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Inequalities From 2007 Mathematical
Competition Over The World

* k&
Example 1 (Iran National Mathematical Olympiad 2007). Assume that a,b, c are three
different positive real numbers. Prove that

a+b b4+c cH+a
+ + >
a—b b—c c—a

Example 2 (Iran National Mathematical Olympiad 2007). Find the largest real T' such
that for each non-negative real numbers a,b, c,d, e such that a +b = c+ d + e, then

Va2 +02 + 2+ d2 +e2 > T(vVa+ Vb+ e+ Vd+ Ve).

Example 3 (Middle European Mathematical Olympiad 2007). Let a, b, c, d be positive
real numbers with a + b+ ¢+ d = 4. Prove that

a’be + b2ed + Ada + d?ab < 4.

Example 4 (Middle European Mathematical Olympiad 2007). Lef a, b, ¢, d be real num-
bers which satisfy 3 < a,b,c,d <2 and abed = 1. Find the maximum value of

(D6 )

Example 5 (China Northern Mathematical Olympiad 2007). Let a, b, c be side lengths
of a triangle and a + b+ ¢ = 3. Find the minimum of

4ab
a2+b2+02+%.

Example 6 (China Northern Mathematical Olympiad 2007). Let o, 3 be acute angles.

Find the maximum value of

(1 — v/tan atan 6)2

cot a + cot 3

Example 7 (China Northern Mathematical Olympiad 2007). Let a, b, c be positive real
numbers such that abc = 1. Prove that

ak bk ck

a+b+b+c+c+a

3
>_7
-2

for any positive integer k > 2.
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Example 8 (Croatia Team Selection Test 2007). Let a,b,c > 0 such that a +b+c = 1.
Prove that

a2 2 2

—+—+—>3(a +b* +c?).

b c
Example 9 (Romania Junior Balkan Team Selection Tests 2007). Let a, b, c three pos-

itive reals such that

1 1 1
a+b+1+b+c+1+c+a+1 -

Show that
a+b+c>ab+ be+ ca.

Example 10 (Romania Junior Balkan Team Selection Tests 2007). Let x,y,z > 0 be
real numbers. Prove that

® +y’ + 20 3

L a4 Y@ - ) - 2z - o)l
Example 11 (Yugoslavia National Olympiad 2007). Let k be a given natural number.
Prove that for any positive numbers x,y, z with the sum 1 the following inequality holds

xk+2 yk+2

+ > .
$k+1+yk +Zk yk+1 +Zk+$k+2k+l+$k+yk -7

Zk+2 1

Example 12 (Cezar Lupu & Tudorel Lupu, Romania TST 2007). For n € N,n >

2,a;,b; e R,1<i<n, suchthatZa —ZbQ—l S aib; = 0. Prove that
i=1

(£e) () =

Example 13 (Macedonia Team Selection Test 2007). Let a, b, c be positive real numbers.

Prove that
3 6

> .
ab+bc+ca " a+b+ec

1+

Example 14 (Italian National Olympiad 2007). a) For each n > 2, find the maximum
constant c,, such that

1 1
_— —_— + ... >
a1+1+a2+1+ +an+1_cn’
for all positive reals ay,as, .. .,a, such that ajag ---a, = 1.

b) For each n > 2, find the maximum constant d., such that

1 1 1
>
2a1+1+2a2+1+ +2an+1_

for all positive reals ay,as, .. .,a, such that ajag - --a, = 1.
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Example 15 (France Team Selection Test 2007). Let a, b, ¢, d be positive reals such taht
a+b+c+d=1. Prove that

1
6(a3+b3+03+d3)Za2+b2+02+d2+§.

Example 16 (Irish National Mathematical Olympiad 2007). Suppose a,b and c are
positive real numbers. Prove that

a+b+ec a? + b2 +c2 1 /ab bc ca
</ <-l—+—4+—-—.
3 3 3\ ¢ a b

For each of the inequalities, find conditions on a, b and c such that equality holds.

Example 17 (Vietnam Team Selection Test 2007). Given a triangle ABC. Find the

minimum of

2A .. 2B 2B..2C 2C 2 A
cos” 4 cos” 5 cos® 5 cos” 5 cos” 5 cos” 5

2 C 2 A 2B
cos? 5 cos? § cos? 3

Example 18 (Greece National Olympiad 2007). Let a,b,c be sides of a triangle, show
that A A .
(c+a—0) (a+b—c) (b+c—a)
>ab+b .
ala+b—c) blb+c—a) c(c—i—a—b)_a Hhetca

Example 19 (Bulgaria Team Selection Tests 2007). Let n > 2 is positive integer. Find
the best constant C'(n) such that

in > C(n) Z (2wixj + J/Tix;)

1<j<i<n

is true for all real numbers xz; € (0,1),i =1,...,n for which (1 — z;)(1 — z;) >
j<i1<n.

1<

RNy

Example 20 (Poland Second Round 2007). Let a, b, ¢, d be positive real numbers satisfying

the following condition:

a b ¢ d

Prove that:

3113 b3 1+ 3 3 1 43 d3 1+ a3
i/a; +§/ ;C+§/C; +§/ —;—a <2(a+b+c+d)—4.

Example 21 (Turkey Team Selection Tests 2007). Let a, b, c be positive reals such that
their sum is 1. Prove that

1 1 1 1
> .
ab+202+2c+ bc+2a2+2a+ac+2b2+2b ~ ab+bc+ ac
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Example 22 (Moldova National Mathematical Olympiad 2007). Real numbers

1 J— . .
Q1,02 ...,y Satisfy a; > —, for all t = 1,n. Prove the inequality
i

1 1 2"
(a1+1)<a2+§> """ (%-FE)Zm(1+a1+2a2+"'+nan)-

Example 23 (Moldova Team Selection Test 2007). Let a1, az,...,a, € [0,1]. Denote
S =al+a3+...+a, prove that

= + = oot n <1
2n+1+S—ad 2n+1+S—-a} " 2n+14+S5—-ad — 3

Example 24 (Peru Team Selection Test 2007). Let a, b, ¢ be positive real numbers, such
that
1 1 1
a+b+c> -4+ -+ -—.
a b c

Prove that
2

a+b+c + abe’
Example 25 (Peru Team Selection Test 2007). Let a, b and c be sides of a triangle. Prove

et B¥eTe | JeTaSh | vawh—e .,

Vot vi—va  Verva—vb yatvh—ve
Example 26 (Romania Team Selection Tests 2007). If a1, as,...,a, > 0 satisfy a% +
-+++a? =1, find the maximum value of the product (1 —ay)--- (1 — ay).

a+b+c>

Example 27 (Romania Team Selection Tests 2007). Prove that for n,p integers, n > 4
and p > 4, the proposition P(n, p)

n

1 - :
Z _pZin” for z;eR, x;>0, i=1,....n, in:n,
i=1 i

T
i=1 "t

is false.

Example 28 (Ukraine Mathematical Festival 2007). Let a, b, c be positive real numbers
and abc > 1. Prove that

(a).
L b—l—L c+ ! >§
R b+ 1 cr1)= 8"

(b).

27(a* +a® +a+1)(0® +62 +b+1) (2 +* +c+1) >> 64(a* +a+1)(b* +b+1)(? +c+1).

Example 29 (Asian Pacific Mathematical Olympiad 2007). Let x,y and z be positive
real numbers such that \/x + \/y + \/z = 1. Prove that

x2+yz y2+z:c z2+xy
\/2x2(y+z) \/2y2(z+:c) \/2z2(:c+y) -
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Example 30 (Brazilian Olympiad Revenge 2007). Let a,b,c € R with abc = 1. Prove
that

9 9 o 1 1 1 1 1 1 b ¢ a ¢ ¢ b
P+t st s+ s+2 (atbtet -+ o= | 2642 (b -+ — = ).
a? b2 c? a b ¢ a b ¢ a b ¢

Example 31 (India National Mathematical Olympiad 2007). If x,y, z are positive real

numbers, prove that
(z+y+2)(yz + 22+ 2y)® <37 +yz + 2°)(2° + 22 + %) (2 + zy + 7).

Example 32 (British National Mathematical Olympiad 2007). Show that for all positive

reals a, b, c,
(@>+ 2> (a+b+c)a+b—c)(b+c—a)(c+a—b).

Example 33 (Korean National Mathematical Olympiad 2007). For all positive reals
a,b, and c, what is the value of positive constant k satisfies the following inequality?

a n b n c S 1
c+kb a+kc b4+ka ~ 2007

Example 34 (Hungary-Isarel National Mathematical Olympiad 2007). Lef a, b, c,d be

real numbers, such that
a?<1,a’+b><5,a®>+b>+ 2 <14,a%> + b> + 2 + d? < 30.

Prove that a +b+ ¢+ d < 10.
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SOLUTION

kK

Please visit the following links to get the original discussion of the ebook, the problems
and solution. We are appreciating every other contribution from you!

http://www.batdangthuc.net/forum/showthread.php?t=26

http://www.batdangthuc.net/forum/showthread.php?t=26&page=2
http://www.batdangthuc.net/forum/showthread.php?t=26&page=3
http://www.batdangthuc.net/forum/showthread.php?t=26&page=4
http://www.batdangthuc.net/forum/showthread.php?t=26&page=5

http://www.batdangthuc.net/forum/showthread.php?t=26&page=6

kK

For Further Reading, Please Review:

% UpComing Vietnam Inequality Forum’s Magazine
% Secrets in Inequalities (2 volumes), Pham Kim Hung (hungkhtn)
% Old And New Inequalities, T. Adreescu, V. Cirtoaje, M. Lascu, G. Dospinescu

% Inequalities and Related Issues, Nguyen Van Mau

kK

We thank a lot to Mathlinks Forum and their member for the reference to problems and

some nice solutions from them!
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Problem 1 (1, Iran National Mathematical Olympiad 2007). Assume that a,b,c are
three different positive real numbers. Prove that

a+b b4+c cH+a
+ >
a—b b—c c—a

Solution 1 (pi3.14). Due to the symmetry, we can assume a > b > c. Let a = c+ ;b =
c+y, then x >y > 0. We have

a+b b+c c+a
+ +
a—b b—c c—a

720+x+y+20+y 2c+x
 x—y Y x

1 1 1
-y y =z) z—y

We have
1 1 1 1 T —y
2c +-—-——]=2c + > 0.
T—y Yy x T—y Ty
ﬂ>1
rT—y
Thus

a+b b4+c cH+a
+ + >
a—b b—c c—a

Solution 2 (2, Mathlinks, posted by NguyenDungTN). Let

a—i—bi 'b—i-c a+tc

a—b_x’b—c_y’c—a ;
Then
Yy +yz+xz=1.

By Cauchy-Schwarz Inequality
(x+y+2?2>3@y+yz+z22)=3=|z+y+2/>vV3>1

We are done.

\Y

Problem 2 (2, Iran National Mathematical Olympiad 2007). Find the largest real T
such that for each non-negative real numbers a,b, c,d, e such that a +b = c+ d + e, then

Va2 + 02+ +d2+e? > T(Va+ Vb+ e+ Vd+ /e)?
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Solution 3 (NguyenDungTN). Let a =b=3,c=d = e = 2, we find
v30

———>T
6(V3++v2)2 ~
With this value of 7', we will prove the inequality. Indeed, let a +b =c+ d+e = X. By
Cauchy-Schwarz Inequality
(a+ b)? (c+d+e)? X2

2 2 22 2 2
+b2 > = PPyt
a b 2 20 d e 3 3

X2
:>\/a2+b2+02+d2+622—56 (1)

By Cauchy-Schwarz Inequality, we also have
Va+ Vb <\2(a+b) = V2X e+ Vd+ Ve < /3(c+d+e) =3X

= (Va+Vb+ e+ Vd+e)? < (V2+V3)2X? (2)
From (1) and (2), we have
Va2t P+ +d+e V30
(Va+Vo+ e +vVd+/e)? ~ 6(V3+2)?2

2 2b
Equality holds for ?a =3 = c=d=e.

\Y

Problem 3 (3, Middle European Mathematical Olympiad 2007). Ler a,b,c,d non-
negative such that a + b+ c+ d = 4. Prove that

a’be + b%cd + Ada + d?ab < 4.

Solution 4 (mathlinks, reposted by pi3.14). Let {p,q,r,s} = {a,b,¢,d} and p > ¢q >
r > s. By rearrangement Inequality, we have

a’be + b2cd + 2da + d*ab = a(abc) + b(bed) + c(cda) + d(dab)

< p(pqr) +a(pgs) + r(prs) + s(qrs) = (pq +rs)(pr + gs)
< (pq+7"s +pr+ q5>2

= 10+ P

2

1 2\ ?
SL((pratras\Ty
=4 2

Equality holds for ¢ = r = lup + s = 2. Easy to refer (a,b,c¢,d) = (1,1,1,1),(2,1,1,0)

or permutations.
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\Y
Problem 4 ( 5- Revised by VanDHKH). Let a, b, c be three side-lengths of a triangle such
4ab
that a + b+ c = 3. Find the minimum of a? + b + ¢ + %

Solution 5. Let a =x +y,b =y + 2,¢ = z + =, we have

r+y+z= J
ytz=g3
Consider
4ab
a2+ b2+ 2+ %
(@ +b*+ *)(a+b+ c)+ dabe
N 3
2@ +y)* +(W+2)"+G+2)°)(z+y+2) +4+y)y+2)(z+2)
N 3
4(x3 4+ 3 + 23 + 322y + 3xy? + 3y%2 + 3y2? + 3222 + 3222 + Hayz)
N 3
_ M@ +y+2)° —yz)
N 3
Ay () )
3
N AFE+y+2)°) 13
- 3 3

Solution 6 (2, DDucLam). Using the familiar Inequality (equivalent to Schur)

4
abc> (b+c—a)(c+a—b)(a+b—c) = abc > g(ab—i-bc—i-ca) - 3.
Therefore 16
P>ad>+b*+c2 + g(ab—i-bc—i-ca) —4
9 2 2 9 1
=(a+b+c)*— §(ab+bc+ca)—42 5— ﬁ(a—i-b—i-c) =4+ 3"
Equality holds when a = b =c = 1.
Solution 7 (3, pi3.14). With the conventional denotion in triangle, we have

abe = 4pRr , a® + b* + ¢* = 2p® — 8Rr — 2r%.

Therefore A 9
a®? + b2+ 2+ Zabe= = — 272,
3 2
Moreover,
1
p> 3V3r = r? < 5
Thus

4 1
a2+b2+02+§ab024§.
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\%
Problem 5 (7, China Northern Mathematical Olympiad 2007). Let a, b, c be positive
real numbers such that abc = 1. Prove that

a® bk ck

a+b+b+c+c+a

3
> =
2
for any positive integer k > 2.

Solution 8 (Secrets In Inequalities, hungkhtn). We have

a® n bk n ck . 3
a+b b+c c+a 2
akflb bkflc Ckfla

3
ekl s 2y + +

2 a+b b+c cHa
By AM-GM Inequality, we have

a+b>2Vab,b+c> 2\/%,0—1— a > 2+/ca.
So, it remains to prove that
abF"EbE 1 pFBcz 4 ck8g3 43 <2 (akfl + o4 ckfl) .

This follows directly by AM-GM inequality, since

ab =l pF Rl > 3V gk 1pk—1ck—1 = 3

and

=

(2k —3)a" ' + b1 > (2k — 2)aF b

N
ol

c

(2k — 3)bF 71 4 F 1 > (2k — 2)bF

[N

(2k — 3)cF 1 a1 > (2% — 2)ck7%a

Adding up these inequalities, we have the desired result.

\Y

Problem 6 (8, Revised by NguyenDungTN). Let a,b,c > 0 such that a +b+ ¢ = 1.

Prove that:
2 2 2
Ll S 3@+ + ).
b c a
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Solution 9. By Cauchy-Schwarz Inequality:

2 B P (20t
— b — > T/
b ¢ a — a’b+bc+a

It remains to prove that

(a® + b +c%)? 2 12, 2

> b

a?b+ b%c+ c?a 3@ +b"+c)

& (> + b2+ A)(a+b+c) > 3(a®b + b*c + cPa)

& a® + 0+ + ab® +bc? + ca® > 2(a®b + b2+ c*a)

< ala—b)?+b0b—c)* +c(c—a)*>0.

So we are done!

Solution 10 (2, By Zaizai).

2 b2 2
T h 3@+ + )
b c a

a2
<:>Z<?—2a+b> >3(a® +b* +c*) — (a+b+c)?

e 2 -0 (e 0)?

1
-2 (==1)>
& E (a—0) (b ) 0
(a— b)Q(a +c)
E ~ J v 7>
& 5 0
This ends the solution, too.

\%
Problem 7 (9, Romania Junior Balkan Team Selection Tests 2007). . Let a, b, ¢ be three
positive reals such that

1 1 1
> 1.
a+b+1+b+c+1+c+a+1 -

Show that
a+b+c>ab+ be+ ca.

Solution 11 (Mathlinks, Reposted by NguyenDungTN). By Cauchy-Schwarz Inequality,
we have
(a+b+1)(a+b+c*) > (a+b+c)
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Therefore
1 c+a+b
a+b+1~ (a+b+c)?’
or
1 N 1 N 1 <a2+b2+02+2(a+b+c)
a+b+1 b+c+1l c+a+1"~ (a4+b+c)?

=a?+b+c+2a+b+ce)>(a+b+c)?
=a+b+c>ab+ be+ ca.

Solution 12 (DDucLam). Assume that a + b + ¢ = ab + bc + ca, we have to prove that

1 1 1
<
a+b+1+b+c+1+c+a+1 -
a+b b+¢ c+a

a+b+1 b4+c+1 c+a+1—
By Cauchy-Schwarz Inequality,
(a+b+b+c+c+a)?

LHS > =2
T Xeyelat )@+ b+1)

We are done

Comment. This second very beautiful solution uses Contradiction method. If you can’t
understand the principal of this method, have a look at Sang Tao Bat Dang Thuc, or Secrets
In Inequalities, written by Pham Kim Hung.

\Y

Problem 8 (10, Romanian JBTST V 2007). Let x,y, z be non-negative real numbers.
Prove that 5 5 5
>ty +z 3
LR sy L@ -y - 2)(z - o)l

3
Solution 13 (vandhkh). We have
z® +y’ + 2 3
——5 2wzt @ —y)y - 2)(z - 2)]
2’ +y’ + 20 3
——3— —wr 2 gl@—y)(y - 2)(z — 2]

S (@—y)’+W—22+E—2)*(z+y)+W+2)+(z+2) 29 (z—y)(y—2)(z —=)|.
Notice that
r+y>lz—ylhy+z>ly—zljz+z >z -2,

and by AM-GM Inequality,

(@ =9+ -2+ —2))(e -yl + |y -zl + |z —2]) > 9|z — y)(y — 2)( — 2)|.

So we are done. Equality holds for z = y = z.
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Solution 14 (Secrets In Inequalities, hungkhtn). The inequality is equivalent to

@ty +2) Y@ > Sl —u)y — )z - 2]

By the entirely mixing variable method, it is enough to prove when z = 0

| ©

2 +y° > <|ay(z —y)|.

This last inequality can be checked easily.

\Y

Problem 9 (11, Yugoslavia National Olympiad 2007). Let k be a given natural number.
Prove that for any positive numbers x,y, z with the sum 1, the following inequality holds

$k+2 k+2 Zk+2

+ +
CCk+1 +yk +Zk yk+1 +Zk+CCk Zk+1+$k+yk

1
> .
-7
When does equality occur?

Solution 15 (NguyenDungTN). We can assume that x > y > z. By this assumption, easy
to refer that

karl k+1 ZkJrl

Y .
xk+1+yk+zk Zyk+1+zk+$k _Zk+1+$k+yk ’

Zk+1+yk+$k2yk+l+xk+zk Z:CkJrl—l-Zk—l-yk;

and
xF > yk > 2k,
By Chebyshev Inequality, we have
k2 yh+2 )
CCk+1 + yk + Zk + yk+1 + Zk + CCk + Zk+l + CCk + yk
k41 k41 k41
Zx+y+2( k+1x k rt k+1y k w T k+1z k k)
3 T +yt 4z Y +2F+x z +xt 4y
1 ph+1 yk+1 Sh+1 chc(karl +yk —i—zk)
3 CCk+1 + yk + Zk yk+1 + Zk + CCk Zk+l + CCk + yk chc('rk+1 + yk + Zk)
1 aktl 1
== —_ (ka—l-yk—l-zk)
3 <zy: <xk+1 +yk 42 zy: Dy (T yk 4 2F)
1 1 k+1 k+1 k+1
> (aF 4y ), Bl ook o k) k4l karl +ky+1 +Zk k ok
3 chc(:c +yk 4 2F) xRt gkt gkl 4 2(k 4 gk 4 2R
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Also by Chebyshev Inequality,

r+y+z

: (2% + o+ 2%) = ok 1k 4 2k,

3($k+1 +yk+l 4 ZkJrl) Z 3

Thus

karl +yk+1 +Zk+1 karl +yk+1 +Zk+1 1

CCk+1 +yk+l +Zk+1+2($k +yk +Zk) Z CCk+1 +yk+l +Zk+1+6($k+l+yk+l +Zk+l) - ?

1
So we are done. Equality holds for a = b =c = 3

\Y

Problem 10 (Macedonia Team Selection Test 2007). Let a, b, ¢ be positive real numbers.

Prove that
3 6

1 > .
+ab+bc+ca “a+b+e

Solution 16 (VoDanh). The inequality is equivalent to

3la+b+c) > 6

a+b+c+ >
ab 4+ bec + ca

By AM-GM Inequality,

3(a+b+c) S 9 3(a+b+c)?
ab+bc+ca — ab+bc+ca’

a+b+c+

It is obvious that (a + b + ¢)? > 3(ab + bc + ca), so we are done!

\Y

Problem 11 (14, Italian National Olympiad 2007). a). For each n > 2, find the maximum

constant c,, such that:

1 1
—_—+ — + ... >
a1+1+a2+1+ +an+1_cn’
for all positive reals ay,as, . ..,a, such that ajas - --a, = 1.

\Y

b). For each n > 2, find the maximum constant d,, such that

1 1 1
2a1+1+2a2+1+”'+2an+1

> dy,

for all positive reals ay,as, .. .,a, such that ajag ---a, = 1.
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Solution 17 (Mathlinks, reposted by NguyenDungTN). a). Let
n—1 1
a; = €' ar = -k #£ 1,
€

then let e — 0, we easily get ¢, < 1. We will prove the inequality with this value of c,,.
Without loss of generality, assume that a1 < ag < --- < a,. Since ajas < 1, we have

L | 1 1 1 ay 1 ay
> > + = + > + =1.
k:lak+1 a1 +1 as+1 a1 +1  as+ ajas a1 +1 a1 +1

This ends the proof.

b). Consider n = 2, it is easy to get do = % Indeed, let a1 = a,as = % The inequality

becomes

1 a 2
>

— >
1t 23 @30 +2) +30(20+1) > 22+ 1)(a +2)

& (a—1)2>0.

When n > 3, similar to (a), we will show that d,, = 1. Indeed, without loss of generality,
we may assume that
a1 <as <---<a, = ajasaz < 1.

Let

then a; < 2

= 3> = F P
- 1 5 1 3 Y3 23
> >
;ak+1 _;ak+1 _x3+2+y3+2+z3+2
262 y2 2’2

+ +
2 4+2yz  y?+2xz 22+ 2y
22 2 52

- x2+y2+z2+x2+y2+22+x2+y2+z2 B

This ends the proof.

\Y

Problem 12 (15, France Team Selection Test 2007). . Let a, b, ¢, d be positive reals such
that a +b+ c+ d = 1. Prove that:

1
6(a3+b3+03+d3)Za2+b2+02+d2+§.
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Solution 18 (NguyenDungTN). By AM-GM Inequality

3a? 1 a

WA EZ Tt 2
Therefore ) ) 5 )
6(a3+b3+c3+d3)+329(a b e +d)

16 4
5(a2+b2+02+d2)+3>5(a+b+c+d7§
4 16 — 8 8

Adding up two of them, we get
1
6(a® + 0>+ + d*) zaQerQJcher%rg
Solution 19 (Zaizai). We known that

5a 1  (4a—1)*(3a+1)
63 >a?+ 2 - &
“ It TR 8

Adding up four similar inequalities, we are done!

>0

\Y

Problem 13 (16, Revised by NguyenDungTN). Suppose a,b and c are positive real
numbers. Prove that

a+b+e a? +b%2+c2 1 /bc ca ab
</ <-|l—+—=—4+—.
3 3 3\a b c

Solution 20. The left-hand inequality is just Cauchy-Schwarz Inequality. We will prove the

right one. Let

The inequality becomes

Ty +yz + zx < r+y+z
V 3 - 3 '

Squaring both sides, the inequality becomes
(@+y+2)? 23y +yz+22) (-9 + @ —2)"+(z-2)° >0,

which is obviously true.

\Y

Problem 14 (17, Vietnam Team Selection Test 2007). Given a triangle ABC'. Find the
minimum of:

(0052(%)(0052(§)

Z 0052(%)
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Solution 21 (pi3.14). We have

T Z (cos? (cos (£)

0052 (%)

Z (1+ cosA)(1 + cosB)
N 2(1+ COSC) '

Let a = tcmé;b: tcm%;c: tcm;. We have ab + bc+ ca = 1. So

(1 + a?
T= Z 1 + b2 1 + 02 Z (1+5712J)r(12+c2)

1

(ab+bc+ca+b?)(ab+be+ca+c?)
(ab+bc+ca+a?)

1

(atb)(c+b)(ate)(b+)
(b+a)(b+c)

1
R ::

By Iran96 Inequality, we have

1 1 1 9
> .
b+ c)? + (c+ a)? + (a+b)2 = 4(ab+ bc+ ca)

Thus F' > % Equality holds when ABC is equilateral.

\Y%
Problem 15 (18, Greece National Olympiad 2007). . Let a,b, c be sides of a triangle,
show that

(b+c—a)* (c+a—-b* (b+c—a)!
ala+b—c¢) blb+c—a) alc+a—D0)

> ab + bc + ca.

Solution 22 (NguyenDungTN). Since a, b, c are three sides of a triangle, we can substitute
a=y+z,b=z+z,c=x+7Y.

The inequality becomes
8zt 8yt 824
+ +
(+yy (W+2z (z+z)r

By Cauchy-Schwarz Inequality, we have

> 2%+ % + 22 + 3(zy + yz + 22).

8zt N 8yt N 824 S 8(x22 + y? + 22)?
(z+y)y (y+2)z (4+x)r  22+y2+22+2y+yz+z20
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We will prove that

8($2+y2+22)2

> 2 2 2 3
P ——— +y° + 27+ 3(zy +yz + 2x)

S8+ + 22 > (2 + P + 22 oy +yz + ) (@ +yP + 22+ 3(wy +yz + 21))
<:>82x4+162x2y2 > Zx4+22x2y2+
+4Zx3(y+z) + 12zyz(z 4+ y + 2) +3Zx2y2 + 6ayz(z+y + 2)

STyt H11Y 2Py’ > 4> 2Py + 2) + 10yz(z +y + 2).

By AM-GM and Schur Inequality

323:4 + 11 ZnyQ > ldayz(z +y + 2);

4 (Zx4 +ayz(x +y+ z)) > 4Zx3(y+ 2)
Adding up two inequalities, we are done!
Solution 23 (2, DDucLam). By AM-GM Inequality, we have

(b+c—a)
ala +b—c)

+ala+b—c)>20b+c—a)’

Construct two similar inequalities, then adding up, we have

(b+c—a)* (c+a—-b* (b+c—a)
ala+b—c) blb+c—a) alc+a-—D>)

> 2[3(a® + b* + ¢*) — 2(ab + be + ca)] — (a® +b* + ¢?)
=5(a® +b* + c*) — 4(ab+ be + ca) > ab + be + ca.

We are done!

\Y

Problem 16 (20, Poland Second Round 2007). . Let a,b, c,d be positive real numbers
satisfying the following condition % + % + % + é =4 Prove that:

313 b3 1 3 3 1 g3 43+ a3
i/a; +§/ ;C+§/C; +§/ ;a <2a+b+c+d) —4




www.batdangthuc.net 23

Solution 24 (Mathlinks, reposted by NguyenDungTN). First, we show that
sfad+ b3 < a® + b?
2 T a+b’

(a — b)*(a® + ab + b*) > 0.

which is equivalent to

Therefore, we refer that

i/af”+b3+§/b3+c3+</c3+d3+\g/d3+a3<a2+b2 2 24d2 d2+a?
2 2 2 2 7 a+bd b+c c+d d+a

It remains to prove that

a2+ P+ A+d2 A +a?
+ + +
a+b b+¢ c+d d+a

However,
a? + b2 ~ 2ab

+b 2
a _ = =
a+b a+b 141

So, due to Cauchy-Schwarz Inequality, we get

a2+ P+ A+ d? d2+a2>

2 b d) —
(a+b+etd) (a+b + b+¢ + c+d + d+a

1 42 32
=2 >2 == =4
Z%-ﬁ-%_ 20 4+3+1+3) 8

This ends the proof.

\Y

Problem 17 (21, Turkey Team Selection Tests 2007). . Let a, b, c be positive reals such
that their sum is 1. Prove that:

1 1 1 1
> .
ab+202+2c+ bc+2a2+2a+ac+2b2+2b ~ ab+bc+ ac

Solution 25 (NguyenDungTN). First, we will prove that

ab+ ac + be ab
ab+2c2+4+2¢c ~ ab+ ac+be’

Indeed, this is equivalent to
a®b? + b2c? + c*a® + 2abc(a + b + ¢) > a*b? + 2abc? + 2abc,
which is always true since 2abc(a + b+ ¢) = 2abe and due to AM-GM Inequality

a’c? + b2c? > 2abc’.
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Similarly, we have

ab+ ac + be be
be+2a2+42a ~ ab+ac+be’
ab+ ac + be ca

ac+ 202 +2b ~ ab+ac+bc’
Adding up three inequalities, we are done!

\Y%
Problem 18 (22, Moldova National Mathematical Olympiad 2007). Real numbers
a1, as, -, ap satisfy a; > 1, for all i = 1, n. Prove the inequality
(a1 +1) +1 +1>2n(1++2++)
a a — ) an +— | 2 ——— a a s+ nay).
! T2 n (n+1)! ! 2

Solution 26 (NguyenDungTN). This inequality is equivalent to

n

(a1 +1)(2a2+1)-..- (na, +1) >

n+1(1+a1+2a2+...+nan).

It is clearly true when n = 1. Assume that it si true for n = k, we have to prove it for
n =k + 1. Indeed,
2k

(a1+1)(2a2+1)-..-(kag+1)((k+1)ag+1+1) > k1l

(14a1+2as+...+kag) ((k+1)ak+1+1)

Let
a=(k+1ags1s=a1+2a2+ ... + kap, = s > k.

We need to show that

2k 2k+1
1 1 > 1
k—l—l( +s)( +a)_k+2( +s+a)
< 2as—k)+k(a—1)(s—1)>0.

Since a > 1Vk, the above one is true for n = k£ + 1. The proof ends! Equality holds for

Li=T1n.
K3

a; =

Solution 27 (NguyenDungTN). The inequality is equivalent to

1+a1 1+ 2as 1+ na, >1+a1+2a2+...+nan
2 2 2 n+1 '

Let x; = % > 0, it becomes

2
I+z1)14+z2)...(1+a,) >1+ n+1(x1 + a2+ ...+ xy).
But

I+z)(14+z9)...0l+z,) > 1421 +22+ ...+, > 14

2 (r1 + 22+ ... +2p)
n 1 1 2

So we have the desired result.
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\Y

Problem 19 (23, Moldova Team Selection Test 2007). Let ay, as, ..., a,, € [0, 1]. Denote
S =a}+a3+..+a>. Prove that

a1 + a2 + + an
m+1+S—ad 2n+1+S—a3 m+1+S—-a}

1
< -
— 3
Solution 28 (NguyenDungTN). By AM-GM Inequality, we have
S—a}+2n—1)=(ad+2)+ (a3 +2)+ -+ (a2 +2) >3(ag +az + - - + ayn).

Thus
a1 3§ a1 S a1 '
m+14+S—af " 314+a1+az+--+an) ~ 3ar+az+---+ap)

Similar for as, as, ..., an, we have

a1 + a2 + + an
m+1+S—a} 2n+1+S5—a3 Mm+14+S—-a}

<1 ap+ax+---+a, 1
=3 atay+---+a, 3
The equality holds for a; = as = ... = a, = 1.

\Y

Problem 20 (24, Peru Team Selection Test 2007). Let a,b, ¢ be positive real numbers,
such that

1 1 1

a+b+c>—4+ -+ —.

a b ¢

Prove that:
2

a+bte> — 4 —.
a+b+c abe

Solution 29 (NguyenDungTN). By Cauchy-Schwarz Inequality, we have

1 1 1 9
at+b+c>—-+-+->——=a+b+c>3.
a b ¢ a+b+c

Our inequality is equivalent to
9 1 1
(@+b+c)*>342 +—=+—.
a c
By AM-GM Inequality

1 1 1 2/1 1 1\? 2
2(—+—+—>§§(—+—+—> Sg(a—i-b—i-c)Q

ab  bc ca
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So it is enough to prove that
2 2 2 2
(a+b+c¢c)* >3+ §(a+b+c) S (a+b+e)>0.

This inequality is true due to a + b+ ¢ > 3.

Solution 30 (2, DDucLam). We have

2 1,1 1 1._2 3
b+e>=(a+b S(C+ -4+ 2)>Z(atb S
atbrezglatbta+3C+gto)zglatbrat g

We only need to prove that

3
a+b+c>—,
abc

but this inequality is always true since

1 1 1\? 1 1 1
(a+b+c)y’>(-4+-+-] >23(=+—+—)=——(a+b+0).
a b c ab  bc ca abe

\Y

Problem 21 (25, Revised by NguyenDungTN). Let a, b and c be sides of a triangle.

Prove that
vVb+c—a n ve+a—b n va+b—c <3
Vh+ve—va et va—-vbo Ja+vbhb—e T
Solution 31. Let

z=Vb+Ve—Vay=Vet+va—Vbhz=va+Vb- e,

then

b—i—c—a:xQ—W

By AM-GM inequality, we have

Vbte—a [ (x-ylz—2) (z —y)(z —2)
\/E-i-\/E—\/E_\/l 222 =1 422

We will prove that
e @ —y)z—2)+y Yy —2)y —2) + 2 (2 — ) (2 —y) 2 0.
But this immediately follows the general Schur inequality, with the assumption that
r>y>z=a <y i<z

We are done!



www.batdangthuc.net 27

\Y

Problem 22 (26, Romania Team Selection Tests 2007). If a1, as,...,a, > 0 are such
that a3 + - - -+ a? = 1, find the maximum value of the product (1 —ay)---(1 — ay).

Solution 32 (hungkhtn, reposted by NguyenDungTN). We use contradiction method.
Assume that x1, xa, ..., Z, € [0, 1] such that z125...2, = (1 — %)2 We will prove

flri,zo,nay) =1 —2)* + (1 —22)? + ..+ (1 —2,)2<1 (1)
Indeed, first, we prove that:
Lemma: If z,y € [0,1],x+ y + 2y > 1 then
1-2)*+(1-y)?* <1 -ay)?
Proof. Notice that
(1= 2+ (1= yP = (1 29)® = (o +y—1)° = 2%

=@-Dy-DE+y+ay—1)<0.

The lemma is asserted. Return to the problem, let £k = 1 — \/Li Assume that 7 < 29 <
... < x,, then
T122x3 > k* = 2oy > kY3,

thus
T+ x5 4 20 + 23 > 2k23 + kY3 =1.07 > 1.

Similarly, we have
flx1,xe, ..y xn) < fla1, wows, 1, 2q, ..., Ty)

< fxr, vowsxa, 1, 1, 25, .., 2p) < .. < f(x1, xox3... 20, 1, 1, ..., 1),

From this, easy to get the final result.

\Y

Problem 23 (28, Ukraine Mathematic Festival 2007). Let a,b,c > 0 va abc > 1. Prove

that
) +L b+L + L), 2t
AN b+1)\“Tecx1) = ®"

b).27(a* +a®* +a+1)B* + b + b+ 1)(* + S +c+1)
>64(a*+a+1)B*+b+1)(* +c+1).
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Solution 33 (pi3.14). Consider the case abc = 1. Let a = %, b g, c= % The inequality

becomes )
pPEaEREE
5—%—1 8

or

8(x? +xy + ) (W +yz + 22) (@ + 2w + 22) > 2Twyz(z +y)(y + 2) (2 +2) (1)

We have
2(a® + zy +y°) > 3/ay(x + ),

since
3

2(2* +ay +y°) 2 (@ + 20y +y°) 2 3yFy(w + ).

Write two similar inequalities, then multiply all of them, we get (1) immediately.

If abc > 1, we let a = ka’ ; b = kb ; ¢ = kc'; with k = vabc. We have k£ > 1 and

a'b’'¢’ = 1. Then
a?+a+1_ d?+d +1
a+1 - o +1

Since the inequality is proved for o', ¥, ¢/, this is true for a, b, c immediately.

b). By AM-GM inequality

a>+2>2a = (a®>+1)>Z(a* +a+1).

[SVRN )

Therefore

2
3(a* +a* +a+1)=3(a+1)(a®+1) > 6\/_.§(a2+a+1) =4v/a(a* +a+1).
Constructing similar inequalities, then multiply all of them, we get

27(a* +a* +a+1) (B2 +02 +b+1) (A + 2 +c+1) > 64(a® +a+1)(b* +b+1) (2 +c+1).

Solution 34 (2, NguyenDungTN). By AM-GM inequality

a+1+ 1
4 a+

Ba 3
4 4 —

>1;

1 — )
3
5\/5 )
Adding up two inequalities, we get
1 3
— >
i Zave

Similar for b, ¢, and finally we have

+—1 b+—1 + 1 >§ b>E
@ a+1 b+1 ¢ c+1/) = 8 we=rg-

Equality holds fora = b =c = 1.
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\Y

Problem 24 (29, Asian Pacific Mathematical Olympiad 2007). Ler x, y and z be positive
real numbers such that \/x + \/y + \/z = 1. Prove that

x2+yz y2+z:c z2+xy
V2eiy+2) V2P ta) V222 (@ )
Solution 35 (NguyenDungTN). We have the transformation

2+ yz (x—y)(z—2) [y
Z\/W Z V222 (y + 2) Z '

cyc cyc cyc

> 1.

Moreover, by Cauchy-Schwarz Inequality
y+z VI +Vz
> =1
PR D D
cyc cyc
So it is enough to prove that
Z (z—y)(z —2) >0
e V22%(y+2)
Without loss of generality, assume that x > y > z, then
1 1 1
< < :
V222(y+2) T V22 +17) T 222(x +y)

Using the general Schur Inequality, we have the desired result.

\Y

Problem 25 ( 30, Brazilian Olympiad Revenge 2007). Let a,b,c € R with abc = 1.
Prove that
9 1 1 1 1 1 1 a b ¢ b ¢ a
a+b+c+ sttt t2letbtet—F o+ ) 2642( s +-+-+-+-+- ).
b2 a b ¢ b ¢ a a b ¢

Solution 36 (NguyenDungTN). Since abc = 1, we have

1 1 1
a2+b2+02+2(—+5+—> =a®>+b*+c2+2(ab+be+ca)=(a+b+c)?
a c
1 L1 2,2 | 12 2 2
—+b—2+ +2(a+b+c) = a?? + b2 + ?a® + 2abc(a + b+ ¢) = (ab + be + ca)?.

5 E+§+E+9+E+E+3 _ 2 (ab(a+b) +be(b+ ¢) + ca(c + a) + 3abc)
b ¢ a a b c

abe
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=2(a+b+c)(ab+ be+ ca).
By AM-GM Inequality,
(a+b4c)* 4 (ab+bc+ca)® > 2|(a+b+c)(ab+ be+ ca)| > 2(a+ b+ c)(ab + be + ca).

This ends the proof. The equality holds fora =b =c=1.

\Y

Problem 26 (31, Revised by NguyenDungTN). If x,y, z are positive real numbers, prove
that

(@+y+2)%(yz + 2z +ay)? <37 +yz +27)(2" + 22 +27) (2" + 2y + 7).
Solution 37. Using the inequality
4(a* + b* + ab) > 3(a + b)? Va,b(= (a —b)* > 0)

We have
43
3y +yz +2°)(F" + 2w +2%) (@ +ay +47) = (@ +y)* (Y +2)*(z +2)*
By AM-GM inequality, we get
Iz +y)(y+2)(z+ ) =9(zy(z +y) +yz(y + 2) + z2(z + z) + 22y2)
=8(zy(x +y) +yz(y + 2) + 22(z + x) + 3zyz) + vy(z +y) + y2(y + 2) + 22(2 + x) — Gxyz
> 8(x+y+ 2)(xy + yz + zz).

So we have the desired result.

\Y%
Problem 27 (32, British National Mathematical Olympiad 2007). Show that for all

positive reals a, b, c
(@®+0*)*>(a+b+c)at+b—c)b+c—a)(c+a—Db).

Solution 38 (NguyenDungTN). Using the familiar inequality
(z+y)

2
oy < T W0y e R,
we have
(a+b+c)a+b—c)b+c—a)(c+a—b)=((a+b)?—c*) (¢ —(a—1b)?)
< ((a+b)2 =2+ —(a— b)2)2
- 4
Equality holds when (a + b)? — ¢ = ¢ — (a — b)? & % =a? + b2

= (a® +1%)”.
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\Y

Problem 28 (34, Mathlinks, Revised by VanDHKH). Let a, b, ¢, d be real numbers such
thata® < 1,a%+b? < 5, a?+b%+c? < 14, a®>+b*+c*+d? < 30 Prove that a+b+c+d < 10.

Solution 39. By hypothesis, we have
12a® + 6b* + 4c* + 3d* < 120.

By Cauchy-Schwarz Inequality, we have
2 2 2 2y (1 L 1 1 2
100 = (12a° 4 6b° 4 4c* + 3d~) E+E+Z+§ >(a+b+c+d)

Therefore a +b+c+d < |a+ b+ c+d| <10.

\Y



