Bat dang thic dong bac

Huynh Tan Chau
Truong THPT Chuyén Luong Van Chanh, Pha Yén

Trong nhitng nam gan day, mot s6 dé thi hoc sinh gidi Qudc gia c6 bai toan vé bat
dang thiic. Mot s6 cac bai toan bat dang thitc c6 dang thuan nhat (dong bac). Nham
gitp cho cac em hoc sinh trong doi tuyén tiép can va rén luyén ki ning giai quyét cac
bai toan nay, t6i xin dugc trao doi bai viét nhé nay.

1. BAT DANG THUC THUAN NHAT (DONG BAC)

Ham s6 f (z1, 22, ...,7,) cla cac bién s6 thuc xy, s, ..., v,dude goi 1a ham thuan
nhat bac k néu véi moi s6 thuc t ta co :f (txy, tag, ..., tx,) = t° f (z1, 79, ..., z,) Bat dang
thic f (x1, s, ...,7,) > 0, v6i f 1a ham thuan nhat, duge goi la bat ding thiic thuan nhat

Vi du : Cac bat dang thic Cauchy, bat ding thic Bunhiacopsky, bat dang thic
Chebyshev 1a cac bat déng thic thuan nhat.

2. MOT SO BAT DANG THUC CHUYEN DUOC VE DANG DONG BAC

Bai toan 1. Cho a, b, ¢ > 0 vd a + b + ¢ = 1. Chiing minh rang : 5 (a® + b* + %) <
6(a®+0b°+c*)+1(1)

Loi gidi. Véi gia thiét a + b + ¢ =1, viét lai bat dang thiic (1) dudi dang tuong duong

5@ 40 +)(a+b+c) <6+ +)+ (a+b+c)

5@+ 0+ A+ a’b+ d’c+ bPa+ b+ Fa+cPb) <6(a® + 0+ P) +ad+ 0P+
A+ 3(a* + a’c + b?a + b*c + Fa + ¢*b + 2abe)

& 2(a® + b3+ 3) + 6abe > 2 (a®b + a’c + b?a + b*c + c2a + 2b)

S ad + b2+ A + 3abe > a?b + a’c + b2a + bPc + a + b

& (btc—a)(c+a—0b)(a+b—c) < abe(2) bat dang thic (2) dé dang ching
minh.Vay bat ding thitc (1) dude chitng minh.

Bai toan 2. (ROMANIA — BALKAN TST - 2006)

Cho a, b, ¢ > 0 vA théa man a + b + ¢ = 1. Chiitng minh rang :
3(a*>+ >+ %) (1)

@
b c

Loi gidi.
Céch 1. Bién doi va ap dung bat dang thitc Cauchy — Schwarz ta co:
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@ ¥ & et bt S (a® + b2 + )

b e T a T @ e 20T @by et

Bat dang thic (1) duge chiing minh néu ta chiing minh dugc :

(a®+ b2 + ¢2)°

ab + b%c + c2a

S@+v+A)(a+b+c)>3(a®b+b*c+c?a) Mia+b+c=1) < a®+a’c+
b+ b*a + & + b > 2 (a*b + b?c + c?a) (2)

Ap dung bat ding thitc AM — GM ta ¢6 :a® + ab? > 2v/a®.ab® = 2a2b

Tuong tu ta dude : b + be? > 2b%c, ¢ + ca? > 2c%a

Cong ba bat déng thic trén vé theo vé ta thu dugce bat dang thic (2).

Vay bat dang thiic (1) duge chiing minh. Dang thiic xay ra khi va chi khia = b =

> 3(a?+ b2+ A2) & a®+ b2+ 2 > 3(a?b + b*c + ca)

2 b2 2
CéchZ.Véia+b+c:1,tac6:?+—+C—23(a2—|—62~|—02)(1)
& a

a? b P
= (——l—?—l—z) (a+b+c)>3(a®+ 1+ )
3 bS 3 2 b2 2b

b
Sa’+b+ +%+ + = +a—bc+—+—>3(a +0* 4+ ¢*)
a
3 b3 3 b2 2b
ST+ +%+——|——>2(a L) (2)
2 2 2

b*a b
Ap dung bat ding thic AM — GM : T + be > 2ac; — + ac > 2ba; — + ba > 2bc
a
a’*c b*a b a b A aPc Va 62b ad b
= 5ttt > ab+bc+ca = vttt ot > —+—+—+ab+bctca
b b 4 b c b%b b ¢ a
(3) Ap dung béat ding thic AM — GM : % +ab > 202, +be > 2%, + ca > 202
PRI K B ¢ ¢
?—i——+——|—ab+bc+ca22(a2+b2+02) (4)
c a
a> v ad’c bPa  Ab

Tt (3) va (4) suy ra : <:>?—i— +— +T+—+—>2(a + b + ¢?) (dpem)

Bai toan 3. (BALAN - 2010) Cho a, b, c la cac s6 thyc duong théa man a* + b* + ¢* >
ad+ b+ 3 , \ \
b

. T R >3
VUi + 02+t Vet 4 el +at Vat 4+ a?h? + b

Chiing minh rang :

Lot giaai.
4, 14 | 4
. a*+b*+c¢
Tt gid thiet suy ra ————
& Y a§+b3—i—c3 , ) o
a b c a*+b*+¢
+ + > V3
Vbt + 022+t VAt + 2a? +at Vat + a?h? + b
3 4
a 3a

>
VB + 022+ T a0+

> 1 nén ta qui bai toan vé viéc chiing minh bat dang

thitc dong bac 1a :

St dung ki thuat ghép ddi xing, ta sé chi ra rang :

& 302 (0 + 02 + ) < (@ + B3+ 3 (1)

Ap dung bat déng thitc AM — GM ta c6 : 3a2* = 3.ab.ab.b?> < a3b® + a®b® + b
3a’ct = 3.ac.ac.c? < adc + a3 + B 3a?b*c? = 3.a%.be.be < ab + b3 + b3 Cong cac bat
dang thtic trén vé theo vé ta thu dugc bat dang thic (1)

203



3 3 4
Do dé a > V3a Déu bang xdy ra khi vachikhia=b=c = 1.
VO + 022 +ct T ad+ b+

3. MOT SO KI THUAT CHUNG MINH BAT DANG THUC DONG BAC

Bai toan 4. (ALBANTA - 2002) Cho a, b, ¢ > 0. Chting minh réng :
14+v3 1

1 1
(a® + b+ ¢?) (—+—+—) >a+b+ct+ Va4 b+
3\/3 a &

b
Loi giai.
Cach 1.

1;¢\§/§(a2+b2+c2) <é+%+%> >a+b+c+ V@ + 3 (1)
Khi thay (a, b, ¢ ) béi (ta, tb, tc) thi bat dang thiic khong thay doi, do d6 khong

mat tong quat gia sit a? + b> + ¢ = 1 Khi d6 (1) :

1+3 (1

1 1
-4+ -4+ > b 1
33 a+b—|—c)_a+ +c+

1+f(_+_+1) (a+bte)>(atb+e)+(atb+e)2)

3v3 \a b
L ) 1+v3 /1 1 1 1++3
Theo bat dang thiic AM — GM: 373 (a+b+c)(a+b+c)2 W 9
V3+3(3)Dat X =a+b+c</3(a2+ 12+ ?) = /3 (bt ding thitc Bunhiacopxki).
Suyra0<X§\/§
Dodé (a+b+e)+(a+b+ec)=X>+X<3+V3(4)
Tit (3) va (4) suy ra bat dang thiic (2).
Vay bat dang thitc (1) duge chitng minh.
Cach 2. Tacé:a+b+c§\/3(a2+b2+62):>a+b+c+ a?+b2+c2 <
(1+V3) V(a2 + 1>+ )

£, 22 . 1 3 1 1 1
Bat dang thiic (1) duge chiing minh néu ta ching minh duge: ;—\/\g/_ (a® + b + ¢2) (— + 5 + —) >
a c

1 1 1 1 L s
T Pt e JeaiRr2[ i) > £ 12 .
(14+v3) /(a2 +0 —i—c)<:>3\/§ a?+b?+c (a—i-b—l—c) > 1(2) Theo bat dang thiic

1 1 1 1 1 ./ 1
AM - GM : —=Va?2 + b2+ 2 (—+—+—) > \/3Va2223¢ — =1
a c

3v/3 b 3v3 abe
Bai toan 5. (IRAN - 2010) Cho a, b, ¢ > 0. Chitng minh ring :
1+1+1+ 1 .7 1+1+1+ 1 2(1)
b2 2 (a+b+c) 25 b ¢ a+b+c

Lot giaz.
Nhan xét : Bat dang thiic trén 1a bat dang thic thuan nhat. Khi ta thay (a; b; c)

bdi (ta; tb; tc) thi bat déang thiic khong thay déi. Do d6 khong mat tinh téng quat, gia
41wl N . 1 1
st a+b+c=1(a,b,c>0). Bat dang thiic can chiing minh viet lai : — + —|— s +1>

b
7/1 1 1 2
(24 241) (2
25(a+b+c+)<)
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Dt + SO S 0) s rtytr—tpipls Y
al — =T, — =Y, —=2\T,Y, 2 X Z = — - — _— =
" a b y’c a4 y a b ¢ a+b+ec

L s 7
Bat dang thic (2) : 2?2 +¢* + 22 +1 > %(x+y+z+1)2 Do 22 + y* + 2% >

1 . ) P
g(:v+y+z)2 nén bat dang thic trén duge ching minh néu ta ching minh duge :

1 7 .
§(gc+y+z)2+1 > 2—5(:L'—|—y+z+1)2 Ditt = 2 4+y+2z =t > 9. Ta can chimg
3

1 7 N
minh : §t2—|—1 > %(t—i—l)2 S A2 —42t+54> 04 (1 —9) <t—§) > (0 Diéu nay hoan
toan dung Vt > 9.
Do d6 bai toan da giai xong.
Déng thtic xay ra khi va chi khia =b = c.

Bai toan 6. Ching minh ring trong tam giac nhon ABC c¢6 do dai ba canh 14 a, b, ¢ ta

1
> 27(1
a2—|—62—02+02+62—a2+a2+c2—b2) 227 (1)

luéncé:(a+b+c)2(

Loi gidi.
Khi thay (a; b; ¢) bdi (ta; th; tc) thi bat dang thiic (1) khong thay ddi, nén khong mat
tong quat gidsta+b+c=3 Khidé(l)'( = + ! + ! )>
&It s ' a2+ -c 2+ -a® a2+ -0) "
3(2) Theo dinh If ham s6 cosin ta ¢6 : ¢ = a®+b* —2abcosC = a?+b* — * = 2abcosC Bat

. 1 1 1 c a
dang thiic (2) tré thanh : >3
ang thitc (2) trd than 2abcosC * 2bccosA * 2accosB — 2abccosC * 2abccosA *

b R
— > — A B >
SabocosD 2 3 o (tanA+tan B +tanC) > 3 .
Ap dung bat déng thic AM —~ GM : 3 =a+ b+ ¢ > 3Vabe = abe < 1= e >R
abe

1
Mit khac 3 = a+ b+ c = 2R (sin A+ sin B +sinC) < 21~2.3—gg =3V3R=R> —=

V3
R 1
- > ﬁ (3) Tam giac ABC ¢6 3 géc nhon ta luon c6 tan A + tan B + tan C' > 3+/3 (4)
abc

R 2

T (3) va (4) suy ra e (tan A + tan B + tan C') > 3(dpcm) Dang thiic xay ra khi va chi
abc

khi tam giac ABC 1a tam giac deéu.

) . b)2(b + ¢)? 2
Bai todn 7. Choa, b, ¢ I céc s6 thue duong. Ching minh ring : \/ (a+ ) erc) (c+a)
aoc
4(a+b+c)
5 W
Loi gidi.

Cach 1. Khi thay (a; b; ¢) bdi (ta; tb; tc) thi bat dang thitc (1) khong thay doi,
(a+b)°(b+c)*(ct+a) _

nén khong mat tong quat gid st a + b + ¢ = 3. (1) : i/ ;
abc

4 e (a+0)>0+c)(c+a)® > 6dabc & (a+Db) (b+¢)(c+a) > 8/abc(2) Via + b
+c=3nén (a+b)(b+c)(c+a) = B—¢c)(83—a)(3—-0) ==27T—-9(a+b+c) +
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3(ab+ bc+ ca) — abe = 27 — 9.3 + 3 (ab + be + ca) — abe = 3 (ab+ be 4 ca) — abe Ap
dung bat ding thiic quen thuoc : (:v+y+z)2 > 3(zy +yz+ 2x),Vo,y,z € R Ta ¢6 :

(ab+ be + ca)® > 3abe (a + b+ ¢) = 9abe = ab+be+ca > 3v/abe Do d6 (a + b) (b + ¢) (¢ + a) >

9V abc — abc = 8V abe + v abe (1 —V abc> Theo bat ding thitic AM — GM ta c6 : 3 =

a+b+c>3Vabc=1>abc=1—Vabc >0

Suy ra : (a+b) (b+c)(c+a) > 8Vabe.

Bat dang thitc (2) duge chitng minh, dang thitc x4y ra khi va chi khia =b = ¢ =
1. Vay bat dang thitc (1) dugc ching minh, déng thiic xay ra khi va chi khia=b =c .

2 3 2z 2 g
Cach 2. Chuan héa a +b+c= i Bat dang thic (1) tré thanh :

> 1o (a+b)*b+c)(c+a)’ > abe. (2)

\3/(a—|—b)2(b—|—c)2(c+a)2

abe

Bién déi va 4p dung bat ding thic AM — GM ta dugc :
(a+ )b+ c)’(c+a)’ = [(a+b+c)(ab+ be + ca) — abc]?

1 2
= [;(a—l—b—i—c)(ab—}-bc—l—ca)+§(a+b+c)(ab—|—bc+ca)—abc]

1 2 2 ?
> [gz (ab + be + ca) + 5.3\3/ abe.3¢/ (abe)® — abc} = {5 (ab+ be + ca)]

(ab+ be + ca)?

>

O | O |

4 3
Babe(a+b+c) = 5.3&()02 = abc. (dpcm)

Bai toan 8. (NHAT BAN - 1997) Cho a, b, ¢ 1a céc s6 thyc duong. Chiing minh bét
(b+c—a)? (c+a—0)7 (a+b—c) >§
(b+c)+a> (c+a)’+b> (a+b’+c2 5

déng thiec :

Loi giai.

Nhan xét : Bai toan nay c6 trong cudn sach “ Tuyén tap cac bai toan tit nhitng cuoc

thi tai Trung Quéc 7, dugc giai kha phic tap bing cach st dung bat ddng thic Schur. O

day toi dua hai 1oi giai kha dep, dac biét 1a 1i giai thit hai kha doc dao nhs viéc sit dung

tinh dong bac clia cac biéu thic tham gia trong bat ding thic.
2r=b+c—a a=y+z

. 4z
Cach1.Dat{ 2y=c+a—b<{ b=_z+z batdingthic< :

2z=a+b—c c=x+y
4y? 422 3 x?

2z +y+2)° + (y +2)°

+ > - & +
2u+z4+2)°+(z+2)? Qe+z+y)’+@+y)® 5 222+ 32+ 224 20y + 222 4 2y2

2 2 3

Y + & > — Do 2zy <

202 + 22 4+ 22 + 2xy + 2yz + 2z 222+ 2% 4+ y? + 2xy + 2yz + 222 10
3

. z Y
2+ y? 2yz < y*+ 2% 2za < a2?+ 2? Nen VT >
Y, YRSy A, Sz s at 42 Nen _4x2+3y2+3z2+4y2+322+3x2+

2
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22 T

Datxl=x2,yl =v2,21 =22 ,x1,yl,z1 >0VT >
422 + 322 + 3y? WRIZ XS, YL T ya, BT EL, XL, Y 0 _4x1+3y1+321+
Y1 21 2 ~ PP 9 o 9 A N = £ 3X ~
C han thtc & h ti d b
4y1+321+3x1+421+3$1+3y1 aC phnan C Veial CO ySO va m:,u SO dong bac,
khong mét téng quét, gid sitxl + vyl 421 =1. VT > —2 4+ L 4 "1 Dst f(4) =
tg gq g3 y > 3t st it f(t)
— L t>0,f/(t) = L (#) = ——— < 0= f(¢)1a ham 1i tren (0, +o0). A
P fH(t) 13 fIA(t) (t13) f(t) ( ). Ap
o . 1
dung bat dang thic ham 16i ta co : f (z1)+f (y1)+f (21) > 3.f <W> =3f (5)
1
3 3
= VT >3.-—— = — (dpcm)
1 10
5 t3
e b+c—a) —b)? b—c)?
Céch2. bit ding thite < LT ¢ —@ g (era b, (atb-o
(b+c¢)” +a? (c+a)” + b2 (a+b)" + c?
12 (b+c)a (c+a)b (a+0b)c 6

& 5 5 5 < — Cac phan thitc § vé trai co ti
b (b+c)+a®> (c+a)+b (a+b) "+~ 0
s6 va mau s6 dong bac, khong mat tong quat, gia st a + b + ¢ = 1. Bat dang thic viét
- (1-a)a (1-0)b (I1—-c)c <6
1—-2a+2a®> 1-204+202 1—2c+22 "5

< Z 2 1 2
Ap dung bat dang thitc AM — GM: 2a (1 —a) < % Suy ra : 1 — 2a + 2a% >

(a+1)2_(1—a)(3+a) (1—a)a (1—-a)a
=== 1 T 1 %at22 S (1—-a)(3+a) _ 3+a

4
1—-0)b 4b 1— 4 ) PO .
( ) < , (1= < ° pé chiing minh bat dang thic de bai ta
1 —2b+ 2b2 34+b" 1—2c+ 2c? 3+c
4a+4b+4c<6<:>1+1+1
3+a 3+b 3+c 5 3+a 3+b 3+c 10

L. a2 1 1 1
bat dang thiic AM — GM: (3~|—a+3~|—b+3—|—c)( + + ) > 9 Suy ra
)

lai

Tuong tu :

can chiing minh :

3+a 34+4b 3+c¢

1 1 1 1 1 1 9
10 > 9 Do d6 > 2 (d
( + + )— 0d6 s F 3ot 3o 2 ol deem

34+a 3+b 3+c

Bai toan 9. (MOLDOVA —1999) Cho a, b, ¢ > 0. Chiing minh ring : + +
clc+a) ala+Db)
ca  _a b c

b(b+c) — a+c+b+&+c—|—b

Loi gidi.
Céac vé cia bat dang thitc 1 cac bicu thiic cting bac (bac khong). Khong mat tong

quat, ta cé thé gia sit ring abc = 1. Khi d6 bat ding thitc can chting minh tré thanh

(b+c)(b+a) N (c+a)(c+Db) N (a+b)(a—+c) > > (b+a)(b+c) N (c+a)(c+b) N
c? a? b? bc ca

(a+b)(a+c)
ab

1 1 1 b? 2 2
= (ab—i—bc—f—ca)(g%—ﬁ—i—ﬁ) + (§+%+Z—2) > > (ab + bec +
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o) 1+1+1 +b+c+aD1+1+1>1+1+1\b2+02+a2>
ca — -+ -4 = 0O0—4+—=—4+—=>—4+—4+—va -4+ =+ =
be ab c a b a2 b2 2 " bec ca ab 2 a2

C 7
-+ - + — nén ta c6 dpcm.
c a b

Dau bang xay ra khi va chi khi a=b=c.

Bai toan 10. (VMO - 2004 BANG A) Xét cac s6 thye duong x, y, z théa man didu
kien : (z +y + 2)® = 32zyz Hay tim gia tri nhé nhat va gia tri 16n nhat ciia biéu thic

oty 4
(r+y+2)
Loi gidi.

Céach 1. Nhan xét rang véia 1a mot s6 thuc duong tuy ¥, ta luon ¢6 : P(z,y,2) =
P(azx,ay, az)vanéu x, y, z théa man diéu kien ctia dé bai thi az, ay, az ciing thoa man céc
diéu kien dé6. Vi thé khong mat tong quat, ¢ thé gia st x+y-+z=4, khi d6 xyz=2 bai toan
7 56 (z* + y* + 2%)
khi x, y, z>0 thay doi sao cho x+y+z=4 , va xyz=2 Dat Q=x4+y4+z4 va t=xy+yz+zx
Ta ¢6 Q=(x2+y2+22)2-2(x2y24y222+22x2) Q = (42 —2t)° — 2[t2 — 2xyz(x + y + 2))]

. 2
Q=2t2-64t+44+32=2(t2-32t+144) (1) T gia thiet ta c6: y+ 2z =4 —z, yz = — (2) Do
x

trd thanh : Tim gia tri nhé nhat va gia tri 16n nhat ctia biéu thiic P =

2 " Z 2
d6 t = 2(4 — ) + = (3) Ap dung bat ding thiic AM — GM: y+ 2z > 2. /52 = (4 —z)* >
T

8
— o} 8224162 -8>0a (z—2) (22 —6r+4) >0 3—-V5<r<2,doxc (0;4)

T
) 2 2 —-1)(2? -z -1
Xét ham s6 t = 2(4—z) + = trén doan [3 — v/5;2] taco : t/(z) = (z=1) <f ’ );
x x
1£++5
t’(x)zO@le\/xz%
5\/__ 1 N % 2 . < Z A
Suy ra 5 < t < —5 Vi ham s0 f(t) = t* — 32t + 144 nghich bién trén
59vo —1 5vo —1
khoang (0;16) va vi [5; \/_T] C (0;16) nén trén [5; \/_T] ta ¢6 : min f (t) =
ovVo —1 383 — 165v/5 .
f( \/_2 = 5 \/_, max f (t) = f(5) =9 Két hop véi (1) ta dugc : minQ =
383 — 165v/5 , max Q = 18
383 — 165 ., 1 D
Vay min P = —org \/_ , dat dugc chang han khi v = 3 — \/5, y=z= +2\/_
9
max P = o8 , dat duge chang han khix =2, y =z =1
1

Cach 2. Khong méat tong quat, ta gid st x + v + z = 1 va tit gia thiét suy ra zyz = 37"

Dit t = ab 4 be 4 ca = xy + yz + zx o+ 424 = (1 — 26)* =2 (12 — 2zy2) = 2(1 — t)*—=

Thé nén dé tim gia tri 16n nhat, nhdé nhat ctia P, ta can tim gia tri 16n nhat, nhé nhat cla
1 1

t.t:xy+yz+za::y(1—y)+@ dox+z=1-yvaaxz= @Vado (x—l—z) > 4drz

208



S

3 —
4 )

2

>y >

N | —

1 .
nén (1 —y)° > S0 giai bat phuong trinh bac ba nay cho ta nghiém
Y

— 1
3 4\/3;—> va do doé ta co :

ta chi can ching minh t(y) nghich bién trén khoang ( 5

t<3_\/5

4
4. BAI TAP REN LUYEN

1 ) . L,
> >t(y) >t (5) . T d6 tim duge gia tri 16n nhat, nho nhat cua P.

L I (2a+ b+ c)®
Bai toan 11. (USA - 2003) Cho a, b, ¢ > 0. Ching minh rang : ———=
2a® + (b+ c)
2 2
(2b+c+a) +(20—|—a+b) <

22+ (c+a)® 22+ (a+b)* ~

4
(x+y+2) -

Bai toan 12. Chitng minh ring néu x, y, z > 0 thi ta c6 : 2* +y* +2* + o >

2 (%% + y?2% + 2%?)
Bai toan 13. Cho a, b, c 1 céc s6 thyc duong. Chitng minh bat déng thic
(a+b—c)? (a+c—b)? (b+c—a) S 3
263 + (a+b)° 23+ (c+a)®  2a3+ (b+¢)® 10

Bai toan 14. Cho a, b, c 1 céc s6 thic duong. Chitng minh bat déng thic
7(a+b+c)(ab+ be+ ca) < Yabe + 2(a + b+ ¢)®

Bai toan 15. Hay xéac dinh s6 thuc duong A 16n nhét sao cho bat dang thiic :
a* +b* 4 ¢t +abe (a+ b+ ) > Mab + be + ca)? ding v6i moi s6 thue duong a, b, c.

Bai toan 16. Hay xac dinh sb thiyc duong) 16n nhét sao cho bat déng thic
at+ b+ 3 (a+b+c)2 3 1 . . L
abe ErP L > i + 3 ding v6i moi so thue duong a, b, c.

Bai toan 17. Cho cac s thyc duong a, b, c¢. Chitng minh rang:

Vatbtet+va atbtce+tvbh Vatbtct /e 9+3V3
+ + >
b+ c c+a a+b 2vVa+b+c

Bai toan 18. (ROMANIA TST - 2001) Gia si a, b, ¢ la do dai cac canh ciia mot tam
gidc. Chiing minh bat ding thiic:
(b+c—a)(a+c—b)+(a+c—Db)(a+b—c)+(a+b—c)(b+c—a)

§v@E(¢5+v@+\£)

Bai toan 19. (VMO — 2002 BANG B) Cho a, b, ¢ 1a ba sb thyc tiy §. Ching minh ring
' 3

6(a+b+c)(a®+b*+ c*) < 2Tabe+10(a® + b* + ¢*)2 Hoi dau bang xay ra khi nao
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Bai toan 20. (VMO - 2002 BANG A) Gia sit a, b, ¢ la cac s6 thuc sao cho da thic

P (z) = 2* + ax® + bx + ¢ ¢6 ba nghiem thuc (cdc nghiem khong nhat thiét doi mot khac
3

nhau) Chiing minh rang : 12ab + 27¢ < 6a® + 10(a® — 2b) 2

nao ?

Héi dau dang thic xay ra khi
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