Chuong 4

Bat dang thiic dang thuan
nhat bac

Tinh thuan nhit bac (d6ng bac, thuan nhiit) la mot tién chudn dau tién phai
tinh dén khi so sanh céc dai lugng. Cac bat ding thiic ¢d dién ta da biét nhu
bt ddng thiic gitia trung cac dai luong trung binh, Cauchy, Holder, Minkowski,
Chebychey, ..., déu la cic bat dang thuc dang dong bac. !

Trong chuong ndy, chiing ta s¢ de ¢dp tdi cac phuong phap co ban dé ching
minh bit ddng thic ddng bac, ciing nhir cich chuyén tir mot bat dang thic
khong ddng bac vé mot bt ddng thiic dong bac. Nam ving va van dung nhu?i’n
nhuyeén cac phuong phap nay, chung ta c6 thé ching minh dugc nhieu 16p bat
déng thic so cap.

4.1 Bat-ding thie dang thuan nhat bic

Ham s6 f(x1,x2,...,%,) clia cac bién sb thuc x1, xo, . . ., X, duoc 1a ham thuan
nhat bac m néu véi moi so thuc ¢ ta ¢

f(txy, txg, ... txy) = " f(x1,%0,...,Xn),

véit € R— {0}, va x; GR,iz\l,Z,...,n,m,n eN, m#0,n > 2.56 tunhién m
dugc goi la bac ctia da thic dong bac.

Bat dfmg thic dang f(x1,x2,...,%,) > 0, v6i f la mot ham thuan nhat duoc
goi la bét dang thiic thuan nhat (béc 7). Khai niém bét déng thic dong bac lién
quan chat ché vdi da thic dong bac. Thi du, hai da thic sau la hai da thic dong

1Pay 1a mot chuong trong cubn sach Bdt ding thiic, Suy lugn & Khdam phd da xuht ban cta téc gia
Pham Van Thuan, Lé Vi.
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bac dong bac
g(x) =2 +y° +8x%y°, f(x) = %y + 4yx? — 3x° + 109°.

Ting don thic trong da thic thit nhat ¢6 bac 1a ndm, con mbi don thiic trong
da thiic thi hai c6 bac 1a ba. Ciing can cht y rang da thic kiéu nhu f(x) =
(x +2y)® + 101x2 khong phai la dong bac.

4.2 Dong bac hoa bat dang thic

V6i nhiing bét\d:fmg thiic c6 diéu kién, ta c6 thé chuyén vé dang bat dér}g
thic dong bac. biéu kién cho trudc thuong 1a moét hé thacdién hé gitta cac bien
sé\. Tir gia thiét da cho ta ¢ thé viét bat ding thic cAn¢hiing minh dudi dang
dong bac.

Bai toan 4.1. Cho céc sb thuc khong dm 4, b thoa man diet kién o+ b = 2, ching
minh day bat ding thic

2<a2 4+ <P+ <at b

Chiing minh. Ta lan lugt chiing minh tung bat dz?mg thic. Mf)i vé bat dang thiic
hon kém nhau mot bac; ma ta cung thay rang biéu thic & dieu kién cho trude ¢6
dang béac nhét. Str dung gia thiét nay ta lam can bing bac ctia cac bat dang thiic.
Trudc hét ta ching minh 2 < a° 4 b%. That vay, nhan hai vé v6i hai, va viét
n6 dudi dang tuong duong (a + b)> < 2(a? 4 b?). Dé dang quy bat dang thic
nay vé dang (a —b)? = 0.
D6i v6i bat dang thue thi hai, ta viét lai dudi dang

(0> 4+ b*)(a+Db) <2(a® +1°).

Bé‘g déng thiic nay tuong duong véi a® + b> > ab® + ab, hay (a — b)2(a +b) > 0.
biéu nay hién nhién dang véia, b > 0.

Bat déng thiic cubi cling lam tuong tu. O
Bai toan 4.2. Cho céc sb thuc 4, b, ¢ thod man diéu kién

a?P 4?3 4 28 =3,
chiing minh bat déng thic
A+ 2+ > atP B 4 A8

Hoi dau déng thiic xay ra khi nao?
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Chitng minh. DE bd sb mii dang httu ti, ta dua ra bién méi nhu sau. Dit alld3 =y,
b/3 = y, c!/3 = z. Khi d6, ta cAn chiing minh bat ding thic x° + y® + 26 >
x* + y* + 2% véi didu kién x2 + y? + 22 = 3.

St dung gia thiét ta viét dugc bat ding thic can chiing minh dudi dang
tuong duong la

3(x0+y°+2%) > (P + P+ ) (o + vt + 2.
Nhan khai trién va nhém cac s6 hang cho ta
(2 =y (P + 7)) + (P =22 (Y +22) + (22 = )P (2P +2%) > 0.

Bat dang thic nay hién nhién ding. O

4.3 Chuan hoa bat dang thuc
Xét bat dang thitc dong bac dang

flxy, x0,..0,x0) > g(xy, %2, .., x0))

trong d6 f va g la hai da thic dong bac. Do tinh chat ctia ham thuan nhat,
ta c6 thé chuyén viéc chiing minh bat ding thic trén vé viéc chiing minh
bat déng thic f(xq,x2,...,%,) = A vdimol X1, xp,...,x, thoa man diéu kién
g(xy,x0, ..., x0) = A Chuan hoa mot cach thich hop, ta ¢ thé 1am don gian cac
biéu thiic ctia bat déng thitc can chung minh, tan dung dugc mot sb tinh chat
d4c biét ctia cac hang sb.

Néu biét quan sat va lua chon nhiing diéu kién thich hop, nghia la lic &y
nhu c6 thém gia thiét, ta 82 c6 101 gidi gon gang, séng stia. Trong muc nay ching
t0i dua ra mot s6 cach chon diéu kién kiéu nhu vay.

Bai toan 4:3. Chiing minh rang néu a,b, c > 0 thi

(a+b—c)?  (a+c—b? (c+b—a)? L3

Ar(b+a)? b2+ (c+a)2 a2+ (b+c)2 7 5

Chitng minh. Bac ctia ca hai vé 1a khong. Datx = a/(a+b+c),y =b/(a+b+c),
z=c/(a+b+c), thé thi x +y+z = 1. Do d6, ta viét bat dang thiic can ching
minh dudi dang

(1—2z2)2 (1-2y)? (1—2x)? 3
4.1 > .
1) 22—1—(1—2)2+y2+(1—y)2+x2+(1—x)2 5
Chdi y rang
(1 —2t)? 42 —4t+1 222 -2t+1)—1 1

2+(1-0H2 202-2t+1  202—2t+1  ~ 22—2t+1
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Tir d6, ta c6 thé viét lai bat dang thitc (4.1) dudi dang

1 n 1 n 1 <§
2x2—2x+1 2y>?—-2y+1 222-2z+17 5

Ta cAn tim sb & sao cho vdi 0 < t < 1 thi

2t2—12t+1 = §+5(t_%)'

Chuyén % sang veé trai va quy dong cho ta

—18t> + 18t — 4 _5( 1)

4.2 F— =
(42) 212 —2t+1 3

Dé y rang t — 1 1a nhan tit chung ctia vé tri cta (4.2) nén ta viét lai bat dang
thiic d6 dudi dang tuong duong

1 12 — 18t
4.3 t—=)|ls5——=——90| = 0.
*-3) ( 3)[21‘2—21‘4-1 }
Bay gid ta can tim & sao cho biéu thic trong ngodc thit hai ctia (4.3) nhan t — %

lam nhan t&. Thé thi ta thay t = % vao biéu thic § = 2t122jzlt8+t1 sé thu dugc 6 = %.

V6i gid tri ndy cta , ta viét lai (4.3) dudi dang

1 12 — 18¢ 54
o) |z————=| <0.
( 3)[2t22t+1 5}—

Bt dang thiic nay tuong duong voi —(t — 1)?(18t + 1) < 0. Diéu nay hién nhién
dang.
Vay, ta ¢ danh gia sau day

1 9 54 1

<4 (t-2).
2t2—2t+1_5+5( 3)

Str dung wéc lugng nay ba lan cho x, v, z ta sé c6 ngay diéu phai chiing minh.

Phép chiing minh hoan tat. O

Noi chung, nhiing bai bat dvéng thiic c6 mot vé 1a téng ctia ba phan thiic nhu
trén 1a rat kh6 hodc khong thé danh gia duogc tung phan thitc. Cach chon trén
cho phép ta lam dugc dieu kho khan nay mot cach de dang dua trén tinh chat
co ban vé bat déng thuc, phan s0, va tam thuc bac hai.

. Tong quat hon, ta co thé chiing minh dugc nhiéu bt ddng thic dbi xing
dong bac bang cach dat x = ka/(a+b+c) va tuong tu véi y, ztadugc x + y+z =
k, ma khong lam mét tinh déi xing ctia bit déng thiic ban dau. Mot cach tuong
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tu, ta c6 thé gidi bai todn sau day va thiét 1ap dugc nhiéu bai bat dang thiic chia
cac biéu thic phan thiic kiéu nhu bai toan trong dé thi vo dich Hoa Ky ndm 2003

(2a+b+c)>  (2b+c+a)®> (2c+a+b)? <8
202+ (b+c)2 202+ (c+a)2 22+ (a+b)2 =

v6i gid thiét a,b,c 1a cac s6 duong. Ta thay rang t thitc va mau thitc ctia méi
phén thiic & vé trai déu 1a cac da thic bac hai. Vi thé vé tri ctia bat ddng thuic
c6 bac 1a khong. Khong mét téng quat, ta c6 thé gid st rang a + b+ c = 1. Va tu
dé tiép tuc nhu trén.

Ta xét thém mét bat ding thiic khac 6 dang “tuong tu'" nhu trén, 4y 14 chiing
minh rang

(4a+b—c)®>  (4b+c—a)®  (dc+a=h)? S8

202+ (b+c)2 202+ (c+a)2 22+ (a+0)2 7
Nhung that dang tiéc rang ky thuat trén day lai khong 6 tac dung véi bai todn
nay. Diéu d6 1a do ta khong thé c6 lap hay dua méi phan thiie vé dang mot bién
s6 thong qua diéu kién tong ba s6 bang k. Pay ciing 14 y t1éng co sé quan trong
cta cach lam nay.

Bai toan 4.4. Chting minh rang néu a,b, ¢ > 0 thi

(a+b+c)® a3+ a?+b? + 2
a2 4+ b2 4+ ¢2 7( abc _ab+bc+ca)/

Chitng minh. Bai nay la tong ctia ba bat (}iéﬂg thtic ngugc chiéu nhau. Biéu thiic

thit nhat trong ngodc dat gia tri nhd nhat; con hai biéu thiic kia dat gia tri 16n

nhéat. Khong gidm téng quat ta c6 thé gid st w = a + b2 + ¢2, chon w = 3, va

st dung cac hang dang thiic

(@4 b+c)?=a?+b>+c*+2(ab+ be + ca),
a’ =034 ¢ —3abc = (a+b+c)(a® +b* + c* —ab — bc — ca).
Do d6, ta viét vé trai bat dang thitc dudi dang

5 2x2 1 3
trong d6 A = ab+bc +ca, van = 1/(ab) +1/(bc) +1/(ca), ta da biét rang A < 3,
mit khac st dung bat déng thiic quen biét 7 > 9/,

5 24 9 3

F>2+224 232 ——

23 TRt M5
20 12
=24+,

3 A
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Do d6, dé chiing minh F > 4, ta chi can chi ra ré“mg A/3 4 6/A > 3. That vay, su
dung bat ding thiic giita trung binh cong va trung binh nhan sau khi da tach s6
hang sau dé c6 diu dang thiic, ta c6

A_FE_'_E 1/3 1/3
BIATAS (A3 (3o
3 3AA A

Phép chiing minh da hoan tat. O

Bang cach dit tuong tu, ta c6 thé thiét 1ap cac biéu thic d6i xiing cting bac
r6i chon mét diéu kién nao do, udc lugng cac gia tri khi cac bien so bang nhau,
ta ¢ thé xay dung duoc cac bat ddng thic méi.

Bai toan 4.5. Chiing minh rang véi moi sb thuc a, b, ¢ thi
6(a+b+c)(a®+ b +c?) < 27abc + 10(a>+ b* 4 02)%/2.

Chifng minh. RS rang hai vé ctia bat ddng thic nay déu c6 dang bac ba. Nhung
néu tiép tuc lua chon nhu thi du trén sé khong hiéu qua nta bdi biéu thiic
a% 4+ b? + ¢2 ¢6 s6 mit dang hitu ty. Néu ca ba 6 bang khong thi bit dang thic
hién nhién ding. Néu c6 mot s6 khackhong, ta dit w = a2 + b% + ¢2, va gia st
|la| < |b| < |c|, chon w = 9 @6 tranh dang 56 vo ty. Thé thi bat ddng thiic trén c6
dang 2(a + b+ c) —abc <10. O

Sau day la mot thi du cho thiy ring phép chon diéu kién thich hop c6 thé
cho ta 10i giai ngan gon, doc dao.

Bai toan 4.6. Gid st a, b, c 1a cic sb thuc duong, chiing minh bat déng thic
"\z/(a+b)(b+c)(c+a) S \/ab+bc+ca
8 - 3 )

Chiing minh. Chon ab + be + ca = 3, thanh thit 1a by gio ta chi can chting minh
rang

(a+b)(b+c)(c+a)>8.
Nhung chi y rang (a+Db)(b+c)(c+a) = (a+b+c)(ab+ bc+ca) —abc. Phép
chiing minh hoan tat neu ta chi ra dugc rang 3(a + b+ c) —abc > 8. Theo
bat ding thitc gitta trung binh céng va trung binh nhan ta ¢6 —abc > —1, va
(a+b+c)?>3(ab+ bc+ ca). Tir d6 suy ra diéu phai chiing minh. O

C6 hai cau hoi can dit ra sau 1oi giai nay la tai sao lai chon sb 3, va chon nhu
thé ¢6 lgi ich gi. Céi tudng chiing nhu khé nhat ctia bai toan 1a su c6 mat ctia hai
cén thic khac nhau da dugc vugt qua dé dang.

Bai toan 4.7. Cho cac s6 thuc duong x, y,zvadatx+y+z = p,xy +yz +zx =g,
va xyz = r. Gid su p = 1, hay biéu dién cac bidu thitc x2 + y2 + 22, theo p,q, va
biéu dién x3 + > + 23, x* + y* + z* theo p, q, 7.
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Tir két qua ctia bai toan trén day, ngudi ta c6 thé ap dit diéu kién dé xay dung
céc bat ddng thiic dbi xiing ba bién c6 diéu kién. VGi mot bai todn bat ding thuic
dong bac ba bien, ta ¢ thé lua chon tuy y mot (chi mét thoi) trong ba diéu kién
r=1qg=1r=1
Bai toan 4.8. Xét ba sb thuc khong am a4, b, c thda man

a+b+c=1,
chting minh rang
L b L
Va+b2 Vb+c2  Ve+a?
Chitng minh. L&i giai sau day ctia Vo Qubc Ba Can. Gia sit L la vé trai clia bat
déng thitc. Sit dung bat dang thitc Cauchy Schwarz, ta ¢6

a n b n c _a n b n c
a+b2 b+ c+a2) a+b> b+c2  c+a?

<3
-2

L2§(a+b+c)<

Do do, ta chi can chiing minh réng

a n b + c
a+b2 bh+c? c+a?

<

»#I@

Bét dang thtic nay lai c6 the viét dudi dang tuong duong

2 b2 2

NE_— + 53
b+a2  c+b?  a+c? T4

Viét bat dng thiic nay dudi dang dong bac. Lai ap dung bt ddng thic Cauchy
Schwarz dang Engel, r6i cudi cting quy vé viéc chiing minh

a* 4+ b* & ¢t 500207 + VP + ?a®) > 3(ab® + bc® + ca®) + 3abe(a+ b+ c).
Theo bt dang thic gitia trung binh cong va trung binh nhan thi
a*b? + b?c? + c?a® > abc(a + b+ c).
Va thé nén ta can ching minh rang
a* + bt 4 2(a?0? + VPP A+ Pa?) > 3(ab® + b3 4 ca®).
Bt ddng thic nay lai viét duge vé dang

> (a* — ¢® —2ab + be + ca)* > 0.

cyclic

Phép chiing minh hoan tat. O
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Phan nay lam bét\déng thiic dong bac trd nén khong dong bac bang cach lua
chon dugc nhiing diéu kién thich hgp; c6 lgi cho bien d6i va tinh toan.
Bai toan 4.9. Cho ba sb thuc duong a, b, ¢ sao cho a + b+ ¢ = 1, ching minh bat
déng thitc
9(a® + 1%+ %) —10(a® +0° + °) > 1.

Bai toan 4.10. Ching minh rf?mg néu a,b,c > 0 thi ta c6 bat déng thic

(a+b+c)? l<a2+b2+cz_a3+b3+c3)<2
a2+ b24+c2 2\ab+bc+ca abc -

4.4 Lép ham d6i xiing so cap ba bién

Tht c& cac bat ding thic dbi xing ba bién sb déu c6 thé quy vé cac ham dsi
xung coban cua p = x+y+2z,q = xy+ yz + zx, va r = xyz. Trong tiet nay
ta s& 1an luot xét cac bai toan bat ding thiic, tir dé& dén kho, ¢6 thé gii theo
duong 16i nay. Sau khi da viét bat ddng thitc can chiing minh theo p,q, 7, ta chi
can khao sat bat ding thitc nay theo ba bien mdi p,q,# Diém manh nhét cta
phuong phap nay la xtt Iy dugc nhiing bat dang thiic doi xting ba bién, chit va
kho, vi ta khong thuc hién nhiéu phép udc luong frung gian tho va diéu do ciing
c6 nghia la ta phai lam viée véi nhieu budc tinh toan nhat la trong bai toan dang
phan thuc, hodc bac cao. Trudc tien, ban doc hay tu kiem tra cac ket qua co ban
sau day.

x? 2G5 22 =R 24,
34y 420 =p(p*—3q) +3r,
xt + y4+z4 = (p2 — Zq)2 — Z(q2 — 2pr).

Mbt van dé nta can dit ra la thit tu so sanh gitta cac bd p, q,r nhu thé nao. Mot
nguyeén tic 14 phai dam bao dugc tinh dong bac.

V6i ba 6.4, b, ¢ 1a nghiém ctia mot phuong trinh bac ba f(x) = x3 + px? +
gx + 7 thi ta ¢6 thé viét f(x) = (x —a)(x — b)(x — ¢). Khai trién da thiic ta dugc

(x> —xb—xa }ab)(x —c¢) = x> —x*(a+ b+ c) + x(ab + bc + ca) — abc.

Bay gid st dung dong nhét thic ta dugc

a+b+c=-p,
ab+bc +ca = g,
abc = —r.

Dua vao dic diém trén day, ta c6 thé phat biéu nhiéu bai todn bat ding thic véi
gia thiet lién quan dén nghiém cia mot phuong trinh bac ba. Trudc hét, ta hdy
quan sét cac bat dang thic lién quan dén p, g, 7. D6 1a bat déng thiic Schur.
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Dinh 1y 4.1 (L. Schur). Néu x, y, z la cdc s6 thic duong va t 1a mét 6 thuc, thi
Hx—y)(x—2)+y(y—2)(y—x) +2'(z—y)(z—x) > 0.

Chifng minh. Vi bat dang thiic cAn ching minh c¢6 dang dbi xing nén ta c6 thé
gid st ring x > y > z. Viét lai bt ding thic da cho bang cich nhém nhan ti
chung, ta dugc

(x—p{x'(x—2) -y’ (y-2)} +2(x—2)(y—2) 2 0.
Dé thay ring bat dang thic nay ding. O

C6 mot sb truong hop riéng ctia bat ding thiic nay rit dang chi y 1a truong
hop t = 1,2,3. Lay céc gia tri nay caa t va khai trién da thife ta sé thu dugce cac
truong hop ly thu va hitu ich.

Bai toan 4.11. Cho céc sb thuc duong x,y,z. Dat x +y+z = p, xy +yz+zx = ¢
va xyz = r, chiing minh cc bit ddng thiic

p> —4pg+9r >0, p* —5p%q+4q° +6pr 20, pg—9r > 0.

Chifng minh. Ba bat ddng thiic trén c6 thé viét lai dudi dang

(4.4) x(x—y)(x—z)+y(y—2z)(y=x) +zlz—x)(z—y) >0,
(4.5) X (x—y)(x —2) Py — 2y — 2+ Pz - x)(z—y) 20,
(4.6) x(p—2)" 4 y(z—x)" +z(x —y)2 >0.

Dé thiy hai bt ding thuc ba dau la truong hop t = 1, va t = 2 ctia bat dang
thitc Schur. Bat dang thiic cuoi ciuig 1a hién nhién. O

Bai toan 4.12. Cho ¢éc 56 thuc duong x,y,z. Ddt x +y+z = p, xy+yz+zx = ¢
va xyz = r, chifing minh ¢ic bat ddng thiic

p? > 3q p®>27r q> > 3pr

2p° 912 7pq pPa-+3pr>4q°  pPq = 3pr+apq

p*+397 > 4pg pg* +3q4% > 4p*q  pg* > 2p*r+3qr

22 +9r" > 7par - @97 Z4par pPa+q° > 6par

Tit cac két quéa co ban trén ta c6 thé phat biéu bai toan dudi dang nghiém ctia

mot phuong trinh bac ba. Ching han, ta xét bai todn sau day.
Bai toan 4.13. Xét ba §6 thuc a,b, ¢ sao cho da thic x3 + ax? + bx + ¢ ¢6 ba
nghiém. Chung minh rang

12ab + 27¢ < 6a° + 10(a® — 2b)>/2.

Hdi diu dang thiic xay ra khi nao?
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Bai toan 4.14. Ching minh rang néu x, y,z > 0 thi

(xy+yz+ zx)( ! + ! + L )> ?
RN R T SN CE Ay

Chiing minh. Li gidi ciia Hojoo Lee. St dung phép thay thé p, g, nhu trén. Cht
y tinh chat (x+y)(y+z)(z+x) = (x+y+z)(xy+yz+z2x) —xyz=pg—r. Ta
¢6 thé chuyén bat déng thtic can chiing minh vé dang sau theo p, g, 7

(P +9)* —4plpg—1r)\. 9
1 (pg—)? )25

Bién ddi tuong duong va tinh toan cho ta
4p*q —17p%q® + 4¢° + 34pqr — 912 >0
pa(p® — 4par +97) +q(p* — 5p%q + 49° +6pr) +.1(pg9r) > 0
Dé thay ring bat dang thic cubi ciing ding theo bai toan trén. O
Bai toan 4.15. Cho ba sb thuc duong x, y, z thoa man dieu kién x + y+z=1,
ching minh rang
(1-x*)2+ (1<) 24 (1 -2 =0 +x0)(1+y)(1+2).

Chitng minh. Day la bat ddng thite d6i xung, vai trd gitta cac bién hoan toan binh
déng. Theo cach dit trén, tacé p = x +y+z,q = xy + yz + zx, var = xyz. Thé
thi bat dang thtic can chiing minh c6 dang

3—2(p7=2q) + (p* —29)* = 2(¢* = 2pr) <1+ p+q+r.
Cht y réng p = 1 nén bat dang thitc trén lai ¢6 dang
3-2(1-29)+(1-29)2=2(4*—2r) <1+p+q+r,

hay
2¢°> —q+3r<0.
Vi pg > 9rnén g > 9r. Do d6, phép chiing minh hoan tat néu ta c6 2g> — g + %q <
0, diéu nay tuong duong véi 2¢> — %q < 0. D& thiy bat ding thic nay ding véi
0 < g < 1/3. Piéu nay dung vi ta c6 p> > 3q. O
Bai toein 4.16. Xét ba sd thuc duong x, y, z thdoa man diéu kién xyz = 1, ching
minh rang
1 L 1 L 1 i 2 S
(1+x)?2 (14+y)? (1+2)? (A+x)A+y)(Q+z) ~
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Chifng minh. Ta chd y dén céc dang thic sau day

(1+x)21+y)*+ A +y)*(1+2)%+ (1+2)*(1 +x)?
=2p* +¢*+2pq+2p—3
1+x)1+y)(1+z)=14+p+qg+r
Thé thi bat ddng thic can ching minh trd thanh
207+ % +2pq+2p —3+2(p+q+2) > (p+q+2)%
hay la p? > 2q + 3. Vi p? > 34, 3q > 29 + 3 nén ta c6 diéu phai ching minh. [
Bai toan 4.17. Xét cc sb thuc khéng am a, b, ¢ thdéa man déing thiic
2+t =1,
chiing minh rang
1> (1—ab)(1—bc)(1—ca) * ~—.
2 (1—ab)(1 = be)(d—ca) = o
Chifng minh. Bat ding thitc bén trai hiéh nhién. Ta sé ching minh bat ding thiic
bén phai. Dat
p=a+b+c; g=ab+be+ca, r=abc.

Thé thi bit dang thic cAn chiing minh sé ¢6 dang

8
) — 2> .
4.7) L — g pr—r > o

Theo bét dang thife I. Schur, p — 4pgq + 9r > 0, va chi ¥ rang nhd gia thiét ta c6
4q — p?> = 2qg — 1. Do dé ta c6 quan hé

9r > p(29—-1).

Theo bt dang thii¢ gitia trung binh cdng va trung binh nhan thi p > 9r, hay la

(4.8) p—r> §p.
9
Suy ra
8 -
4.9) rp—r) =g (29 =1).

Laivi p?2 = 1+ 2g nén bat déng thic (4.9) c6 sé c6 dang

rp—r) > o (4~ 1),
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Do d6, dé chiing minh (4.7) ta chi can ching minh

1 —q+§1(4q2—1) > %
Dé dang rit gon va chuyén bt ddng thiic nay vé dang tuong duong
(1—9)(49—-329) > 0.
Bit ddng thic nay diing vi 0 < g < 1. Phép chiing minh hoan tit. 2 O
Bai toan 4.18. /Xét,ba sb thuc khong am x, y, z thoa man diéu kién x + y+z=1,
ching minh bat dang thic
1 1 1 2

< —.
l—xy+1—yz+1—zx_ 8

Chiing minh. Ta dat p = x +y +z, 9 = xy + yz + zx va r = xyz. Su dung cac
dong nhat thic
(1—xy)(1—yz)(1° zx) =1 —q+ pr—r?
1-xy)1—yz)+(1—-yz)(1—zx)+ (1T 2x)(1 —xy) =3—2q+ pr.
Thanh tht, bat ding thitc can ching minh ¢6 dang
3 24+ pr 27

i e SINSER il

L-qg+pr—1r>— 8
Bat dang thitc nay tuong duong véi 3 — 11 + 197 — 2712 > 0. Theo bét dang

thic gitta trung binh cong va trung binh nhan thi 2712 < pt,ma p = 1, nén ta sé
chi can chung minh rang

3—-11g+19r —r > 0.
Bét dang thiic ndy néu viet dudi dang ctia x, y, z thi
3 —11(xy + yz + zx) + 18xyz > 0.

Khéng mét tong quat ta gia sit z = min{x, y, z} thé thi z < 1/3 va theo bat ding
thac AG, ta c6 danh gia

Xty

2
: ) (18z —11) — 11z(1 — z).

xy(18z = 11) = 1z(x + y) > (

Tiep theo can chi ra rang

(152)2(1&— 11) — 11z(1 — z) > —3.

Nhung bat ding thiic nay tuong duong véi (3z — 1)2(2z + 1) > 0. Phép chiing
minh hoan tat. O

2Ta c6 thé st dung bai toan trén dé chiing minh bai toén ??.
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Bai toan 4.19. Xét ba sb thuc duong a, b, ¢ thda man diéu kién

1 1 1

=2.
a+1+b+1+c+1

Chli‘ngminhrﬁng
1 1 1
8a2 +1 +8172—1—1 +8c2—|—1 =
1 1 1
8ub+1+8bc+1+8ca+1 =
1 1 1
4ab+1 +4bc—|—1 +4ca—|—

)

@

| W

> —.

®)

—_
|
N

Chifng minh. Véi bai toan nay, viéc 4p dung truc tiép bat ding thiic Cauchy
khong dem lai két qud gi. Ta gidi bang cach xét cdcbifu thiie ddi xing ba bién
so thong qua cach dat

p=a+b+c, gq=ab+bc+ca, /v =abc.
Khi d6, quan hé giita a, b, ¢ trong déng thic gia thiét cho ta

3+2p+q _
T+p+g+r

Thanh tha, g+ 2r = 1.
(1) Bt déng thic thir nht, bieu dién qua p, g, 7, c6 dang

8(p>2q) +2 > 51272,
trong d6 ta da su dung cac phép bién déi
(842 4-1)(8b” + 1) + (802 +1)(8c* + 1) + (8¢*> +1)(8a> +1)
= 64(q* — 2pr) +16(p> —2q) +3,
(8a2 +1)(86” +1)(8c® +1) = 512r% + 64(q* — 2pr) + 8(p* — 2q) + 1.

St dung bat ding thiic AG, ta ¢6 g > 3r%/3, thanh tht ¢° > 272, Vig = 1 — 2r
nén bat déng thiic nay tuong duong véi 87° 4+ 1572 + 6r — 1 < 0, hay la

(8r —1)(r* +2r+1) <0.

Tudér <1/8. ) .
Mat khéc tir gia thiét bai toan, ta c6 thé ching minh dugc rang p > 3/2. Theo
b4t dang thic Cauchy, ta c6

8(P2—2‘7)+ZZ§P2+22
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Hon nita vir < 1/8 nén 8 > 512r%. Tir day suy ra bat ddng thiic can chiing minh.
1

Phép chting minh hoan tat. Dang thiic xay ra khi va chikhia=b=c = 1.
(2) Phan tiép theo ta cling lam tuong tu. St dung cac dong nhét thiic
8ab +1)(8bc+ 1) + (8bc +1)(8ca+1) + (8ca+1)(8ab+ 1) = 64pr +16q + 3
p q
(8ab+1)(8bc +1)(8ca+ 1) = 512r> + 64pr + 8q + 1.

Bat déng thitc can ching minh c6 dang 85 +2 > 512¢2, vi g+2r =1nén bat
déng thic trén day tuong duong véi 512r% + 16r — 10 < 0, hay (8r — 1)(64r +
10) < 0. Bat ddng thitc nay ding véi r < 1/8. O

Bai toan 4.20. Xét cac s6 thuc khong 4m a, b, ¢, chiing minh bAt dang thiic
(8a2 4 bc) (8b* + ca) (8c2 +ab) < (a+ b} c)°.
Hoi déng thiic dat dugc khi nao?

Chitng minh. Dat p = a+b+c, g = ab+ bc + ca, r = abc. Vi'bat déng thic can
ching minh c6 dang ddng bac nén ta c6 thé chon p = 1. Khi d6, ta viét bat dang
thic trén dudi dang sau

(4.10) 513 (abc)? + 64(a’b® + b3c® +¢3a3) +8abe(a® + b3 + ) < 1.
Chu ¥ cac dong nhét thic sau
@+ b 43 = p(p*—3q) +3r,
a? + 07 + cPa’ = q(g* — 3qr) + 312
Thanh thd, ta c6thé viét (4.10) dusi dang (theo p, q,7)
729r" 4 64q(q* — 3r) +8r(1 —3q) <1,

hay la
644(q% — 3r) +8r(1 = 3q) < (1 —27r)(1+27r).

Theo bat dang thiic giita trung binh cdng va trung binh nhan, ta ¢6 pg > 9r. Mat
khac, p=1,do do 1 —3q <1—27r. Thanh ra, 8r(1 — 3q) < 8r(1 —27r). Do d6,
bdy gio ta chi can chiing minh rang

(4.11) 64q(q* — 3r) < (1 —27r)(1+19r).
Ta sé chiing minh
(4.12) 1—27r > 16(g* — 3r),

hay
1421r > 164°.
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Theo bt dang thic Schur, ta ¢6 p® — 4pg + 9r > 0. Cho nén, véi p = 1, ta sé thu
dugc 1 4 9r > 44. Suy ra

1+21r > 1—|—§(4q—1).

Ta sé chi ra rang

1—|—§(4q— 1) > 1642, khi g >

N

Bét dang thtic nay lai tuong duong véi
(37 -1)(49-1) < 0.

Bat dang thic nay dung vi 1<qg< % Con néu g <. 1thi 1 = 1672, suy ra

1—27r > 16(g* — 3r).

Vay trong moi truong hop ta luoén c¢6 1 —27r > 16(4%— 3r). Bay gio, dé ching
minh (4.11), ta s& ching minh 16(1 + 19r) > 644. Bat dang thiic nay lai tuong
duong véi 197 4 1 > 44. Diéu nay dung theo bat dang thae Schur.

Diéng thitc dat duge khi (a,b,c) ti 1& véi bd sb (%, %, %) hodc (0, %, 3) hodc
hoan vi ctia né. Phép chiing minh hoan tat. O

Trong 10i giai trén, truong hop g < % thi khong c6 gi dac biét. Truong hop

1>q> 1 tacédanh gida 1 —27r > 16(g% — 3r). Danh gia nay chi tot khi ¢ & tai
1

lan can cda g.

Bai toan 4.21. Xét ba sb thue khong am x, y, z théa man
r+y+z=1,

chiing minh ring

Qv L y-= X—yz
24xy+y? x24xz+22 0y 4yz+z2 T

Chitng minh. Datx +y+z=p,q=xy+yz+zx,var = xyz. Ta cé

Pray+yr = Hy)?-xy=1-2*—xy=1-z—-2z(1-2z)—xy
= 1-z—qg.

Tuong tu, ta co
Vryz+zt=1-x—q, 22+zx+x2=1-y—q.
Ciing chu ¥ rang

x2y2 +y222 +7%x% = q2 —2r, xz(y+z) —|—y2(z+x) +zz(x+y) =q-3r
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Bt ddng thic can ching minh tuong duong véi mdi bat dédng thiic
(1-9*(1—q) = (1—9)(q+3r) — ¢ +57 > 2[(1 - 9)g* — 7]
P +q*—4q+3qr+4r+1>0,
hay la
(4.13) 27¢° +27¢% — 1089 + 27r(3q + 4) +27 > 0.

Theo bét déng thuc Schur, ta ¢6 9r > 4 — 1. Do d6, dé ching minh bat déng
thuce (4.13) ta ching minh

27q% +27q* —108q + 3(49 — 1)(3q +4) + 27 = 0.
Dit 3g = t thi bat dang thiic trén c6 dang
(t—1)(t* + 8t —15) < 0.

Bit ding thic nay ding vi t < 1. Phép chitng mirth hoan tat. Ding thic dat
dugckhix=y=2z=1/3. O

Sau day chiing t6i dua ra mot bat dang thic rat thi vi cta Vasile Cirtoaje da
dang trén tap chi toan hoc so cap Mathematical Reflections. Cac 10i giai da biet
cho dén nay déu dung cong eu dao ham, bat dang thic Karamata, hodc dinh 1y
nua 16i.

Bai toan 4.22. Xét ba sdthirc khong 4m x, y, z, chiing minh rang

1

Hy+2) Ryt +0) + 24 (x+y) < Sty +2)°,

Hoi dau déng thiic xay ra khi nao?

Chitng minh. Diéu thi vi ctia bat ddng thitc nay 1a diu ding thic dat duoc tai
ba so khac nhau doi mét. Cling theo cach datp = x4+ y+z, g = xy + yz + zx,
va r = xyz. Vi bat dang thiic ddng bac nén ta ¢ thé chon p = 1. Ta viét
Hyrz)+y'z+x) +24(x+y)

=3 (xy + xz) + 3 (yz + yx) + 22 (z2x + zy)

= (P + PP+ g—r(x* + 2 +22).
Lai chud y thém ré“mg

Py 422 =1-3¢+3n

Vé tréi ctia bat déng thtic can chiing minh ¢6 thé viét dudi dang p, q,

(1-3g)q+5rg—r.
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Néu g < 1 thita c6 5qr — r < 0 va ta danh gid dugc rdng

1 1—3q+3q)2_ 1
S 127

1
_ - Z(1— < Z
(1-39)g = 5(1-3q)3¢ < 5 (—
Tix d6 suy ra diéu phai ching minh.
Néu g > 1 ta phai ching minh
1
flq) = (1 =3q)q+5m —r < 3.

Tinh dao ham ta c6

f'(q) =1—6q+5r.
Vig >9rvadoq > {nén f'(7) < 0. Vay f(q) nghich bién, suy ra f(q) < f(%):
215 < 15. Phép chiing minh hoan tat. Ding thitc dat duge khiz =0, x+y =
1, xy = ¢. Gidi hé nay cho ta

(v y,2) = (0’3+6\/§’3_6\/§)’ (v, y,2)'= (0’ 3;6\/5'3—#6\/5)'

Vay, dang thic dat dugc khi x, y, z 1a mot hoan wi tuy y cia bd sb (x, v, z) via
tim dugc. O

Bai toan 4.23. Chiing minh réng neu i, b, c 2n0ithi

1 1 1 9
> .
a2+ab+b2+b2+bc+c2+cz+ca+a2 ~(a+b+0)?

Qhﬁngminh. Datp=a +b+c,g=ab+bc+ca,var =abc. Chonp=1,chay
rang
a* +abpb? = (a+b)>—ab=(1-c)>—ab=1—-c—q.

Bat ddng thiic can chimg minh sé& duogc viét dudi dang

> (I=a q)(1-b-q) 290 —-a—q)(1-b—g)(1—c—q).

cyclic
Nhan phé ngoac, va dé dé tinh toan ta dat m = 1 — g, ta sé dugc
3m? —3m —5 > 9m> — 9m® 4+ 9mg — 9.
Bt dang thic nay lai viét duge dudi dang
9¢° + 64> —3q+9r+1>0,
tuc la
g(B3g+1)2+9r+1—4g>0.

Bat dang thiic nay dung vi theo bt ddng thic Schur, ta ¢6 97 +1 > 4q. Phép
chiing minh hoan tat. O
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Bai toan 4.24. Xét ba sb thuc khong am a, b, ¢ thoa man diéu kién
ab+bc+ca=1,
ching minh ring

L S D S
a+b b+c c+a at+bdcT 7

Chiing minh. Pat p = a+b+c, g = ab+bc+ca, va r = abc. Gid thiét cho ta
g = 1, bat déng thiic cAn chiing minh ¢4 thé viét theo p, g, 7 nhu sau
2
L 1,
p—r P
Bat déng thic nay c6 thé viét dusi dang f(p) = p® —2p2 +r(1+2p) > 0.
Néu p > 2 thi bat déng thitc f(p) > 0 hién nhién ding. Bay gid ta chi cAn xét
V3<p<2
Theo bat dfmg thic 1. Schur, ta c6 r > M’T_ps. Do/do,

4p — p°
fp) > p* -2 (s 2p).

Vé phai bat dang thic trén lai viet duoc dudi dang —2p(p —2)(p — 1)% > 0.
Diéu nay ding véi V3 < p < 2. Tir d6 suyra f(p) > 0. Phép chiing minh hoan
tat. O

Bai toan 4.25. Cho ba 6 thuc duong x, y, z thdéa man x + y + z = 1, chting minh
rang

1<t Y z

9
< Z.
_1—yz+1—zx+1—xy_8

Chifng minh. Bat dang thitc bén vé tri 1a hién nhién. Ta sé chiing minh bt ding
thic bén phai. Tadat p = x+y+z,q = xy+yz+zx, var = xyz. Cha y cac
déng thiic sau day

Py 422 =p* -2,
x3+y3+z3 = p(p* —3q) +3r.

Bt ddng thic can chimg minh sé& c6 dang (theo p, q,7)
9
p—(p* —20) +p(p* —3q) +3r+r(p* —29) < c(1—q—pr—1r*).
Vip =1nén bat déng thuc trén lai thu gon dugc ve dang

9r% + 8r — 16qr — 24q + 151 + 259 < 1,
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hay la
9r% +23r +q — 16qr < 1.

Xét ham sb
f(r) =9 +r(23 —169) + ¢,

trén m\ién (0, 7%/3]. Tinh dao ham, ta ¢6 f'(r) = 18r +23 — 16q. Dé thay ham
f(r) dong bién, suy ra f(r) < f(4%/3). Lai cha y rang

16 23
F@)3) =q" -5 a° + 30 +q
Bat ddng thic f(42/3) < 1 tuong duong vdi

(3 —1)(q° —5¢* + 64 +3) <0,

hay la
(37 -1)(q(q —2)(q -3) +3)=0.
Bt ddng thic nay diing. Phép ching minh hoan tat. O

Bat déng thiic sau day c6 diu ding thie tai mot gia tri bién. Thé nhung
phuong phéap biéu dien qua ham doi xing so cap van ¢o tac dung.

Bai toan 4.26. Chiing minh r::fmg néu a,b,c > 0 thi

ab+4bc+ca . be+4ca+ab ca+ 4ab+ be
+ >
a2 + be b2 + ca c2+ab

?hléfng minh. Pat p =a+b-+c,q=ab+bc+ca, var = abc. Chon p =1, ta chu
y rang
a(b® + )+ b(c® + a3) +c(a® +b%) +abc(a+b+c) = q(1—2q).
Bat dang thiie ¢An chimg minh c6 thé viét duge dudi dang
7qr —12r* > 4q° — ¢°.

Theo bat dang thtic Schur, thi 97 > 49 —1.Vi1/3 > g > Onén 1.9rq > ¢%(49-1),
hay la

(4.14) 3rq > 4¢° — g%
Mat khac, g > 9r, suy ra
(4.15) 4rq > 361* > 1212,
Tix (4.14) va (4.15) ta suy ra
7rq — 12r% > 4q3 — qz.
Phép chiing minh hoan tat. O
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Bai toan 4.27. Xét ba sb thuc khéng am x, y, z thoa man diéu kién x + y+z=1,
ching minh rang

xy+yz+zx > 12(x° + y° + 22) (¥ + y?2? + 22xP).
Hdi diu dang thiic xay ra khi nao?

Chitng minh. Dat p = x+y +z,q = xy + yz + zx, va r = xyz. Bat dang thtic can
chiing minh ¢6 thé viét dudi dang

(4.16) q>12(1—3q +37r)(q* —2r).

Néu q> L do0<r< 4/9 nén ta chi can chiing minh
q\ 2
. > — = .
(4.17) q_12(1 3q+3)q

That vay, bat déng thtic (4.17) tuong duong vé6i 1> 4q(3 — 8q). )
Xét ham f(q) = 12g — 32¢%. Dé ching minh dugt f(q) la-ham nghich bién,
suy ra

fa) <4(3)=1
Néu0 < g < %, ta c6 bat ding thiie (4.16) tuong duong véi
q > 12¢%(1 —3q) + 12r(3g% + 69 — 2) — 721°.
Bét dang thtic nay ding boi vi
12q(1 - 3¢) = 4.34(1 - 3q) < B9+ (1-3¢))* = 1.

Suy ra 12¢2(1=3q) < g va 0 < g < 1 nén 3% + 69 — 2 < 0. Phép chiing minh
ho\ém tat. Déng thuc xay ra tai ba diém c6 toa dd khac nhau. Ban doc tu kiém tra
diéu nay. O

Bai toan 4.28. Tim s6 a nhd nhét sao cho bt déng thiic sau ding véi moi x, v, z
khong am

3-a

x+y+z\" [xy+yz+zx\ 2 < (x+y)(y+z)(z+x)
3 3 - 8

Chitng minh. L&i gidi sau day cta tac gia cong tac Vo Qudc Ba Can. Gid stra = A

la gia tri nho nhat can tim, chox =y =1vaz — 0, ta c6

_ 3In3—-4In2
~ 2In2—-1n3 "
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By gi0 ta sé chiing minh bt déng thitc diing véi gid tri a vita tim dugc. Dat
p=x+y+z,xy+yz+zx=gq,vaxyz=r,chonp =1 thitacé% >q>9r. Bat
déng thiic cAn chiing minh trg thanh

Ta xét hai truong hop.
Neu 1 > 44 > 0 thi

3-A A1
8q 7 a8 S| 34 8 1\ 7
S (W‘W)z“(“ﬁ‘@ )‘0'

Néu % >q> %, thi ap dung bat dfmg thitc Schur, ta c6 r > ¥-1 i vay

w

9
49-1  8¢°7 8g° By k1l
> —g = —
f 9 + 3% q 332’\ 9
Pit
8477 5941
fla): R
Tinh dao ham
oo 4B 5
f (‘7) = q}\Tq'B}wg 9
Dé kiém tra dugc 1a f/(4) la ham gidm, nhung f/(1) < 0va f/(1) > 0, thé thi
ton tai duy nhatgy.€ (1,4) ctia phuong trinh f'(g) = 0. Thanh thd, ta ¢6

()1 (3)

Lai ¢6 f(4) = f(1) = 0. Do d6 f(q) > 0. Vay, gié tri nhd nhat cta a la

~_3In3-4In2
min = 52 —In3
Phép chiing minh hoan tat. O

Bai toan 4.29. Xét ba s6 thuc khong am x, y, z, thda man x + y +z = 1, ching
minh rang

(P + ) (P +22) (22 +4) < 31—2
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Chiing minh. Pat p = x +y +z,q = xy + yz +zx, va r = xyz. Chd y bién déi
sau

Pyt = (-2 -2xy=1-z-2(1-2)-2xy
= l1l-z—xy—q.

Tuong tu, taciing c6 y> +z> =1—x—yz—¢q, 22 +x> =1 —y — zx — q. T d6,
bt dang thic can chimg minh 6 thé viét dudi dang
1
A—g-x—yz)(1-q-y-z)(l1-g—z—xy) < 5.
St dung cac dang thtic
xy(x+y) +yz(y+2) +zx(z+2) =q-3r, (xy)*+ (§2)° + (zx)7= ¢* = 21,

ta viét bat dang thiic trén dudi dang

1
(1-9°-(1-9*A+q) +2(1-q)fg—7) £4° — "+ 27 < .
Khai trién va bién déi tuong duong che ta bat dang thic

g4 20324 r “lg) < 3

Néu g < % thi dé c¢6 g% =~ 2¢° < 31—2 Tix d6 o diéu phai chiing minh.
Néu q> %, st dung bat déng thue Schur, ta c6 r > 4‘79—_1, xét ham
f(r)=¢> —2¢" —r(2+r—4q), trén (0,4/9].
Tinh dao ham, f'(r) =4g 2 — 2r. Dé thdy f'(r) < 0vig < 1. Suy ra ham f(r)
nghich bien, tu do
49 -1 1
AR (—‘79 ) =q* - 24 - o7 (49— 1) (17 - 329).

Xétham h(q) = 81(4> —243) + (329 —17)(4g —1).Ti dao ham 1/ (q) = —4864>
+418g — 100. Dé thay /'(q) < 0, do d6 h(q) < h(1) = 8. Suy ra

f<><f(4q‘1)s;—2.

Phép chiing minh hoan tat. O

Bét dang thic quan trong nhit trong muc vita rdi la bat dang thic Schur. N6
cho ta moét lién hé chat gitta cac bien mdi p, g, 7. Trong nhiing truong hop kho
nhat, cong cu dao ham c6 thé giai quyet tron ven bai toan.
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Bai toan 4.30. Xét ba sb thuc duong x, y, z thda man diéu kién x2 + y2 +22=1,
chtin minh rang

9 1 1 1 27
<

< .
4~ 1+xy+1+yz+1—|—zx ~4(x+y+2)?

Bai toan 4.31. Xét ba s6 thuc khong am x, , z, chiing minh rang

(x+y+z)52( B4 y? +2) (xy + yz + 2x).

9 ) (
46 -9
Bai toan 4.32. Chiing minh réng néua,b,cla do dai canh ctia mét tam giac thi

(a —b)? (b—c)? (c—a)?
a2+ab+b%2  b2+bc+c?2 24cata?

Bai toan 4.33. Chiing minh rang néu x, y,z > 0 thi

D3
x Y o Z L, xyz >0,

y+z+z+x x+y (x+y)(y+z)(z+%)

Bai toan 4.34. Cho ba sb thuc khong am x, 1,z thoa man xy + yz + zx = 3.
Ching minh rang
2+ y? +z° $3xyz > 6

4.5 Tinh chat ham bac ba va da thitc d6i xing

Bat ding thuc Schur da cho ta mot quan hé gita ba dai lugng p, g, va r.
Béy gio ta xét den mot quan hé mdi ctia ching. Xét ba so thuc a,b, ¢ thod man
a+b+c=1,ta débiétkétqué coban la ab + bc + ca < % batab+ bc+ca =
1_Tt2, t > 0, ta da tim duoc gia tri Ion nhat cda r = abc theo t. Néu t = 0 thi
a=b=c= % nénr = % Néu t # 0, va trong ba s a,b, ¢ ¢6 nhiéu nhét 14 hai
so bangihau, ta xet ham

2

f)=(x—a)(x—b)(x—c) =23 —x*+ x — abc.

Tinh dao ham

, ) 1—#2
fi(x) =3x"—2x+ 7

Tir d6 suy ra f'(x) d6i ddu tai hai diém x = 14, x = 1L,

Lap bang bién thién, ta c6 gia tri cuc dai, cuc tiéu lan luot 1a

_ _1\2
Frnae :f(l . t): (1 t)2(71—|—2t) _abe,
T+ty  (1+8H)2(1-2¢t)
fmin:f( 3 ): 57 — abc.
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(5}

Vi f(x) c6 ba nghiém phan biét nén gid tri cuc dai va gia tri cuc tiéu phai trai
dau. Vi hé s0 16n nhat trong da thuc f(x) duong nén fmax > 0, va fiin < 0. Ttc
la

(1+ t);(71 —2t) < abe < (1— t);(71 +2t)

Tong quét hon, ta c6

Bai toan 4.35. Néuia, b, ¢ la cac sb thuc thébamana+b+c = p,datab+bc+ca =
%(pz —12),t > 0. Ta ¢6

(+t?(p=2t) _ . (p=t)*(p+2t)
27 == 27

Ta c6 thé ching minh két qué trén theo cach khac. 3

3Chu y dong nhét thic sau

0< (a—b)2(b—c)?(c—a)®=—27r"+2(1-3¢*)r + %(1 — )% (44% - 1)

1
= — 55 (277 = (1= 9)*(1+29)) (277 — (1 +9)*(1 - 29)).
Cht ¥ rang vi g > 0 nén (1+4)2(1 —29) < (1—4)%(1 +24)?, do d6 theo dinh ly vé& dau tam thiic
béc hai, ta phai ¢6
201 _ _ 52
(14+1)2(1—2t) < abe < (1—-1)2(1+2t)
27 27
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Bai toan 4.36. Xét ba s thuc khong am a, b, ¢ thda man a +b +c = 1, dat

g=ab+bc+ca, r=abc,
ching minh ring
1

<
=77

(1-3t>+28),
trong d6 q = (1 —#2).
Chitng minh. Xét ham sb f(c), véi

1—+#2

fle)=abe—c | 155 1 -0)].

Néu 0 <t <1 thi

—_

(1=t} —c(1-¢)>0

W

khi ¢ € [0, 1], bay git dé thod man diéu kién Viet; tic 1a

3

(1—c)?—4 {1(1—#)%(1—@] >0

Bt dang thic nay cho ta
1-2¢ 1+ 2f
— S c<——.
V @ &
Tinh dao ham ham f(c) ta duge

). = 3¢%% 2c + %(1 — %),

Do d6 f'(c) = 0 khi va chi khi c = £(1 £ t). Lap béng bién thién, suy ra

1-+ 1 s s
(=)= —=(1— ,
f < f(5=)= (1 -3 +28)
Néu % <t <1 thita van phai c6 diéu kién
0§—1_2t<c<1+2t<1.

3 - - 3 ~
Hon ntta, dé ¢6 ab > 0 thi

%(1—t2)—c(1—c)20.

Bat déng thiacnay chotal > ¢ > %(1 + #) hoac 0 < ¢

Chu y r::fmg

IN
SIS
/~

—_

|

=

-
w‘ IN
—_
—
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Tit d6, 1ap bang bién thién, va ta van c6

o) < i7(1 _32 4 28).

Phép chiing minh hoan tat. O
Bai toan 4.37. Xét ba sb thuc a, b, ¢ thod man a2 + b2 +¢2 =9, ching minh réng
2(a+b+c)—abc <10.

Chifng minh. Diéu kién bai toan cho ta p? 4 2t> = 9. Bt dang thtic can ching
minh c¢6 dang
2p —r < 10.

Theo két qua trén

1 5t2 +27) + 213
21 <2p— o (pt D2(p - 20) = LEE T E2E

Thanh thd, ta can chiing minh

p(5t% +27) < 270 — 2¢3]
Binh phuong hai vé cho ta
(270 — 2t3)2 > pP(5t% +27)2,

hay la
27(t —B)? (2% 4 1243 + 4982 + 146t +219) > 0.
Bat dang thic nay ding: Phép ching minh hoan tt. O

Bai toan 4.38. Chiing minh r:?mg néua,b,c >0 thi
(ab+ be + ca)(@-+b + €)% + 48(ab + bc + ca)abe — 25abc(a+ b+ c)? > 0.
Hoi dau dang thiie xay ra khi nao?

Chitng minh. Khong mat tong quét, chon a + b + ¢ = 1, khi d6 bat dang thic can
ching minh ¢6 dang

1_t2+16(1—t2) > 25
3r -
Theo bd dé 4.35 ta ¢6
112 9(1+t)
3r T (1-t)(1+2t)°
Lai Chﬁ}?rﬁng
2 _1)2
o1 +t) +16(1—12) = 26— 1)° 4 25.

1-t(1+2b) 1-t)(1+2t)

Tix d6 suy ra diéu phai chiing minh. Dang thic xay ra khi t = 0, hodc t = 1,
nghia la hodc a = b = ¢, hoac 2a = b = ¢ hodc cac hoan vi. O
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Bai toan 4.39. Chiing minh réng néua,b,c > 0 thi

%(a + b +¢)3(ab + be + ca) + abe(a + b + ¢)? > 10abe(a® + b* + c2).

Chiing minh. Dat p =a+b+c, q = ab+ bc+ ca, va r = abc. Chon p = 1, thi bat
déng thitc cAn chiing minh ¢4 thé viét dugc dudi dang

%q +20gr —9r > 0.
Vig < % nén 20 — 9 < 0, va st dung két qua bai toan (4.36), ta c6
8 1 ’ 4
flg) > 574+ E(ZOq —9)(1 -3t +2t").
Lai luu ¥ rdng g = % (1 — t2), nén ta c6 thé chuyén viée ching minh f(q) > 0 vé

1
%(1 — ) — a(1- 312 4 213) (7 +20t2) > 0.

Bt ddng thic nay tuong duong véi
(1 —4) (2t <1)%(10#* 564 1) > 0.
Bét dang thiic nay ding véi t € [0, 1]. O
Bai toan 4.40. Xét ba sb thue khong 4m a, b, ¢, hay tim s0 k nho nhét sao cho
(ab+bc 4 ca)(abe+ a® + 0% +3) < k(a+b+c)°.

Chitng minh. Dat p = @+ b+c, g = ab+ bc +ca, va r = abc. Ta c6 thé chon
p =1, va bt dang thic trém c6 thé viét dudi dang

(1+4r—3q)q <k

Xét ham f(q) = (1 + 4r — 3q)q. S& dung két qua bai toan (4.36), ta dugc
1 2 4 2 3 2
flg) <z(1—-#t) |=(1-3t"42t°)+1—(1—+t)
3 27
Ta can tim gia tri 16n nhat cta F(t), v6i

(1-£) {%(1 =32 4+26) +1— (1~ tz)}

Q=

F(t) =

(1—12)(4+ 1582+ 81%).

%~
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Dat 81F(t) = g(t), khdo sat ham g(t), ta c6 g'(t) = —40t* — 6013 + 24> + 22¢.
Phuong trinh ¢'(t) = 0 tuong duong vdi

—2t(2t+1)(10£* + 10t — 11) = 0.

Lap bang bién thién ctia ham g(t) trén t € [0, 1] ta suy ra

3/15-5
80 <8(=5—):
T d6 suy ra
1 /3/15-5
k= 8—1g(T)N 0.0894.

Bai toan 4.41. Chiing minh réng néua,b,c > 0 thi
(a4b+¢)® >13.5(a®+ % + ) (a®b + bPc +2a + ab® | bc? + ca®).

Déng thuc xay ra khi va chi khi a, b, ¢ la mot hoan vi ¢uia (0, 3_T\/§t, 3+T\@t)

Bai toan 4.42. Xét ba s6 thuc khong am a,b, ¢ va 0 < £< 15. Ching minh ring

1 n 1 n 1 b t 9+t
(a+b)2  (b+c)2 (c+a)2 (a+tb+c)2 ~ 4(ab+bc+ca)

Chitng minh. Dat p = a+b+ ¢, q = ab | bc + ca, va r = abc. Bat dang thitc cAn
ching minh dugc viet dudi dang

2 2
(P +q) _ Ay 90t
pg—r pa—r p 4q
Dé cho gon, ta chon p= 1 va xét ham
f) =490 — 29+ ¢* +4r) +4qt(q —1)* = (9 +1)(q —1)* > 0.

Néu 0 < g < g thi f(r) > f(0) > 0.Néug > 1, ditg = 1(1—x2),v6i0 < x < 3,
tacor > (1+A) (1 —2x)/27 nén

(14 x)%(1 —2x)
>
s = (L2220,
ta ki hiéu xy = w va tinh
64, 32 5 140, 4 152 5 140 32 16
flxo) = 2357t + 51¥ T 79 ~ 2187 2187 +729t 2187

B a 645 16, 565, 32 5 352 ,
27 81 81 81 2187 2187
4(14x)(2x — 1) (x — 2)2(2tx* — 5tx3 + 54x% — 3tx? +8tx+4t)

2187




4.6. Dinh ly Rolle va ung dung 147

Lai chti y rang 54x% > 3tx? va 4t > 5tx% nén suy ra da thiic trong ngodc cudi
cung trén tu cta f(xg) khéong am. T d6 suy ra f(xg) > 0. Phép ching minh
hoan tat. L
Bai toan 4.43. Cho ba s6 thuc duong x, y, z thda man

1+1+1
1+x 14+y 1+z

7

ching minh ré“mg
1 n 1 n 1
24xy  2+4yz  2+4zx

<2
— 3
Hay chi ra tit c cac trudng hop c6 dang thic.

Bai toan 4.44. Chung minh r::fmg néua,b,c > 0 thi

1 n 1 n 1 < a+b+c i 1 " 1
a?4+bc b>+ca 2+ab ~ab+bc+ca\a+b b+c c+a)’

4.6 Dinh ly Rolle va ung dung

Trén day ta da gidi quyét dugc mot 16p céac bat df?mg thiic ba bién. Cau héi
tu nhién ndy sinh sé la gidl nhiing bai 6 so bitn nhieu hon, hodc chi it cing la
nhieu hon mot bien. Muc nay sé khai thdac dinh ly Rolle dé chuyén viéc chung
minh bat dang thic bbn bifn s6 vé ba bién sb. Véi cach nay, ta ciing giai quyét
dugc nhiéu bt ddng thiic da thiic bn bién.

Dinh 1y 4.2 (Dinh ly Rolle). G sit rang f : [a,b] — R la lién tuc trén [a, b] va khd
vi trén (a,b). New f(a) = [(b), thi ton tai mdt so ¢ thudc (a,b) sao cho f'(c) = 0.

Dinh 1y Rolle quan trong vé mat ly thuyét, va mot s6 bs dé hitu ich ciing 6
thé rit ra fir dinh 1y nay. 4
Sau day ta xét mot so ung dung giai toan.

Bai toan 4.45. Ching minh réng néua,b,c,d >0 thi

i/abc—kbcd—kcda—i—dab - \/ab+bc+cd+du+ac+db
4 - 6 ’

Chitng minh. Vi a,b,c,d 1a bdn sb thuc khong am tuy ¥ nén chiing c6 thé 1a
nghiém ctia da thuc

f(x) = (x=a)(x = b)(x —c)(x — d).

4Néu f 1a mot ham lién tuc va kha vi, ching han trén [a, b} va néu x va x7 1a céc nghiém ctia
a<x; <x <b,thif c6mdtnghiém nam gifta x; va x,. Tong quét hon, néu f c6 n nghlem phan
biét trong [a, b] thi f' ¢6 it nhét n — 1 nghiém (nhing nghlem ndy xen véi cac nghiém cta f), f” c6
it nhat n — 2 nghiém (v6i gia st rang f’ lién tuc, kha vi trén [a,b], v v...)
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Khai trién da thic, ta thu dugc

f(x) =x* —x*(a+b+c+d)+ x*(ab + bc + cd + da + ac + bd)
— x(abc + bed + cda + dab) + abed,

:x4—px3+qx2—rx+s.

Ham f(x) 1a lién tuc va kha vi. Theo dinh ly Rolle thi f'(x) s& c6 ba nghiém.
Diéu doé c6 nghia la ton tai cac so thuc khong am u, v, w sao cho

fl(x) =4(x —u)(x—0)(x —w).

Khai trién da thic ta duoc

(4.18) %f’(x) =3 — (u+ 04 w)x® + (o 4 wo + wu)x + uvw.
Ta c6 lai
(4.19) f(x) = 4x® — 3px? 4+ 2¢2% .

So sanh cac hé sb trong (4.18) va (4.19) ta c6 dong nhat thitic

u+v+w:%(a+b+c+d),
uv + oW + uw = %(ab—kbc—i—cd—kda—i—ac—kbd),
How = %(abc—i—bcd—kcda—i—dab).

Vi ba s6 thuc khéng am u, v, w ta c6 theo bt ding thiic gitia trung binh cong
va trung binh nhan thi

Tix day va cac dong nhét thiic ta c6 diéu phai chiing minh. O

Bai toan 4.46. Xét bon sb thuc khong am a4, b, ¢, d thda man
b+ +d =1,
ching minh ré"mg
a+b+c+d>a®+b0°+c+d°+ab+be+cd+da+ ac+ bd.

Chifng minh. D& tién cho tinh toan, ta c6 thé d6i bién dé chuyén bat ddng thic
can ching minh vé dang

d(a+b+c+d)>a®+b% 4+ +d%+2(ab+be +cd + da+ ac + bd),
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trong d6 a,b,c,d > 0 va a® + b% + c2 + d?> = 4. Diéu kién gia thiét c6 thé viét lai
dudi dang
p*+3t2=9.

Chd ¥ rang
@+ + 4+ d®=a®+ b+ 3+ d° + 3(abe + bed + cda + dab)
—3(a+b+c+d)(ab+bc+cd+da+ac+ bd).
Do d6 ta c6 thé viét
P+l = —Epg—i— §p)fz—i— 12r
27 3 ’
Bat ddng thic can chimg minh dugc viét dudi dang

16 8 5 8 , peE 12
. —p>—— = 4 .
(4.21) R 14 +3pt +12r + < 3

St dung gia thiét p? + 3t2 = 9, ta ddng bac hoa bt dang thic (4.21) vé dang

6p° > —10pt* + 81r + 3(p* — t7)1/ p? + 3t2.

Day 1a bat déng thiic dong bic, ta c6 the gia st p = 1. Vi —10pt* < 0 nén bay
gio ta chi can chiing minh
2 227r 4+ (1 —t2)/1 4 3¢2,
Str dung bé dé 4.35 ta co
< (1—1)2(1+2¢)

T_—27 .

Do d6, ta s6 can chi ra réng
2> (1—1)2(142t) + (1 —2)V1 + 3¢

Bat dang thiic nay tuong duong véi 1+ 3t2 — 23 > (1 — t?)y/1 + 3t2. Binh
phuong hai vé cho ta

(1432 -263)2 — (1 —12)2(1 +3t2) = 2[(t — 1)* + 8t2(1 — ) + 4] > 0.

Bat déng thic nay ding. Dang thitc xdy rakhi t = 0, ticlaa =b=c=d = %
Phép chiing minh hoan tat. O
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4.7 Chon bién s6 nhé nhit, bién sb 16n nhat

Dua trén tinh ddng bac, tinh binh dang gitta cac bién s, ta sé sap thu tu va
chon phan tit 16n nhat hodc nhod nhat, tir d6 gidam dan bién s6. Véi cach nay ta
tham chi khong can st dung dén dinh 1y Rolle, va giai quyét duge mét 16p cac
b4t dang thiic bbn bién sb.

Bai toan 4.47. Chting minh rang vdi a,b,c,d > 0 thi
3(at + b+t +d*) +dabed > (a+b+c+d)(a®+ 03+ 3 +d%).

Chitng minh. Néu mét trong bdn s6 a, b, ¢, d bang 0 thi bat ddng thiic cAn chiing
minh hién nhién dang. Xét truong hop a,b,c,d > 0, vi tinh dong bac nén ta co
thé chon

(4.22) d = min{a,b,c,d} =1.
Khi d6, bt ddng thic can chiing minh trg thanh
(4.23) 3(a* +b* 4 c* +1) +4abc > (a4 b +c4 1) (@ +0°+3+1).

Ditp =a+b+c,g=ab+bc+ca, r=abc, vi (422) nen p > 3. Biéu dién theo
p,q,1, chiy rang

at bt = (p? 25— 2(q° —2pr), @+ b2+ = p(p* —3q) + 31,
bt ding thic (4.23) 6 thé viét dudi dang
(4.24) 2p* — p?—p = 2-9p%)+3pq + 64° + 9pr +7 > 0.
Theo b6 dé 4.35, ta c6

Ta can ching minh

Bt ddng thic nay tuong duong véi
(4.25) (p—3)%(p+6) +2t>(9p* — 15p — Ipt + 9> — ) > 0.
Vi p >3 nén 6p? > 18p > 15p +t, va 3p? + 9t> > 9Ipt, suy ra
9p? —15p — 9pt +9t> —t > 0.
Tir day suy ra (4.25) dting. Phép chiing minh hoan tat. O
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Bai toan 4.48. Chiing minh réng néua,b,c,d > 0 thi
(a+b+c+d)* +176abed > 27(a+ b + c + d) (abc + bed + cda + dab).

Chitng minh. Néu mot trong cac sb bang khong, ta c¢6 ngay diéu phéi ching
minh. Khi cac so déeu duong, ta gia su

d = min{a,b,c,d} =1.
Khi d6, ta can chiing minh
(a4+b+c+1)* +176abc > 27(a+ b+ c + 1) (abc + ab + ac + bc).

Ditp=a+b+c, q=ab+bc+ca, var=abc. Taco p > 4, bat dang thic trén
c6 dang

(4.26) pt+4ap® +6p> +4p+1—27pq — 27q + (149 — 27p)r > 0.

bétg = %(pz —12),0 <t < p, ta c6 theo bd dé 4.35

(P+1)*(p—2t) _ _ (Pot)*(pek2t)
27 & 27 '

Néu 3 < p < % thi 149 — 27p-> 0, sau khi st dung bd dé, bién ddi tuong
duong, dé chiing minh (4.26) ta can

1 68 298
—(14 £38)2 4 2 _ — — ——t+2pt) >0.
27( p+3)(ps3)°+ <3p 9p+9 bt p)_O
Bt dang thtc
68 298
2
_ 2 _ =2 >
85— G p+9 - St 2pt 20

dugc chiing minh bing cach cong cac bat ddng thiic ding cting chiéu

14 14 40 136
2 > 02> 2y 2pt>6t, —p? > ¢
prEY206p, Sopt 2 gp, 2pE2 6L Sopt 2 55

Néu 149 — 27p < 0 thi d€ ching minh (4.26) ta can

i(14p+3)(p—3)2+t2 (3p2— @p+9+@t—2pt) > 0.

27 9 27
Xét ham 68 208
— 1,2 29 i
f(p)=3p 9p—|—9+ 7t 2pt.
Tinh dao ham,
68

fip) =6p— 5 -2t
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Vit<pvap> 42 neén f/(p) > 0.Suy raham f(p) dong bién trén [max(t, 52),

+00). Suy ra
149
> — ) >0.
flp)>f (max(t, 7 )) >0
Phép chiing minh hoan tat. ® O

Bai toan 4.49. Gia st p, q,7,s 1a cac s6 thuc sao cho phuong trinh sau day c6 bon
nghiém thuc khong am, khong nhat thiét phan biét

e pd g —rx+s=0.
Chitng minh rang 3pr < 12s + g2.

Chitng minh. Theo cach lam trong bai trén day, ta chuyén ve viée chiing minh
bat déng thic sau véi cac s6 thuc khong am a, b, c,d

3(a+b+c+d)(abc + bed + cda 4 dab) < 12abed +(ab -+ be + cd+ da + ac + bd)>.

Néu mét trong bén sb bing khong, thi bt ding thiic hién nhién diing. Néu
a,b,c,d > 0 thi ta c6 thé gia su

d = min{a,b,c,d} = 1.
Khi d6, bat déng thic trd thanh
(4.27) (ab+bc+ca+a+b+c)* +12abc >3(a+b+c+1)(abc + ab + be + ca).

Ditp=a+b+c,q=ab{bc+car=abe, thé thi p > 3. Bat dang thiic (4.27)
c6 dang
(p+a)"F12r > 3(1+ p)(r+19),
hay la
popat+qt =37+ (9-3p)r=0.
bétg = %(pz—tz), do0<t<p,thitacod

L3 2 3
< —3pt” +21°).
1S 5o (p7 = 3ptt 4 2r)
Vi9 —3p < 0 nén ta can chiing minh

1 1
=B =) 4 5 (07 =22 = (1P )+ (9= 3p) ("~ 3pt? +28) 2 0.

5Bai toan nay con c6 thé phat biéu dudi dang khéc. Gia st p,q,7,s 1a cac s6 thuc sao cho phuong
trinh sau day c6 bon nghiém thuc khéng am, khong nhat thiet phan biét

xt—pd 4 gx® —rx+s=0.

Chiing minh rﬁng
p*+176s > 27pr.
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Bét dang thtic nay tuong duong véi mbi
p?t2 — 6pt* + t* + 912 461> — 2pt° > 0.

D& thdy ring c6 thé viét bit ding thiic nay dudi dang t2(p — t — 3)3 > 0. Phép
ching minh hoan tit. Dang thic xdy ra khi (1,1,1,1) hodc (0,1,1,1), hodc
(0,0,0,1), hoac (x,x,x,1) véi x > 0 bat ky O

Bai toan 4.50. Gia st p, q,7,s 1a cac s6 thuc sao cho phuong trinh sau day c6 bon
nghiém thuc khong am, khong nhat thiét phan biét

xt—px® 4 gx® —rx+5=0.
Chiing minh rang p* + 32s > 3p2q.

Chiing minh. Ta c6 thé chuyén bai toan vé dang sau day. Xét bon so thuc khong
am a, b, c,d thoa man
a+b+c+d=1,

chiing minh rang
1+ 32abed > 3(ab + be + cd + da +ac + bd).

Néu mot trong bdn sb bing khong thi bat ding thic hién nhién ding theo bat
déng thiic Cauchy. Ta c6 thé viét bat ding thiie can chiing minh dudi dang dong
bac

(4.28) (a+b+c+d)*+32abcd > 3(a+b+c+d)*(ab+be + cd +da+ac +bd).
Xét cac sb thuc duong, vi tinh ddng bac nén ta c6 thé gia st
(4.29) d =min(a,b,c,d) =
Khi d6 bat'dang thitc (4.28) c6 thé viét dudi dang
(a+b+c+1)" +32abc >3(a+b+c+1)%(ab+bc+cat+a+b+c).

Datp=a+b+c¢,q=ab+bc+ca, var =abc. Vi(429) nén p > 3,vaq > 3. Véi
cach dit nay, ta viet bat ddng thic dudi dang

(p+1)*+32r > 3(p+1)*(q+p).
Khai trién bat ding thic nay ta dugc
p*+ P+ p+1-3p%g—6pg—3q+32r > 0.
batg=1(p?—12),0<t<p.Tacd

> 1 o= L3 32 0P
> = (p+D%(p—2t) = - (p° = 3pt* —28%).
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Do do, ta can ching minh

32
PP Hp 1P (PP =) = 2p(pP = 17) — (0P = ) + o (p° = 3pt* —28°) > 0.
Bt ddng thic nay lai tuong duong véi mdi bat dang thitc

14 64
S R I s S )

27" 9 27

Nhém nhén tu chung cho ta

1 s o 14 64
) —(5p+ —3)°+ +1——p——t|>0.
(4.30) 77 (5p+3)(p—3)" +t <P l1=3p 27t)_0

Mat khac, vi p > 3nén 22p? > 4p, vag= 1(p? - #?) >3 nén p* = 2 +9. Suy
ra, theo bat dang thitc AM-GM

Bry1>Bp 1000,
277 =yt 3 ot

Dén day, ta thu dugc
64

p2+1-— p N —t > 0.
(0, ;, ;, —) hodc cac hoén vi cia nd. O
Bai toan 4.51. Xét bén so thuc khong am a4, b, ¢, d thda man
P+ +dr =1,
ching minh ring
AP+ +81—a)(1-b)(1—c)(1—d) > 1.
C@Lfngminh. bBata = 1-xb=1-yc=1-zvad=1-tthixyzte [0,1].
Bat dang thuc ¢afi chiing minh 6 thé viét dudi dang
A—2P+1-y)>+1—-2°+(1—1t)%+8xyzt > 1.
biéu kién ban dau trd thanh
h 4242 -2y +z+)+3=0.
bat
p=x+y+z+i,

q=xy+yz+zt+tx+ yt+zx,
r = xyz+ yzt + ztx + txy.
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Ta viét diéu kién rang budc cua bai toan dudi dang
p2—2q—3p—|—3 =0.

Theo bai toan (4.48), ta c6

27pr — p*
>zt P
xyzt > 176
Ta lai ¢6 ©
1 1 8 1 1 8
431 P2 B << 3 2 248,
(4.31) T U A V3 A U

V6i chu y r?mg B4y 224+ 13 = p(p® — 3q) + 3r, bat ding thic cAn ching
minh c6 thé viét theo p,q,t

3—3p+3p> — p° +3pg — 6q — 3r +Bxyzt = 0.

Tir két qué bai toan (4.48), dé c6 bat ddng thitc cAn chifitg minh, ta chi can ching
to rang

27 1
_ 2_ .3 e A
3-3p+3p~—p’°+3pg—6q 3r+22p1 P > 0.

Tit diéu kién rang budc ctia bai toan suy ra g = % P —p+ %, thanh thi ta sé can
ching minh

1 4 1o 5 15 9
. —— —pd— —p- —p—1|>0.
(4.32) P +2p 3p° + > P 6+37(22p 1) >0

Ta xét hai kha nang.
Néu %p — 1.0, d€ ¢6 (4.32), ta can ching to

1 4 15 5 15 1 5 1 , 83 9
- —p’ = —p— —p°— = — —p—1)>0.
P +2p 3p° + > P 6+3(16p 3pt +27t 5P 1)>0

®Phuong trinh X* — X3 4+ gX2 — rX + xyzt = 0 6 bbn nghiém x,y,z,t > 0. Theo dinh Iy Rolle
thi
X3—2pX2+ﬂX—1 =0

2 4
c6 ba nghiém khéng am. Theo b3 dé 4.35, néu ta dat
3,02 _ 2
Q_(zlﬂ)—t _ 3,5 2, <<§
2= 3 ,suyraq—Sp 3t,O_t_4p.
ta c6

Gr+02(Gp-20) _r _ (Fr-0*(EGr+20)
27 4= 27

Khai trién két qué nay cho ta
15 1

8 1 1 8
P TP - P <r< PP — Zp 4+ 15
16F 3P Tl STl TP Ty
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Bét dang thtic nay lai tuong duong véi

1 4 5 3 » 15 8 2 (9
— —p° - —p— —t— —p—-1)>
357 +16p 3p” + > P 6+<9t p)t 14 1) >0,

hay la

1 3 2 2 8
X —(p— + —72p+96) + N —— 1 >0.

Ta cling ching minh dugc
p? +12p% —72p+96 > 0, v6i‘moi p > 0.

Tix d6 suy ra (4.33) dung, tic 1a (4.32) dung.
Néu p > 2. D€ c6 (4.32) ta can chi ra

1, 15 ., 15 L, 1. 8,
—— - - 3 g Zp—1)>0.
2P TP TRt 6+3(16 3t ) (P 1) =0

Bién ddi bt déng thiic nay vé dang

Loy, 5 3 2, B 2
. — — i —p—6— ~1)>0.
(4.34) e +16p 3p- + > 6—t p+ 22p 1)>0
Mat khéc, két hgp diéu kién bai todn va g = 8 - 2 , suy ra

2_3 _2_32 3 _

Thé vao (4.34) ta 6 bat déng thic tuong duong
1 3 8 9
—(p-2)(pP*+12p* - 72 > = (6-p)(p—2 St (=p—1).
35 (P —2)(p” +12p" = 72p +96) 2 7 (6= p)(p )(P+9 ) (2210 )
Gian udc 45 (p — 2) & hai vé va tiép tuc bién déi sé cho ta

3(6—P)(P—2)<
3

19p° — 48p* — 198p + 528 > 6—p)(9p—22).

Chd y rang +/3(6 — p)(p —2) < p. Thuc vay, binh phuong hai vé va dua bat
déng thitc vé dang 4(p — 3)2 > 0.Vay dé c6 (4.34) ta chi cAn ching minh

3(19p° — 48p* — 198p + 528) > p(6 — p)(9p — 22).
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Khai trién va gidn udc ta thu dugce
66p> — 220p* — 462p + 1584 > 0.

Bat dang thiic nay ding vi né c6 thé viét duge dudi dang 22(p —3)%(3p +8) > 0.
Phép chiing minh hoan tit. Ding thitc xay ra khi véi bd sb (a,b,c,d) =

(0,0,0,1), (%,%,%,%) hodc cac hoan vi ctia cac bo. O

Ban doc c6 thé ching minh bai toan ?? theo cach nay. Dudi day 1a cac bai
toan khac.

Bai toan 4.52. Xét cac sbd thuc p, g,r sao cho phuong trinh sau c6 bbn nghiém
(khéng nhat thiet phan biét)

= pd Fgx® + (29— 16)x + 1 =0,
chiing minh rang p > 3q.
Bai toan 4.53. Xét bdn sb thuc khong am a4, b, ¢, d thda man
a?+ b+t +d =1,
chiing minh rang
a* + b 4 ¢t 4t + 1201 ) (T (1 — o) (1 —d) > 1.

Bai toan 4.54. Gia st p, g, 7,s la cac s6 thue sao cho phuong trinh sau day c6 bon
nghiém thuc khong am thoa man p? — 2g = 1, khong nhét thiét phan biét

xt = ppdbgx® —rx+5 =0,
ching minh rang #/s+ 87 > 12.

Bai toan 4.55. Gid st p, g, 75 1a cac sb thuc sao cho phuong trinh sau day c6 bén
nghiém thirc khong 4m, khong nhat thiét phan biét

x4—px3+qx2—rx+s:0.

Ching minh rang 992 < 68s + p* va (p? —29)%/2 + 8ps > 4(p? — 2q)r.

4.8 Bat dang thuc Vornicu-Schur
Pinh ly 4.3 (Bit déng thiic Vornicu-Schur 7). Cho sau sb thuc khong ama,b,c,
x,Y,zsao choa > b > cvahodcx >y > zhodc x <y < z, chiing minh rang

x(a—b)(a—c)+yb—c)(b—a)+z(c—a)(c—b) >0.

7Vornicu Valantine 1a mot nguoi Romania, thanh vién sang l4p dién dan toan hoc toan cau Math-
links.
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Phép chitng minh bt déng thic trén rdt don gidn theo tinh than chimg minh
ctia bat ddng thitc Schur. Tiép theo ta sé van dung bat déng thitc nay dé ching
minh cac ket qua khac.

Bai toan 4.56. Chiing minh rang néu a, b, c duong thi

a>+bc b 4ca c2+ab

> }
b+c c+a a+b Zatbte

Loi gidi. Khong mat tong quat, ta gid stra > b > c. Ta chii y dén dong nhét thic
sau day
a% + be a?+bc—ab—ac (a—b)(a—c)
—a= = .
b+c b+c b+e

Thanh tht, bat dang thic cAn ching minh c6 thé viét dudi dang

x(a=b)(a—c)+ylb—c)(b—a)+z(e—a)lc—b) >0,

trong d6x=1/(b+c),y=1/(a+c), z=1/(a +b):
Chii ¥ rang ta ¢6 x > y > z. Do d6, bat dang thic can ¢hiing minh ding theo
bt ddng thic Vornicu-Schur. O

Bén canh két qua trén, ta con ¢ nhiéu két qua lien quan nhu sau. Ta gop tat
ca cac ket qua dudi bai todn sau day.

Bai toan 4.57. Xét ba s6 thuc 4, b,c, goi x, 1,z la ba sb thuc khong am, diéu kién
cainvadiuchoa,b,c, x, Y,z sao cho bAt déng thic sau diung

x(a=0b)(a—c)+ylb=c)(b—a)+z(c—a)(c—b) >0
la mét trong cac di¢u kién sau théa man
Ha>b>cvax+z>y;
ii) x,y, va z 1a d6 dai canh cia m6t tam gidc nao do;
iii) ax, by, va ¢z la d6 dai canh ctia mét tam giac nao do;
Trong nhiing bai todn d6i xting, ta ludn c6 thé sip thit tu cho bd sb. Va db6i
nhiing bai ¢6 b so khac lién quan cling sap tha tu duge thi luon c6 thé giai
duogc theo cach trén.

Bai toan 4.58. Chiing minh rang néu a, b, c duong thi

a®+abc b3 +abc 3+ abe

S22
b+c c+a a+b 2@+ o
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Bai toan 4.59. Chiing minh réng néua,b,cla do dai canh ctia mét tam giac thi

1 b+c c+a a+b < a+b+c
3\a2+bc b>+ca c2+ab) ~ ab+bc+tca

Déu déng thic Xy ra véi tam gidc déu hodc tam gidc cAn. Hay chi ra ring bat
déng thitc trén khong ding véi s thuc duong néi chung.

Bai toan 4.60. Chiing minh réng néua,b,c >0, thi
(a> = b*)2 4 (b® — 2?2 + (2> = b*)2 > 4(a—b)(b—c)(c—a)(a+ b +c).

Bai toan 4.61. Ching minh rang néu a, b, ¢ 1a 46 dai canh ciia mot tam giac, va
t > 11a mét so thuc thi

(t+1)(a®b +b3c + 3a) > ab® + bc® + ca® + tabc(a+ b+ c).

Bai toan 4.62. Chung minh r?mg néua,b,c, x, y,/z 1a cc 56, thue khong am thda
mana >b>cvax <y < zthi

x(b—c)*(b+c—a)+y(c—a)(c+a—b)+z(a b)*(a+b—c)>0.

Bai toan 4.63. Cho céc sb thuc duong 4, b, ¢, ching minh rang néu k € R, thi

Z (@4 kbc)*(a—b)(a—c) > 0.
cyclic

Bai toan 4.64. Cho cae'so thuc khong.dama,b,c > 0,vaneN,0<k<2n-1,
ching minh rang
z a*(b—c)>"(a—b)(a—c) >0

eyclic

4.9 Phan hoach va gioi han

Trong tiét nay ta xét dén cong cu gidi han dé bién luan va chiing minh bat
déng thic ba bien 6 d6i xing.

Bai toan 4.65. Xét ba sd thuc duong a,b,c. Dat p =a+b+c, q = ab+bc+ca,
va r = abc. Chung minh rang neu p = 1 thi

(1—q)(1—27r) > 6(1+3q)(q* — 3r).
Chitng minh. Néu ta st dung danh gia (4.12) thi ta can ching minh
16(1—q) > 6(1+3q),

hay % > g. Thé thi, néu § > ¢ > 5 thi ta can phai danh gia lai!
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Ta ndy ra y tudng phan hoach doan [}, 1] thanh timg doan nhé rdi danh gia
khi g thudc ting khoang do6. Ta c6 10i giai sau day.

Néu g < % thi bat ddng thitc cAn chiing minh ding (ban doc tu kiém tra diéu
nay).

Néu % >q> % thi ta xét day {«, }5° ; dugc xac dinh nhu sau

a =1,

{on}nin = { 1

Kp+1 = 7(0(;1 + 3)

Dé thay day (ay) ting va Jim_ o, = 3. Thé thi day

{ 3+ ay }
15+ an neN*

cling tdng.

Ta co
3+ 4 1 . 3+ay 343 1

— 2 - D .
5+a; 16 4 nieol5+a, (1543 3

Vig € [1, 3] nén ton tai k € N* sao cho

3+ o < 3+ a1

4. .
( 35) 15+0€k_ _15+“k+1

Tir bit déng thic (4.35), suy ra (15 + og)q — (3 +ag) > 0, hay (3g — 1)[(15 +
o)q — (3 + )] < 0. Nhan khai trién, ta duge bat ding thic
3(15 + ax)g® < (o +6) (49 — 1) +3.

Theo bét ddng thiic Schiir, 49 — 1 < 9r. Do d6 3(15 + ag)g? < (o + 6)9r + 3. Rut
gon bat dang thic trén vé dang

(4.36) (15 + o) (g% — 3r) < 1 —27r.
Ciing tu (4.35), ta suy ra

_Btm _ 3+5(+3)
T 154ogy1 15+ S(eg +3)

Thu gon bat dang thic trén vé dang
(4.37) 184+ 6 < (o +15)(1 —gq).

Nhan hai bat déng thic ciing chiéu (4.36) va (4.37) ta c6 diéu phai chiing minh.
Phép chitng minh hoan tat. O
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Bai toan 4.66. Xét cac s6 thuc khong 4m a, b, ¢, ching minh bat dang thitc
(842 + bc) (8b* + ca)(8c* +ab) < (a+b +c)®.
Hoi déng thiic dat dugc khi nao?
Hudng dan. Chuyén bat dang thic can ching minh vé dang
64q(q* — 3r) < (1 —27r)(1+19r).

Xét day tang {ay }en xac dinh boi

= —+ 12

O

Bﬁi toan 4.67. Xét ba s6 thuc duong a,b, ¢ thdoa mana + b + ¢ = 1, ching minh
rang
1+162(abc)? > 27abc + 54(a”b> + b7+ 3a®).

B\éi toan 4.68. Xét ba sb thuc duong a, b, ¢ théoa man a + b + ¢ = 1, ching minh
rang
7(ab 4+ be + ca)® > 18abe +27(a°b + b3c3 + c2a®).

410 Dang tong cac binh phuong

Bat dang thie x2 > ( 1a phuong tién chiing minh va ngudn gbc ctia nhiéu
bt dang thic. Trong tiétnay, ta tiép tuc khai thac bat dang thic nay. Ta thi suy
nghi theo mot hudng khac 1a tim mot bo s6 p, g, € R sao cho danh gid sau day
van la didng

(4.38) ply—2)2+q(z—x)?+r(x—y)*>0.

Tht nhién véi p, g, 7 1a nhiing s6 thuc duong thi bit ding thic hién nhién ding.
Bay gi ta tinh dén kha ning rang c6 hai hodc mot trong ba s6 p, g, 1a am. Khi
d6, phép chiing minh chua thé ding lai; ta can phai tiép tuc bién luan dé di dén
két qua tuong minh. Cu thé néu ta c6 mot trong ba sb p, g, 7 1a duong, ching han
g, thi ta cAn gi & p,r dé bt dang thic (4.38) 1a ding. BS dé sau day cho ta mot
phuong an tra 16i.

BG dé 1. Ching minh rang néux >y >zvag>0,q+7r>0,4+ p >0 thi

(4.39) p(y—z)2+q(z—x)2+r(x—y)2 > 0.
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Chitng minh. Vitinhthttux > y > znéntaco x —y > 0 va y —z > 0. Thanh
tha,

(x—y+y-2°=(-—y’+2(x-y)(y—2) +(y—2)?
> (x—y)P?+(y—27%
Tu d6 suy ra (x — z)2 > (x — y)2 + (y — z)2. Bét ding thic nay cho théy rang

v6i ba s6 da sap thu tu thi tong binh phuong khoang cach ctia hai s6 gan nhau
khong 16n hon binh phuong khoang cach ctia hai s0 xa nhau nhat. Bay gio st

dung bét ding thiic nay dé c6 danh gia sau

ply—z2)+q(z—x)2+r(x—y)* > (p+9(y—2°+ (g +1)(x—y)* >0
Phép chiing minh hoan tat. O

Nhu vay ta da tim ra mot bd sb thuc p, g, r tot nlidt c6 thé dé bt ding thric
(4.38) van diing. Viéc so sanh cac biéu thic dong bac dbi xing ba bién s6 ma
quy dugc vé dang (4.38) 1a phd bién, dang khac chi 14 hy hiu. Trong da sb cac
truong hop ta phai bién ludn, udc lugng cée biéu fthiic p, g, r. Thao tac nay la
thach thtic cht yéu khi gidi cc bai toan bt dang thue.

Bai toan 4.69. Chiing minh rang néu x, y,z > 0 thi

x2 + y> 1l 8xyz
xytyztze (x+y)ly+z)(z+x) -

Chifng minh. Bat ddng thuc nay cb ngudn gbc tir bat déng thiic luong gic trong
tam gidc. N6 c6 dang tong ctia haibat dang thiic ngugc chiéu, do Jack Garfunkel
datrala

tanzé—ktanzg—l—tanzg—l-SSin%singsin% > 2.

Trd lai véi bat dang thiic can ching minh, ta thiy né tuong duong véi bat déng
thic sau

x2+y2+22_1>1_ 8xyz

wtyztze T () (y+2)(z+x)

St dung cac dang thric

Pyttt - (ytyz+zx) = 3(x—y)?+ (y—2)> + (z—x)7,
(x+y)(y+2)(z+x) —8xyz=x(y —2)* + y(z — x)* + z(x — y)?,

ta dugc bat dang thic tuong duong

=y +y—2°+(E-x°  x(y—2>+y(z=x)+2(x—y)*
2(xy +yz +2x) - (x+y)y+2)(z+x)
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Bay gio ta viét bat dang thic nay vé dang

f=ply—22+q9(z—x)+r(x—y)?
trong do

p=vy*(z+x)+22(y+x)—x*(y+2),

g=22(x+y)+*(y+2) - y*(x +2),

r=x*z+y) +y*(z+x) —2(x+y).

Khong mét téng quét, ta giad st x > y > z. Dé kiém tra dugc rang p +4q > 0,
g+ r > 0. Bay gio ta sé ching minh g > 0. Xét hiéu p — g,

p—q=2xy(y—x) +2z(y* — %)
=2(y—x)(xy +yz+zx) < 0.

Tit d6 suy ra p < g, mat khac p +¢ > 0. Thanh thirg > 0. Tir d6 suy ra diéu phai
ching minh f > (p+49)(y —2)* + (g +r)(x = y)* = 0 O

Trong cach giai cac bai toan theo hudng trén, chiing ta da s dung, khong
chiing minh, mot s6 ddng thiic. Thanh tht, dé cho c6 dinh hudng nhanh chéng,
ta cAn ghi nhé mot s6 déng thic dbi xing, Day 1a didu han ché nhit ctia phuong
phép nay. Chang han dang thiic sauday

P4y’ + 2 = Bayz =ty + 20+ 2 -y - yz - ).

Trong qué trinh bién d6i ludn phai ¢hd y rit cac nhan th x — y, y — z, z — x lam
nhan tu chung.

V6i chi ba bién s6 x, ¥,z ta c6 the 1ap dugc cac biéu thic d6i xting tuy ¥. Van
dé tiép theo 13 s6 sdnh cac biéu thic (biéu thitc déng bac) do ra sao.

Bai toan 4.70. Xétba s6 thuc duong a, b, ¢, chiing minh rang

a® £ b3+ 2 gaz—alﬂ-bz b2 —bc+c? 2—ca+a?
a2 + 2% — 3 a+b b+c c+a ’

411 Chon phan tir nhé nhat va dang Schur

Muc nay xét mot s6 bat dang thitc don gian, ma phép chiing minnh chi dua
trén phép bién déi tuong duong. Day 1a y tudng ctia ban Lé Viét Thang.

Bai toan 4.71. Chung minh réng néua,b,c > 0 thi

a® + b2 + 3 4 3abc > a?(b+c) + b*(c +a) + c*(a + b).
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Chiing minh. Khong mat tong quat, gia st ¢ = min(a, b, ¢). St dung khai trién
@ +b+c =3abc+ (a+b+c)[(a—b)>+ (a—c)(b—c)],
a*(b+c) +b*(c+a)+c*(a+b) = 6abc+ (a+b)(a—c)(b—c)+2c(a—b)>
Do d6, ta viét bat dang thic da cho dudi dang
(a+b—c)(a—b)>+c(a—c)(b—c) > 0.
Diéu nay hién nhién ding vi ¢ 1a s6 nhd nhat trong ba sb. O
Bai toan 4.72. Chiing minh réng néua,b,clasd thuc duong thi

a+b b+c C+“§Z+é+£.
a+c b+a c¢c+b " b ¢ a

Chitng minh. Khong mat tong quat, ta gid st ¢ = min(a,b,c). Ta sit dung khai
trién

XLy
y y4

Do d6, bat dang thic cAn ching minh ¢6 thé viét duoc dudi dang

IO N C VR
xy Xz

z
_|__

X
1 1 1 1

ab ({H—c)(b—l-c)] (29007 + {E‘ (a+c)(a+D) (a=c)(b—c)20

o
Mbt cach khai quat, ta c6 thé gidi mot 16p 16n bt dang thic ba bién s bing
cach chon mot sb1a nho nhét, chang han ¢ = min(a, b, c) sau d6 viét bat dang
thitc can chiing minh vé dang
p(a—b)?+g(a—c)(b—c)>0.

Buéc cubdi cung, ta-phai ching minh p, g > 0. Sau day la mot %) phép khai trién
thuong dung niia
A2+ b+ —ab—bc—ca=(a—b)>+ (a—c)(b—0c),
(a4+Db)(b+c)(c+a)=8abc+ (a+b)(a—c)(b—c)+2c(a—b)?
a b c 3 (a—b)? (a+b—2c)(a—c)(b—c)

btc cta atb 2 (a+c)(b+c) 2(a+b)(b+c)(c+a)

Bai toan 4.73. Chiing minh rang néu a, b, ¢ 1a d6 dai canh ctia mot tam giac thi

a b c ab+bc+ca _5
<2,
b+c+c+u+u+b+a2+b2+cz -2
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Chifng minh. St dung cac dong nhét thic da biét, ta quy bat ddng thitc trén vé
dang
pla—b)?+q(a—c)(b—c) 20,

trong do
B 1 B 1 B (a—c)(b—c¢)
P2y v rolb+o @+2+A)(ato)(bto)
. 1 a+b+2c (a—b)?

T2+ atob+o (@+Rt+A)@to)bro)
Gid st rang ¢ = max(a, b, c) va ta dé c6 p,q > 0. Phép ching minh hoan tit. [
Bai toan 4.74. Chiing minh rang néu a,b,c > 0 thi

(a+b+c)2>a+b b+c c+a
ab+bc+ca ~ a+c b+a e+b

Bai toan 4.75. Chiing minh rang néu a, b, c 1a ca¢ s6 thirc duong thi
1/a® b a* + bt + ¢
N AN s
3\b ¢ a 3

412 Mot s6 kiéw ude lugng thong dung

Muc nay trinh bay mot-s6 ki thuat thiét 1ap cac danh gia trung gian. Mot
14n nita, thong tin vé diu déng thic c6 tinh chét goi y quan trong nhat khi dinh
huéng t6i cac udc lugrig kiéu nay.

Bai toan 4.76. Chiing minh bt dang thitc Nesbitt cho ba sb thuc duong.
Chitng minh.
a pak
b4c ~ ak 4 bk 4 ck’
Thuc vay, thay p, k'vao bat ding thiic, ta chi cAn chiing minh
2(a3/2 + b3/2 +63/2) > 3a1/2(b+c).

Lai theo bét dang thitc AM-GM ta c6

NI

p:k:

a2 132 32 > 3012y, g3/2 4 (3124 (312 > 3412,
Cong hai bat \d:fmg thiic cting chiéu, ta suy ra diéu phai chiing minh. Tré lai bai
toan, ta c6 diéu can chiing minh vi
23/2 p3/2 3/2
+ + =1
aB/2 1 p3/2 4 3/2 T g3/2 L p3/2 4 3/2 T 43/2 4 p3/2 4 (3/2
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Bai toan 4.77. Chung minh réng néua,b,c > 0 thi

a3 b3 c3
> 1.
{134—(174-6)3+ 1734—(c+a)3+ c3+(u+b)3_1

Chitng minh. Ta sé tim p sao cho

ad aP
> .
a3+ (b+c)3 = aP +bP +cP

Binh phuong hai vé bat dang thiic, ta dugc
a®a® + a3 (bP + cP)? + 2aPa> (bP + cP) > a®a®? + P (b +0)°,
Pon gian bat ding thic vé dang
(bP + cP)? +2aP (bF +cP) > a3 (b + )3,

Ta du doan rang p = 2 s& cho bt dang thiic diing. Thuc vay, vi &< </ W—JZFCZ
Ta chi can ching minh

1
Zt4 Fa%t2 —at® >0,

hay t?(1t —a)2 >0, trong d6 £ = b +c.
Hoadc ta cling c6 thé chon b =¢ =1, vasau dé tim p sao cho
alh—24%P3 11> 0.
Xét ham f(a) = a” 242V 3 + 1. Tinh dao ham f(a) va can f'(1) = 0. Tx d6 suy

rap=2.
Cong hai bt dang thiic cting chiéu nita, ta thu dugc bat déng thitc cAn chiing

minh. Phép ching minh hoan tat. O
Bai toan 4.78. Chung minh réng néu a,b,c,d 1a cic sb thuc khong dm va p = %

thi

Wl

a a
> .
VaZ+pb+c+d)? = ai4bi+ci4did

Chitng minh. Khong mét t6ng quat, ta chi can ching minh bat déng thic véi
truong hop a =1, ta dat x = bi, Y= ci,z=di. Bt déng thitc cAn ching minh
c6 dang

1 1

> .
Vit p(F+ A +252 T 1+ + 5+ 20
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Binh phuong hai vé, ta viét bit ddng thc trén vé dang
3()(10 + ylo 4 ZlO) 4 6(X5y5 + ySZS 4 XSZS)

+6(x° +y° +2°) > 5(x8 + ¥ +28) + 10(xty* + yhzt + 24H).
St dung bt déng thic gitta trung binh cong va trung binh nhén ta ¢6

3x10 4+ 240 > 5x8, 6]/5,25 + 2y5 +27° > 10y525.
Lam céc bat ding thiic tuong tu, rdi cdng chiing véi nhau ta sé suy ra ngay dugc
diéu phai ching minh. 8
Bai toan 4.79. Xét ba sb thuc khong &m a, b, ¢ sao cho

+b 4 =1,

chting minh rang

a b c
<A/2.
1+bc+1+cu+1+ub_\/_

Chitng minh. Ta mubn tim p sao cho

a v 2aP

< .
14 bc = aP + bP +cP

V6i p = 1, ta can ching t6 rang (a +b +c)? < 2(1 + bc)?, day 1a hé qua truc tiép
cta
(b4 ca)®+2b°c* > 0.

Tir d6 suy ra diét phai chitng minh. O

8Mot cau hoi tuong tur 1a 1am sao tim ra duge bat déng thuc trén véi sb %. Vé mit ki thuat, ta c6
thé thao tde hét nhu bai toan trudc. Ta cdn tim p sao cho bat dang thiic sau diing.
P
. z p bPu P4gr’
a+%(b+c+d)2 abl + +cP +

Chi cin xét b = ¢ = d = 1. Thé thi bat ddng thic trén c6 dang

a af
— > .
Va2 +15 — a’ +3

Binh phuong hai vé bt ding thtc va rit gon cho ta

a?Pt2 4 6aPt2 4 952 > g2P+2 4 154%P,

Xét ham f(a) = 6aP*2 — 15a%" + 942, Ta biét rang ddu dang thic xady rakhia =b =c=d = 1, do
dé ta tinh dao ham f(a) va cho f/(1) = 0. Giai phuong trinh nay cho ta p = 3.
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Bai toan 4.80. Xét ba sb thuc khong am a, b, ¢, ching minh réng

a2 b2 2

+ +
\/a2+%ab+b2 \/b2+%bc+c2 \/C2+%Cﬂ+ﬂz

c

> %((H—IH—C).

Chitng minh. L&i gidi ctia Vo Qubc Ba Can. Vi moi x > 0, ta c6

x2

> X —

Q=

24 fx+1

Néu x < % thi bat dfmg thitc hién nhién dang. Néu x > %, thi ta bién d6i nd vé
dang
4 —1)%(15x < 4
36x _Gx—1)?2= (x —1)%(15x < 4)
4x2 +x+4

> 0.
4x2 4 x+4

St dung bat ddng thic trén, thay x 1an luot béi /b, b/c, ¢/a, ta ¢6

2 1 2 1 2 1
a—za—gb, b Zb—gc, g - Zc—ga.
\/a2 + tab+ b2 \/ b2+ Tbc+ 2 \/c2 + jca+ a2
Cong ba bét dang thic trén ta suy ra diéu phai ching minh. O

Bai toan 4.81. Cho p = %, chtng minh réng néua,b,c > 0 thi

a b ¢

1,1 1- 1-
> 2 (gl-p p p
@1 oy TG Grap 2@ T )

Chiing minh. Loi gidictia Vo Qubc Ba Can. Ta sé chiing minh rang véi moi x > 0
thi bit déng thife sau dung

33
4x\/§>

5x2 —1
Vad41
Thuc vay, néu x < %, bat déng thitc tAm thuong. Néu x > %, ta xét ham
128x7
f®) = e 17
Ta co
Fx) = 384x8(1 — x)(2x? — 3x — 3)
N (x34+1)2(5x2 —1)*
fx)=0&x=1, x:M

4
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Dé dang xac minh dugc rang f/(x) > 0 véi 1 < x < %ﬁ, f'(x) < 0 vdéi
1 N 3+v33 13
\/g<x<1vax> 1, thi

f) = min {f(1), im f(x)} =1 V=

Do d6, bat déng thiic trén ding. Bay gio st dung bat dang thic nay bang cach

thay s6 x v6i \3/E , i/g , \3/% tuong ung, ta thu dugc

av2 ) 2/3__b2/3 b2 SO 1oy V2 S D/ iaz/s

Jatb 4 "btc " 4 4 '\/c+a_4

Cong cac bt ding thiic trén cho ta diéu phai ching minh! Ding thitc xay ra vdi
a=b=c. O

Bai toan 4.82. Cho n > 3 sb thuc khong am aq, ay; ..., 4, thoa man

ay+ax+---+ay
n

=r, va max{a} < (1-r")/2r

ching minh ring
n

n
g 1+72

Chitng minh. Véi moi s6 thuc dueng x, ta im k sao cho

1 1
—— > +k(x—7).
1+x2 2 1—|—r2+ (x=1)
Bit ddng thic nay tuong duong véi
(4.40) (r—x) Y P

(1+72)(1+x2)

Ta can chon ksao cho x = r 1a mot nghiém ctia da thuc trong dau ngodc vudng,
tir d6 k = —2r/(1 +r2)?, ta viét (4.40) duéi dang tuong duong

(r— x)z(er—f—r2 -1)<o.

Diéu nay chi ding néu x < (1 — r2)/2r. Bay gio st dung bat ding thiic vira thiét
lap cho cac s ay,az, ..., dy roi cdng cac bat déng thic thu dugc, ta sé c6 ngay
dieu phai ching minh. Phép ching minh hoan tat. O
Bai toan 4.83. Chung minh r?mg v6i moi sb duong ay, ay, ..., a, théaajay - -a, =
1 ta 6 bat déng thiic

\/a%+1+\/a%+1+---+\/a%+1§\/E(a1+a2+---+an)
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Chiing minh. Xét ham s6 f(x) = Vx2+1—+/2x + (\/_— 7) Inx véix > 0. Ta
c6
(x=1) (202 41 —1-23/2G7 1) )

x/2(x2+1) (\/Exz +VxZ+ 1)
fx)=0x=1

Qua 1 thi f/(x) d6i dau tir duong sang 4m nén

flx) < f(1)=0 Vx>0

flx) =

hay

\/mg\/ix—<\/_—%>lnx Vx> 0.

Su dung bat déng thuc nay cho n sbay, an, ..., a, roi cOng lai, ta dugc

2W<ﬁ2az ( 2——> <Zlnal>

- \/Ei;ai _ <\/_~ %) In(ayay - --a,) = \/Ei;ai

Vay bat ding thitc can chiing minh dung: Ding thitc xay ra khi va chi khi a; =
ay =+ =a, =1. O

Céch lam trén day cho ta mét y tiong giai quyet ldp céc bai toan bat dang
thuac dang hoan vi, hoge nhing bai toan doi xing c6 gia thiét tich cac sb bang
héng sb. Tuy nhién, sau khi khdo sat mot sb bai toan khac, Chung t6i thay rang
ky thuat nay cling khéng hoan toan van nang theo nghia la c6 nhiing bai ma ve

mdt hinh thiic cling tuong tu nhu trén, nhung ky thuét do lai dé vé. Ly do 1a
ham s6 can xét khong c6 tinh chat ta mong mudn.

Bai toan 4.84. Cho b6n sb thuc duong a,b, ¢, d thdoa man
A2+ +d =1,
ching minh ré“mg

1 1 1 1
“+ -4+ -—+=+8a+b+c+d) >24.
a b ¢ d

Chitng minh. Tim k sao cho

%+8a26+k(a2—i).
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Chd ¥ rang déng thic xay ra khi m&i sb bang 1. Phan tich thanh nhan t4, ta viét
bt ding thic trén dudi dang

(4.41) (a—%)ﬁaa_z—k(w%)] > 0.

Ta can chon k sao cho biéu thic trong ngodc vuéng nhan a = % lam nghiém, tu
dé ta cé k = 4. Véi k = 4, bat ding thic (4.41) tuong duong véi (1 —a)(2a —1)2 >
0. Diéu nay hién nhién ding véi 0 < a < 1. Stt dung lién tiép bat dang thic nay
bon 1an, ta c6 diéu phai ching minh. ° O

Bai toan 4.85. Xét ba s6 thuc duong ¥, y, z, chiing minh ring

16x l6y 16z
(/1 \ 1+ —=+,/1 > 9.
+y+z+ +z+x+ +x—|—y‘

Chitng minh. Khong mat tong quat, ta c6 thé choit x + y+z — 1. Ta sé chiing

minh rang
16
V14— >0 on.
1—x

Binh phuong hai vé bat d:fmg thuc nay, nhom nhédn ti chung, véi luu y r::fmg

x — 1 la mot nhan t4, ta thu dugc bt dang thic fuong duong x(x — )2 > 0.
Lam hai bat ding thic tirong tu, cdng ching véi nhau ta sé c6 ngay diéu

phai chiing minh. O

Bai toan 4.86. Xét bon sO thurc khong &m a, b, ¢, d, chung minh réng

a3

(a+b)la+c)(a+4d)

1
> —.
a =2
cyclic

Chifng mink. Loi gidi ctia Naoki Sato. Str dung bét dang thic giita trung binh
cong vafrung binh nhan, ta c6

a+b+a+ct+a+d\® b+c+d\°
3 = (et —5—) -

(a+b)atc)(atd) < (

Do d6

3 3

a a
@+b)ato)atd) — (o )

Ciing c6 dang nay, bét déng thitc sau dy chat hon va chua gidi quyét ngay dugc theo céch trén
day. V6i bén sb thuc duong a,b, ¢, d thdéa man a? + b? + ¢ + d? = 1, chiing minh ring
1 1 1 1
S o=+ —+10(a+b+c+d) >28.
a b ¢ d
Sau khi lua chon k thich hgp, ta phan tich duge (24 — 1)%(2 — 34) > 0. Diéu nay chi ding néu
max(a,b,c,d) < % C6 1é phai bién luén céc truong hop khéc nita néu mubn di theo hudng nay.
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Khong mét tong quat, ta gia st rang a + b + ¢ +d = 4. Thé thi

3
ad _( a ) _( 3a )3_27< a )3
3 4— - -8 ’
(”"’W) a+ =57 2a+4 8 \a+2

do d6, bat déng thiic can chiing minh trg thanh

3
( “ ) >4
cyclic a+2 27

X 3>2x—1
x+2 - 27

Ta sé chung to

véi moi x € [0,4].
Dieu nay 1a bdi vi

x P 2x—1_ 2(x— 13— +65+4)
X+2 27 27(x+2)3 '

va —x24+6x+4>0v6i3—V/13.<x<3+./13, khoang nay bao ham ca doan
0<x<4.

Do do,
( a )3> 2a+b+ct+d) -4 4
Cy%ic 042 27 27
Phép chiing minh hoan tAt. O

Bai toan 4.87. Xét n > 250 thuc duong théa man
mt+a+---+ap=1,
chiing minh bét déng thic

1 1 1
+ ot

\/na%—al—i—l \/na%—az—i—l nay —an+1

Sn—1+%(\/ﬂ+\/ﬁ+---+\/ﬁ).

Chiing minh. Ta chiing minh rang néu x 1a mét s thuc sao cho 0 < x < 1 thi

vVix? —x+1 n
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Ta viét bit ddng thic nay dudi dang

S S 3
vnx? —x+1 n

Thuc hién phép bién d6i lién hop cho ta bdt dédng thiic tuong duong

(nx —1)x (nx —1)x

1+ V2 —x+1)vVnx2 —x+1  (1+/nx)y/nx’

Dé xac minh duoc bat dfmg thic nay ding v6i 0 < x < 1/mhoac1/n <x < 1.
Bay gio lan luot thay x bdi ay,ay, ..., a, cho ta

n 1 1 n
—  <n-14+—.5 Vi
i;,/nal?—aﬁ-l \/Ei; :
Phép chiing minh hoan tat. O

413 Udc lugng qua tam thuc bac hai

Muc nay xét dén cac udc lugng bAt dang thitc thong qua tam thic bac hai.
Viéc xac dinh cac hé so cta tam thuc dya trén hai thong tin quan trong la thong
tin vé dau déng thtic va yéu cau khi phan tich, bién ddi tuong duong. Cach nay
lam nay gitip ta gidi duge nhing bai toan bét dang thic tuong déj chat, va kho.
Nhuge diém de thay nhat la sau phép udc luong trung gian, ta can phai chung
minh bt dang thic ¢6 bac kha cao.

Bai toan 4.88. Cho ba 86 thuc khong am 4, b, ¢ théa man
2+ +ct=1,
ching minh ring

1 n 1 n 1
1—ab 1—bc 1-—ca

<2
-2
Chiing minh. Vi déng thic da cho nén ta c6 max(ab, be,ca) < % Ta sé tim k, [
sao cho . . 1 3
— <k(x2-= — = )+=.
1—x —k(x 9)+l(x 3)+2

Nhém nhan ti chung cho ta bat dang thic tuong duong

Dt Do o] <o
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Ta cn tim déng thtic lién hé gitta k va [ sao cho % la mot nghiém caa

1

g(x) = %k(x—l— 5)—1—%1 -

1—x

Thay gia tri x = £ vao g(x) ta c6 l = 7 — 2k. Lai thay I vao g(x) dé g(x) chi con
phu thudc vao k. Luc nay ta chi can chon k sao cho % la mot nghiém caa

4 1

T d6 ta chon dugc k = %, val = —%. Vay ta c6 danh gia sau

=P s) ko 3)E

Khai trién va rit gon cho ta

1 9 2 1 13 s. . 1
< —x"—=x+—, Vv < x <=,
1 X X 12’ 01m010 X

Str dung bat déng thitc nay véi x thay-1an luot bing ab, be, va ca, cudi ciing ta
can chiing minh rang

18(a®b* 5 b2c® + c*a’) — (ab + be + ca) < 5.
Viét bit déng thiic nay dudi dang dong bac
18(ab* + b?c* + c%a®) < 5(a® + b* + ¢*)* + (ab + be + ca) (a* + b + ¢2).
Khai trién va ritgen cho ta

5(at + B e+ S @ (b+c) +abe(a+b+c) > 8(a’t? + b+ *a?).

cydlic
Ch ¥ rang ta cé bt dang thiic quen thude
a* + b 4 c* +abe(a + b+ c) > 2(a?b? 4 b*c* + ?a?).
Phép chiing minh hoan tat. O
Bai toan 4.89. Cho bén sb thuc khong am a4, b, ¢, d thda man
A+ 4+ +dr =1,
chting minh rang

1 n 1 n 1 n 1 <1_
1—ab 1—bc 1—cd 1—da— 3°
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Chiing minh. Ti gia thiét dé dang suy ra max(ab, bc, cd, da) < 1. Dang thic xay
ra khi mdi trong bdn sb béng % nén ta can chon k, [ sao cho

§k( 2—i)—|—l(x—l)+%, véimoi 0 < x < %

1—x 16 4

Bién ddi bt dang thiic nay vé dang

1\ [3 1\ 3 1
—— )|k —)+=1- >
(v 4){4 (x+4)+4 1—x}_0
Can tim mot dang thic lién hé gitta k va  sao cho

3 1\ 3
g(x) = Zk(x+ Z)+Zl -
nhan ] lam nghiém. Thay gia tri x = ] vao g(x) cho ta / = 1 — 7k Lai thay !
vao g(x) thi g(x) chi con phu thudc k, va ta c6 thé viét bat dang thitc dudi dang

(-3) [ ) o

Chon k sao cho %p—l—lx >0voix < %.Tfrdétachonk: %.Suyral:O.Véy
1

1
1—x

I—x— 9 16/ "3
Rt gon vé phai cho ta
L<2xz+1— véimix<1
—x 9 9 =g

Béy gid su dung bAt ddng thic nay dé ching minh bat ding thitc ban dau. Ta
chi can chung to

32 40 1

(a0 2P 4 Pd?  dPa?) + = < —.

5 9 3
Luu y rang a?h2 + %2 + 2d? + d2a? = (a2 + ?)(b* + d?), theo bat déng thiic
gifta trung binh ¢dng va trung binh nhan, ta c6 diéu phai chiing minh. 1 O
Bai toan 4.90. Cho ba sb thuc khong am a4, b, c thdéa man

a+b+c=1,

chting minh rang
1 1 1 2
+ + <=
1—ab 1—-bc 1—-bc~ 8
10Ban TrAn Lé Bach c6 dua ra cach giai don gidn nita bang viéc st dung truc tiép danh gia sau day

1 4 32/,, 1
— <4 —— ).
T =379 (“b 16)
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Chiing minh. Tu gia thiét bai toan ta ¢ max(ab, bc,ca) < % Din ng thuc xay ra khi
mdi sb béng % Do d6, ta cAn tim k, I sao cho

s <k ) (e 5)

Ta tim dugc hé thuc lién hé [ = 6—4 — 2k va chon dugc | = ZZ, k= %Z Cubi cung

chuyén bai toan can chiing minh ve dang

27(a?b? + b*c* + c*a®) 4 12(ab + be + ca) < 5.

Dit p = a+b+c,q = ab+bc+ ca, r = abe thi bat déng thitc nay chuyén vé
dang
27¢% — 54r + 129 < 5.

Bay gid ap dung b dé 4.35, ta c¢6 diéu phai ching minh. O

Bai toan 4.91. Cho bén s thuc khoéng am a, b, ¢, i thoa man
P+ + P+ =1,

ching minh ring

1 p 1 n 1 » 1 <32
1—abc 1—bed 1—-cda 1—dab ~ 7°

Chitng minh. Tl gia thiet suy ra

1
max(abc, bed, cda, dab) < ——.
( ) 33

Chi ¥ ring déng thie trong bat ding thic cAn ching minh théa man khi bbn
s0 bang nhau. Coix = abc, ta tim k sao cho udc lugng sau day thoa man

! §—|—k x—i
1—x—7 64

Dé dang viét bt déng thitc nay vé dang tuong duong

<8x—1){ﬁ (8 +1)] 0.

Ta can chon k sao cho biéu thic trong ngodc vudng nhan 8x — 1 lam nhan ti.

Mubn vay, k = véi x = %. Tir d6 suy ra k = 24596 V6i gia tri nay cua

64
7(1—x)(8x+1)’
k ta thu dugc bat dang thiic

(4.42) ! §+@< —i>

1-— 7 49 64
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Thuc vay bat dang thic nay ding vi ta viét né duge dudi dang tuong duong
(8x — 1\)2(436 —3) < 0. Piéu nay ding véi moi x < 1/31/3. St dung udc lugng
(4.42) lan lugt cho abc, bed, cda, dab, bay gio ta chi can ching minh

1

(abc)? 4 (bed)? + (cda)? 4 (dab)? < e

Day chinh 1a bat ding thiic ?2. Phép chiing minh kha don gian bing cich nhém
va st dung bat déng thiic giita trung binh c6ng va trung binh nhén. O
Bai todn 4.92. Xét bon sb thuc khong am a,b,¢,d thoa man a+b+c+d = 1,
ching minh rang

1 n 1 n 1 n 1 n 1 n 1 <96
1—ab 1—bc 1—cd 1—da 1—ac “1-bd — 15

Chiing minh. Tu gia thiét bai toan, ta co max(ab, be, ed, dn) < %. Déng thic trong
b4t ddng thic cAn ching minh dat dugc khi méi sb biang L. Tu d6, ta nghi t6i
lua chon k, I sao cho

i <k gl ) s

Néu chuyén gia thiét bai todn vé danga +b ¢ +d = 4, thi ta can tim k, sao
cho

1 1
<Tl® — — —.
16—x_k(k 1) +1(x 1)+15

Tir d6, | = 53z — 2k, va k = 57550 Ta cO uéc lugng
1 1 9 123201

2+

< .
160+ = 2700° T 2430" T 131220
Ban doc.tur hoan thanh bai toan nay, coi nhu moét bai tap. O

Ban doc ¢6 thé st dung kién thic trong muc nay dé gidi cac bat dang thric
??,?? va cac bai sau.

Bai toan 4.93. Xét ba s6 thuc duong x, y, z, hay tim s6 p sao cho
xP

x
< .
x+(x+y)(x+z)  xP+yP+2zF

Bai toan 4.94. Xét ba sb thuc khong am x, , z, hay tim sb k sao cho bat ding
thic sau ding

x(y+z) chkxtytz
2+ (y+z)?2 " x+y+z’
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Bai toan 4.95. Xétn > 3 sb thuc khong am ay, ay, ..., a,, véir = Z—i’l, vap = n+l

thi ching minh ré“mg

ai llf

z P P p-
R e e R

Bai toan 4.96. Xét tdm sb thuc khong am x1, xo, ..., xg thda man
S+ +xd=1,
ching minh ring
1
< 64.

1<ifereg 1 — XiXjXg

Bai tap chuong 4
Bai toan 4.97. Chiing minh rang néu x, y, z2> 0, thi
(P 4y’ + 2 —xyz)’ 2 2 + ) (P 7)) (Z + ).
Bai toan 4.98. Xét ba sb thuc dueng a, b, c thoa man diéu kién
ab + bc + ca +abc = 4,

ching minh ré“mg
a> b3 + ¢+ 13abc > 16.

Bai toan 4.99. Cédesb thue a, b, c thda man
a+b+c¢=2, va ab+bc+ca—abc>1.

Chung minh ré“mg voimoi x,y,z € R

(1 a)yz+ (1 —b)zx + (1 —c)xy < ~(ax + by + cz)>.

N

Bai toan 4.100. Chiing minh rang véi moi s6 thuc a, b, ¢ thi
26(a% + b? + ¢2)%/2 + 27abc > 18(a + b + ¢) (a® + b* + 2).

Diéng thic xay ra khi nao?

Bai toan 4.101. Ba s6 thuc khong am x, y, z thda man x 4 y + z = 1. Chting minh
rang (1 —xy)(1—yz)(1—zx) > ()3
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Bai toan 4.102. Xét bén sb thuc khong am a, b, ¢, d, chung minh rf?mg

2
(2a+b+c+d) < 10.
b+c+d)2+a?

cyclic (
Bai toan 4.103. Ching minh rf?mg néu a,b,c > 0 thi

a* N b* N ct B+ +3
b2+bc+c2 24+ca+a? a2+ab+b2 = a+b+c

179

Bai toan 4.104. Cho céc sb thuc khong am a4, b, c thda man diéu kiéna+b+c=

1. Hay chiing minh ring gia tri 16n nhat ctia k dé bat ding thiie sau ding 1a

>+ b+ +abc > 24—7+k[(a—b)2+(b—c)2+(c—a)z}.

Bai toan 4.105. Chung minh r?mg néu a,b,c > 0/ thi

1

6
64(a+b+c) .

%(ab +be +ca)® < (a* 4 be) (b + ca)(c? 4 ab) <

Bai toan 4.106. Cho ba sb thuc khong ami x, y, z, chiing minh rang
x? n y? Y z + 4xyz
24xy+y? P Hyz+z0 224z bx? (x+y)(y+z)(z+x)

2

<32
-2

Bai toan 4.107. Chung minh r?mg néw, x, y,z,t >0 thi

< 3x )3/4 S 4x

Y+z+t T x+y+z+t

Bai toan 4.108. Xét ba sb thuc duong x, y, z thda man
x+y+z=1,

chiing minh rang -

1
S - > 24P+ P+ 41
X Yy z

Dang thiic xdy ra khi nao?

11
54





