Hu6ng dén giai CDBT tii cic DTQG Toén hoc —

(D) Ghuyin £ 6: BAT DANG THUC

A. PHUGNG PHAP GIAI

I. Mét sé ghi nhé:
. a220, (aib)224ab ; Va,b

e a’tab+b’>0 © Va,b
. |a|2ia ; Va
. |a+b|£|a|+|b| ; Va,b
o la-bl>]al - |b] . Va,b

e —1<sinx<1;-1<cosx<1

IL. BAt ding thitc Cauchy
Cho hai s6 a, b khong Am
1. Tac6:a+b> ZM dau “="x4dyrakhia=b
2. Né&u a + b = const thi tich a.b 16n nhdtkhia =b
3. Né&u a.b = const thi tdng a + b nhé nhatkhia=b

B. DE THI
Bai 1: PAI HOC KHOI A NAM 2011

Cho x, y, z 12 ba s6 thuc thudc doan [1; 4] vax >y, x>z.
TR AL
2x+3y y+z z+Xx

Tim gid tri nhé nhat cia bidu thic P =

Gidai
1

. . s 1 2
Ap dung bat dang thdc + >
pcung g I+a 1+b 1++/ab

véi a, b duong va ab > 1.

Tac: P=—— 4+ % z - ! T 1 + 1
2x+3y y+z z+X 143Y 142 1.X
X y z
1 2 1 2
> + = +
2+3Y (4 2% 243Y L X
D4u “=" x4y ra khi va chikhi Z=2 hodc 2=1.
y 2 y

Datht:\/g . VG6ix, y thuoc doan [1;4] vax 2y thit € [1;2].
y

1 2 t2 2
+ =——+
2+3l 1+t 2t2+3 1+t

t2

Khi d6: P >
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TT Luyén Thi Pai Hoc VINH VIEN

t2

2t2 +3
2[4 (t 1) +3(2t% =t +3)]

Xét ham so6 f(t) = +i trén [1;2] .
1+t

Ta co: f°(t) = 3 5 3 <0, Vxe[l;2].
2t +3)°(t+1)
Suy ra ham s& f nghich bién trén [1; 2] . Do dé6: f(t) < f(2) = %
z.x hoéc:izl
. X Z y
Dau “=" x4y ra khi va chi khi : ).
X
t= |—=2
y

DE thdy x =4,y =1,z =2 thda (*).
Vay gi4 tri nhd nhat cda P bing % khix=4,y=1,2z=2.

Cdch 2:
L4y dao ham theo bién z ta dudc:

(x-y)(z* -xy
P@)=0-— >t . 2 - 2( 2)
(y+z) (z+x) (y+2z) (z+x)
e Néux=ythiP=—> 4+ > 4 2 =§.
2x+3x x4z z+x 5

. Néux>ythiP’(z):0<:>zz—xy=0c;>z=\/§.

z N

P'(2) - 0 +

P — o(5) 7

A X y \/E X 2\/;
VayP=z P(\/E) _2x+3y+y+\/§+\/§+x_2x+3y+\/§+\/;

X
==Y 4 2 .
2% 43 1+J;
y y
X t? 2
Piat: t = -—,(teu;ﬂ)mipz —
y 2t +3 1+t
2
biat: f(t) = ¢ + i . Tuong ty nhu trén ta ¢6 minP = ﬁ .
20243 1+t 33
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y z
Cich 3: Tacé: P=—> 4+ ¥ 4 2 _ ! +X 4 X
2x+3y y+z z+Xx 43y Y, %2 %24
X X X

Bata=lvéb=£.\/“1x,y,ze[1;4]véx2y,x22néna,be[i; 1]
X X
1 a b
+ + )
2+3a a+b b+l
L4y dao ham theo bién b ta dugc:
2
' a 1 (1-a)(b” -a
P'(b)=0- >+ 5= 2( )2
(a+b)” (b+1)" (a+b)"(b+1)
e Néua=1thi P= ! + ! + b :é.
2+3 1+b b+1 5
e Néua<lthiP(b)=0=b’>-a=0<b=+a.
b| 1
— a 1
. Ja
P'(b) - 0 +

\ p(\ﬁ) /

1 a ﬁ
Vay P >P(+a )= .
Y (f) 2+3a+a+\/§+\g+l
2

Bat:tzx/gite[l; ID thi P> ! 5+ 2t + ¢ .
2 243t t“+t t+l

Khi d6: P =

2
biat: f(t) = 12+2t + t ! + t t 12+2t.
243t t°+t (4l 24362 t+1 (4l 243t° t+1
Ta c6: £(t) = —— O —+ 2_0 Vte[ }
2 t+1
(2+3t) (
34
Suy ra: f(t) ddng bién trén| —; 1 |= f(t) >f| = 3—
t:l a:i Z:i
Diu “=" xdy ra < 2 o IS ).
b=+a b:l Ezl
2 x 2
4 34

Dé thdy x =4,y =1, z=2 thda (*). Ta lai c6: §—3<g nén minP = — .
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< 1 1
Cich4:P= +

+
2+3Y 142 142
X y z

bata= z ,bzi.Tacéa>O,b>0;ab:521.

y z y
P thanh 3 + ! + !
o, 2 1l+a 1+b
ab
Ma ! + ! > 2 va khi a = b thi dau “=" xay ra.
1+a 1+b 1++/ab
N&n P ab 1 1 S ab 2

= + + > + .
2ab+3 1+a 1+b 2ab+3 1++ab

batt= +/ab, vi 1£ab:5£4 nén 1<t<?2
y

2 2
SuyraP > t 2 t 4+i—E 34

2 + P 11 t2a
2t°+3 1+t 2t°+3 11 1+t 3 33

_ 312 22-1) 34
112t +3)  3(1+t) 33

=(2_t){ —3(t2+2) L2 }3_4
11(2t +3)  3(1+t) | 33

S
_ (o B 27t+48} 34 _

+—=
33217 +3)(1+t) | 33

[ 8t2 +27(t—1) + 48

=(@2-1)| =]
| 33(2t +3)(1+1)

}L%Z%,Vte[ll]
33 33
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Khia=bvat=2thiP= 3—4
33

Do do P 23—4 vaP= 3—4 khix=4,y=1vaz=2
33 33

Vay ta c6 minP =%.
33
( Ghi chi: 35t* — 27t +48 13 1 tam thircc bac 2 cd a > 0 va A <0 nén ludn ludn

duong )

Bai 2: PAI HOC KHOI B NAM 2011
Cho a, b 12 céc s thuc duong thda man 2(a” + b>) + ab = (a + b)(ab + 2) .

b3

. 0 a> b a’ b’
Tim gi4 tri nhd nhat cia bi€u thic P=4| —+— |-9| —+— | .
a’ b2 a?

Gidi

s Pitt= 242 (t>0)th:
b a

2 2 2
. a_+b_=(i+9j _2%2:@_2

b2 a2 (b a a
3 3 3

. a_+b_=(2+9j _33'E£E+Ej=t3—3t
b a3 b a b alb a

Suyra: P=4(t° = 3t) - 9(* - 2) =4t - 9" — 12t + 18
» Theo gi4 thiét ta c6: 2(a”+b’) + ab = (a + b)(ab + 2)

1 1 .
PN 2(3+Ej+1:(—+—j(ab+2) (Chia hai v€ cho ab # 0)
b a b a

@2(%+Ej+1:(a+b)+2(l+%j (1)

a a

; 11 1), a0
Ta cé: (a+b)+2(a+bj > 2\/(a+b).2(a+bj 2\/2(b+a+2j )

D4u “=" x4y ra khi va chikhi a+b= 2(1 + %j
a

Véi t = %+9 (t>0) va k&t hop véi (1) va (2) ta dugc:
a
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204122,2(142) & 467 +4t+124[2(t+2)]

o M —4t-15>0 tzg (vVit>0).

m XétP(t) =46 - 9t — 12t + 18, v6i tzé.

2
Ta c6: P'(t) = 126 — 18t — 12 >0, Vtzg

Do d6: Ham s6 P(t) ddng bién trén {g, + ooj

Suy ra: P(t) > P(gj = —% . D4u “=" x4y ra khi va chi khi:

1 1 _[a+b
a+b:2£;+gj a+b_2( " ] ab=?
& SS9,
a2+b2_5 a“+b" =5
ab 2

ab=2 ab=2 a=1 [a=2
= 2 = = \ .
(a+b)"—2ab=5 |a+b=3 [b=2 |[b=I

A 23 . Ja=1 Ja=2
Vay minP =—— khi v .
4 b=2 |b=1

a b 5
t=—+—==
b a 2

Bai 3: PAI HOC KHOI B NAM 2010

Cho cédc sd thuc khong 4m a, b, ¢ théa man: a + b + ¢ = 1. Tim gid tri nhd nhat
ctia bi€u thitc M = 3(a?b?+ b2c? + ¢%a2) + 3(ab + be + ca) + 2ya® + b2 +¢2 .
Giai
Pbitt=ab + bc + ca, ta co: a’+b*+c*>ab+bc+ca

:>1=(a+b+c)2=a2+b2+cz+2(ab+bc+ca)23(ab+bc+ca)

:>a2+b2+02:1—2tv510£t$%

Theo B.C.S ta ¢6: £ = (ab + bc + Ca)2 < 3(212b2 +bic + czaz)
= M> t* +3t+2J1-2t = (1)

2
£(t) = 2t +3—
J1=-2t
() = 2 — 2 ovte [0; 1} = £(t) 1a ham gidm
«/(1 —2t)} 3
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£1(6) > f‘(%) =%1—2\/§ >0 = fting = f(t) > f(0) =2, Vt e {0; —}

=>M>2,Va,b,ckhéongdmthdaa+b+c=1
Khia=b=0vac=1thiM=2. Vay min M = 2.
Bai 4: CAO PANG KHOI A, B, D NAM 2010

Cho hai s6 thuc duong thay ddi x, y thda man diéu kién 3x +y < 1. Tim gid tri

3 ~ k) <R 2, 1 1
nho nhat cua bi€u thic A =—+

x

Gidi
Ccich].‘123X+y:x+x+x+y24«4fx3y:> L o4
4X3y
1 1 2 2
A=—+ > = >8
X Xy «fxafxy \4fx3y
Khix=y=itacéA=8.V€1yminA=8.
, ‘ 4
Cdch 2: Apdung: Va,b>0: —+—2>
a a+b
A=—+121+2=l+1 > 4 =828
X Jxy X x+y x X ¥y o X ¥ 3x+y
2 2 2 2

Khix:y:itac6A=8.V€1yminA=8.

Bai 5: PAI HOC KHOI A NAM 2009

Ching minh ring vdi moi s6 thuc duong x, y, z théa min x(x +y + z) = 3yz,
tacd (X +y) + (x+2)° +3(x + Y)(x + 2)(y +z) < 5(y + 2)".

Gidai
X(X+y+1z)=3yz o1+l 2-3Y2
X X X X

Z
Pitu=2>0,vy=2>0,t=u+v>0.Tacé:

X X

u+v

2 2
1+t=3uVS3( j =3tz<:>3t2—4t—420c>(t—2)(3t+2)20c>t22

Chia hai v& cho x” bat déng thic cAn ching minh dwa vé

(1+u)3 +(1+V)3 +3(1+u)(1+v)(u+v)£5(u+v)3
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& (241 =3(1+u) (1+v)=3(1+u)(1+v) +3(1+u)(1+v)t <568
o2+t =6(1+u)(1+v) <56 & (2+1) —6(1+u+v+uv) <563
o (2+1) —6[1+t+13tj<5t3 4 -6t —4t> 0 t(20+1)(t-2)20

Ping dot>2.
Bai 6: PATHOC KHOI B NAM 2009
Cho cdc s8 thuc x, y thay d8i va thda man (x + y)’ + 4xy > 2. Tim gid tri nhd
nhét cta biéu thic A = 3(x* +y*' + x’y) - 2(x* +y) + 1 .
Gidai

+y) +4xy>2
{(X VB g ey —220= x4y 21

(x+y) —4xy =0

1
=x>+y? (x+y) dau“ ”xdyrakhi: x=y=—
y > 2 y y >
Ta cé: X2y2 <(X2 +y2)2
h 4

A:3(x4+y4+x2y2)—2(x2+y2)+1:3[(X2+y2)2—x2y2]—2(x2+y2)+1
2 2
23{(){2+y2)2——(X J;y ) }—2(x2+y2)+1
:%(x2+y2)2—2(xz+y2)+1

it =x +y?, dk tzl

[\S)

9, , 9 1 1 9
f(t):Zt —2t+1=>f (t):zt—2>O,Vt2E:f(t)zf(z):E
Vay: A =% khi x=y=§
Bai 7: PAI HOC KHOI D NAM 2008
Cho x, y 12 hai s6 thuc khong 4m thay ddi. Tim gi4 tri 16n nhat va gid tri nhd
(x—y)d-xy)

(1+x)*(1+y)?

Gidi

nhét cta bi€u thic P =

Cach1:
[ =pa=xp)| @eydexy) 11
|1+ x)? (1+y)| [A+0+A+xp] 4 4

Ta co: | |—
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e Khix=0,y=1thi p:—% la GTNN

. Khix:l,y:Othip:iléGTLN
2 2
Céch 2: p_x x> y— y+xy x(1+y )2 y(1+2x )
(1+x) (l+y) 1+x)"(1+y)
x(1+2y+y )— y(1+2x+x ) X y
A+x)°*1+y)* 1+x)?  (1+y)>
Ta ludn c6: 0< 2Sl;VaZO
(1+a)- 4

Nén pmaX:% khix=1,y=0va pmm:—% khix=0,y=1.

Bai 8: DA HOC KHOI A NAM 2007

Cho x, y, z 1a c4c sd thuc duong thay ddi va thda min diéu kién xyz = 1.
Tim gi4 tri nhd nhat cia bidu thic:
X (y+z) y (Z+x) z (x+y)

vy +2Zx/_ wz +2x\/_ xWx +2y.fy

P_

Giai
Ta ¢6: x’(y +2) 2 2x/x . Tuong ty y*(z+x) > 2y\[y, 22 (x +y) > 2242

ZX\/; N Zy\/; N 22\/2
y y+2z«/2 Nz +2xdx  x x+2y\/}_f

Batazx\/;+2y\/_,b=y\/§_f+22\/2, c=z Z+2X\/;

Suy ra: X\g:4c+a—2b’}/\/7:4:¢1+b—2c’ Z\E:4b+c—23

= P>

9 9 9
Do d6 P22(4c+a—2b+4a+b—2c+4b+c—2aj
9 b c a
:2 4 E+3+E + E+E+E -6 22(4.3+3—6):2
9 b c a b c a 9
Diu “=” xdy ra<:>x—y=z=1.Vafly gid tri nhd nhat cla P 1a 2.

Bai 9: DPAI HOC KHOI B NAM 2007

Cho x, y, z 12 ba s& thuc duong thay d6i. Tim gi4 tri nhé nhat cda biéu thiic:

x 1 (y 1) z 1
P=x|—-+— |+y|=+— |+2z| =+ —
2 yz 2 zx 2 xy

Giai
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2 2 2 2 2 2
. X 7z X" +y +z
Tacé: P=2 43 2 2 7Y T2
Xyz
2 2 2 X2 +y2 y2 +22 Z2 +X2
Do Xx"+y +z = 5 + > + 5 2 Xy +YyzZ+2zX

2 2 2
INC T R L R L U
2 x 2y 2z

2
Xét ham s§ f(t) = % +% vdi t > 0. Lap bang bi€n thién clia f(t) ta suy ra

f(t)Z%,Vt>0. Suy ra: PZ%. Diubing xdyra<>x=y=z=1

Vay gi4 tri nhd nhat ctia P 1a % )

Bai 10: PAI HOC KHOI A NAM 2006
Cho hai s8 thuc x # 0 va y # 0 thay ddi va thda man diéu kién:

X +y)xy= X%+ y2 — Xy.

S 1a Y P 1 1
Tim gid tri I6n nhat cda biéu thiic A = —+ —.
3 y3
Giai
o 1 1 1 1 1
Tl‘rglathlettasuyra:—+—:—2+—2—_

X ¥V x y Xy
1 1
Dat—za,—zbtacc’):a+b:a2+b2—ab (D)
X y
A=a’+b’=(a+b)a’+b’>—ab)=(a+b)

Tu (1) suy ra: a+b=(a+b)>—3ab.
a+b) 3
Vlabs(Tj néna+b > (a+b)2—Z(a+b)2

=(a+b)’—4(a+b)<0 =0<a+b<4 Suyra:A=(a+b)><16
Véix=y= % thi A = 16. Vay gia tri 16n nhét ctia A 1a 16.
Bai 11: PAI HOC KHOI B NAM 2006
Cho x, y 1a céc sd thuc thay ddi. Tim gi4 tri nhd nhat ctia biéu thic:
A=yx=D? +y? +fx+ D% +y? +]y 2]
Gidai
Trong mit phing vdi hé toa do Oxy xét M(x — 1; —y), N(x + 1; y).
Do OM + ON = MN nén
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Ja=D2 132 4 x+ D2 +y2 = J4+4y% =214y

Do d6: A>2\1+y” +|y—2|=f(y). 1
y —00 \E o0

o Voiy<2=f(y)=24J1+y> +2—y

£(y) - 0 +
= y) = -1 ~
T 2. f
y? +1 ) 243 /
fy)=0 < 2y=l+y> & y20 @y—L
4y2:1+y2 \E

Do d6 ta c6 bang bién thién nhu hinh bén:
o Véiy=2=f(y)> 2,/1+y2 >25>2+3.
Vay A > 2 ++/3 vé6i moi s6 thuc x, y.
1
B

Bai 12: PAI HOC KHOI A NAM 2005

Khix=0vay= —— thi A=2++/3 nén gié tri nhd nhat ctia A1a 2+/3 .

. 1 1 1
Cho x, y, z 1a cdc s6 duong thda man —+—+—=4,
X y z

s 1 1 1
Chiing minh rang: + + <I.
2Xx+y+z X+2y+z X+y+2z

Gidi

1 1 1(1 1
Véia, b>0ta co: 4ab < (a+b)* < <3+b P
a+b 4ab a+b 4\a b

Dau “=" x4y ra khi va chi khia =b.

Ap dung két qua trén ta c6:

1 11 1 11 1. 1 1]
— < | —+ <—|—+—+—+— (1)
2x+y+z 4\2x y+z) 16|x x y z]
Tuong tu:
Xx+2y+z 4\2y x+z) 16|y y x z]
;Sl i.}. 1 gi l+l+l+l (3)
x+y+2z 4\2z x+y) 16|z z x |

R 1 1 1 {1 1 1
Vay: + + <—|—+—+—-1=1
2x+y+z x+2y+z Xx+y+2z 4
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Ta thdy trong cdc bt ding thitc (1), (2), (3) thi ddu “=" x4y ra khi va chf khi:

X =y = z. Viy ding thiic xay ra khi va chikhix=y=z= %
Bai 13: PAI HOC KHOI B NAM 2005
X X X
Ching minh ring v6i moi x € R, ta c6: (%j +£$) + (?j >3% +4% +5%.

Khi nao ding thic x3y ra?

Gidai
Ap dung bat ding thic Cauchy cho hai s duong ta c6:

)32 G =G-8 o
5 4 5) \4 > 4

X X
Tuong ty ta co: (%) + (?j >2.4% 2)

X X
Ej + & >2.5% 3)
4 3
Cong cdc bat ding thic (1), (2), (3), chia hai v€ clia bat ding thifc nhan dugc
cho 2, ta c¢6 diéu phai chiing minh.

Ping thic xdy ra < (1), (2), (3) 1a céc ding thic < x = 0.
Bai 14: DAI HOC KHOI D NAM 2005

Cho cdc sd duong X, y, z thda min xyz = 1. Chiing minh ring:

3 3 3 3 3 3
\]Jl—i—x +y +\j’1+y +z +\lll+z +X 23\/5.
Xy yz zX

Khi nao ding thic x4y ra?

Gidi
Ap dung bat ding thitc Cosi cho ba s6 duong ta c6

1+x3 +y?
1+x3+y323a3f1.)(3.y3=3xy<:> L A \/g

P
3 3 3 3
Tuong t - «fl—i—y +z S \E : 1+27° +x >
yzZ \/y_z zX z
BB W3

\/5 + >33
NN N i Wi

5| §s =
s
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BB B as

Hay T> + >
Xy \ﬁ Jzx
Ping thic xdyrakhix=y=z=1.
Bai 15:

Chox,y,zlabasdduong x+y+z< 1.

Ching minh ring: sz +i2 + Jy2 +i2 4—\/22 +L2 >./82 .
y

X z

Giai

Cdch 1: Xem ﬁ:(l—x,ﬁj; {/:[l—y,ﬁ]; Q:(l_z,ﬁj
y z

X

2
Ta c6 \/x2+i2+ y2+i2+\/z2+i2 > {l+l+l—(x+y+z)} +18
X y z X Yy Z

Mit khéc: l+l+l—x+y+z:(l+9xj+[l+9yj +(l+9zj—10(x+y+z)
X y z

Xy z

> 18-10=8(doBPT Cauchy vax+y+z< 1)

Do d6: V& trai > /8% +18 =+/82. Ddu “=" xdyrakhix =y =z = % (dpcm).

Cdch 2: Ap dung BDT Bunhia..tacé: 1.x+9. 1 <N1Z 492, fxz + iz
X X

Bat ding thic Cauchy x + . 9(1 + 9xj —80x>9.6—80x (2)
X X
T (1)va (2) = |x2+-> L(54—80x)
N
Tuong ty il L(54—80y) e Lt L(54—80z)
: N5 2 2
= VT2 ——(162-80(x+y+z))=~82
(162-80(x y +2)) 52

Xdyradidu “="khix=y=2z= % (dpcm).

Bai 16:

Cho x, y, z 12 ba s& duong va xyz = 1.
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2 y2 ZZ

Ching minh ring: + +
I+y 14z 1+x

>3
2

Gidi

2 2
Tacé: — +1+y22 X .1+y:x
I+y 4 I+y 4
2 2 2 2
y +1+222,y }+Z:y; z +1+x22fz '1+X:Z
1+z 4 1+z 4 1+x 4 1+x 4

Cong v€ theo vé ta dugc:

x2 y2 z? I+y 1+z I+x
+ + + ++ Z2X+y+z
I+y 14z 1+x 4 4 4
2 2 2
X y z 3.3 3
+ >Z(x+y+z)—= >>33xyz—= == (dpcm
oy 1oz Tex o g X TYFHTy 2 AyE oy 20 (dpem)
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