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Thang 3/1903, trén tap chi Educational Times, A.M.Nesbitt da dua ra bai todn:
Cho a, b, ¢ 1a cac s6 thuc duong. Ching minh rang:

>

a n b n c 3
b+¢ c+a a+b " 2

Ding thitc xay ra khi va chi khi a = b = c.

Bit ding thic trén dugc goi la bat dang thic Nesbitt. Day 1a bat ding thic dep
va da thu hdt duoc su chd y ctia nhi€éu nguoi. Trong bai viét nay, toi xin néi vé€ nhitng
ting dung, mé rong va mot s6 van dé lién quan dén nod.

1 Bat dang thic Nesbitt va iing dung

Nhu ta da biét, bat dang thic Nesbitt 12 mot bat dang thiic co ban, c6 nhiéu ting dung
quan trong trong giai todn. Sau day, toi xin gidi thicu mot s6 vi du dé 1am rd hon vé
diéu do.
Vi du 1.1. Cho a,b,c > 0 thod man abc = 1. Chiing minh rdng:
1 L 1 n 1 S 3
a?(b+c) b*(c+a) A(a+b) — 2

Loi giai. Ta co:

1 abc be 3
- - 7 = s =
Zotz(lH—c) Zotz(lH—c) Zab—l—ca_Q
Ding thiic xay ra khi va chi khia =b=c = 1. O
Vi du 1.2. Cho a,b,c > 0 thod man abc = 1. Chitng minh rdng:

“« b L s 9
(b+c¢) (c+a) (a+0)>  4(a+b+c)

Loi gidi. Ta viét lai bat dang thic:

a b c
(a+b+¢) ((b—l—c)2 * (c+a)2 * (a—l—b)2) =

Theo bat dang thitc Cauchy — Schwarz cé:

(a+b+c)< L B )><a+ b, C)2>
(b+¢)? (c+a)P (a+b)?) " \b+c c+a a+b) ~

Ding thitc xay ra khi va chi khia =b=c = 1. O

| ©

] ©
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Vi du 1.3. Cho a,b,c > 0 thod man abc = 1. Chiing minh rdng:

1 . 1 . 1 >§
a(b+1) betl) clatl) ~ 2

Loi giai. Pat a = z/y,b=y/z,c = z/z, ta co:

1 B Yz 3
Zot(lH—l) _ny+zx 25

Ding thiic xay ra khi va chi khia = b =c = 1. O

Vi du 1.4 (D¢ thi Olympic 30 - 4). Cho a,b > 0 va x,y, z la cdc sé duong tuy y.
Tim gid tri nho nhdt cua:
72 y? 52

(ay +b2)(az+by) | (az + ba)(ax +b2) | (aw + by)(ay + ba)

Loi gidi. Theo bat dang thitc AM — G M cé:

(ay +bz+az+by)*  (a+0)*(y+2)2 _ (a+b)*y* +2°)

(ay + bz)(az + by) < 1 = 1 <
Suy ra,
x? S 222
(ay 4+ bz)(az 4+ by) — (a+b)%(y? + 22?)
Tuong tu, ta co:
y2 - 2y2
(az + bx)(ax +bz) ~ (a+ b)?(22 + x2)
22 - 222
(ax + by)(ay + bx) ~ (a+ b)2(x2 + y?)

Do do,

2

Z T S 2 x? L y? L 2? S 3
(ay +bz)(az+by) — (a+0)2 \y?+22 22422 22492/ ~ (a+b)?

Ding thic xay ra khi va chi khi z =y = 2. O

Bat dang thiic Nesbitt khong chi tng dung trong cdc bai bat dang thitc Pai s6 ma con
12 mot cong cu quan trong trong cdc bai toan bat ding thitc Hinh hoc.

Vi du 1.5. Chitng minh rang:

Mg L myp L mMe >§
lb+he l.+hy, lg+hy — 2
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Huong dan. Trude hét ta ching minh: h, <1, < m,.

Tur d6 ta co: 3
Mg Mg

> e >

Zlb‘l’hc_z -2

myp + me
Ding thiic xay ra khi va chi khi AABC déu. O

Vi du 1.6. Cho tam gidc ABC c6 3 duong phdn gidc AA1, BBy, CC,. Goi khodng cdch
tw Ay dén AB, B, dén BC, C, dén C A ldn luot la ay, by, c1. Chitng minh rdng:

aq bl C1 3
T T
T TS0
A
K
B H A C

Loi giai. Goi H 1a chan duong vuong goéc ha tr A xuéng BC va K la chan duong
vuong goc ha tir A; xuéng AB.
Ta co:

1 1
SABAl = §ha.BA1 = §a1.AB
aq . BA1 . CAl . BAl—l—CAl a

he AB CA  AB+CA b+c

Tuong tu, ta co:

ﬁ_ b S
hy c¢4+a h. a-+b
Do do, ; ;
ay 1 C1 a c 3
B T S N S > —
ha+hb+hc b+c+c+a+a+b_2
Ding thiic xay ra khi va chi khi AABC déu. O
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Vi du 1.7. Cho tam gigc ABC noi tiép (O). Puong phdn gidc trong géc A cdt BC tai
Ay, cdt (O) tai As. Cdc diém By, By; Cy, Co duoc dinh nghia tuong tw Ay, As. Chiing

minh rang:
A1 Ay BBy C1Cy S 3

BA, + CA, " AB,+ OB, T AC, 1 BC, © 1

Loi giai. Vi dudng phan gidc trong géc A cat (O) tai Ay nén BA; = C' Ay. Do d6:
A1 A, AlA
BA, +CAy, 204,
Dé dang chiing minh dugc AC A1 Ay ~ AAC As. Suy ra: fé}fﬁz = iﬁz.
Ta giac ABA>C ndi ti€p, theo dinh i Ptoleme c6:
BC.AA, = AB.CA; + AC.BA,
< BC.AAy = CAy(AB+ CA)

CA,  BC  a
AAy AB+CA b+c

=

Tém lai,
A1A2 a

BAy+CAy  2(b+c)

Tuong tu, ta co:

BlBg . b ) 0102 . C
ABy +CBy  2(c+a) ACo+ BCy  2(a+0)
Do do,
A1A2 BlBg 0102 . l a i b + C > §
BAy,+CAy;  ABy+CB, AC,+BC, 2\b+c¢ c¢4+a a+b) 4
Ding thitc xay ra khi va chi khi AABC déu. O
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Nhan xét. Trong cich ching minh trén ta méi st dung dang thitc Ptoleme. Néu st
dung bat ding thitic Ptoleme thi ta c6 bai todn téng quat hon:
Vi du 1.8. Cho luc gidc ABCDEF c¢6 AB = BC, CD = DE, EF = FA. Chiing

minh rang: e DE A 3

> 2

BE AD " CF~ 32
Vi du 1.9 (Dé thi Olympic 30 - 4, 2003). Cho tam gidc ABC ngi tiép (O). Cdc duong
trung tuyén AA,, BBy, CC\ ldn luot cat (O) tai As, By, Cy. Chitng minh rdng:

AA, BB CCH<9

A4, TBB, T CC, =1

Huong dan. Ta dé dang c6:

AAl.AlAQ = BAchl = a2/4

20% + 2¢* — a?
AAT = —
Suy ra,
AAy 20 +2¢2 —a® B a®
AAy 22422 22+ )
Tuong tu, ta co:
BBl_l_ b? _001_1_ c?
BB, 2(c2 +a2) CCy 2(a? + b?)
Vay,
AA, BB CC 1 2 9
1 i 1 i 1_g3_ - Z _a <?Z
AA2 BBQ CCQ 2 b2 + 2 4
Ding thitc xay ra khi va chi khi AABC déu. O
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2 Bat dang thiic Nesbitt va mé rong

Bat ding thiic Nesbitt ¢ rat nhiéu tng dung quan trong trong gidi todn nén viéc md
rong né 1a mot cong viéc can thiét. Trong muc ndy, toi s& dura ra m& rong bat dang thitc
Nesbitt theo hai hudng 1a nhitng md réng truc tiép va nhiing mo rong cé thém tham so.
2.1 Nhirng mo rong truc ti€p

Dau tién, chiing ta s& nghi ngay dén viéc kéo dai bat dang thic Nesbitt.

M6 rong 1. Cho ay,as, ...,a, > 0; n > 2. Chitng minh rdng:

aq n
> > (1)
a+as+..+a, n-—1

Loi giai. Gia stt a; > as > ... > a,. Khi do:

1 > 1 > > 1
as + az+ ... + ay ay+asg+ ...+ ay ar+as+ ... +a,_1
Theo bat dang thitc Chebyshev c6:

aq 1 1
> —(a1 +as+ ...+ a,
Za2+a3+...+an—n( P )<Za1+a2+...+an_1)
> Yot ast o+ an) n i
—(a1 + as + ... + a, —
St (a1 +as+ ...+ a,)(n—1) n—1
Dang thitc xay ra khi va chi khi a; = as = ... = a,. O

Néu gan thém s6 mii vao M6 rong 1. ta c6:

Mo rong 2. Cho ay,as,...,a, >0, n>2va k > (n—1)/n. Chitng minh rang:

aq k> n o)
Z(ag—l—ag—l—...—l—an “(n—1)k )

Ta xét ti€p dé€n mot ma rong nita vé€ chiéu dai.

Mo rong 3. Vi moi ©; > 0, x; + 241 > 0, 2y =2 (1 =1,2,...,n) thi:

n
Z; n
>
— Tit1 + Tito 2

3)
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Chii y. Bat dang thic trén 13 bat dang thiic Shapiro dugc nha Todn hoc Shapiro dua
ra trén tap chi American Mathematic Monthly nam 1954. Bat dang thitc Shapiro nhin
rat don gian nhung viéc chiing minh lai vo cung khé vi né khong ding véi moi s6 tu
nhién n. Tuy nhién cu6i cting thi nha Toan hoc T'roesch di chiing minh dugc bat dang
thic Shapiro v6i két qua quan trong sau:
Bdt dang thicc Shapiro ding véi moi n chan < 12 va n lé < 23. Vi moi gid tri khdc
ctia n thi bdt ddng thiic sai.

O

M& rong bat ding thitic Nesbitt thuong gap 1a gan véi s6 mil. Ta xét mot vii md rong:

M6 rong 4. Cho a,b,c > 0 van > 1. Chitng minh rang:

a’ bn " - an—l —l—bn_l ‘l‘Cn_l 2 g (a‘l‘b—l—C)n_l (4)

b+c+c+a+a+b_ 2 3
Hé qua 1. Vi a,b,c > 0 thod mdan abc =1 va n > 1 thi:
a” b" c” 3
>

b+c+c+a+a+b_2

Ta c6 thé gan thém hé s6 vao M6 rong 4. nhu sau:

M6 rong 5. Cho a,b,c > 0 van > 1. Chitng minh rang:

a™ b " a4 et 3 a+b+c\"
- - > > (5
pb+qc  pc+qa  pa—+ qb p+q p+q 3

Chiing minh. Theo bat dang thitc Cauchy — Schwarz cé:
a” b "
+ +
pb+qc  pc+qa  pa+ qb
a2n—2 b2n—2 C2n—2
- — T - — T+ - -
pba"2 + qca™=% ~ pcb"? + qab"~?  pac"? + gbc" 2
- (an—l —l—bn_l _I_Cn—1)2
~ p(ba"2 + cb" % + ac™?) + q(ca™ % + ab" 2 4 ben2)

Theo bat dang thitc hodn vi c6:
a" b > ba™ 2 4 eb 2 g2

ALl > a2 4 qb™ 2 4 b2

Do do,
a® bn " an—l + bn—l + Cn—l
>

+ + >
pb+qc  pc+qa  pa—+ qb p+q
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That dé dang ching minh dugc:

a4 pnl 4 el .3 (a+b+c)"‘1
p+yq T ptyg 3

Tu day ta suy ra di€u phai chiing minh.
Ding thiic xay ra khi va chi khi a = b = c. O

Néu nang s6 mil miu s6 ctia M6 rong 4. thi ta c6 bai toan tuong doi tong quat sau:
M6 rong 6. Cho a,b,c > 0. Chitng minh rdng:

+ + >
(b+c)m  (c+a)™ (a+b)m — 2m

(6)
Chiing minh. Ta c6: (b+c)™ < 2™~ 1(b™ + ™), suy ra:
a” a”
4 S
2 G > ; o1 (pm 1 o)

Bay gio, ta chi can ching minh:

n

Z a - an—m_l_bn—m _I_Cn—m
2m—1(bm_|_cm) — Qm

cyc

That vay, ta co:

Z a™ B qm + bn—m + cnm
2m—1(bm + Cm) Qm

cyc

(2a™ — 0™ — ™)

qrm
- Z bm + cm

cyc

. - qvm bn—m
- Z(a _b )(bn—m_l_cn—m Cn—m_l_an—m)

cyc

avm — bn—m) + a2(n—m) . b2(n—m)) > ()

Z a™ —b" ( n—m(
- (bn—m + Cn—m)(cn—m + an—m) ¢

cyc

Tu day ta suy ra diéu phai chiing minh.
Ding thitc xay ra khi va chi khi a = b = c. O
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M6 rong 7. Cho a,b,c > 0 va n la hdang sé cho truéc. Chimng minh rdng:

a \" b \" c \" 3
(ZH—C) +(c+a) +(a+b) 2(2_”;2) 7)

Hudng dan. Bai toan trén dé dang chiing minh dugc véi trudng hop n < 0 van > 1.
Con v6i truong hop 0 < n < 1, ta sé chiing minh dugc bang phuong phdp don bién.
Hing s6 tot nhat cho bat dang thic 1a ln?’ — 1.

Chii y. Day la két qua & [1]. O

Hé qua 2. Vdi a,b,c >0van € N, n > 2 thi:

Bat dang thitc Nesbitt c6 mot dang mé rong nita khi thém hé s6 & tir so.

M rong 8. Cho m,n,p;xz,y,z > 0. Tim gid tri nho nhdt cua:

ma nb pc
8
b+c+c+a+a+b ®)
Chitng minh. Dat
r=b+cy=c+a,z=a+b
Yytz—w , ztrx—y  TH+Y—=z
:>a—72 b= 5 ,C = 5
Suy ra,
ma nb pc
- -
b+c c+a a+b
my+z—z) nlz+x—y) plzt+y—z2)
= - -
2x 2y 2z
1 m nT m
:—[(—y+—)+<—y+—y)+<—y+—y)—(m+n+p)]
2 T Y
+n+p
> Vimn -+ Vg + - L
Vay,
ma nb — —I—n—l—p
b+c+c+a a+b_ nymptypn
O

Binh luan. Trong phin trén, tic gid dd néu lén nhing m& rong clia bat ding thitc
Nesbitt mot cach da chiéu va da téng hop cdc chiéu ra mot vai bai toan manh hon.
Nhung d6 méi chi 1a vi du cho su téng hop véi muc dich thoi thiic su séng tao tir ban
doc. Hy vong ring céc ban s& tir d6 roi dua ra nhitng bat ding thic manh hon, tng
dung 16n hon trong cédc bai todn.
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2.2 Nhirng mo6 rong c6 thém tham so

Bai toan 2.2.1. Cho a,b,c;x,y,z > 0. Chitng minh rdng:

a 2 b 2 C 2 1 2 2 2
- - > — _

Chitng minh. Cong méi vé clia bit ding thic vé6i 2 + y? + 22, ta c6:

c
a-+b

b 1
:172+:E2+C+—ay2+y2+ 22+222xy+yz+zx+§(x2+y2+z2)

b+c
Ta viét lai bat dang thic:

a? y? 2 Lo s 2 2
(a+b+c) + + 2xy+yz+za:+§(x +y° 4 2%)

b+c c¢c+a a-+b

Theo bat dang thiic Cauchy — Schwarz cé:

x? y? 22 - (z+y+2)?

b+c+c+a+a+b_ 2(a+b+c)

Tu day ta suy ra diéu phai chiing minh.
Ding thic xdy ra khi va chi khi ¢ = &fa = a2, O

z
Tix bai todn trén, ta c6 thé suy ra bai todn sau:

Bai toan 2.2.2. Cho u,v,w > 0 va a,b, c la ba canh cua tam gidc cé dién tich S.
Chitng minh rdng:

Y a’ + Y 62+L0222\/§S
vt w w+u u—+v
Hudng dan. Ta chi can chiing minh:
1
ab + bc + ca — §(OL2+b2 +c?) > 2V38

batr=b+c—a,y=c+a—0b, z=a+b—c, tacé:

1
ab+bc+ca—§(a2+bz+02):xy+yz+za7

1
S = Z\/xyz(x—l—y—l—z)

Tu day ta suy ra diéu phai chiing minh.
Ding thiic xay ra khi va chikhia =b=c, u=v = w. O
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Bai toan 2.2.3. Cho a,b,c;x,y,z > 0. Chitng minh rdng:

) @)= Y NVET e -y +2)

c
A (z+x)+a

+0b

Chiing minh. Theo bat dang thitc Cauchy — Schwarz cé:

a c
b+c(y+z)+c+a(z+x)+a+b(x+y)
=(a+b+c) (géi—j iij—l—zigg) —2(r+y+2)
> %(\/y+z+\/z+x+\/x+y)2—2(x+y+z)
=Y Va+yl+z)—(@+y+2)
Bat dang thitc da duoc chitng minh xong. O

Nhan xét. Ta c6 thé chiing minh duoc:

Z\/($+y)(x+z)—(x+y+z)2 \/3($y+yz+zx)23(W)

r+y+z
Tir d6, ta c6 hai bai toan hé qua sau:

Bai toan 2.2.4. Cho a,b,c;x,y,z > 0. Chitng minh rdng:

(@ +y) >3 Ty +yz+zx
- r+y+z

() s —
Y c+

T a(z+x)+

a+b

Bai toan 2.2.5. Cho a,b,c;x,y,z > 0. Chitng minh rdng:

b
L(erz)Jchr (x+y) > /3(xy +yz + 22)

(2 +2) + —
ZT X
b+c a a

+0b

Binh luan. Trong phén trén, toi da dua ra mot vai bai toan c6 gin thém hing s6 vao
bat ding thitc Nesbitt. Nhitng bai todn d6 thudng khong duoc coi 1A m& rong clia bat
dang thitc Nesbitt. Tuy nhién theo quan diém clia toi thi né vin 12 mot dang mé rong
bdi vi khi 14y mot gia tri dac biét thay cho nhiing hang s6 d6 thi ta s& thu dugc bat
dang thitc Nesbitt. Vi du, & Bai toan 2.2.3 ta chon x = y = 2 thi né s& trd thanh:

a b c 3

>
b+c+c+a+a+b_2
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3 Tan man bat dang thic Nesbitt

3.1 So sanh cac bat dang thiic dang Nesbitt

Bai toan 3.1.1. Cho a,b,c > 0va m > n > 0. Chitng minh rdng:

>
bm_l_cm_l—cm_l_am_l—am_l_bm—bn_l_cn_l—cn_l_an_l—an_l_bn

Loi gidi 1. Pat
f(t) = at N bt L
bt ‘I‘Ct Ct‘l'at at‘l'bt
Bay gio, ta chi viéc chiing minh cho ham s6 f(¢) don diéu tang theo ¢ > 0.
Dé dang ta c6:

t

2ct + at + vt
(bt + Ct)Z(at + Ct)2

f'(t) = Z a'b'(a’ —b")(Ina — Inb)

sym

Tu day ta suy ra di€u phai chiing minh.
Ding thiic xay ra khi va chi khi a = b = c. O

Loi gidi 2. Ta c6:

me_l_cm— bn_l_cn

>
<:>me_|_cm b"+c“—0
4 ") — a™ (0™ + ™)
& >0
Z (bm + Cm)(bn + Cn) —
anbn(am—n _ bm—n) + ancn(am—n _ Cm—n)

(b + cm) (b7 + o)

>0

il e | | )
R ILAC )<(bm+cm)(bn+c")_(am+cm)(a"+c"))20 ®

Dé thay (*) luon ding. Tir day ta suy ra diéu phdi chiing minh. Pang thic xdy ra khi
vachikhia=0=c. [

Bai toan 3.1.2. Cho aq,as, ..., a, > 0. Chitng minh rang:

a? a? aq n,

-5 t ...+ 5 5— = + ...+
a; + ...+ a; aj +...+a;_4 as + ...+ ay ar+ ...+ ap_1
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Loi gidi. Dat
n

t
ay
t) =
1) ;ag+ag+...+ag

(2

S=a +a+.. +d

Ta s€ ching minh cho ham s6 f(¢) don diéu tang theo t > 0. Ta cé:

() = i ailnay(ab +al + ... +al) —al(ablnas + aflnas + ... + @', Ina,)
(S —a})?

n

£(t) = Z atab(Inay —Inag) + atal(lna; —Inaz) + ... + ala’,(Ina; —Ina,)

1 (5= a})?
Ta viét lai f'(t) dudi dang:
" alat(Ina; —Ina;)
/ 1) = ] J
ro=2, gy
i,0=1
- 1 1
= atat(Ina; — Ina;) ( - )
”ZZI J PA(S a2 (S— a’)?

"L, . 28 —a; — a}
= Z a;a;(Ina; —Ina;)(a; _aj)(S—af)z—l— (S—a§)2 >0

ij=1

Tu day ta suy ra diéu phai chiing minh.
Ding thiic xay ra khi va chi khi méi s6 a; hoac bang nhau hoic bing 0. O

Binh luan. Dén day chic han céc ban dang dat ra cau hoi liéu ring ta c6 thé két hop
hai bat déng thic trén dé c6 dugc mot bat dang thiic téng quat hon khong? Pay 1a mot
¥ nghi hét siic tw nhién. Va toi hy vong cic ban s& suy nghi dé tim ra cau tra 16i. Chic
céc ban thanh cong!

3.2 Liéu da chat?

Di bao gid ban dat ra cau hdi con s6 3/2 da chat vé6i bat dang thitc Nesbitt chua? Cau
tra 10i 1a 3/2 chua phai 1a con s6 thuc su chat! Toi xin 18y mot vai vi du.

Bai toan 3.2.1. Cho a,b, c khong am. Tim hdng so k tét nhdt dé’ bdt ddng thitc sau
dung:

a b c

k.maz {(a —b)%, (b—c)? (c— a)?}
+
b+c c+a a+bd

ab + be + ca

>34
-2

Seminar Toan (08—11) THPT Chuyén Thdi Binh Page 14



rmcie—" v 1.CcC..0Oorm

Bdt ddng thitc Nesbitt Nguyén Anh Tuyén

Loi gidi. Khong mat tinh tdng quat, gia sit @ > b > ¢, bat dang thifc trd thanh:
)2
o b ¢ 3, kla—0¢
b+c c+a a+b~ 2 ab+bc+ca
Chona =4/3,b=1,¢=0, ta cé: k < 7/16.
Ta s€ ching minh cho day 1a gia tri can tim, nghia la:
a b c 3 7(a — c)?
+ + >
b+c c+a a+b 2 16(ab+ bc+ ca)
a(ab+ ac+bc) _ 3(ab+bc+ca)  T(a—c)?
> > +
b+c 2 16
3(ab + be + ca) N 7(a — c)?
2 16

cyc

1
2 2 2
& b bE >
a” + 0" + ¢ + aobc .

cyc

Theo bat dang thiic Cauchy — Schwarz cé:

Z 1 S 9
b+c~ 2(a+b+c)

cyc
Bay gio, ta can chiing minh:

9abc 3(ab + be + ca) N 7(a — c)?
(a+b+c) — 2 16

a2—|—bz—|—02+2

Piata = ¢+ x,b = ¢+ y thi z > y > 0, thay vao bat ding thitc trén rdi bién déi tuong
duong, ta co:
(112® — 322y + 32y*)c + (2 + y)(3z — 4y)* > 0
Bat dang thic trén hién nhién ding. Tir day ta suy ra diéu phai chiing minh.
Vay, ke = 7/16. O

Bai toan 3.2.2. Cho a,b,c > 0. Chitng minh rdng:

a N b n c >Z 2ab
b+c c+a a+b— (c+a)(c+Db)

cyc

Hudng ddn. Bién déi twong duong r6i sit dung bat dang thic Schur. O

Bai toan 3.2.3. Cho a,b,c > 0. Chitng minh rdng:

a \* b \? c \?_ 3 /a2+b>+c2
+ + >
b+ec c+a a+b 4 \ab—+ bc+ ca

Bai toan 3.2.4. Cho a,b, c khong dm. Chitng minh rdng:

a? N b? N c? - (a® + b2 + ¢?)? - (a+b+c)?
2+ 24a? a?+b0% 7 2(a?b? 4+ b2 + 2a?) — 2(ab+ be+ ca)
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3.3 Nhin theo huéng nguoc lai

Trong phin nay, chiing ta s& cing nhin bat dang thiic Nesbitt theo huéng nguoc lai,
hay n6i cach khdc 1a dua ;% + -2 + -5 vao thé yéu.

Bai toan 3.3.1. Cho a,b,c > 0. Chitng minh rdng:

a b c a®+bc b +ac F+ab
<
b+c+c+a+a+b_ (b+c)2+(c+a)2+(a+b)2

Loi giai. Ta c6:
a® + be a (a—b)(a—c)

(b+¢)? b+c  (b+c)?

bat z = (bjC)Q Y = = ta cin chitng minh:

o ? = e
zla—b)(a—c)+ylb—a)(b—c)+ z(c—a)(c—0b)>0

Gia st a > b > ¢, ta dé dang suy ra x > y > 2. Do d6, bt dang thitc trén hién nhién
diing theo bat dang thic Schur suy rong.

Ding thiic xay ra khi va chi khi a = b = c. O
Chu y. Bat dang thitc Schur suy rong duoc phat biéu nhu sau:

Pinh ly 3.1 (Bat dang thic Schur suy rong). Vdi cdc sé duong a,b,c,z,vy, z sao cho
(a,b,c) va (x,y,z) déu la cdc bo don diéu thi:

zla—b)(a—c)+ylb—a)(b—c)+ z(c—a)(c—b)>0

Bai toan 3.3.2. Cho a,b,c > 0. Chitng minh rdng:

o b L_C < a3 + abc N b3 + abc N 3 + abe
b+c c+a a+bd (b+c)3 (c+a) (a+b)3
Bai toan 3.3.3. Cho a,b,c > 0. Chitng minh rdng:

a b c 3/a?+b+c?
+ + < |-
b+c c+a a+b~ 2\ab+bc+ca

Bai toan 3.3.4. Cho m,n > 0; m <n; a,b,c>0; a,b,c € (m,n). Chitng minh rdng:

a_ b c 3, (m-n)?
b+c c+a a+b~ 2 2m(m+n)

Bai toan 3.3.5. Cho a, b, c la dé dai ba canh cua tam gidc. Chitng minh rdng:

a b c

+ + <2
b+c c¢c+a a+b
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Loi gidi. Khong mat tinh téng qudt, gid st a >b>c>0thia+b>a+c>b+c.

. _c c b b a _ a
Suyra. a—%gm: o 2 bre) bie — bre
Cong v€ cac bat dang thic trén, ta co:
b
< i1 =2
b+c c+a a+b~ b+c
Bat dang thitc da duoc chitng minh xong. O

Bai toan 3.3.6. Cho a, b, c la dé dai ba canh cua tam gidc. Chitng minh rdng:
a N b N c n ab + be + ca < 5
b+c c+a a+b a?4+b24+c "2

Loi giai. Ta co:
2a 20 2c _ (a—0)? (b— c)? (c—a)?

b+c+c+a+a+b_3 (a+c)(b+c)+(b+a)(c+a) (b+¢)(b+a)
2(ab+bc+ca) (a—b)*+(b—c)*+ (c—a)?

a?+ b+ a? + b + ¢
Ta phai chiing minh S, (b — ¢)? + Sy(c — a)?* + S.(a — b)? > 0. Trong do6:
2 2 2 2 2 2 2 2 2
PSP O s e o~ s e A~ O e ol
(a+b)(a+c) (b+a)(b+c) (c+a)(c+Db)

Khong mat tinh téng quét, gid stt a > b > c thi S, > 0.
Vi a, b, c 1a do dai ba canh cua tam giac nén:

_albt+c—a)+c(b—c) c(b—c)
S S N (R s
_albt+c—a)+b(c—0b) b(c—b)
S T e r aex ) et a)letb)
a—c _b_a+b
> - >

a—b " c  a+c
Tir cdc bat dang thic trén suy ra:
Sa(b—)* + Sp(c — a)* + Se(a — b)* > Sy(c — a)* + S.(a — b)?
b? (a—10)* [ b*c(b—c) cb(c —b)
_pn2 (= >

(a=9) (025b+56) - ((b+a)(b+c) (c+a)(c+b))
(a—b)*(b—c)b b a+b >0

(b+a)b+c) \¢ a+c)
Ding thitc xay ra khi va chi khi a = b = c. O

v

Binh luan. Cic bat dang thifc trén, khi dugc két hop véi bat dang thic Nesbitt s& cho
chiing ta nhitng bai todn méi ma mot trong nhitng c4ch chitng minh né 1a dua bat dang
thitc Nesbitt vao nhu mot phan tir trung gian.
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3.4 So sinh ;- +—+a+bvab+c+c+7“+“—+b

ct+a c

3. b+c cta a+b N C1N 32 .,
C+a w3 2 5 Ta- T 5%+ %2 > 6. Vi hai bat dang thic

trén cung chiéu nén ta khong dé dang dua ra ngay dugc phép so sanh gitta chiing. Sau
day, toi xin dua ra mot vai vi du dé so sanh.

Bai toan 3.4.1. Cho a,b,c > 0. Chitng minh rdng:

b+c+c+a+a+bz4 a n b n c
b+c c¢c+a a-+bd

a b c

Loi gidi. Theo bat dang thitc Cauchy — Schwarz cé:

a+a> 4a.b+b> 4b_c+c 4c
b ¢ b+c a ¢ c+a a b a+b
Cong vé cdc bat dang thiic trén ta ¢6 diéu phéi chiing minh.
Ding thitc xay ra khi va chi khi a = b = c. O
Bai toan 3.4.2. Cho a,b,c > 0. Chitng minh rdng:
b+ + +b b c 9
c,cta a S N L9
a b c b+c c+a a+b

Bai toan 3.4.3 (Viét Nam TST 2006). Cho a,b,c € [1,2]. Chiing minh rdng:

(a+b+c) 1+1+1 Y L R
¢ ¢ b b+c c+a a+b

Bai toan 3.4.4. Cho a,b,c > 0. Chitng minh rdng:

b+c c+a \/a+b [ a ) c
>
a +\/ b * c _2< b+c+ c+a+ a+b>

Binh luan. Sau mot s6 vi du duge dua ra d€ so sanh ;& 4 - 4 ¢ vy bty cta g atd

b+c c+a a+b c
ta thay ;% + C+—a + 5 0 phan bi yéu thé hon.

3.5 Nhiing bat dang thitc 1ong ghép

C6 rat nhiéu bat dang thitc dugc tao thanh nhd su 16ng ghép giita bat ding thic Nesbitt
va mot biéu thitc khdc. Trong d6, mot so bai todn khi ching minh thi tdch doc lap hai
phan. Nhung bén canh dé ¢6 rat nhi€u bai todn ta phai két hop ca hai phan cta v€ trai
lai r6i chiing minh hgp i méi cho két qua ta mudn.
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Bai toan 3.5.1. Cho a, b, c khong dm va n > 0. Chitng minh rdng:

a b c n?(ab + be + ca)

+ + > n
b+c c+a a+bd a?+b*+c2

Loi gidi. Khong mat tinh téng quét, gia st a + b+ ¢ = 1; va dat ab + bc + ca = ¢. Bat
dang thifc twong duong véi:

3abc+1—2 n?
Q_l_ q

>2n
q — abc 1—2¢g
Ta co: )
1-2
vr>——1y D 59y
q 1 —2q
Bat dang thitc da duoc chitng minh xong. O

Bai toan 3.5.2. Cho a,b,c > 0. Chitng minh rdng:

a b c 1 aca+ Bab+ vbe
— >1
(b+ac+c+ﬁa+a+vb) (3+ (a+b+c)? )_

Loi gidi. Theo bat dang thitic Cauchy — Schwarz cé:

(a+b+c)?
2
a b c
_< bt o a(b+ ac) + <t Ba b(c+ Ba) + m\/C(OH'Wb))
< S b +— (ab+ bc + ca + aca + fab + vbe)
~ \b+ac c+pPa a+~b 7
Suy ra,
a b c 1 aca+ Bab+ vbe
1< Z
_(b+ac+c+ﬁa+a+vb)(3+ (a4 b+ c)? )
Bat dang thitc da duoc chitng minh xong. O

Bai toan 3.5.3. Cho a,b, c khong dm. Tim hdng sé" k dwong lén nhdt dé bdt dang thirc
sau dung:

a b c (a+b)(b+c)(c+a) 3
k > k4 —
b+c+c+a oH—b+ a? + b% + 2 - +2

Bai toan 3.5.4. Cho a, b, c khéng am. Tim diéu kién cho cdc s6 duong k., dé bdt dang
thiic sau diing:
a b c +k:(a+b)(b+c)(c+a) a4+ b+ 3 l

>+ k+ =
b+c+c+a a+b a? + b2 + 2 (oH—lH—c)2_2+ +

w
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Bai toan 3.5.5. Cho a, b, c khong dm. Chitng minh rdng:

o b c 4(a+b)(b+c)(c+a)>5
b+c c+a a+bd ad+ b3+ 3 -

Loi gidi. Khong mat tinh téng quét, gia sit a + b + ¢ = 1; va dat ab + bc + ca = q,
abc = r. Bit dang thic twong duong véi:

1-20+3 Aq —
g+3r (q—r)

>5
q—r 1—-3¢—3r —
Theo bat dang thitc AM — GM cé:
1—2q9+3 4(q — 1—-3¢g+3 4(q —
g3 Ma—r) _ g | 1-38¢43r  Ha-r)
q—r 1-3¢—-3r q-—r q—r 1—-3qg—3r
Bat dang thitc da duoc chitng minh xong. O

Ta ¢6 bai todn téng quét.
Bai toan 3.5.6. Cho a, b, c khong dm va n > 0. Chitng minh rdng:

a_ b L n?(a+b)(b+ c)(c+ a)
b+c c¢c+a a+b ad+ b3+

>142n

T nhan xét (a+ b+ ¢)(ab+ bc+ ca) > (a+b)(b+ c)(c+ a) + abc, ta ¢6 bai toan sau:
Bai toan 3.5.7. Cho a,b, c khong dm. Chitng minh rdng:

a b c n*(a + b+ c)(ab+ be + ca)

+ + >14+2n
b+c c+a a-+b a?+ b3+ c3 -

Bai toan 3.5.8. Cho a,b,c > 0. Chitng minh rdng:

a n b n c n abc
b+c c+a a+b 2(a®+b0+3)

v

5
3

Bai toan 3.5.9. Cho a,b,c > 0. Chitng minh rdng:

a n b n c n 4abe > 9
b+c c+a a+b (a+b)(b+c)ct+a)

Bai toan 3.5.10. Cho a,b, c khong dm. Chitng minh rdng:
a \* a \° a \° 5abc a® + b + ¢
+ + + 2
b+c b+c b+c (@a+b)(b+c)(c+a) — ab+be+ ca
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Ta xét mot s6 bai toan ¢6 can thic.

Bai toan 3.5.11. Cho a,b,c > 0. Chitng minh rdng:

/ \/ ab+bc+ca)>7\/§
c+a a+b a2+ +c T 2
Loi gidi. Khong mat tinh téng quét, gia stt a > b > ¢, ta s& chiing minh duoc:
/ /b+c
c+a a+0b
Lai c6: ab+bc+ca > a(b+c) vaa?+b*+c2 <a?+ (b+c)? nén:
/ b+c ~3a(b+c) - 3V3
b+c b+c) Va2 —2

Trong d6, z = \/a/(b+c) ++/(b+¢c)/a > 2.
Bay gio, ta can chiing minh:

W3V

x + ——5- 39

Néu = > 77‘/5, bat dang thic hién nhién ding. Néu x < 77‘/5, ta co:

27 W2\ (x—2V2R(19 + 6v2r — 222) V2
x2—2_<7_x> - 2(z2 — 2) 2 0(do w < =)

Bat dang thiic da dugc chiing minh xong.
Diéng thiic x4y ra khi va chi khi (a,b, c) ~ (3 +2v/2,1,0). O

Ta ¢6 bai todn téng quét hon.

Bai toan 3.5.12. Cho a,b,c > 0. Chitng minh rdng:

/ \/ab+bc+ca > mind et k
b+c c+a a-+b a? + b2 + 2 z>2 2 — 9

Bai toan 3.5.13. Cho a,b,c > 0. Chitng minh rdng:

a n b n c ) abc 2/3
b+c c+a a+bd (a+b)(b+c)(c+a) -

Bai toan 3.5.14. Cho a,b,c > 0 va k > 4. Chitng minh rdng:

/ (a+0b)(b+ c)( c+a)22\/E
b+c c+a a+b (a+b+c)?
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4 Bai tap ap dung

Dé két thic bai viét, toi xin néu ra mot s6 bai tap tuong tu va ap dung.
Bai tap 4.1. Cho a,b,c,d > 0 thod man abcd = 1. Chitng minh rdng:

1 1 1 1
>
0110 Wit di+d dita) "

Bai tap 4.2. Cho a,b,c > 0. Chiing minh rang:
asb N bic Aa - abc(a+ b+ c)
14ab?>  14+bc2 14 ca® — 14 abc
Bai tap 4.3 IMO 1995). Cho a,b,c > 0 thoda mdn abc = 1. Chiing minh rang:

1 . 1 . 1 >§
atb+c) b c+a) Ala+b) ~ 2

Bai tap 4.4. Cho a,b,c > 0. Chiing minh rang:

1 1 1 9
>
bb+a)  cctd) alatc) ~ 2(ab+be+ ca)

Bai tap 4.5. Cho a,b,c > 0. Chiing minh rang:

a N a n a_ o, abc L
b+c b+c b+c ™ (a+b)(b+c)(c+a)

Bai tap 4.6. Cho a,b,c > 0 thod mdn a* + b* + ¢* = 3. Chitng minh rdng:

oxg%—abc+ bg%—abc+ e + abe
b+c¢)?  (c+a)> (a+0b)?

Bai tap 4.7. Cho a,b,c > 0. Chiing minh rang:

a b c 9
>
(bx + cy)? * (cx + ay)? * (ax 4+ by)® — (z+y)3(ab+ bc + ca)

Bai tap 4.8 JBMO, 2003). Cho a,b,c > —1. Chitng minh rdng:

3
> 2
-2

1+ a2 142 1+ 22 9
l+y+2? 14+z+22 l+az+y®

Bai tap 4.9. Cho a,b,c, k khong adm. Chitng minh rdng:
ka kb ke kd
1 1 1 1 > 1)
( +ZH—C) ( +c%—al) ( +OH—OL) ( +a+b) z (k+1)
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