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Bat dang thirc gitra cac lugng trung binh
Pham Van Thuan

Tom tat Trong bai viét nay, chiing toi sé gidi thiéu vé nhiing bat dang thiic lién hé gitra cac
dai lugng trung binh cho nhieu so. Ching t6i cing trinh bay y nghia hinh hoc ctua
trung binh cong, trung binh nhan, ting dung nhitng bat dang thitc vao mot s6 bai
toan thuc té. Cac ky thuat quan trong trong viéc 4p dung bat dang thic gitra trung
binh cong va trung binh nhan cting dugc minh hoa bdi cac thi du da dang.

1 Mod dau

Ngoai mot s6 tinh chat, quy tac co ban trong chitng minh bat dang thiic trén tap s6 thuc nhu
nhan, chia hai vé bat dang thiic v6i mot s6, binh phuong, nghich déo, nang liy thira, lay cian
bac 1 hai vé bat dang thiic, ching t6i luu ¥ mot s6 tinh chat sau:

i) Néu ajla s6 16n nhat trong cac s6ay,ay,...,a, théaman diéu kiénay +a, +---+a, =k,
e N N A ~ . k
véi k 1a hang so, thi aj > 5.
ii) Néu hai so x, y thoa man bat déng thue x > y thi ton tai mot s6 £ > 1 nao dé thoa man
x = ty, hodc x = t?y, hodc x = Py ....

2 Bat dang thic gitra trung binh cong va trung binh nhan cho hai s6

Pinh ly 1. Véi hai s6 thuc khong am x, y, ta goia = HTy va g = \/xy lan lugt 1a trung binh
cong va trung binh nhan cta hai s6. Khi d6 ta c6 bat dang thic a > ¢. Pang thiic xay ra khi
vachikhix = y.

Chitng minh. Ta c6 thé chiing minh bat dang thiic trén bang cach bién déi dai s6 nhu sau. Ta
viét bat dang thic vé dang

N L )

biéu nay hién nhién dung. Phép ching minh hoan tat. Déng thire xay ra khi va chi khi
Vx = /yhay x = y. O

Chitng minh. Bay gio ta "dién dat" y tudng trén theo cch khac, ma tir d6 ta st dung cho mot
tong quat hoa. Thuc vay, vdi hai sO x, y cho trudc, ta ludn c6 thé chon dugc mot s6 nhé hon
(hodc bang) s6 kia. Khong mét téng quat, gia st x > y. Nén ton tai mot s6 thuc duong ¢,
t2 > 1, sao cho x = yt?. Thay, x = yt* vao bat dang thiic ta dugc bat dang thitc twong duong

2+ [
% > ytZyl
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hay 1a y(t — 1)2 > 0. Diéu nay hién nhién ding véi y > 0. Phép chiing minh hoan tat. ! O

Tir bat dang thic gitra trung binh cong va trung binh nhan, ta c6 thé xay dung dugc chubi
bat dang thiic sau cho cip s6 thuc khong am x, y

Dinh 1y 2. Cho hai s6 thuc khong am x, y. Chitng minh rang
. 2 x+y x2 412
min(x, y) < n < Vxy < 5 < 5 < max(x, y).

Chitng minh. Trudc hét, ta chiing minh bat dang thiic sau duge goi la bat dang thic gitra
trung binh diéu hoa va trung binh nhan.

Rl
<=

< Vay. @

1,1
xty
Luong - i + dugc goi la trung binh diéu hoa ctia hai s6 x, y. Ta viét lai (1) dudi dang
Ty
2xy
< ./xy,
X+y

bat dang thlic/néy7 tuong duong voi % > /xy. Day la diéu da ching minh. Tiép theo, ta
ching minh bat dang thic gitra trung binh cdng va trung binh bac hai sau day.

Xty _ [ x% + y?
2 - 2
2+y2

Luong \/ *4% goi la trung binh bic hai cta hai s6 x, y. Vi ca hai vé ctia bat dang thirc déu
duong, binh phuong hai vé cho ta

(x+y)? ¥ +y
4 - 2

Lai 4p dung bat dang thiic gitta trung binh cdng va trung binh nhan cho hai sb x2, 12, ta 6
2 2
xy < 5% . Do dé

(x+y)2_x2+2xy+y2<x2+x2+y2+y2_x2+y2
4 4 - 4 2
Phép chitng minh hoan tat. O
Lam tuong ty, ta thu duge bat dang thiic gitra trung binh cong va trung binh bac hai cho
ba sb khong am x, y, z.

1. V6i cac bai todn bat dang thic hai sd, chang han x, y, ma vai tro gitta cac bién s6 binh dang, ta ludn c6 thé
dua vé duge bt dang thitc mot bién sb véi phép bién déi x/y = #2.



Bai toan 1. Gia st x, y, z 1a ba s6 thuc. Chiing minh rang 2

<x+y+z>2< 2yt 422
3 - 3 '

Bay gid ta sé md rong bat dang thiic gitta trung binh cong va trung binh nhan cho ba sb.
Ta phat biéu va chiing minh bat dang thtic sau

Pinh ly 3. Cho ba s6 thuc khéng am x, y, z. Chiing minh rang

% 2 3/xyz' (2)

Chitng minh. Vi vai tro cac s x, Y,z la binh déng, ta ludn co thé gia st x = max(x, y, z). Khi
d6, hién nhién rang ta c6
y+z
X > Y—.
- 2

Tirc 13, ton tai mot s6 duong k > 1, sao cho

_(yt+z\ 3
x—<—2 >k.

Bang cach thay x = (yTH) k® khi d6 bat dang thitc can chiing minh trd thanh

3

ytzy3
R AN 3<ygz>kﬁﬂ,

Str dung bat dang thiic gitta trung binh cong va trung binh nhan cho hai s6 y, z ta c6 /yz <

2 PN N
yTH, tacla yz < <yT+Z> . Suy ra, theo tinh chat bac cau ta can ching minh

yTJer3+y+z>3 y+z 3 y+z 2
3 - 2 2 '

Bat dang thtic nay tuong duong véi

TRtytz oyt

k,
3 - 2

2. St dung lién tiép y tudng nay, ta c6 thé ching minh bat dang thiic gitta trung binh cong va trung binh bac
hai t6ng quat cho 7 s6. Tiic 1a ta c6 bat dang thitc sau

x1+x2+---+xn<\/x%+x§+---+x%
n - n '

Day dugc coi la phép chiing minh don gidn nhat cho bat dang thitc nay.



hay la
y+z
2
Luu ¥ rang da thic k3 — 3k + 2 c6 nghiém k = 1, diéu nay goi y cho phép phan tich thanh
nhan ti. Ta c6 bat dang thic tuong duong

(kK> —3k+2) > 0.

+z
>0,
5 =

(k—1)%(k+2)Y

bat dang thiic nay hién nhién ding véi y,z > 0, k > 1. Phép chitng minh hoan tat. 3 O

Str dung bat dang thiic (2) cho bd 1/x,1/y,1/z ta dugc bat dang thic gitra trung binh
nhan va trung binh diéu hoa cho ba sb x, y, z. That vay, ta c6

1,11
A SR
3 “\xyz
hay la
/xXyz > >
ST 1.1

Tiép tuc st dung bat dang thiic gitta trung binh cong va trung binh nhan cho hai s ta sé thu
duge day bat dang thiic cho bo ba s6 x, , z

Pinh Iy 4. Cho ba s6 thuc khéng am x, y, z. Chiing minh day bat dang thic

< YFE< /xy+y3,z+zx
[x2 £ 12 & 52
Sx—kg%—zg X +y3+z Smax(x,y,z).

Mot céch ty nhién, ta nghi dén bat dang thiic gitta trung binh cong va trung binh nhan
cho bdn sb, ndm sb, va nhiéu hon nita. Véi truong hop bdn sb, ta st dung truc tiép truong
hop hai s6. Truong hgp nam sb, ta c6 thé chitng minh tuong tu nhu cach da lam véi ba sé.

min(x,y,z) <

<= W

1
T4+l

N =

Bai tap 1. Chiing minh rang v6i moi s6 thuc khong am x, y thi

1 X+ 1
VR + 5l =yl =2 = ay+ (VR )R

3. Mot cach ching minh khéc cho bat d:?mg thic nay la stt dung hé‘mg d:?mg thuc

PP+

3 (x+y+2)(x* 4+ v? + 2% — xy — yz — zx).

—Xxyz =

Q| =



Bai tap 2. Cho hai s6 thyc khong am x, y. Chiing minh bat dang thiic

[x2+y2 _x+y [V2-1
< —
7 Sz T\t )Rk

Bai tap 3. Cho hai s6 thuc khong am x, y; goi a va g lan lugt 1a trung binh cong va trung
binh nhan ctia hai s6. Chitng minh rang

(1+9)?*<(A+x)1+y) <(1+a)

3°Y nghia hinh hoc cta trung binh cong, trung binh nhan

Gia st ta c6 mot tap cac hinh chir nhat ¢6 dién tich A va d6 dai canh 1a x, y. Vi A = xy, nén
bat dang thiic HTy > /Xy c6 y nghia la hinh vuéng c6 do dai canh ,/xy phai c¢6 chu vi nho
nhat trong s6 cac hinh chit nhat c6 cting dién tich A. Néi cach khéc, trong s6 tat ca cac hinh
chit nhat c¢6 chu vi p thi hinh vuéng c6 canh p/4 la hinh vuéng c6 dién tich 1én nhat.

Hai duong tron ban kinh § va 4 tiép xtic ngoai véi nhau. Vé cac ban kinh ctia méi duong
tron vudng géc véi tiép tuyén chung £ ctia hai duong tron. Khi d6, doan thang nbi tim hai
dudng tron sé c6 do dai 4 (x + y), doan thang néi hai tiép diém ctia duong thang ¢ vé6i hai
duong tron c6 do dai la |/xy. Tai sao?

(0 /&
\/@ X

y

Ta c6 thé chiing minh diéu nay bang cach st dung dinh ly Pythagore. Chu y dang thiic
2 2
xX+y\ 2 xX—y
(7)== (5]

Mot y nghia hinh hoc ntta lién quan dén trung binh cong va trung binh nhan la coi % (x+y)
1a ban kinh ctia mot dudng tron va /Xy la dudng cao xuat phat tir dinh goc vudng chin nira
duong tron.

Mot sb cau hdi ty nhién dugce dat ra la: liéu con cach mo ta y nghia hinh hoc nao nita vé
hai dai lugng trung binh trén khong?; y nghia hinh hoc ctia trung binh diéu hoa hai s6 la gi?

4 Ung dung bat dang thic gitta cac lugng trung binh

Bai toan 2. Mot tim nhom hinh vuéng c6 canh bang 50 cm. Ngudi ta cat § bon géc bén hinh
vuong bang nhau, rdi gap tim nhom lai dé duge mot cai hop khong nap. Tinh canh ctia cac
hinh vuéng bi cat sao cho thé tich ctia khoi hop 1a 16n nhat.



50

Chitng minh. Goi x (cm) 1a d6 dai canh ctia hinh vudng bi cat, x phai la s6 duong va nhé hon
25. Thé tich ctia khéi hop V tinh theo x 1a

V = x(50 — 2x)% = 4x(25 — x)%.

Ta cAn tim x sao cho V dat gia tri 16n nhat. Ap dung bat dang thtc gitra trung binh cong va
trung binh nhan cho tam

V = 4x(25 — x)? = 4x(25 — x)(25 — x)
3
S2<2x—|—25—x+25—x> '

3
TudésuyraV <2 (%—0)3. Déu dang thtic xay ra khi va chi khi
2x =25 —x=25—x.

Tic 1a, x = 2. Nghia 13, hinh vuong bi cit c6 canh la 2 (cm). O

Bai toan 3. Tir mot manh gidy bia c6 dang hinh chit nhat kich thudc 15 x 8 cm, ngudi ta cat ra
tir bdn géc ctia hinh chi nhat bén hinh vudng bang nhau. Méanh gidy con lai trong giéng nhu
mot chir thap, dugc gap lam mot cai hop (khong nap). Héi rang canh cta bén hinh vuong
bang bao nhiéu dé thé tich ctia chiéc hop thu dugc 1a 16n nhét.

== -
1
1

I 15 |
Chitng minh. Goi x 1a d6 dai canh ctia hinh vuéng. Khi d6 chiéc hop sé c6 kich thudc 1a
15— x — x, 8 — x — x, va x. Thé tich cta chiéc hop 1a V duoc tinh theo x nhu sau

V = x(15 — 2x)(8 — 2x).
Ta can tim x sao cho V dat gia tri lon nhat. Khi chua c¢6 cong cy dao ham, ta van c6 thé tim

gia tri 16n nhat ctia V bang cach st dung bat dang thic gitta trung binh cong va trung binh
nhan.



Thuyc vay, ta can phai tim k, £ trong kx(15 — 2x)#(8 — 2x) sao cho
15—2x=4(8—2x) =kx, va2+2¢{ —k=0.

Tir day, biéu dién x theo k, £, ta tim k, £ bang cach giai hé phuong trinh

15-8¢ 8¢
2(1—4)  k+20
2+20—k=0.

Gidi hé nay cho ta ¢ = %,/k = 7. Bay gio ta 4p dung bat dang thic gitta trung binh cong va
trung binh nhan cho ba so,

V =x(15—-2x)(8 —2x) = %.7x(15 —2x)(20 — 5x)

_ 2 (7x+15-2x420 - 5x)°
— 35 3 )
Tu do,
3
ve 2 (BY 20
— 35 \ 3 27

Déng thtic xay ra khi va chi khi

7x =15 —2x =20 — 5x.
Gidi hé phuong trinh nay cho ta x = % Vay canh hinh vuéng la % cm. O

Bai toan 4. Tim tat ca cdc gia tri cia x > 0 sao cho

5
(3x+1)\/1—x:—2x2+3x+1.

Gidi. Diéu kién dé phuong trinh c6 nghia la x < 3. Ap dung bét dang thuc giita trung binh
cOng va trung binh nhan, ta c6

5 /1 /5 1 5
Z _x = _(Z— < Z 4+ Z
1" 2 4(4 x>_4+4 b

Suyra,vi3x+1>0,taco

Tir day, ta c6
—2x* +3x+1< (3x+1) (- —x> :

7



Khai trién vé phai va rit gon cho ta
2 +x+12>0,

hay 1a (1 — x)(1 + 2x) < 0. Dang thttc x4y ra khi va chi khi x = 1 hodc x = —1. Tir d6 suy ra
x = 11a gia tri can tim. O

Bai toan 5 (Bat dang thiic Nesbitt). Cho ba s thuc duong a, b, c. Chting minh rang

a n b n c >§
b+c c¢c+a a+b— 2

Chitng minh. Ta da chiing minh dugc bat dang thiic sau day cho ba sb thuc duong a, b, ¢

w 2 \B/Hbc Z

3

+3+

= W

Q=
Q=

Tir d6 suy ra bat dang thic

1 1 1
— — — ] > 9.
(a+b+c)<a+b+c> >9

Trd lai bat dang thiic Nesbitt. Luu y rang

b e () () () o3
b+c c+a a+b \b+c c+a a+b

1 1 1
=(a+b+e) <b+c+c+a+a+b> -3

1 1 1 1
== b+b -3
2(a+ + +C+C+a)<a+b+b+c+c—i—a>
1 3
>-9-3=_.
—2 2
Phép chitng minh hoan tat. O

Bai toan 6. Vi x 1a mot s6 thuc duong, tim gia tri nhd nhét cda

B +1
floy =L
Chitng minh. Ta viét lai f(x) dudi dang
1o, 1 1 2
f(x) = x+x _2x+2x+x'

Ap dung bat dang thic gitta trung binh cong va trung binh nhan cho ba sé duong 1/(2x),



1/(2x), va x2, ta co

Erge? 11 o 1
3 —V 2x 2x’ 4
T d6 suy ra
3
xX) > —.
flx) = Vi
Déng thiic dat dugc chi khi
1_1_.
2x  2x
Taclax = -= O

ok
Bai tap 4. Giai phuong trinh
JJx 3
—4/=+==0.
* \fer 8
Bai tap 5. Chung minh ermg v&i moi s6 thuc khong ama, b, c,d, ta co

a+b+c+d>2
b+c c¢+d d4+a a+b ="

5 Bat dang thic gitra cac lugng trung binh

Bay gid ta phat biéu va chiing minh bai toan bat dang thic gitta cac lugng trung binh cho
day cac s6 thuc ay, ay, - - - ay,.

DPinh ly 5. Véi n s6 thuc khong am ay, ap, - - - , ay, ta cd

ay+a;+---+ay
n

> ayay - - ay. 3

Chiing minh. Nhan xét rang ta chi cAn chiing minh bat dang thic v6i n s6 thue duong vi bat
dang thiic trd nén tam thuong khi mot hay nhiéu s6 bang khong. Phép chiing minh duéi day
dugc goi la quy nap kiéu Cauchy dé xut nam 1821.

Vé6i n = 2, bat dang thic duing, theo chiing minh da trinh bay trén. Gia thiét rang bat
dang thic dung véi n, ta sé chitng minh bat dang thic cling ding véi n = 2, k > 1 nguyén.
Ap dung két qua truong hop n = 2, ta c6

14, + /asa a1 +a,+as+a
W§\/122\/34§1+213+4~

Vay bat dang thiic (3) ding v6i n = 4. Lai 4p dung két qua ctia (3) trong truong hop n = 2,
ta co

araya3as + /asaeazas _ ay +ay + - -+ ag

Saray - ag < <
142 8 = 5 < 3




Gid thiét rang bat dang thiic (3) ding véi n, ta chitng minh né ciing dung véi 2n. Xét 21 sb
khong am
a1,az, .-+, n, A1, 4142, - -, A2n-

Ta co
%(ﬂl +ay+ - +ay) = % <a1 +”24;1"'+an + An+1 +ﬂn+2n+"'+€lzﬂ>
2 %(\”/alaz S+ R/ An1Ang2 - d2n)
> \/{Valaz e Ay /Ay 101 - - py = X/A1ay ... Ay
Dau déng thie xay rakhivachia; = a; = -+ = ay,,.

Tiép theo, ta gia thiét bat dang thic (3) ding véi 1, rdi tir d6 chiing minh né ciing ding
v6i n — 1. Bude lui nay chinh 1a dé 1ap ché trong gitra cac liy thira cta hai. Dat

ap+ax+---+ay—1
an: n_l .

Ta co

1 a1+ +a,_ a1+ +a,_
- ﬂl+"'+ﬂn—1+# > flay...a,_1. Sl ’
n n—1 n—1

T T L U DR ay+ -+
n—1 - Lo Bl n—1 '

hay

Nang Ity thita bac 7 hai vé cho ta

ap+ay+---+ap—1 n>aa p ap+- - p—1
n—1 = Az Sl n—1 '

ajtas+---+a,_1

. r6i lay can bac n — 1 ctia hai vé vira thu duge cho ta

Chia ca hai vé cho a,, =

ap+ay+---+a,1

> "Vajar...a,_q.
n—1

Déu dang thiic xay ra khi va chi khi

o mtat-+ap
- n—1 ’

ap =dap = -+ =dy

haylaag; =ay =--- =a,1.
Phép chiing minh hoan tat. O

Bai toan 7. Ching minh ring day s6 u, = (1 + %)n, n=1,2,...laday sb ting.

10



Chitng minh. Ta can chiing minh

1 n—+1 1 n
1+— 1+— .
(as) = ()

Ap dung bat dang thiic gitta trung binh co6ng va trung binh nhan cho 7 + 1 6, trong d6 c6 n
s61+ % vamotso 1, ta ¢

1
n+1

1 1 1 1 1
1+ )+ 41+ >la+-—a+ |
o las e rar | > lar ) ae )
nsb1+1/n nsbl+1/n
hay la
n+2 1\"
> n+1 1 - .
n+17— < +n>
LAy cén bac n + 1 hai vé ctia bat dang thic trén va luu y Z—ﬁ =1+ HLH cho ta diéu phai
ching minh.
O
Bai toan 8. Chiing minh rang néu x € Rva p,q € N, thi
2t
sin? x cos?x < % )
(p+aq)=
Chiing minh. Vé trai ctia bat déng thiic chit hai nhan tir sin x va cos x. Ta biét rang sin® x +

cos? x = 1. Quan hé gitta hai nhan it ¢6 t6ng binh phuong la hing s6 goi y cho ta ap dung
bat dang thiic gitta trung binh cong va trung binh nhan. Dé r6 hon, ta viét lai bat dang thitc
dudi dang
2 2 pPqf
(sin” x)P(cos” x)1 < e
Ap dung bt dang thiic gitta trung binh cong va trung binh nhan cho p s6 sin x/p va q sb
cosZx/ p, ta thu dugc

sin? x sinx  cos?x cos? x

v R Pp+qq 4+ q ZPT/(sir;Zx)P(COZZx)q'

Bay gid st dung hang dang thic sin? x + cos? x = 1, ta c6

Pgi
(sin® x)P (cos® x)7 < #,

tir d6 ta c6 diéu phai chirng minh. O

11



Bai toan 9. Cho hai s6 thuc khong am a, b thda man diéu kién a2 + b? = 1. Chitng minh rang

3\f

ab + max{a, b} < —

Chitng minh. Goi vé trai ctia bat dang thuc 1a f(a, b). Khong mat tinh tong quat, ta c6 thé gia
stta > b. Khidé f2(a,b) = a®(b+ 1). Ap dung bat dang thtic gitta trung binh cong va trung
binh nhan ta c6

fA(a,b)=(1-b*)(1+b)*=1(3-3b)(1+b)’
1(3—3b+1+b+1+b+1+b)4_ 27

<= =,
-3 4 16

Tir d6 suy ra diéu phai ching minh. Dang thitc xay ra khi va chi khi 3 —3b = 1 +b va
a> +b*>=1.Gidihénaychotab=1,a = \/_ , hodc hoan vi ctia bd nay. O

Bai toan 10. Cho a1, 4y, - - - , a, 1a cac s thuc duong thdéa man

1 1 1 1 2
(a1 +ax+---+ay) atL ot <|lz+n) .
a, ay 2

Chung minh rf?mg max(ay, az, -+ ,a,) < 4min(ay, ap,- -+ ,a,) a;.

Chiing minh. Dat m = min(ay,a,,...,a,) va M = max(ay, a, ...,a,). Khong mét tinh téng
quat, tagiasam =a <a; < --- <a, = M. Data = %tbltacém <agy<a<
4,1 < Mvaay+---+a, 1 = (n—2)a. Theo bat dang thiic gitta trung binh cong va trung
binh diéu hoa

%—F”.—Fﬂnl—lZﬂz—£n-~_-—2|—)tzln—1:n;2'
Suy ra
<%+n>2 (ag +ax+-- +an< +al—n>
> (m+ (n— a+M< 1\1/1>
(m+M)<;1+M> (m )2+(n )(aerM)
+(n—2)a<l+%>
= 7(7’1;]\1/}4)2 +(n—2)*+ (n—Zr)n(An/’lI%—M) <m;\/1 +a>.

Theo bat dang thic gitta trung binh cong va trung binh nhan, ta c6 % +a > 2vV/mM, co

12



dang thitc xdy rataim < a = vmM < M. Tasuy ra

1\? _ (m+ M)? 2(n —2)(m+ M)
<7’l+§> EW—F(YI—Z)Z—F \/W .

Datt = % cho ta

1 2
<n+§> >4 (n—-2)7 +2(n—-2)t = (t+n-2),

tir dé suy ra
n—i—% >t+n—2.

Nghiala t < %
Luuy, véi n = 2, diéu kién bat dang thiic c6 dang
1 1 25
M[(—+—=] < —.
(m+ M) (m + M> <7

Tir d6 suy ra (4M — m)(M —4m) < 0. Vi4M —m > 0, nén ta suy ra M — 4m < 0, hay
M < 4m.
Phép chitng minh hoan tat. O

6 Mot sd ky thuat can bf?mg hé sb

Ta tiép tuc nhan manh dén mot s6 ky thuat diéu chinh hé s6 trong khi ap dung bt dang thtic
gitra trung binh cdng va trung binh nhan,

Bai toan 11. Ching minh rﬁmg néua,b,c,d >0, thi

a b c d
+ + +
VR2+ 2+ VR +d2+a? VA2 + 02 Va4

Chitng minh. Ap dung bat dang thiic gitta trung binh cong va trung binh nhan, ta c6 T(x+
1) > /x. Vado dé
2 2 2
b2 + 2 + 42 _ 1+%

a? - 2
Suy ra
a S 242
V2 +2 442~ a2+ b2+ 244
Cong ba bat dang thic tuong tu, ta suy ra diéu phai chitng minh. O

Bai toan 12. Cho ba s6 thuc khéng am x, y va z thda man diéu kién x + y + z = 1. Tim gia
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tri 16n nhat ctia biéu thic
f=0—xy+y")(y* —yz+2%) (2% — zx + 2%).
Chitng minh. Khong mat tinh téng quat, ta gid st x > y > z > 0. Do d6

x? — xz + 2% < x2,
yz—yz+zz < yz.
Thanh th,
f <Py (P —xy+y?) = 0*(u® - 3v),

trong d6 u = x + 1, v = xy, vas < 1. Theo bat dang thitc gitra trung binh cong va trung binh
nhan, ta co

3v 3v &2 3 4
2 2 3

4
02(52—3v)§§<—+—+——3v

Pang thuc xay ra néu va chi neu

s =1,
3. _
sv =1-3y,
z =0.
Tuac 13, déng thitc xdy ra vdi bo s6 (x, y, z) 1a hoan vi cia (0, %, %) O

Bai toan 13. Ching minh ri“mg néua,b,c,d > 0, thi

r

(@ + 02 + ) (V? + > +d?) (2 +d? +a®) (d* + a® +b?) < ol

(a+b+c+d)>
Chitng minh. Khong mat tinh téng quat, ta gid sita > b > ¢ > d. Do do,

d\? c d\?
2, 2, 42 c 2, 2, g2
a‘+c“+d <a+—2+—2> , b +c"+d <b+—2+—2> ,

vaa? + b2 +d? < a® + b2 + % Goi L 1a vé trai ctia bat dang thiic cAn chitng minh. Vi vay,
d\2 c d\2
< (22 1 2 1 o2)2 c . a c L
L@+ 4+ (at+5+5) (b+5+5) @)

Theo bat dang thic giita trung binh cong va trung binh nhan, vé phéi ctia R of (4) c6 thé
duoc danh gia nhu sau
d

1 c
iRy c a
\/ﬁ_g{a +b"+c +2<a+2+2>

S%[(a+%+g)2+<b+%+g) +2(a+£+é)<b+§+g>r.

14



Chu y rang x? + y? + 2xy = (x + y)?, ta thu dugc diéu phai chiing minh. O

Bai toan 14. Cho céc sb thuc khong am x, y, z thdoa man diéu kién x + y+z=1.Tim gid tri
16n nhéat ctua
f =9xy + 10yz 4 11zx.

Chitng minh. Nhan xét rang ton tai mot bo ba s thuc khong am p, g, r sao cho

f=px(y+z)+qy(z+x)+rz(x+y),
=(p+q)xy+ (g+ryz+ (p+r)zx.

Ta can chon p, g, r sao cho

p+q=9,
qg+r=10,
p+r=1L

Giai hé phuong trinh nay cho ta p = 4,9 = 5,7 = 6. Do d6 ta c6 thé viét f dudi dang
f=4x(1—x)+5y(1—y)+62(1—2z).

Lai viét f dudi dang

15 1\? 1\? 1\?
=2 lafx-= — = — 2 .
f=5 [ <x 2> 4—5<y 2> +—6<z 2) ]
bat|x—1| =a,|y— 1| =bva|z— 3| = thitudiéukiénx+y+z=1tasécéa+b+c > 1.
Bai todn chuyén vé viéc tim gia tri nhé nhét cua
g = 4a* 4+ 5b* + 6¢?,

trong do a, b, ¢ la cac s6 thuc khong am thdbamana+b+c¢ > %
Ta chon céc s6 a, 3,y sao cho sau khi 4p dung bat dang thiic gitta trung binh cong va
trung binh nhan, cac dang thitc xay ra véi ciing bo a, b, . Ta 6

a* +a* > 2ax, b*+p*>20B, 4y > 2cy.

Suy ra
g+ 4a® + 582 + 6y* > 2(4aa + 58b + 6yc).

X N _ 5 _ 3 ~
Ta can chon «, 3, va y sao cho « = 33 = 5. Do do

g

5 3
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Thanh thuw,
15 » 5, 3
<= 4|-a?-Zpr-= .
f< 1 4{ o 4/3 27/2+(x]

15

Déngthl’rcxéyravdia+b—|—c:(X+/3+7/=0c+%oc—|—%(x:1.Dodé,(x: 37

_ 10 i 34
Y = 37- Dan den

15 4 5 60
< =4+ — (15242122 -150 ) — —.
f< 1 1369 ( T ) 37

Tinh toan don gian cho ta
582195

<
f= 202612

~ 2,8735.

Phép chiing minh hoan tat.

Bai tap 6. Bon s6 thuc khong am x, i, z va t théa man diéu kién
x+y+z+t=1

Chiing minh bt dang thic

xy yz zt tx ty zx

<

1
x+y+1+y+z+1+z+t+1+t+x+1+t+y+1+z+x+1 4

Bai tap 7. Cho ba s6 thuc khong am 4, b, ¢, d. Ching minh rf?mg

[a? + b2 + 2 < a+b+c+(vV3—1)vVaZ +b2+c2—ab—bc—ca
3 - 3 )

Bai tap 8. Bon s6 thuc khong am x, y, z, w thdéa man

x+y+z+w=1
Tim gia tri lon nhat cta
f =17xy + 18xz + 19xw + 19yz + 20yw + 21zw.
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