,....b, 1a cac $b thyc tuy y ta luon co:
(ab, +ab, +..+ab ) <(al +a +..+a’ )b +b; +..+b>) (A)
Piang thirc xay ra khi: e R %
b b, b,
( Quy udc néu mau sb bang 0 thi tir s6 cling bang 0)
Cac truong hop dac biét thuwong gap:
o V6i4dsd a,b,x,y taludn co: (ax+by)’ <(a® +b°)x* +1%).

2 , , . b
Dang thuc xay ra khi -2
Xy
o V6i65s6 a,b,c,x,y,z taludn co: (ax+by+cz)’ < (a® +b* +)(x* +y* +27).
2 , , . b
Dang thirc xay ra khi 2-2-°2
X y z
< Dang 2 .Véi q,a,,...,a, la cac $b thuc tuy y va b,,b,,...,b, 1a cac $b thuc duong
, ta luon co:
£+a—22+...+ > S@tat.+a ) (B)
b b b, b +b,+...+b,
Piang thirc xay ra khi : e R %
b] b2 bn
Cac truong hop dac biét thuwong gap:
b
o V6i4sdab tuy y va x,y >0 ta ludn co: a—+—> (@t )
X y xX+y
2 , , .a b
Pang thuc xdy ra khi —=—
Xy

2 2 2 2

i £ N A, a c a+b+c

o V61650 a,b,c tuyyva x,y,z>0 taludn co: —+—+—2¥.
x y z X+y+z

Pang thtic xay ra khi 2-2-°2
X y z
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Ngodi ra ta con cé thé gip mét so bién thé dang diic biét sau:
< V&imoi a,b >0, ta co cac bat dang thirc sau. Pang thirc xay rakhia=>b

1 1
. >

4ab  (a+b)’

ab Sa+b
a+b 4

= (a+b)(l+l)24
a b

1 1 4
u —t—>

a b a+b

Chwong I1. MOT SO KY NANG SU DUNG BAT PANG THUC
BUNHIACOPXKI TRONG GIAI TOAN
1. K¥ niing” Bién doi thuan”.
1.1 Bién ddi thuin dang 1.
Dé van dung k¥ ning “Bién doi thudn Bunhiacopxki” & dang 1 ta thuong xuat phat
tir gia thiét bai toan hodc tir bat dang thirc can chimg minh( biéu thirc can tim GTLN,
GTNN) lam xuét hién biéu thirc dang (a,b, +a,b, +...+a b )* .Tir d6 bién doi dé danh gia

vé theo biéu thirc (a] +a; +...+a. )b} +b; +...+b’) . Ta cing xem xét qua mét s6 vi du sau:

Bai toan 1. Cho a, b, ¢ 1a cac s6 thuc duong. Ching minh rang :
3a+b+c) <(a® +2)(b* +2)(c” +2)

Nhan xét:

Trude hét, ta can chii y dén sw xudt hién biéu thirc (a+b+c)* & vé trdiva a*+2 ¢
vé phdi cua bat dang thirc can chirng minh . Piéu nay lam cho ta suy nghi dén viéc bién
doi biéu thirc (a+b+c) lam sao dé c6 thé danh gid theo biéu thire a* +2, muc dich la
lam don gidn bt dang thire can ching minh bang cdch giam s6 bién (& ddy cé thé giam
bién a chang han). Tir @6, ta ¢6 1o gidi nhw sau:

Loi gidi :
2
Ta co: (a+b+c)’ = (a.1+ J2. (bj{)] <(a’+ 2)(1 + (bj{)zl

2
Bai toan dua vé chirmg minh: 3(1 +%] < +2)c*+2) (2)

_ 2
Ta lai ¢6, (2) = %ﬂbc—l)z >0

Bit dang thirc cudi cung nay hién nhién ding nén bat ding thirc d cho luon dung.

2
a=
b+c
Dang thirc xdy rakhi <b=¢c << a=b=c=1
bc=1
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Bai toan 2. Cho a, b, ¢ 1a cac s thuc. Chung minh réng :
(ab+bc+ca—-1)* <(a> +1)(b* +1)(c* +1)

Nhan xét:

Twong tu nhu bai toan 1, ta can chit y dén sw xudt hién biéu thirc (ab+bc+ca—1)°
& Vé trdi va a* +1 ¢ vé phdi ciia bat dang thire can chimg minh . Piéu ndy lam cho ta suy
nghi dén viéc bién doi biéu thirc (ab+bc +ca—1)*lam sao dé cé thé danh gid theo biéu
thirc a’+1, muc dich la lam don gian bdt dang thire can chirng minh bang cdch gidm sé
bién (0 ddy co thé giam bién a chang han). Tur do, ta co loi gidai nhw sau:
Loi gidi :
Ta co: (ab+be+ca—1) =[a.(b+c)+(be—D] <(@ +D[(b+c)* +(be-1)]
Bai toan dua vé chimg minh: (b+c)> +(bc—1)* < (b* +1)(c* +1) (2)
Pay 1a mot dang thirc dung vi (b+c)’ + (be—1)> = (b* +1)(c* +1)
Piang thic xay ra khi a(be—1)=b+c < a+b+c=abc

Bai toan 3. Cho a, b, ¢, d 1a cac sb thuc thda méin (a® +1)(b* +1)(* +1)(d> +1) =16.
Ching minh ring : -3 <ab+ac+ad + bc+bd +cd —abed <5

Loi gidi :

Ta viét bat dang thirc can chimg minh lai nhu sau :

—4<ab+ac+ad+bc+bd+cd—-abcd -1<4

Hay (ab+ac+ad +bc +bd +cd — abed —1)° <16

Ta ¢6: (ab+ac+ad +bc+bd +cd —abed 1) = [a(b+c+d—bcd)+l.(bc+bd+cd+—l)]2
<(a’+1)[ (b+c+d —bed) +(bc+bd +cd —1)’ |

Bai toan dua vé chimg minh: (b+c+d —bed)? + (be+bd +cd —1)* < (B> +1)(c* +1)(d* +1)
Day 1a mot dang thirc dung (b +c+d —bed)* + (be +bd +cd —1)* = (b* +1)(c* +1)(d* +1)

Nhan xét:
Dé van dung duoc nhu cdc bai todan 1 va bai toan 2, diéem quang trong la viet lai
bat dang thurc can chung minh vé dang —4 <ab+ac +ad +bc+bd +cd —abed —1< 4

Bai toan 4. Cho x, y, z> 1 thoa l+l+l =2 . Chtng minh ring :
X y z

\/x—1+\/y—1+\/z—1£\/x+y+z

Loi giai :
, 2 -1 -1 -1 1 1 1
Ta co: (x/x—1+\/y—1+\/z—l)S(x+y+z)(x Ly-lz ]:(x+y+z)(3 _____ _]
X y z X y z
Nén\/x—1+\/y—1+x/z—1£\/x+y+z
l+l+l:1 3
2 . X
Dang thirc xay ra khi oz Sx=y=z==
x=1_ y-1_ z-1 2

2 2 2
X y z
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Nhan xét:
Sw xudt hién biéu thire x -1+ \/y—l +Nz—1 la co s6 dé ta sir dung kj nang nay

va cing chinh sw xuat hién biéu thirc \(x+ y+z o vé phai da giup ta bién doi thudn mot
cach thuan loi.

Bai toan 5. Cho a, b, ¢ 1a cac s6 thuc duong. Ching minh rang :

Jab+1) +Jb(c+1) +yJc(a+1) < %\/(a +1)(b+1)(c+1)

Loi giai :
Ta o : yJa(b+1) ++/blc+1) < J(@+D[(b+D)+(c+D)]

Nén ta can ching minh: \/b(c+2)+1++c < %‘/(b+1)(c+ 1)

Tiép tuc 4p dung BDT Bunhiacopxki ta dugc:

«/b(c+2)+1+\ﬁs\/[(b(c+2)+1)+(c+1)](1+ ¢ ]: (b+1(c+2)(2c+1)
c

+1 c+1

Nén ta chi can ching minh: ‘/%?H) 3 =~e+l (%)
c+

Ma (*) twong duong voi: 4(c+2)2c+1)<9(c+1)" < (c-1)> =0
Ding thirc xay rakhi a=b=c=1

Bai toan 6. Cho a, b, ¢ 1a cac s6 thuc duong. Ching minh rang :

a b c S 9

2 + 2 + 2 -
b (c+a) c(a+b) a (b+c) 2(ab+bc+ca)

Loi giai :
Ta co:

(-] o e )

< b(c+a)+c(a+b)+a(b+c))

_(b (c+a) c (a+b) a (b+ )](

Mit khéac theo bat dang thirc Cosi : \f \f \f > 3,3/

an a

b(c+a) c (a+b) a (b+c) 2(ab+bc+ca)

Bai toan 7. Cho a, b, ¢ 1a cac s6 thuc duong. Ching minh rang :
bc? ca’ ab’
> +— +— >
a (b+2c) b (c+2a) c (a+2b)

Loi giai :
Ta co:

(1 1 1]2
a b c

1 1 |
e 2b b+2 o bz > S S %
(a azb(b+2c)m+b bzc(c+2a)m+c Cza(“zb)m
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5 1Y 1 1 1

Nén | —+—+—| <| — +— +—
a b c a'b(b+2c) b'c(c+2a) cala+2b)
1 1 1

D= +— +— > >

a'b(b+2c) b'c(c+2a) c'ala+2b) (abc)

2 2 2
Hay zbc +an +2ab >1
a (b+2c) b (c+2a) c (a+2b)

](ab+bc+ca)2

Suy ra

Bai tap twong tw )
1. Cho a, b, c 1a cac s6 thuc. Chiing minh rang :
2(1+abe) ++2(1+ @)1 +b)(1+c*) = (1+a)(1+ b)(1+c)
2. Cho a, b, ¢ 1a céc sd thue. Chung minh réng :
(@ +3)(b* +3)(* +3) = Ma+b+c+1)
3. Cho a, b, ¢ 1a cac s thyc dwong. Chirng minh rang :

(@ +1)(b* +1)(c’ +1)2%(a+b+c+l)2

4. Cho a, b, ¢ 1a cac sd thyc dwong. Chirng minh rang :
at b* c* 3
3 T3 T3 2=
b’ (c+a) c(a+b) ab+c) 2
5. Cho a, b, ¢ 12 cac s thuc duong thda a+b+ ¢ =1. Chirng minh rang :
I+a 1+b 1+c (b a c]
+ + 2l —+—+-
l-a 1-b 1-c

a ¢ b

1.2 Bién ddi thuin dang 2.
bé van dung ky nang “Bién doi thugn Bunhiacopxki” & dang 2 ta thuong xuat phat
tur gid thiét bai todn hodc tu bat dang thirc can chimg minh( biéu thirc can tim GTLN,
2 2 2
GTNN) lam xudt hién biéu thirc dang 4+ % 4.+ %2 Tir do, bién déi dé danh gia vé
1 2 n

2
3 , + +...+
theo biéu thuc (@ +a, )

. Ta cung xem x&t qua mdt so vi du sau:
b +b,+..+b,

Bai toan 1. Cho a, b, ¢ 1a cac s thuc duwong. Chtrng minh rang :

a’ b c’ a+b+c
+ + >
b+c c+a a+b 2
Nhan xét:
, , , a’ b? c? ,
Mot cach rat tw nhién, sy xuat hién cua biéu thirc + + 0 vé phai cua

b+c c+a a+b
bdt dang thirc can chitng minh lam cho ta lién hé dén dang 2 ciia bdt dang thire
Bunhiacopxki va bién doi theo chiéu thudn. Tir d6 ta cé 10i gidi nhir sau:
Loi gidi :
Ta c6: a’ N b’ N c’ S (a+b+c) :(a+b+c)2:a+b+c
b+c c+a a+b (b+c)+(c+a)+(a+b) 2a+b+c) 2
Piang thic xdy rakhi a=b=c

Bai toan 2. Cho a, b, ¢ 1a cac s6 thuc duong. Ching minh rang :
a b c

+ >1
2b+c¢ 2c+a 2a+b
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Nhan xét:

Quan sat ve phaz ciia bat dang thire can chitng minh ta cing co thé nghi dén viéc
van dung dang 2 cia bdt dang thirc Bunhiacopxki. Nhung néu dé nhw thé ma dp dung thi
khong dat dwoc muc dich cua bai toan.

Voi tu tuwong nhu bai toan 1, ta nght dén viéc tao ra cdc biéu thire <6 dang binh
phurong & tir ciia 3 phdn thirc & vé trdi bang cdch nhan thém vdo tir va mdu cdc lwong
thich hop. T do ta co loi giai:

Loi giai :
, b c a’ b’ c? (a+b+c)
Ta co: + + = + + >
2b+c 2c+a 2a+b a2b+c) b(2c+a) c(Ra+b) 3(ab+bc+ca)
Talai c6: (a+b+c)* >3(ab+ bc+ca) nén N b +—S >1

2b+c 2c+a 2a+b
Dang thtrc xdy ra khi a=b=c

Bai toan 3. Cho a, b, ¢ 1a cac s thuc duwong. Chtrng minh rang :
a’ b’ c’ a’*+b*+c’
+ + >
a+2b b+2c c+2a 3

Loi giai :
a’ b’ c’ a* b* c’ (@’ +b* +c*)
+ + = + + 2 3
a+2b b+2c c+2a a(a+2b) b(b+2c) c(c+2a) (a+b+c)
a’ b’ c’ a’*+b*+c’
+ + >
a+2b b+2c c+2a 3

Ta co:

Talai co: a’ +b* +c° > (a+b+c) nén

Nhan xét:

Twong tw nhu bai toan 2, ¢ bai todn nay ta da van dung dang 2 cua bat dcfng thure
Bunhiacopxki bang cdch nhan tir va madu ctia moi i phan thirc cdc lwong thich hop dé dua
tik 56 ciia cdc phan thire vé dang liy thira bdc chan

Bai toan 4. Cho a, b, ¢ 1a cac s thuc duwong. Chirng minh rang :
at b* N ct S abc(a+b+c)

+ >
1+a’h 1+b*c 1+c’a 1+ abc

Nhan xét:

O bai todn nay tir s6 cuia cac phan thire dd ¢ dang iy thira bdc chdn nén ta cé thé
nghia dén viéc vin dung ngay

at b c* (@’ +b* +c%)
+ + >

l+a’h 1+b’c 1+c’a 3+a’b+b’c+c’a

Tir d6 dé giai quyét bai todn ta chi can chirng minh:
(a* +b* +c%) S abc(a+b+c)
3+a’b+b’c+c’a  1+abc

Nhung thue sie bat ngo khi cach p dung nhie thé nay lai khéng givp ta gidi quyét

duoe bai todn. Nén budc ta phdi tim hirong gidi quyét khdc
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Loi giai :
Ta co:
2
at b* c* a‘c b'a c'b (“2 C"'bz*/;"'cz\/g)
2 + 2 + 2 = 2 + 2 + 2 2 2 2 2
I+adb 1+b°c 1+ca c(l+a’b) a(l+bc) b(+ca) c(+ab)+a(l+bc)+b(l1+c a)

(a2 c +b2\/g+02\/3)2

(1+abc)(a+b+c)
Ta can chimg minh : a*\c +b*Va + b = Jabe(a+b+c) (1)
a’ b’ c?

>a+b+c

= Jab ea oo

Theo bat dang thirc Cosi va Bunhiacopxki dang 2 ta duoc:

a’ N b’ N c? S a’ N b’ N c’ S (a+b+c) Caibic
Jab Jea Jbe a+b b+c c+a a+b+b+c+c+a
2 2 2 2 2 2

Bai toan 5. Cho a, b, ¢ 1a cac s thuc duwong. Chirng minh rang :

2
(£+é+£] 2(a+b+c)(l+l+l]
b ¢ a a b c
Loi giai :

., a b ¢ a b2 ¢ _(a+b+c)
Tacd: —+—+—=—+ +—>—
¢ a ab bc ca ab+bc+ca

272 2.2 2
g+é+£:ca _|_ab2 bc _(ab+bc+ca) 2)

b ¢ a abc® bca cab2 abc(a+b+c)
Nhan cac bat dang thic (1) va (2) vé theo vé ta duoc:

2 2
(g+é+£] S (a+b+c) .(ab+bc+ca) ~(a +b+c)( +1+1]
b ¢ a ab+bc+ca abc(a+b+c) b ¢

Nhan xét:

O day ta dd vin dung phoi hop viéc bién doi bang cach nhan thém & tir va mdu
ctia moi phdn thire dé tao ra cdc biéu thirc c6 dang binh phiong, déng thoi ta da van
dung hai lan bat dding thirc Bunhiacopxki dang 2 dé nhan cdc bat dang thirc @6 véi nhau
dé dwoc déu can mong mudn

(1)

Bai tap tuwong tu
1. Cho a, b, c l1a cac s6 thuc duong. Ching minh rang :
a b c a+b+c
2 2 + 2 2 + 2 2 2
b*+bc+c” ¢ +ca+a” a +ab+b” ab+bc+ca .
2. Cho a, b, c 1a cac s0 thuc duong thda a +b + ¢ =3. Chiing minh rang :
a’ b’ c’
+ +
a+2b*> b+2c® c+2a
3. Cho a, b, ¢ 1a cac so thuc khong am thda a” +b* +c¢* =1. Ching minh rang :
a b c 3 2
+ + > (avJa +bb + e
1+b* 1+c* 1+a’ 4( )
4. Cho a, b, c 1a cac s6 thuc duong. Chiing minh rang :

(a+b+c){ a —+ b —+ ¢ 2}22
(b+c)y (c+a) (a+b) 4
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5. Cho a, b, ¢ 1a cac s6 thuc khong 4m thda a® +b* +¢* =3. Ching minh ring :
a’ \/ b’ \/ c’
+ + <3
Jb+b2+c c+c’+a a+a’+b

2. Ky niing” Bién do6i nghich”.

2.1 Bién d6i nghich dang 1.

Dé van dung ky ning “Bién doi nghich Bunhiacopxki” & dang 1 ta thuong xut
phat tir gia thiét bai toan hodc tir bat dang thic can chimg minh( biéu thtc can tim
GTLN, GTNN) lam xuat hién biéu thic dang (a® +a’ +...+a>)(b? +b> +...+b?) . Tir @0,

bién d6i dé danh gia vé theo biéu thuc (a,b, +a,b, +...+a,b,)*. Ta cung xem xét qua mot sO

vi du sau:

Bai toan 1. Cho a, b, ¢ 1a cac sd thuc duong. Tim gia tri nho nhit cua :
3a 4b 5c
T = + +
b+c c+a a+b

Nhan xét:
, X g ea 1.2 , 3a 4b 5c e, A A
Chinh sw xuat hién biéu thirc T = + + ma bai todn lai yéu cau tim
) b+c c+a a+b
GTNN nén ta lién hé dén viéc van dung dang 2 cua bat dang thirc Bunhiacopxki . Voi suy
nghi d6 ta cd bién doi biéu thirc T dé duwa vé dang (a+b+c)( L j Tir d6
b+c c+a a+b

ta d cé 101 gidi nhw sau bang cdch bién déi nghich Bunhiacopxki ¢ dang 1.

Loi giai :

Ta cé: Tsz( 3a +3)+( 4b +4)+( 5¢ +5]:3(a+b+c)+4(a+b+c)+5(a+b+c)
b+c c+a a+b b+c c+a a+b

:(a+b+c)( 3 43 ]:%((b+c)+(c+a)+(a+b))( 3 4.3 ]

b+c c+a a+b b+c c+a a+b

Zl(\/§+2+\/§)2
2

Nén TZ%(@+2+\/§)2—12

b+c c+a a+b

NER AN

Bai toan 2. Cho a, b, ¢ 1a c4c s6 thuc duong. Tim gia tri nho nhat cua :
T:3@—b)+4M—v)+ﬂb—a)

2b+a b+2c c+2a

Piang thic xay ra khi

Nhan xét:

ezb)  Ha=o) Sb=da) py suy nghi nhuw
2b+a  b+2c c+2a

trén, ta cé bién doi biéu thirc T dé dwa vé dang (a+b+c)( mon P j T do
2b+a b+2c¢ c+2a

ta d cé 101 gidi nhw sau bang cdch bién déi nghich Bunhiacopxki ¢ dang 1.

Chinh sur xudt hién biéu thirc T =
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Loi giai :
Ta co:
T+12:(3(c—b)+3]+(4(a—c)+4]+(5(b—a)+5]: 3(a+b+c)+4(a+b+c)+5(a+b+c)
2b+a b+2c c+2a a+2b b+2c c+2a
3 4 5

+ +
a+2b b+2c c+2a

1 3 4 5
:(a+b+c)(a+2b+b+2c+c+2a]:g((a+2b)+(b+2c)+(c+2a))( ]

2%(\/5+2+\/§)2

Nén TZ%(\/5+2+\/§)2—12

b+c c+a a+b

B2 s

Piang thic xay ra khi

Bai toan 3. Chop, q, 1, X, y, z la cac s6 thuc duong. Chiing minh réng :
P vy 4 Y+ ! zzzxy+yz+zx—l(x2+y2+zz)
q+r r+p p+q 2

Loi giai :

bat T = L | Y+ -
q+l” I”+p p+q

Ta co:

2 2 2
T+(x2+y2+zz):( P x2+x2]+( q y2+y2]+( A ZZ+ZZJ:(p+q+r)(x +2L 4z ]
q+r r+p p+q qg+r r+p p+q
2 2 2
Nén T+(x2+y2+z2):l((q+r)+(r+p)+(p+q))(x L= le(x+y+z)2
2 qg+r r+p p+q) 2

Hay P vy 4 Y+ - 2xy+yz+zx—l(x2 +y*+2%)
q+r r+p p+q 2
Bai toan 4. Cho a, b, ¢ 1a d0 dai 3 canh mot tam giac, x, y, z l1a cac sb thuc. Chung minh
rang :
a x* + b y2+ ¢ ZZny+yz+zx
b+c—a c+a—>b a+b—c

Loi giai :
bat T = 4 x4 b Y+ c 2
b+c—a c+a-b a+b-c

)c2+);2+z2 a x’ b y c z
Ta Cé T+ = x2 +— |+ y2 4+ |+ Z2 +2
2 b+c—a 2 ct+a-b 2 a+b-c 2

x y z
2 + 2 + 2
c—a c+a-b a+b-c

= b
(a+b+c) "

Nén
S x Vv z
T+ 22222 o ((b+c-a)+(c+a-b)+(a+b—c))| —2—+—2—+ 2
2 b+c—a c+a-b a+b-c

2%(x+y+z)2
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Hay 4 vy b 2, ¢

y ZZny+yz+zx
b+c—a c+a-b a+b-c

X Hxy+y =3

Bai toan 5. Cho x, y, z 1a cac sb thuc thda { . Chimg minh rang :

yz+yz+z2 =16
Y +yz+zx<8

Loi giai :

Ta co:

(x2+xy+y2)(y2+yz+zz):|:(x+§] +3Z :l{%+(y+§] :lzﬁx+§j§z+(y+g]§y}

3 2 2 2
Hay Z(y +yz+zx) <48 y +yz+zx <8

Bai tap twong twy )
1. Cho a, b, ¢ 1a céac s6 thuc duong. Tim gia tri nho nhat cua :
9a 8b Tc
T = + +
b+c ct+a a+b )
2. Cho a, b, c 1a cac s6 thuc duong. Tim gia tri nhé nhat cua :
Shc 6ca Tab
= + +
alb+c) b(c+a) cla+b)
3. Cho a, b, ¢ 1a cac s thuc duong. Tim gia tri nho nhit cua :
T 6(c—-b) N S5(a—c) N 7(b—a)
) 2b+a  b+2c c+2a )
4. Cho a, b, c 1a cac s0 thuc duong. Tim gia tri nhd nhat cua :
16¢c  S54a 128b 8¢’ 27a° 64b°
= + + + =+ ~+ >
a+b b+c c+a (a+b)y (b+c)” (c+a)

2.2 Bién d6i nghich dang 2.

Dé van dung ky ning “Bién doi nghich Bunhiacopxki” & dang 2 ta thuong xudt
phat tir gia thiét bai toan hodc tir bat dang thic can chimg minh( biéu thtc can tim
(a,+a,+..+a,)’

GTLN, GTNN) lam xudt hién biéu thtrc dang . Tt 46, bién ddi dé danh
b +b,+..+b,
p X a @ a’ X
gia vé theo bi€u thirc —-+—*+...+—=. Ta cung xem xét qua mot s6 vi du sau:
1 2 n

Bai toan 1. Cho a, b, ¢ 1a cac s6 thuc duong . Chirng minh rang :

(b+c)’ N (c+a) N (a+b)’ <3
b+ +a(b+c) c+a*+b(c+a) a’+b +c(a+b)

Nhan xét:

(b+c)’
b>+c*+a(b+c)
nén ta lién hé dén viéc vin dung dang 2 cua bdt dang thirc Bunhiacopxki . Véi suy nghi
(b+c)’

X+y

Chinh sur xudt hién biéu thirc A= va chiéu cua bat dcfng thue <

dé ta cé bién doi biéu thirc A dé dwa vé dang , trong dé x, y la cdc biéu thirc thich
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hop dé van dung dang 2 cua bat déang thite Bunhiacopxki . Tir @6 ta da cé loi gidi nhie
sau bang cach bién doi nghich Bunhiacopxki o dang 2.

Véi cac bdt dang thire d6i xvmg hay hodn vi ta thuong bién doi trén mét biéu thirc
hay tim dwoc mot bat dang thirc co s0 ndo do roi suy ra cdc bdt dang thire twong tw va
phéi hop chiing dé gia quyét bai todn.

Loi gidi :

(b+c) B (b+c)’ < b’ c? _ b L€
b>+c*+a(b+c) b(a+b)+c(c+a) b(a+Db) c(c+a) a+b c+a
(c+a) L ¢ a . (a+b)’ <9 b

c+a’+b(c+a) b+c a+b’ a*+b +c(a+b) c+a b+c
Cong cac bat dang thire trén vé theo vé ta duoc:

(b+c)’ N (c+a) N (a+b)’
b>’+c*+a(b+c) c+a*+b(c+a) a’ +b +c(a+b)

Ta co:

Tuong tu,

Bai toan 2. Cho a, b, ¢ 1a cac s thuc duong thda a+b+c=3 . Ching minh ring :
1 1 1 1

+ + <
4a’ +b* +¢*  a*+4b7 +c* AP +bP+4F 2

Nhan xét:

, X g a1 2R , 1 N S SR , A
Chinh sw xuat hién biéu thirc A :42—1922 va chiéu cua bat dang thirc < nén
a’ +b’+c
ta lién hé dén viéc van dung dang 2 cua bat dang thirc Bunhiacopxki . Vi suy nghi dé ta
(a+b+c)

c6 bién doi biéu thirc A dé dwa vé dang , trong do x, y, z la cac biéu thirc thich

x+y+z
hop dé van dung dang 2 cua bdt dang thirc Bunhiacopxki . Tir d6 ta da cé loi gidi nhie
sau bang cach bién doi nghich Bunhiacopxki o dang 2.
Loi gidi :

. 1 1 (a+b+c)’ 1 a b’ c’
Ta co: 2 2 270" "A 2 2 2 2 2 <= >t >t 2
4a”+b°+c° 9 2a"+(a”+b")+(c"+a”) 9\ 2a° a +b" c +a

Tuong tu,

1 b? a’ ¢’ 1 1{ ¢ a’ b?

2 2 2 <= > T > T2 > |2 2 2 <= > T2 > T2 2
a +4b +c¢= 9\ 26" a +b° b +c" ) a +b +4c” 9\ 2¢° a +c¢° b +c
Cong céac bat dang thire trén vé theo vé ta duoc:

1 1 1 1
<

+ + <
4a’ +b* +c*  a*+4b* +c* AP +bP+4F 2

Bai toan 3. Cho a, b, ¢ 1a cac s6 thuc duong . Chirng minh rang :
b+c c+a a+b < I 1 1

2 T3 T =Ty
a +bc b°+ca ¢ +ab a b c

Loi giai :
2 2 2 2
Ta co: 127"'0 = 2(b+C) = 2 (5)+C) NG 2b T zc 2
a +bc (a" +bc)b+c) cla+b )+b(c"+a’) cla"+b") b(c +a’)
2 2 2 2
Tuong t, ta c a _a+b < a b

< + ; < +
b>+ca ab+c) c(@+b>) c*+ab b(c*+a’) ab’+c”)
Cong cac bat dang thurc trén veé theo veé ta duogc:
b+c c+a a+b 1 1 1
> +— +— <—+—+—
a +bc b +ca c +ab a b c
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Bai toan 4. Cho a, b, ¢ 1a cac s6 thuc dwong. Ching minh rang :
a’ b’ c?

1
(Qa+b)2a+c)  (2brc)2b+a)  (2c+a)2e+b) =3
Loi giai :
Ta co:
a’ :l (2a+a)’ <l{ (2a)’ N a’ }:l{ 2a N a’ }
Qa+b)2a+c) 9 2a(a+b+c)+(2a*+bc) 9| 2a(a+b+c) 2a*+bc| 9| a+b+c 2a*+bc

b’ 1 2b b’ c? 1 2c c’
Tuong tu, <— +— ; <— +=—
(2b+c)2b+a) 9| a+b+c 2b"+ca| 2c+a)2c+b) 9| a+b+c 2c¢c +ab
Cong cac bat dang thire trén vé theo vé ta duoc:
a’ b’ c’
+ +
Qa+b)2a+c) (2b+c)2b+a) (2c+a)(2c+Db)

1
<=
3

Bai tap tuwong tu
1. Cho a, b, ¢ 1a céac s6 thuc duong thda a+5b +c =3. Ching minh rang :
1 1 1 3
2, 12 T T 2 s
a +b"+2 b'+c+2 c+a +2 4
2. Cho a, b, c 1a cac so thuc duong thda a+b + ¢ =3. Chiing minh rang :
a’+9 b’ +9 c+9
2 2 + 2 2 + 2 2 =
2a”+(b+c)” 2b°+(c+a) c +(a+b)
3. Cho a, b, ¢ 14 cac s6 thuc duong thda a* +5* +¢* =1. Chirng minh rang :
bc ca ab 3

+ + <-—
at+1 b*+1 *+1 4

3. Ky nang “Thém — bot”.
C6 nhitng bat dang thire ( hay biéu thire can tim GTLN, GTNN) néu dé nguyén
dang nhu dé bai cho d6i khi kho hodc tham chi khong thé giai quyét bang cach ap dung
bét ding thirc Bunhiacopxki. Khi d6, néu ta chiu kho bién d6i mot s biéu thirc bang cach
thém bot cac sb hay biéu thirc phu hop ta c6 thé van dung bat dang thirc Bunhiacopxki
mot cach dé dang hon. Ta cung xem xét cac vi du sau dé minh hoa cho diéu dé.
Bai toan 1. Cho x, y, z 1a cac s6 thuc duong thda man x* + y* + z> =3 . Chirng minh rang :
! + ! + ! >3
2-x 2-y 2-z

Nhan xét:
Neu ap dung bat dang thurc Bunhiacopxki mot cdch truc tiép ta dwoc:

1 1_'_1> 9 9

2—x+2—y 2-z 2-x)+Q2-y)+(2-x) :6—(x+y+z)

Trong khi do ta lai c6, 0<x+y+z<3(x’+y* +2°) =3 nén 433
6-(x+y+2)

Vi vdy, gdp phdi bat dang thire ngwoc chiéu & day !
1 1 x
2-x 2 2(2-x)
Tir d6 ta suy nghi dén viéc bién doi bat dang thike di cho vé dang khdc ma dp dung bat
dding thirc Bunhiacopxki thudn loi hon bang cdch bién doi “thém bot”
Ta co loi giai sau:
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Loi gidi :
Ta viét lai bat dang thirc can chimg minh nhu sau :

( 1 1] 1 1 ( 1 1] 3 x y z
—— || — == |+ — 2= + + >3
2-x 2 2-y 2 2-z 2) 2 2-x 2-y 2-z

2 2 2 2
, X z X z xX+y+z
Ta co: + Y Y > (x+y+2)

+ = + + >
2-x 2-y 2-z x(2-x) y2-y) z2-z) x2-x)+y2-y)+z(2-z2)
_ (x+y+2)
S 2(x+y+2)-3

(x+y+z)
2(x+y+z)-3

Ta can chtrng minh: >3 hay (x+y+2)’ 23[2(x+y+z)-3]

Ma (x+y+2)’ =3[2(x+y+2)-3]=(x+y+2z-3)">0
Bai toan 2. Cho x, y, z 14 cac s6 thuc duong thda man xy + yz + zx = 3. Chimg minh rang :
1 1 1
+ +

2 2 2<1
2+x° 24y 24z

Loi gidi :
Ta viét lai bat dang thirc can chimg minh nhu sau :

1 1 1 1 1 1 1 X ¥’ z
—— = |+ == = |+ == S22 -+ =+ -1
2 2+x 2 24y 2 24z 2 24x 2+y° 24z
Ta lai co,
x° y z? S (x+y+z) B (x+y+z)

+ P = =
24x° 243 242 Q+x)+Q+y)+Q2+z2) X+ Y+ +2(xy+ yz +2x)

Bai toan 3. Cho a, b, ¢ 1a cac s6 thuc duong thda min a® +5* +¢* =3. Chirng minh rang :

1 1 1 1( 1 1 1 j 15
>+ >+ - —— + + <—
T+a T+b° T+c¢" 14\b+c c+a a+b 56
Loi giai :
1 1 1 & 1 1 1 b 1 1 1 ¢

CTed 7 77+@ IR 1 1746 7+ 1 17+¢
Ta viét lai bat dang thirc can chimg minh nhu sau :

Taco:

1 1 1 a’ b’ e 9
+ + +2 -+ >+ = 2=
b+c c+a a+b T+a” T7+b" T+c 4
Tu do ta duoc:
1 1 1 9 9
+ + > =
b+c c+a a+b (b+c)+(c+a)+(a+b) 2(a+b+c)

a’ N b’ N c? S (a+b+c) _(a+b+c)2
T+a° T7+b° T+ (T+a)+(T+b)+(7+¢) 24
2
Nén ta can ching minh: 4 +(a+b+c) 22
o a+b+c 6 2
Lai theo bat dang thirc Cosi thi :
2 2
9 +(a+b+c) _ 9 N 9 +(a+b+c) 2332.21_2
a+b+c 6 2(a+b+c) 2(a+b+c) 6 22 2

Vay bét dang thire duoc chimg minh.
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Bai toan 4. Cho x, y, z 1a cac s6 thuc duong . Chimg minh ring :
2x+y N 2y+z N 2z+Xx >3 (1)

2x+z 2y+x 2z+y
Loi gidi :
Ta viét lai bat dang thirc can chimg minh nhu sau :

2 2 2
(l)a(ﬂ—m]+ y+Z—m + Z+x—m >3-3m
2x+z 2y+x 2z+y

- (2—2m)x+y—mz+(2—2m)y+z—mx+(2—2m)z+x—my

>3-3m (2)
2x+z 2x+z 2x+z
Ta cb: (2—2m)x+y—mz+(2—2m)y+z—mx+(2—2m)z+x—my
2x+z 2x+z 2x+z
2-2m)x+y—mz 2-2m)y+z—mx 2-2m)z+x—my

(2x+z)[(2—2m)x+y—mz] (2x+z)[(2—2m)y+z—mx] (2x+z)[(2—2m)z+x—my]
N [2-2m)x+y—mz+(2-2m)y+z—mx+(2-2m)z+x—my|
B (2x+z)[(2—2m)x+y—mz]+(2x+z)[(2—2m)y+z—mx]+(2x+Z)[(Z—Zm)z+x—my]
_ 9(1-m)*(x+y+2z)
C(A=5m)(x* +y” +2°) +(5—4m)(xy + yz + 2x)
9(1-m)*(x+y+2z)
(4=5m)(x* + v +2°) +(5—4m)(xy + yz + zx)

Ta tim m sao cho

>3-3m ding nénm la

nghiém phuong trinh : 5-4m=2(4-5m) & m= %

Nhan xét:
O day ta da sw dung ky nang thém bot bang cach dwa vao tham so m dé Ii lugn va
dwa vao cac déuv kién rang buoc hop li dé tim ra m.

Bai tap tuwong tu

1. Cho a, b, ¢ 1a cac so0 thuc khong Am thda o’ +b° +¢* =1 . Ching minh rang :
a+b b+c c+a

+ +

l-ab 1-bc 1-ca

2. Cho a, b, ¢ 1a céc so thuc khong am thda o’ +b* +c¢* =1 .Ching minh rang :
a b c_a+c b+a c+b
—t—t—2 - -
b ¢ a b+tc c+a a+b

3. Cho x, y, z la céac s6 thyc duong . Chiing minh rang :
x+y N y+z N zZ+Xx >2

<3(a+b+c)

x+7y+z y+7z+x z+Tx+y 3

4. K¥ niang “Tham so6 héa”.
Bai toan 1. Cho x, y, z> 0 thda min x +y+z = 2. Tim GTNN cua biéu thirc:

1 1 1
TZ\/4X2+—2+\/4y2+—2+\/422+—2
X y z

Phén tich dé tim 101 giai :

r - R ) 1 A ’ [N 3 ’ 5 - 5 - R )
Xét biéu thire A =, [4x* + — . Mot cach tu nhién ta tim cach khu cén cua bi€u thuc
X

nay.
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Néu ap dung bét dang thirc Bunhiacopxki mét cach binh thudng:

4x* + %ZL(2x+lj
\ X2 x

2 a : | S A A S
Dang thtrc xay ra khi x =— nén khong dat dugc yéu cau cua bai toan.

2

Dy doan T dat gia tri nhd nhét @x:y:z:%

T d6 ta manh dan dua vao cc tham sd p, q nhu sau :

A= ;\/(4)8 + L](p2 +q°) = L (2xp+ ﬂjz = ﬂ
Déu bang xay ra < % =qgx (1)

Thay x:y:Z:§ vao (1) ta dugc: = £:§ ta co thé chon p=8,q=9
q

Loi giagi:
Ap dung bat dang thirc Bunhiacopxki :

\/(82 4—92)(4)(2 + Lz] > 16x + 2 = 4x2+L22 ! (16x+2]
X X X /145 X

1 9 1 1 9

8 +9) |4y’ + — | > l6y+ = = [4)° +—> (16 +—]
\/( )( Y 2] Ty Yt as T
\/(82 +92)(4z2 +

1 111 1 81 | 145
M{l6(x+y+z)+9(;+—+—ﬂ2 {16(x+y+z)+ }_

y z X+y+z 2

NN| —| =
\V;
—
AN
N
+
|
N
NI\)
+
L] —
\V;
—_
7\
e
(@)}
N
+
| ©
N—

] z z 145

Tudo: 7>

e 1a 1A s +14 .
Vay gia tri nho nhat cia T bang TS khi x=y=z==

[SSHN ]

Bai toan 2. Cho x, y, z> 0 thda min x +y+z = % Tim GTNN ctia biéu thrc:

1 1 1 1 1 1
T=\/x2 + —2+—2+\/y2 - —2+—2+\/22 + =+—
X"y y oz z X

Phén tich dé tim 101 giai :

thire nay. o
Néu &p dung bat dang thirc Bunhiacopxki mdt cach binh thuong:

SIS IS I VL
N30 x oy

Y S 1 n n A A . e
Dy doan dau bang < x=y=z= 5 Nén khong dat dugc yéu cau cua bai toan.

Ttr d6 ta manh dan dua vao cac tham so p, g, r nhu sau :
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2

1 11 1 q r
e[t e tut]
Jp2 + @+ \/( X’y JpP + i+ Xy

ot 907

— L 4

"l rger

DAu bing xdy ra & —=X=2 (1)
p q r
2 2 1
Thay x = y—z-% vao (1) ta dugc: 3p_24 _ rtacothechonp =24 = r=2

Loi giai:
Ap dung bat dang thirc Bunhiacopxki :

Lz+22+22] X2+L2+L2 > X,2.2 = x2+L2+L2i £+%+2
2 X° y 2 x y Xy 3312 x vy
2 1 1 2 2 2
inrz2 +2? y“riz+i2 > 2, 2.2 => Vis+52— DA
2 y' oz 2y z yo oz 332 y =z
2
z

3
Tudd: T> 4 —+—+—| |2 =+
‘/7{ 2 (x y Zﬂ @{4 X+y+z

Vay gia tri nho nhit cua T bang # khi x=y=z :%

Bai toan 3. Cho x, y, z> 0 thda man x +y+z = 6. Tim GTNN cua biéu thirc:

T:\/X2+L+\/y2+L+\/Z2+L
Xty y+z z+x

Phén tich dé tim 101 giai :

Xét biéu thac A= [x> +L M0t cach tu nhién ta tim cach khir cin cta biéu thuc
Xty

nay.

Néu &p dung bat dang thirc Bunhiacopxki mdt cach binh thuong :

1 1 1 2 S . . 1
/x2+— > —| x+——= |, dau bang xay ra khi va chi khi x=
Xty \/5( X+ NER Y

Dy doan T dat gia tri nho nhit< x = y=z=2. Nén khong dat dugc yéu cau cua bai
toan.

Tir d6 ta manh dan dua vao cac tham s6 p, q nhu sau :

2 px+
1 1 1 q «/
A= —— || X’+—|(p* +q") 2 —— || xp+
\@;‘::E"J( x+y] b+’ F) T e
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1

Xty (1)

q

A N 5 X
Dau bang xdy ra & —=
p

Thay x=y=z=2 vao (1) ta dugc: gz2qtacéthé chon p =4, g =1

Loi giai:
Ap dung bat dang thirc Bunhiacopxki :

(42+12) x* -i-L > 4x + ! =[x+ ! 2L
x+ty Jx+y x+y 17
1

(42+12) y2+L y = [y + L, L 4y + !
ytz y+z y+z 17 y+z

v
i
+

T do:

TZL 4x+y+z2)+ ! + ! + ! 21 24 + 0
J17 \/x+y \/y+z Jz+x J17 \/x+y+\/y+z+\/z+x

oL s 9 N
/T J3(x+y+2) 2
N

P SR 3 1 .
Vay gia tri nho nhat cua T bang 377 khi x=y=2z=2

Bai toan 4. Cho x, y thda man 2x—y=2. Tim GTNN ciia biéu thirc:
T = \/x2 +(y+1)° + \/x2 +(y=3)
Phén tich dé tim 101 giai :
Gia sur gia tri nho nhat cua T dat dugctai x=a ,y=5b ,2a-b=2
T d6 ta manh dan dua vao cc tham sd p,q nhusau:

Ix2+(y+1)2 :%.\/(pz_i_qz)[xz_i_(y_,_l)z} 2%_[px+q(y+l)] 2)
P T4 P t4q

Ta can chon p, q sao cho dang thirc ¢ (2) xay rakhi x=a ,y=>b ,2a—b=2 nén

P_ 9 {ydétacothd chon p=a,q=b+1

a b+l

Tuong tu, v6i biéu thire /x* +(y—3)* taco thé chon p=a,g=b-3
Loi gidi :
Ap dung bat dang thirc Bunhiacopxki :

X+ (y+1)? zﬁ.[mﬂbﬂ)(yﬂ)]
a

Jxr+(y=3)° Zﬁ.[ax+(b—3)(y—3)]
a —

1

Jf+w—$f[

1

Tur do : sz[ ax+(b—3)(y_3)]
a

ax+(b+1)(y+1)]+
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= a + a X+ b+l + b-3 y
J@+(b+1)7  Jd®+(b-3) J@+(b+1? Ja* +(b-3)

Ta can chon a, b sao cho :

a N a _ b+1 N b-3
J@+(b+17  Ja* +(B-3) J@ +(b+17  Jd*+(b-3)

2a—-b=0
a+2b+2 a+2b-6 g2
+ =0 3
o +b+1)} Jd+(b-3 =
2a-b=0 b=-—

Vi cac gia tri vira tim cua a, b ¢ trén ta dugc:
T> 122\5/535—6\/§)/+3i\5/g 22\/§

25

Vay gia tri nho nhit cua T bang 2+/5 khi x= %; y= —%
Bai toan 5. Cho hai s6 thuc x, y. Tim tri nhé nhét cta biéu thuc:
T = Ja+12+ (=17 + Jx=1 +(y+1)? +(x+2) +(y+2)
Phén tich dé tim 10i giai :
Gia str gia tri nho nhat cua T dat dugc tai x=y=a
Tir d6 ta manh dan dua vao cac tham sé p, @ nhu sau :

Je+1D)? +(y-1) = (P*+¢*)[ @+ +(y-1)? PO+ +q(y-1)
ﬁJ IE fw[ ]

)
Ta can chon p, q sao cho dang thuc & (2) xay ra khi x=y=a nén
L _ 9 4y dé6taco thé chon p=a+1, g=a-1
a+l a-1

Tuong tu, v6i biéu thire \/(x—l)2 +(y+1)? tacothéchon p=a-1, g=a+1

v6i biéu thuc \/(x+2)2+(y+2)2 ta ¢6 thé chon p=¢g=1.

Loigidi:
Ap dung bat dang thirc Bunhiacopxki :
1
JE+1)P + (=17 > [@a+Dx+D)+@-1)(y-1)]
J@+1)? +(@a-1y

1
1 )" > ~)(x-1 -1 1
\/(x ) +(y+1)* 2 \/(a I J@=-Dx-D+(@-)(y+1)]

JE+2P +(y+2)° > \/_ [L(x+2)+1.(y+2)]

2a 1 4
Tedd: 7> ———+—|.(x+y 122
L/z(azﬂ) ﬁ]( ) J2(@ +1)
Ta can chon a sao cho : 2—a+L:0<:>a: !

L@@+ V2 B

Vi cac gia tri vira tim cua a ¢ trén ta dugc:
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> 4
T_—(l 1) +2\/2—'\/6+2\/2
1

Vay gi4 tri nho nhit cua T bang /6 +2v2 khi x=y=——

V3

Bai tap tuwong tu.
1. Chox,y,z>0thdéaman x+ y+z<1. Tim GTNN cua biéu thirc :

1 1 1
T = [x"+— +\/y2+—2+\/zz+ -
2y 2z 2x
2. Chox,y,z,t>0thdoa man x+y+z+t:2.TimGTNNcﬁabiéuthl’rc:
1 1 1 1 1 1 1 1
T:\/x2+—2+ +\/y2+—2+—+\/zz+—2+ +\/t2+—2+
y z+t zo t+x o x+y X y+z

3. Chox,y,z>0thdaman x+y+z=3. Tim GTNN cua biéu thuc :

2 2 2
T:\/2x2+—1+y4+\/2y2+—+z4+\/222+ +x*

X+ y+1 z+1
4. Chox,y thdaméin x—2y+2=0. Tim GTNN cua biéu thic :

T = X +17—6x—10y+34 + x>+ —10x—14y+74
5. Cho hai sb thuc x, y . Tim GTNN cua biéu thuc :

T = J=1P+(y+1) + J(x=37 +(y+3)° +/x* +(y+4)’

5. K§ ning sir dung “Phép thé bién”.
5.1 Phép thé nghich dio.
Chung ta tré vé& voi mot bai toan don gian ma ta da xem xét trong phan trude voi
viéc van dung bat déng thirc Bunhiacopxki mét cach don gian
Bai toan 1. Cho a, b, ¢ 1a cac s thuc duwong. Chirng minh rang :
a’ N b’ N c’ S a+b+c 1)
b+c c+a a+b 2

£ e s 2 e s £ P ,. 1 11 R
Néu trong bai toan 1 ¢ trén ta chi viéc thay thé a,b,c 1an lugt boi s (mata
a C
goi 12 “ phép thé bién ) thi ta thu duogc bat ding thirc sau:
1If1 1 1
> be +— N > ab 2—(—+—+—] (2)
a(b+c) b (c+a) c(a+b) 2\a b c
Ma 16 giai cua bat dang thuc (2) khong thé don gian nhu 10i giai cta bat dang thuc (1)
Twr do, khi gap céc bai toan ma hinh thirc xuat hién ctia né gy cho ta sy kho khan
ma trong khi d6 cac bi€u thirc c6 dang phép thé thi ta nén st dung phép thé thir xem sao .
Ta cung xét qua mdt so vi du sau:
Vidu 1. Cho x, y, z> 0 thda man xyz=1. Ching minh rang :

1 1 1 3
+ + >= (1
x3(y+z) y3(z+x) 23(x+y) 2 (1
(IMO 1995)

Nhan xét:
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1

’ > 3 ’
Chinh sy xudt hi¢n biéu thirc — ! =—X__ lam cho ta suy nghi dén viéc sir
Cy+z) 11
y z
3
dung phép thé dé dwa vé biéu thirc dang ; thuan loi hon trong viéc van dung bdt dang
+c
thitc Bunhiacopxki
Loi giai
bit x—l y:l =—.Khid6 a, b, ¢ >0 va abc=1
a b c
2 2 2
B4t déing thit (1) tré thanh: —4— -2 ¢ 53
b+c c+a a+b 2
2 2 2 3
Taco: -% .+ b L (a+b+c) :a+b+cz3x/abc:§
b+c c+a a+b (b+c)+(c+a)+(a+b) 2 2 2

Vidu 2. Cho x, y, z> 1 thda man l+l+l =2 .Chting minh rang :

X y z
\/x+y+22\/x—1+\/y—l+x/z—l (1)
(IRAN 1998)

Nhan xét:

Chinh sw xudt hién gia thiét l+l+l =2 lam cho ta suy nghi dén viéc sir dung

X y z

phép thé bién.
Loi giai
bat x—l y:% =—.Khi d6 a,b,ce(0;1) va a+b+c=2

a c
Bit dang thtc (1) tré thanh: \/l+l+lz\/l_a +\/1_b +\/1_c

a b c a b c

2
Ta lai co, \/1_a+\/1_b+\/l_c S(l+l+lj(1—a+l—b+l—0):l+l+l
a b c a b c a b c

Vi du 3. Cho x, y, z>0 thda man l+l+l =1.Chimg minh rang :
X y z

\/x+yz +\/y+zx+\/z+xy 2\/xy_z++\/;+\/;+\/z (1)
(APMO 2002)

Nhan xét:
Chinh sw xudt hién gia thiét %+l+§ =1 lam cho ta suy nghi dén viéc sir dung
phép thé bién. ’
Loi giai
bat x—é y:%; 22%. Khido a, b, ce(0;1) va a+b+c=1
Bit dang thic (1) trd thanh: \/ +L+\/1+L+\/l+i2 ! +—+L
a bc b ca c ab \/% f Je

Jb
Hay a+bc +~b+ca +~c+ab > Jab ++/bc +ca +1
Ap dung bat dang thirc Bunhiacopxki :

21 GV: PHAN NGOC TOAN




PHAT TRIEN VA NANG CAO KY NANG VAN DUNG BAT BPANG THUC BUNHIACOPXKI

Ja+be = Ja(a+b+c)+bc = \[(a+b)a+c) = (a+bc)* = a+~bc
Vb+ca =\[b(a+b+c)+ca =[(a+b)b+c) 2+ (b+ac)* =b++Jac

Jetab = Jc(a+b+c)+ab = J(c+b)a+c) 2\(c+bc) =c+~ab
Tir d6 suy ra a+bc ++b+ca +c+ab >Jab +bc +~Jca +a+b+c=ab +bc +Jca +1

Vi du 4. Cho x, y, z 1a cic sb thuc duong . Chirng minh rang :
2 2 2
alEES ———S N )
vz+2x" zx+2y° xy+2z

Loi giai
Ta viét lai bat dang thirc can chimg minh nhu sau :

1 x’ 1 ¥ 1 z 1
e | —- +| —— > |+ == = |1Z2=
2 yz+2x° 2 zx+2y 2 xy+2z 2

vz zx Xy
= =+ =+ ==l (2)
vz+2x" zx+2y° xy+2z
o 1 1 | S , 2 2 b’ :
bit x=—; y=—; z=—. Bat dang thtc (2) tr¢ thanh: 2a +— + 2c >1
a b c X" +2bc b +2ca c”+2ab

2 2 2 2

Ta lai c6, a b c S (a+b+c)

+ + > =
a’*+2bc b*+2ca *+2ab  a’+2bc+b*+2ca+c +2ab

5.2 Phép thé hoan vi.
Tiép theo ta dén vé6i cac phép thé phirc tap hon. Ta bat dau voi bai todn mé dau
sau:
Bai toan mé dau :
Cho a, b, ¢ 1a ba sd thue khac khong thoa man abc =k :
1.x° 1.y 1.z°

1) Tn tai céc sb thuc x, y, z khac khong thoa : a = ;b= ;=
vz zx Xy
A ., , N - l. l. l.
2) Ton tai cac so thuc x, y, z khac khong thoa : a = yzz ;b= Zf ;= xzy
X y z
A ., , N - l.x l. l.z
3) Ton tai cac so thuc x, y, z khac khong théa : a=—;b=——;c=—
y z X
A ., , N - l. [. l.
4) Ton tai cac so thuc x, y, z khac khong thoa : a :—y; :—Z;c -
X y z

Trong d6, 7 1a s6 thuc khac khong thda I =k .
Loi giai:

2 3/ 2 3/ 3
1) Chon x=%/a ;y=3/b ;z=3c tacé: Lx :l.\/a_zl \/a_ =1L —g

vz Ybe  abe Ji3

2 2
Tuong tu Y _ Lz _ ¢
zX Xy
1 1 1 N ’
3a 3b 3c
lyz l.zx l.xy
2 - ; 2 :b; 5 =C
X y z
3 3 3
3) Chonx_ﬁ,y:_b;zzﬁtac,_ Ix \/— \/— \/—

O:
e Ja b y \/E \/ \/7
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on —ﬁz —ﬂx' _b a co: by _ \/_ \/— \/—
4) Chon x s y—%,Z—%t . \/E \/7 \/7

Tuong tu, I—Z:b ;l'—x:c

y X
Bay gio ta xem xét viée sir dung cac phép thé trong bai toan mé dau dé giai quyét
cac bai toan nhu thé nao :
Vidu 1. Cho q, b, ¢c#1 thda man abc =1 .Chung minh rang :
2 2 2
a =+ b =+ ¢ =>1 (1)
(1-a)y (dA-b) (1-c¢)

Tuong tu, Ly =b; ZZ

(IMO 2008)
Loi gidi 1.
2 2 2
Ton tai 3 s6 duong x, y, zthda : a= x—;b = y—;c =2 Khi do6 bat dang thac (1) trd thanh:
vz zx Xy

>1 (2)

4 4 4
X y z

+ +
(x*=yz) (V-2 (2" -x)
Ap dung bat dang thirc Bunhiacopxki ta ¢ :
x4 4 4 x2+ 2+ 2N\2
2 2 + 2 y 2 + 2 = 2 2 2 2( 2y ZZ) 2 2
(x"=yz)" (V' -zx) (7 —xy) (X —yz) +(y —zx)" +(z" —xp)
Mat khac,
(x*+y*+2°)
(x* = yz)" + (¥ —2x)" + (2" —xp)

> >l (X +y +z )2—[(x2—yz)2+(y2—zx)2+(zz—xy)2}2

S (xp+yz+zx)° =20

Loi gidi 2.
Tén tai 3 s6 duong x, y, zthda : a= X p=2; c=Z Khi d6 bét dang thtrc (1) tré thanh:
y’ z X
x2 2 Z2
J _>1 (2)

+ -
, N C e R E I R ER)
Ap dung bat dang thire Bunhiacopxki ta c6 :

¥y 2 X Y- 2y
(x=y) (-2 (-2 @-»)’(-2" -200-9" (-2(z-p)
S [x(x—z)+y(y—x)+z(z—y)]2 :[(xz+y2+22)—(xy+yz+zx)]2 1

(=P G2+ (== + =G0 [( 4y 420~ (+pz 4 20) |
Vi Y (-0 (-2) = Y (= 1P (x =20 423 (x— »)(x—2)(y = )y =)

= (Z(x—y)(x— Z)] = [(x2 +y?+ 28— (xy+yz+ zx)]2

Vidu 2. Cho a, b, ¢ > 0 thda min abc =1 .Ching minh ring :

12+ 12+ 1222 (1)
(I+a) (A+b) (A+0) 4

Loi giai 1.
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Tén tai 3 s6 duong x, y, z thda : a = y—f;b = Z—)j;c = % . Khi d6 bat dang thirc (1) tro thanh:
X y z
x* y! z* 3
>= (2
= @

+ +
(x2 +yz)2 (y2 + zx)2 (z2 +xy)2

(xX* +yz)’ < (x> +y*)(x* +2°)
Ap dung bat dang thirc Bunhiacopxki ta ¢6 : { (1> +zx)’ < (x> + y*)(3* + 2%)
(2" +xp) (X +2)(* +2%)
Nén
x4 4 Z4 X4 4 Z4
e e D) (O T AT
Tt d6 dé chirng minh (2) ta ching minh bat dang thirc manh hon :

4 4 4

X y z
() +2) @A) 4D (P22 4
Bién ddi quy dong va thu gon bat dang thirc (3) trong dwong voi :
V(T + )+ (VP + 20+ 22X (2 +27) 2 6(xz) (4)
Ap dung bt dang thirc Cosi ta o :
xzyz(x2 + yz) + y222 (y2 + zz) +2z°x? (z2 + zz) > 2(xy)3 + 2(yz)3 + 2(zx)3 > 6(xyz)2
Loi gidi 2.

Ton tai 3 s6 duong x, y, zthda : a==;b= Y.c=Z Khidoé bat dang thtrc (1) tré thanh:
z

X
y X
2 z? x* 3

Y =+ =+ === (2)
(x+y)y (+z2) (z+x) 4

Ap dung bat dang thirc Bunhiacopxki ta ¢6 :

2 2 2

% . z . X S [y(y+z)+z(z+x)+x(x+y)]2
(x+3) (+2)7 @+’ G+ +2) +(r+2)(E+0) + (2 +x0) (e + )
1 () + (42 + (427 |
4.(x+y)2(y+z)2+(y+z)2(z+x)2+(z+x)2(x+y)2
Nén ta cn ching minh : l : [(x+2y)2+(y-l;z)2 +(j+x)2}z | | Zl
4 (x+y) (+z)y +(y+2)(z+x) +(z+x) (x+y) 4

Hay [(x+y) +(y+z) +(z+x)2]2 >3[(x+y) (y+2) +(r+2) 2+ + (@ +x) (x+y) ]
Ma bét ding thirc ndy ding theo bat dang thirc (a+b+c)* >3(ab+bc+ca).

Vidu 3. Cho a, b, ¢ > 0 thda min abc =1 . Chimg minh ring :

a b c >§ 1)

+ + >
ab+1 bc+1 ca+1 2

Loi giai

Tén tai 3 s6 duong x,y,z thda : a = Xp=2.c=Z Khi d6 bét dang thirc (1) tro thanh:
b% z X
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xz+xy+yzzi

xXy+yz xz+yz xy+xz 2

<:>( i +1]+( a4 +1]+( Yz +1]2
Xy +yz xXz+yz Xy +xz

1 1 1
& (xy+ yz +2x) + +
Xy+yz xz4+yz xy+xz

\Y
(SN NI NV}

<:>[(xy+yz)+(xz+yz)+(xy+xz)]( ! + ! + ! ]29
xXy+yz xz+yz Xxy+xz
Bit dang thic cubi cung dang theo bat ding thirc Bunhiacopxki
Vi du 4. Cho a, b, ¢ >0 thdoa man abc =8 . Chiing minh rang :
a—2+b—2+c—2 <0 (1)
a+l b+l c+1

Loi giai .

£, 22 . A , . - 1 1 1
Bat dang thirc can chung minh twong duong voi : + + >1(2)

a+l b+1 c+1

X . A ~ 2x 2y 2z c o2 1AL a2 , )

Ton tai 3 s6 duong x, y, zthda : a =—;b=—=;c=—. Khi d6 bat dang thtrc (2) tr¢
y z X
thanh:
y2 Z2 x2

+ >1 (3
2xy+y° 2yz+z° 2zx+x ®)
Ap dung bat dang thirc Bunhiacopxki ta ¢6 :

2 2 2

b% z X S (x+y+z)2

2xy +y° " 2yz+7z° " 2zx+x° (2xy+y2)+(2yz+22)+(22x+x2)

Vidu 5. Cho a, b, ¢ > 0. Chtrng minh rang :
a b’ c’
+ +
a’+abc+b’ b’ +abc+c’ ¢ +abc+a

Phén tich dé tim 101 giai :
Day 1a mot bat dang thirc thun nhat va hoan vi nén ta ¢ thé nghi dén viéc ap dung bat
dang thirc Bunhiacopxki :

a b’ c’ S (a* +b* +c*)

=1

_>1 (1)

+ + >
@’ +abc+b’ b +abc+c®  +abe+a’  a(a’ +abc+b)+b(b’ +abc+c’)+c(c +abe+ad)

Nhung dén day khong thé giai quyét duge du t6i da cb gang bién ddi rat nhiéu cach khac
nhau.
Bang cach xem xét va thir sit dung cac phé thé t6i tim dugc phép thé 4) 13 hop 1i tir d6 ta
c6 101 giai sau.
Loi giai
Khéng mat tinh tong quat ta chuan héa abc =1
Tén tai 3 s6 duong x,y,z thda : a = L. p=2; =1 Khidé bét dang thtrc (1) trd thanh:
X y z
6 6 6

6 3y3 33+6 3Z3 33+6 3x3 3321
V +Xy +zx 4y z4+xy x +zx +zy
Ap dung bat dang thirc Bunhiacopxki :
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6 6 6
z X
4 + +

YV+x’'y’ +2x 24y 2 +xy X+ + 2

S X +y +2°)

a (y6 +x’y’ +z3x3)+(z6 +y’z’ +x3y3)+(x6 +2°x° +z3y3) =1

Vi du 6. Cho a, b, ¢ > 0. Chtrng minh rang :

1 N 1 N 1 > 3
a(l+b) b(+c) c(l+a) 1+abc
Loi giai
< P U ~ ly [z l.x -
biat abc =k . Khi do, ton tai 3 s6 duong x,y,zthda: a=——;b=—"—;c=—. V&1 I"=k
X y z
- 271 K al , 2 aa y z 3
Khi d6 bat dang thtrc (1) tr¢ thanh: >

S + >
I(y+1z) Iz+Ix) 1(x+1y) 147

Hayx+y+z>3l

y+lz z+lx x+ly 14707
Ap dung bat dang thirc Bunhiacopxki :

x y z x’ y z° S (x+y+z)

+ + = + + >
v+lz z+Ix x+ly x(y+lz) y(z+Ix) z(x+l) x(y+E)+y(z+D)+z(x+1D)

B (x+y+z) S 3(xy+yz+zx) 3
(I+D(xy+yz+zx) (+D(xy+yz+zx) 1+

23l

- < 1P=21+1>0 ( din
1+ 1+7° ( )

Pé hoan thanh bai toan ta can chimg minh :

Vidu7.Choa,b,c,d >0 thdamin abed =1 . Chimg minh rang :
1+ab+1+bc+1+cd+1+da

>4 (1)
l14a 1+b 1+c¢ 1+4d
Loi giai
Tn tai 4 s6 duong X, y, z, t thda : azi;dzl;c:i;bzi.
y z 4 X

+t x+z +t x+z
Yri, NP >4
xX+y t+x z+t y+z

Hay (x+z)(L+L]+(y+t)( ! + ! ]24
t+x y+z

x+y z+t

Khi d6 bit dang thirc (1) trd thanh :

Ap dung bat dang thirc Bunhiacopxki ta dugc

1 1 1 1 4 4
(x+z)(—+ ]+(y+t)( + ]2 (x+2) + +1) =4
t+x y+z xX+y z+t X+y+z+t x+y+z+t

Vidu 8. Cho a, b, ¢, d >0 thda min abcd =1 . Chirng minh rang :

1 1 1 1
+ + + >2 (1)
ala+b) bb+c) c(c+d) d(d+a)

Loi giai

Tn tai 4 s6 duong X, y, z, tthda : a :Z;b:
X

t X
c=—;d=—
z t

Z.
y’
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2 2 2 2
Khi d6 bat déng thie (1) tré thanh: ———+—2 4+ = 4 T >»
Yy +xz z+yt t"+xz x +yt

Ap dung bat dang thirc Bunhiacopxki :

2 % 72 2 4 »* 4 £
2 = T3 = 2,2 T T T
Vi+xz zi4yt t+xz x+yt x(y+xz) y(z+yt) z2(@t +xz) t(x+yt)

S (X +y*+22+1°) B (> +y*+22+1)
B xz(y2 +xz)+y2(z2 +yt)+zz(t2 +xz)+t2(x2 + yt) (x2 +zz)(y2 +t2)+xz(x2 +zz)+yt(y2 +t2)

(X +y +z2° +1°) B
(x2 + 22)2 . (yZ +t2)2
2 2

>
(> +2)( +1°)+

Ping thirc xay ra khi a=c =

SN

1
b

Vidu 9. Cho a, b, ¢, d > 0 thda mdn abcd =1. Chimg minh rang :
1 1 1 1

+ + + >1 (1
(a+1)° (b+1)* (c+1) (d+1) M
Loi giai 1.
Ton tai 4 s6 duong x, y, z, t thda : a:y—f; b:Z—z; c:t—ﬁ; d:ﬂz.
X y z t
Khi d6 bit dang thirc (1) tré thanh:
X + Y + z + 2 >1 (2)
(x*+yz2)? P4z} (2 +w)’ (P +xy)
Ap dung bat dang thirc Bunhiacopxki ta ¢6 :
4 4 4 4
2 = 2 + 2y 2 e 2 2x 2 2 + 2 Zy 2 2
(X +yz) Otz (O Ay +zY) () )
S (x2+y2)2 B x2+22

(X)) O+ )G ) Xy I+

N t

(z° +tx)’ " (C+xy)Y X +y 4+
Nén ta c6 diéu phai ching minh .

4 2 +t2
Tuong tu, Y

Loi gidi 2.
Tn tai 4 s6 duong X, y, z, t thoa : a:Z; bzi; c:i; d==2
X y z t
Khi d6 bat dang thirc (1) tré thanh:
2 2 2 2
X y z t 1 (2)

+ + + >
(x+y) (y+2)0° (z+t) (t+x)
Ap dung bat dang thirc Bunhiacopxki ta c6 :
x2 2 ZZ t2
2 +
(x+y)Y (y+2) (z+1) (t+x)
x> (x+1)° Y (y+x)° 2 (z+y) t(t+z)
= + + +
(x+y)2(x+t)2 (y+z)2(y+x)2 (z+t)2(z+y)2 (t+x)2(t+z)2
. [x(x+t)+y(y+x)+z(z+y)+t(t+z)]2
YD)+ ) X)) + )z +y) +(t+x) (t+2)
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>[x(x+t)+y(y+x)+z(z+y)+t(t+z)]2 1 [(x+y)2+(y+z)2+(z+t)2+(t+x)2]2 |
[y @) [+ 2] A (@) @) | [+ + (2]

Loi giai 3.

Tn tai 4 s6 duong X, y, z, t thoa : a:y—Zt; b= i c:tx—f; d:%.
y z

Khi d6 bat dang thirc (1) tré thanh:

xé yé Zé t6

+ + + >
(X +yzt) (Y +ztx)’ (2 +y) (F +x2)
Ap dung bat dang thirc Bunhiacopxki ta ¢6 :

xé yé Zé t6 (x3+y3+Z3+t3)2

+ + + >
(x3 +yzt)2 (y3 + ztx)2 (z3 +txy)2 (t3 + xyz)2 (x3 + yzt)2 + (y3 + ztx)2 + (z3 + lxy)2 + (13 + xyz)2
Dé hoan thanh bai toan ta can chimg minh : (x* +)* +2° +£)* > D (x + yzt)’

Hay 22“x3y3 >22x yzt+2y2 ’t?

sym

Theo bat dang thirc Cosi : 2) Xyt <= Zx (' +2°+t )—32x

s
zyZ 22 52()/3Z3+Z3t3+t3y3)_ Zx
o
Tir hai bt dang trén ta c¢6 diéu phai chimg minh.

2. Kha nang ap dung

Gitip cho hoc sinh c6 thém phuong phap dé giai quyét cac bai toan vé bat dang
thirc, gia tri 16n nhat, nho nhat.

Gitp cho hoc sinh ¢6 thém phuong phap dé giai quyét cac bai toan kho vé bat
dang thirc trong cac ky thi hoc sinh gioi cac cap.

Céc em hoc sinh khé gioi c6 thé van dung k¥ ning st dung bat dang thirc
Bunhiacopxki vao trong cac bai toan khac nhu bat déng thire hinh hoc, phuong trinh, h¢
phuong trinh giai bang cac phuong phap danh gia ...

3. Loi ich kinh té xi hi

Qua viéc ap dung dé tai ndy vao viéc giang day & cac 16p ban khoa hoc tu nhién,
cac 16p bdi duong hoc sinh gioi. Toi thiy tao dugc su say mé hoc tp va nghién ciru mon
toan cho hoc sinh, hoc sinh hiéu va van dung dugc nhiing ky nang chinh trong dé tai nay.

Céc em giai dugc nhiéu bai toan kho vé bat dang thirc ma néu giai bang cac
phuong phap khac doi khi gap kho khan va phuc tap hon.

Pé tai da gop phan rén luyén cho hoc sinh tinh sang tao.

Két qua: sau khi van dung dé tai nay vao viéc day cho cac doi tuyén tham gia hoc
sinh goi mén toan cac cip cua cac 1op ma t61 da tham gia, phy trach trong hai nam hoc
2010 -2011 va 2011 - 2012 : tong s6 15 giai , trong d6 co 10 giai cip quéc gia, 5 giai
cap tinh.
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Phan C. KET LUAN

Sau mét qud trinh gidng day nhiéu nam, thong qua cdc tai liéu tham
khdo, ciing nhu hoc hoi ¢ cdac dong nghiép. Toi da hé thong lai duoc rdt nhiéu
bai todn hinh hoc va dai s6 cé thé ing dung bdt ddang thitc Bunhiacopski dé gidi
va mang lai hiéu qud khong phdi la nho.

Thong qua sdng kién kinh nghiém nay t6i mong muon duoc dong gop
mot phdan nho bé cong sicc trong viéc huong dan hoc sinh tng dung va khai thdc
bdt ddng thitc Bunhiacopski khi lam todn, rén luyén tinh tich cuc, phdt trién tu
duy sang tao cho hoc sinh, gdy hitng thit cho cdc em khi hoc toan. Tuy nhién, do
thoi gian co han, trinh dé ban thdan con han ché, nén toi rdt mong duoc su dong
g0p b sung ciia Hoi dong khoa hoc cdc cdp va ctia cdc ban dong nghiép dé kinh
nghiém cua toi duoc hoan chinh hon, dong thoi ciing gitup do téi tién bo hon
trong gidng day.

Téi xin trdn trong cdm on !
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TAI LIEU THAM KHAO
1. Toan hoc va tudi tré tir ndim 1996 dén nim 2012
2. Tai li€u béi dudng gido vién THPT chuyén tir ndm 2004 dén nam 2011
3. Old and New Inequalities - Titu Andreescu N
4. Céc bai giang vé bat dang thirc Bunhiacopxki — Nguyén vii Luong
MUC LUC
Noidung Trang
Phan A. MO DAU
I. Dat van dé 1
I1. Phuong phap tién hanh 1
Phan B. NOI DUNG SANG KIEN KINH NGHIEM 2
I. Muc tiéu . 2
II. M6 ta giai phap cia dé tai 2
Chuong I. Gidi thi€u vé bat dang thirc Bunhiacopxki
va cac bién thé 2

Chuwong II. Mot s6 ky niing sir dung bat ding thirc

Bunhiacopxki dé gii toan 3
1/K¥ ning bién doi thuan 3
2/K¥ niing bién doi nghich 8
3/K¥ nang thém bat 13
4/ K§ ning tham s6 héa 15
5/K§ ning sir dung phép thé 20
KET LUAN VA KIEN NGHI 29
TAI LIEU THAM KHAO 30
MUC LUC 30
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PHAN PANH GIA CUA HQI PONG CAC CAP

Pénh gia ciia Hoi dong khoa hoc nha trudng:

Ngay.... thdng..... ndm 2012
Chu tich hoi dong

31 GV: PHAN NGOC TOAN



PHAT TRIEN VA NANG CAO KY NANG VAN DUNG BAT BPANG THUC BUNHIACOPXKI

Panh gia ctia Hoi dong khoa hoc nganh ( S& gido duc dao tao Binh Pinh )

Ngay.... thdng..... ndm 2012
Chu tich hoi dong

32 GV: PHAN NGOC TOAN



