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Bit Ding Thie Bunhincilpke

1.B4t ding thirc Bunhiacopxki ( BCS) :

Cho 2 bd s6 thuc (a;5a,5..5a,) va (b;b,;..3b, ), mdi bd gdm n sb. Khi dé ta co:

n-n

(ab, +ab, +...+ab,) < (012 +a,’ +...+an2)(b12 +b,’ +...+b,72)
Dau dang thtc xay ra khi va chi khi:

al_a2_ _an /o , A X M v be g Y
—— = = .= 7 v0iquy uéc néu mau bang 0 thi tir phai bang 0.

b, b, b

n

II. Cac hé qua :
Hé¢ qua 1:

X . 2o\ ey C
Neu a,x, +...+a,x, = C (khong doi) thi mm(xf +...+xf) =
a’ +..+a
X x
dat dugc khi L =... ="~
al an
H¢ qua 2:
Néu x? +...+ x> = C* (khong d6i) thi max(ax +..+ax ):|C|\/a2 t..+a
1T T M T d X 1T,
X x
dat duoc khi L =..="2>0
al an
: 2 2
min(a,x, +...+a,x,)=—|C|\Ja] +...+a,
A < 2 2 x x
Dau “="xdyra < —+=..=-"2<0
al an

II1.B4t ding thirc Bunhiacopxki mé rong:

* Mo rong bat dang thirc Bunhiacopxki cho 3 déy sb thyc khéng 4m
(a;;a,5..5a,)3(bsbys5b, )5 (¢5655.5¢, ) ta ludn 6

2
(a,bc, +abye, +...+a,b.c ) S(af +a +...+a§)(b13 +b) +...+b,f)(cl3 +c +...+cs)

n-n-n

Chirng minh:

< _3/.3 3 3 _ 313 3 3 _ 3.3 3 3
BatA—\/a1+a2+...+an ,B—\/b] +by +..+b ,C=3/c+¢, +...+c
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Néu A4 = 0hodc B = 0hoic C = 0 thi bat dang thirc hién nhién ding vi khi d6 ca hai vé cua bat dang thirc

déu bang 0.
Vay ta chi xét truong hop 4> 0;B >0;C >0
. b. A
bat x, :i;yl. =—;z :ivdl i=1,2;3
A B C

X +x+x =1
Khi d6 ta c6: { y; +y3 +y; =1 va bat dang thirc can ching minh tro thanh: x, y,z, + X, y,2z, + X, y;2, <1
3 3 3
z, +z,+z; =1
3 3 3
X, +x + X
3
3 3 3
X, + x5 + X5
3
3 3 3
X; + X+

3

X0z <

Ap dung bét dang thirc Cauchy cho 3 s6 khong am: x7; 73z} (i =152;3) ta ¢6:{ x, 3,2, <

Xy Y32y <

Cong cac bat dang thirc trén lai ta dugc: x,y,2, + X, ,2, + X, ,2z, < 1(dpem)

“a_h_a

TR S PR
Dang thirc xdy ra ©<x, =y, =z, & j:E:E
BN T4 a, b, ¢

A B C

Hay a,:b,:¢c, = A:B:C(i =1;2;3)thc laza, :b, :¢, =a, :b, :¢, =a; :b; 1 ¢

* Tong quat : bt dang thirc Bunhiacopxki mé rong cho rong cho m diy sb thuc khdng Am:

Cho m diy sd thuc khong am:

(a;;a,5..5a,),(b3bys5b,), ooy (K3 K5 K,)

Ta co:

(ab,..K, +a,b,..K,+..+ab,.K,)" < (al’” +ay +...+a;”)(b{" +bY +...+b;")...(K1’" +K7 +...+K;")
Dau “=" xay ra khi va chi khi:

a :b:..:K =a,:b,:...:K,=a, b, :...: K ( ching minh tuong ty nhu trén)

I- MOT SO Vi DU :

Bai 1: Cho x,y,z 1a ba sb duong thoa 4x+9y +16z =49 . Ching minh ring:
T=l+é+ﬁ249
X y oz
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Ding thirc xay ra khi nao?
Huong din giéi

Ap dung BPT Bunhiacopxki cho sau sd 2Vx;3y; 4z va ta dugc:
e

49.T=(4x+9y+162)G+2—y5 %] [( Jx) +(347) +(4 )M%}z{%}:(%f

( +3f\/_+4f J_]2=492

Sr=1: 2,850

X y oz

1 5 8
Ding thitc xdy rakhi {2x 3y 4z <dy=
4x+9y+162 =49

N wlw N~

N
Il

Bai2:Cho x>0;y >0 va x’ + y* < x+ y.Chimg minh:

x+3y<2+45

Huwong din gidi
, 1Y 1Y 1
Giathiét: x> +y  <x+yvs|x——| +| y——| <—
yoere ( 2j (y 2j 2
1

Ap dung BDT Bunhiacopxki cho 2 bd $6: (1;3);(x - E;y - %) ta co:

(g3 ol -4

:>(x+3y—2)2 <5
:>x+3y—2Sx/§
:x+3y£2+\/§

NG

1
2710
1 35
2

Ding thirc xay ra khi

10

Bai 3 : Cho a,b,c>0; a+ b+ c=1.Chiing minh:
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1 1 1 1
ﬁ+_+_+_230
a +b" +c ab~ bc ac
Huwong dan gidi
C}(_)iAA:%ﬁ‘L‘FL‘Fi
a +b"+c° ab bc ac

Ap dung BDPT Bunhiacopxki cho 2 bd sb:

1 111
[\/a2+b2+c2’«/ﬁ’ﬂ’@J
(\/a2+b2+cz;3m;3\/§;3@)
Tacéd: (1+3+3+3)° <(a’ +b* +¢* +9ab+9bc +9ca) 4

:>100S[(a+b+c)2 +7(ab+bc+ca)}4 (*)

Ma ab+bc+ca£%(a+b+c)2 :%(doa+b+czl)
Do dé: (*) = 4 > 30.

Pang thirc xay rakhi a=b=c :%

Bai4: Cho x;y;z > 0vathod x+ y+z <1.Chitng minh : \/x2+i2+\/y2+iz+\/zz+izz@

X y z
. 1 1 1
Goi Sz\/x2 +—2+\/y2 +—2+\/22 +—
X v z

Ap dung BDT Bunhiacopxki cho 2 bd $6: (1;9);(x;lj

Huéng din gidi

X

Ta co: x+23\/1+81. /x2+L2=\/§. /x2+L2 (1)
X X X

9 1
+= <82, [y +—
y y y y2 )

s+ <52, /zz+i2 (3)
4 Z

Cong (1),(2) va (3) theo vé ta duogc: SA/82 > xX+y+ z+9(l+l+l)

X y z

Tuong ty:

S.\/8—2281(x+y+z)+9(l+l+1]—80(x+y+z)

Hay X y z
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22.9.3.\/(x+y+z)[l+l+l]—802162—80=82
X y z

Vay \/x2+L2+\/y2+L2+\/ZZ+ZL22\/§

X y

Bai 5 : Cho ba s6 thuc duong a,b,c thoa ab + be + ca = abe .Ching minh rang;

2 2 2 2 2 2
\/b +2a +\/c +2b Jr\/a +2c Z\/g

ab bc _ ca
Huong dan gidai
Ny \/bz 242 [1 1
Ta co: = =,[—+2—(do a,bduon
ab 22b° e E ( 2)
bat x=l;y=l;z=lthi
a b c
...z |@b,c>0 X, y;2>0
gia thiet =4
ab +bc + ca = abc x+y+z=1

va (dpcm) < \/x2 +2y° +\/y2 +22% +4z2 427 >3
Ap dung BDT Bunhiacopxki ta co:
3()62 +2y2):3(x2 +y° +y2)2(x+y+y)2

= /x* +2)° ZL(erZy)

NE)
Tuong tu Y +27° 2%(y+2z)

Nz2+2x7 > %(z + Zx)

Vay \/x2+2y2+\/y2+222+\/22+2x2 ZL(3x+3y+3z):\/§

N

Dang thirc xay ra khi x=y=z=§

Véix:y:z=%thia=b:c:3

Bai 6 : Chimng minh: Va—1++b—1++c—1< JJe(ab+1) véi moi s6 thue duong a;b;c > 1
Huéng dén gidi

Pita-1=x*;b—1=y*;c—1=2"

Véi x; y;z > 0.Bat dang thirc can chimg minh trd thanh:

x+y+z£\/(z2 +1)[(x2+1)(y2 +1)+1]

Ap dung BDT Bunhiacopxki ta co:
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x+y£\/(xz+1)(y2+l):>x+y+zS\/(x2+1)(y2+l)+z (1)
\/(x2+1)(y2+1)+zs\/(x2+1)(y2+1)+1. 241 )
Két hop (1) va (2) ta cb x+y+zS\/(22 F1)[ (2 1) (5% +1) +1]

Vay Ja—1+3b—1+c-1< Jc(ab+1) (dpcm)

Bai 7 : Cho a;b;c >0 va thoa abc =1.Ching minh:

1 1 1.3

a’ (b+c)+b3(c+a)+c3(a+b) 2
Huwéng din gidi

1 1 1
bit x=—;y=—;z=— =>xz=45x>0;y>0;z>0
a b c

2 2 2

y zZ 3
2

A /. . A < /. X
Ta can chung minh bat dang thic sau : A= + +
y+z z+x x+y

ApdungBDTBunhiac()pxkicho2b©sé:(\/y+z;x/z+x;\/x+y);£\/x ;\/y ;\/z ]
y+z Nz+x Jx+y

Ta co: (x+y+z)2 S(y+z+z+x+x+y)A
xX+y+z_3

3 3
>—3xyz =—(doxyz=1 = A>—
5 2\/y 2( yz=1) 5

Piang thirc xdy rakhi x=y=z=1

= A2

Véi x=y=z=I1thia=b=c=1.

Bai 8 : Cho a;b;c > 0 .Ching minh:

a4 + b + < <1
a+ (a+b)(a+c) b+ (b+c)(b+a) c+ (c+a)(c+b)
Huéng dén gidi

Ap dung BDT Bunhiacopxki cho 2 bd $6: (JZ;JZ);(JE;JZ)

Ta co:
(@+@)2s(a+b)(c+a):>@+@£\/m
= a++Jac +Jab <a+ (a+b)(c+a)

a < a B Ja
a+J(a+b)(a+c) " a+ac+Jab  Na+b e

=

()
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Tuong tu: b < Vb 2)
b+\(b+c)(b+a) Va ++b +e
¢ L Ne )
c+(c+a)(c+b) ~Na+b+e
Cong (1),(2) va (3) theo vé ta duoc:
a b c

i Jarb)are) bryrobra) crderacan)

Ding thirc xay rakhi a =b=c.

Bi 9 : Cho a;b > 0va thoa @’ +b> =9 .Ching minh : ab__ 323
a+ b+3 2
Huong dan gidai

Tacod: a®> +b* =9
<:>2ab=(a+b)2 -9
<:>2ab=(a+b+3)(a+b—3)

2ab =a+b-3
a+b+3
ab _a+b_§

= =
a+b+3 2 2
Ma theo BDT Bunhiacopxki thi a+b <v2+/a”> +b* =32

Nen 9 _ 3J2-3
a+b+3 2

a;b>0

Ding thirc xdy ra khi { a” + b’ :9<:>a:b:i

NG

a=>b

Bai 10: Cho a:h;c;d dwong tuy §.Chimg minh : 4~ +L» P+4  P+d P¥d
a b ¢ pa+gb pb+qgc pc+qa

Huéng dén gidi

Ap dung BDT Bunhiacopxki ta co

(p+a) =[\/§\/ﬁ+\/%\/q_b]2 S(§+%j(pa+qb)

Tuong tu ta chimg minh dugc

(p+q)2é(§+%j(pb+qc); (p+q)zg(g+gj(pc+qa)

Cong cac vé twong g ctia ba bat dang thirc ta co :
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2 1 1 1 1 1 1
(p+q) + + <(p+q)|—+—+-—
pa+qgb pb+qgc pc+qa a b c

1 1 1 1 1 1
Hay (p+q) + + <—t—+—
pa+qgb pb+gc pc+qga| a b c

Vay 1.1 1, p+tqg  p+tq p+q

a b ¢ pa+gb pb+gc pc+qa

Bai 11 : Cho 4 s duong a;b;c;d .Chiing minh:

a’ b’ e’ d’ a’+b* +c* +d?
+ + + >
b+c+d c+d+a b+d+a a+b+c 3
Huong dan gidai
a’ b’ e’ d’

bat P = + + +
b+c+d c+d+a b+d+a a+b+c

Ap dung BDT Bunhiacopxki cho 2 bo sd:

{\/b+f+d;\/ A \/ 3 \/ i ];(\/a(b+c+d);\/b(c+d+a);\/c(d+b+a);\/a’(a+b+c))

c+td+a’ \b+d+a' Na+b+c
Ta co:
(a2+b2+c2+d2)2sP[a(b+c+d)+b(c+d+a)+c(d+a+b)+d(a+b+c)]
<:>(a2+b2+c2+d2)2SP[(a+b+c+d)2—(a2+b2+c2+d2)} (1)
Ap dung BPT Bunhiacopxki cho 2 b s6: (a;b;¢;d);(1;1;151) ta duge:
(a+b+c+d) <4(a®+b*+c” +d*) )
2 2 2 2\2 2 2 2 2
<
Tir (1) va (2) ta duoc (a +b°+c" +d ) _3P(a +b°+c" +d )
sSat+bP+ct+d* <3P
. a’ b’ e’ d’ a’+b* +c* +d?
Vay + + + >
b+c+d c+d+a b+d+a a+b+c 3
Bai 12 : Cho cac s6 duong a;b;c théa a+b+c=1.Chimg minh : N b +—C >
_ l+b—a 1+c-b l+a-c
Huwong dan giai
Pat A= a b c a b c

+ + = + +
I+b—a l+c-b l+a-c 2b+c 2c+a 2a+b
Ap dung BDT Bunhiacopxki ta co:

(a+b+c)2 :[%1/a(2b+0)+%,/b(2c+a)+%1/c(2a+b)

cta

a b c
S[2b+c+ S '2a+b}|:a(2b+c)+b(2c+a)+c(2a+b)]
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- 4> (a+b+c)2
_3(ab+bc+ca)
Ta lai co:
a+b+c) >3(ab+bc+ca). Suyra A23(ab+bc+ca):1
y
3(ab+bc+ca)
vay —4 b ¢ 5

“1+b-a l+c-b l+a-c
2b+c=2c+a=2a+b
Dau dang thirc xdy rakhi sa=b=c <::>a:b=c:l
a+b+c=1 3
Bai 13 : Gia st cac s thuc x; y;z;¢thoa man diéu kién: a(x2 +y° ) + b(22 +1 ) =1 v6i a;b1a hai sé duong cho

trude. Ching minh: (x + Z)(y + t) <4 -;b
a

Huwong din gidi
Do a;b > 0 nén tir gid thiét ta co:
2 2 2 2
+ +1 1
a(x2+y2)+b(zz+t2):1<:>x Y,z =
a ab
x> 22y 1
S —+—F—+—=—
b a b a ab

Ap dung BDT Bunhiacopxki ta co:

(r+2) :[%.JL%.JET S(b+a)[%+§] 0
Tuong tu (v+1) s(b+a)[%2+%j @)

Cong timg vé (1) va (2) ta dugc:
2
(?€+Z)2 +(y+t)2 g(b+a)[%+_+J’_+_j: a+b 3)

a b a ab
Mit khac (x+z)2 +(y+t)2 >2(x+z)(y+1) 4)
Do d6 tir (3) va (4) suy ra: (x+2z)(y+1) < a—;b
a
r_Z
b a
t =Y
Déu déng thirc xay ra <> 12 == = ax
b a z=t=—
X+tz=y+t b
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Bai 14 : Cho cac s6 thyc duong x; y; z;¢thod man xyzt = 1.Ching minh:
1 1 1 1 4
3 T T3 3 25
X (yz+zt+ty) b% (xz+zt+tx) z (xt+ly+yx) t (xy+yz+zx) 3

Huéng dén gidi
Véi x;y;z;tdat a—l b:l;c:l;d:l (a;b;c;d > 0)va abed =1
X y z t
> X=— —l'z—l't—l
7 2 ’y b\’ C’ d
Bat dang thuc can chirng minh tuong voi:
1 1 1 1 4
+ + >—
1(1 1 lj 1(1 1 lj 1(1 1 lj 1(1 1 lj 3
_) =+ =] —+—+— | —— | = —+—+—
a\bc cd bd b*\ac cd ad *\ad bd ab d*\ab bc ac
a’ b’ c’ d’ 4
+ + + >—
b+c+d c+d+a d+a+b a+b+c 3
bed adc abd abc
3 3 3 3
a + b + ¢ d i (vi abcd =1)
a(b+c+d) b(c+d+a) c(d+a+b) (a+b+c) 3
a’ b’ ¢’ d? 4
+ + + —
b+c+d c+d+a d+a+b a+b+c 3
2 2 2 2
pit §=—2 b o, 4
) b+c+d c+d+a d+a+b a+b+c
Ap dung BDT Bunhiacopxki ta co:
S.[(b+c+d)+(c+d+a)+(d+a+b)+(a+b+c)]2(a+b+c+d)2
+b+c+d)
:>S2(a c+d) =l(a+b+c+d) (D
3(a+b+c+d) 3
Ap dung BDT Cauchy véi 2 s6 duong:
a+b22\/E; c+d22\/a

Suy ra a+b+c+d22(x/£+\/a)
Lai 4p dung BDT Cauchy cho 2 s duong Jab ;\/J ta co:
Jab +~Jcd > 23Nabed =24abed =2 (vi abed =1) 2)

Tir (1) va (2) suy ra S zg

Vay

1 1 1 i
3

! + +
1(1 1 1) 1(1 1 1] 1(1 1 1] 1(1 1 1}
|ttt = —t—+t— | | — — |t —+—
a\bc cd bd b’\ac cd ad \ad bd ab d*\ab bc ac

Dau dang thirc xdy rakhi a=b=c=d =1 x=y=z=t=1,
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Bai 15 : Cho x,;x,;x,;x, duong thoa diéu kién x, + x, + x, + x, = 1.Chimg minh :

ﬁ+ﬁ+ﬁ+ﬁ>l

3 3 3 3
X +x, +x; +x;, 4
Huéng din gidi
Ap dung BDT Bunhiacopxki ta co:
2
I=(x+x,+x+x,) < 4(x12 +x5 +x; +xf)

1
2 2 2 2
=X X, hX X 22— (1)

4
2
v (e exiex) :(4/x1 I e R +,/x4.1/xi)

S(x1 +Xx, +Xx, +x4)(x13 +x; +x33+xi)
=X+ +x +x;  (Vix, +x, +x,+x, =1)

3 3 3 3
X HX b X,

= > X} + X+ X+ X, )

2 2 2
X, +x; +x; +x,

2
3 3 3 3
X, +Xx5 + X5 +x4)

L]
—

= (x1 X[+ X, +)c3.x32 +x4.xj)
S(xl2 +x22 +x32 +x§)(x14 +)c;1 +x§1 +xj)

4 4 4 4 3 3 3 3
IR T N I T e

> 3
U U I U U ®
T (1);(2) va (3) suy ra:
XX+ X +x >l
X+ +x, +x, 4
Bai 16 : Cho bdn sd duong a;b;c;d .Chitng minh:
at N b* N c’ N d* >01+b+c+d
(a+b)(a2 +b2) (b+C)(b2 +cz) (c+d)(c2 +d2) (d+a)(d2 +a2) - 4
Huwéng din gidi
Ap dung BDT Bunhiacopxki ta co:
(a+b) <2(a’+b) = (@’ +b*)(a+b) <2(a’ +b*)<4(a’ +°) (1)
4 4
@b s L)
(a+b)(a2 +b2) 4
4 4
Mat khac: — 0 _
a+b)(a2 +b2)
Pt N = a i ¢ a

(a+b)(a2 +bz)+(b+c)(b2 +c2)+(c+a’)(c2 +a’2)+(a’+a)(a’2 +a2)
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Ta co:

(a4—b4)+(a4+b4) (b4—c4)+(b4+c) ( ) (c4+d4) ( )+(d4+a4)

@) G o) () d) | dra)dea)

(1)

<:>2N2i(a+b)+a—b+%(b+c)+b—c+%(c+d)+c—d+%(d+a)+d—a

<:>2N2%(a+b+b+c+c+d+d+a)<:>Nzi(a+b+c+d) (dpcm)

Bai 17 : Cho a;b;cla cac sb thuc duong.Chting minh: a + b + < >1

\/a2 + 8bc \/b2 +8ac \/02 +8ab
(Trich dé thi Olympic Todn Quéc Té lan thir 42, nam 2001)
Huwong dan gidi

a b c

+ +
\/a2 + 8bc \/b2 + 8ac \/c2 + 8ab
Ap dung BDT Bunhiacopxki hai 1an ta duoc:

Dit 4=

2
(a+b+c)2: \/L%x/_\/4a2+8bc+\/% \/_\/b2+8ac+m\/z.\4/cz+8ab}
| Va” +8bc +8ac ¢ +8a

< a4 + b + ¢ }[a.\/az +8bc —i-b\/b2 + 8ac +C\/02 +8ab}

_\/a2 + 8bc \/b2 +8ac \/c2 +8ab

= A.[\/g.\/cf +8abc + \/Z.\/b3 +8abc + \/E.\/ ¢+ Sach

< A.\/(Cl+b+0)(613 +b +c +24abc) (1)

Mat khac
(a+b+c)3 =a+b +c +3(a+b)(b+c)(a+c)
Ap dung BDT Cauchy véi hai sé duong ta co:

a+b22\/%; b+cZ2\/%; a+cZ2\/E
Suy ra:
(a+b)(b+c)(a+c)28abc
:(a+b+c)3 =a’+b + +3(a+b)(b+c)(a+c)=ad’ +b + +24abc (2)

Tu (1) va (2) suy ra:
(a+b+c)2 < A.\/(a+b+c)(a+b+c)3 = A.(a+b+c)2
b c

a
Do dé 4>1, nghiala + + >1
\/a2 + 8bc \/b2 + 8ac \/c2 +8ab

Dau dang thic xay rakhi a=b=c.

Bai 18 : Cho x;y;z €[] "thoa xy + yz + zt + tx = 1 .Chirng minh:

Chugén dé¢ boi dusng hoc sinh gici KIO www.MATHVN.com Page 12
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3 3 3 3
Y oy oz ! zl
y+z+t x+z+t x+y+t x+y+z 3
, Huwéng din gidi
Ap dung BDT Bunhiacopxki ta co:
(xy+yz+zt+tx)2S(xz+y2+zz+t2)(y2+zz+t2+x2)
SIS +y +2° 40 (1)
bit X =y+z+t,Y=x+z+t;Z=x+y+t;T=x+y+z
Khong mat tinh tong quat gia si:x > y > z > ¢
=>x 2y 22 2fvax’ 2y 22 >F
Va‘ly+z+z‘£x+z+tSx+y+t£x+y+zc>)(£YSZST:>LZLZLZl
) ) ) X Y Z T
Ap dung BDT Tré-bu-sép cho hai day so sau:
x32y32232t3
I 1 _1_1
> >_>_
X Y Z T
3 3 3 3
ruyryz eyt 111 (x3+y3+z3+t3) ()
X Y Z T 44X Y Z T
Ap dung BT Tré-bu-sép cho hai day 4 >~~~
un ré-bu-sép cho hai da
b aune P yx22y22222t2
(x3+y3+z3+t3)Zi(x+y+z+t)(x2+y2+zz+tz)
Mat khac:
1 1
x+y+z+t=g(x+y+z+x+y+t+x+z+t+y+z+t)=§(X+Y+Z+T)
3 3 3 3 1 2 2 2 2 1
:>(x +y 4+ +t )zz(x +y +2° +t ).§(X+Y+Z+T) 3)

Twr (2) va (3) rlt ra:

3 3 3 3
x—+y—+z—+t—zi(x2+y2+z2+t2)(X+Y+Z+T)(L+l+i+lj
X Y Z T 48 X Y Z T
Theo (1) talai co: 1< x* +y° +2° + ¢

Ap dung BDT Cauchy cho X;Y;Z;T > 0ta co:

X+Y+Z+T24XYZT

Chugen dé boi dudng hoc sinh gi6i KIO  www.MATHVN.com
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3 3 3 3
vay Za 2L g6t
X Y Z T ’48 3
Thay X;Y; Z;T ta dugc két qua:
3 3 3 3
x oy oz ! 21
y+z+t x+z+t x+y+t x+y+z 3

Dau dang thirc xay ra khi x:y:z:t:%

Bai 19 : Cho n 1 sb ty nhién.Chtrng minh rang:

\/C7,1,+\/C7+...+\/C7£4/n(2” —1)

Huéng dén gidi
Chon hai day (a1 = \/CT;az = ﬁ;...;an = \/Ci,f);(b1 =b, =..=b, =1)
Ap dung BDT Bunhiacopxki ta cé:(ﬁ+ﬁ+...+ C! )2 < (Ci +C2 +.+ C,’I’)(l+1+...+1) (1)

Theo nhj thirc Newton ta ¢6: (a+b)" =Y Cra*b"™*

k=1
Choa =b=1.Taco:
2"=C+C, +..+C! = 2" -1=C, +..+C"

Vay tur (1) ta co:
\/C7,11+\/C75+...+\/C7:S1/n(2” —1)
Dau dang thirc xay ra khi @zﬁ:...z C'<on=1.

a b c d >2

+ + + >
b+2c+3d c+2d+3a d+2a+3b a+2b+3c 3
_ (Trich dé dy bi Quoc Té Toan My nam 1993)
Huwong dan gidi

2
Ap dung BDT Bunhiacopxki ta co: (zﬁ](z X, y[j > (z xl)
i=l1 i=1

i=1 i

Bai 20 : Choa;b;c;d > 0.Ching minh :

voi n =4;(x1;x2;x3;x4)=(a;b;c;d);(yl;y2;y3;y4) =(b+20+3d;c+2d+3a;d+2a+3b;a+2b+3c)

(a+b+c+d)
=>VT2 (1)
4(ab+ac+ad+bc+bd+cd)
Mit khac (ab+ac+ad+bc+bd+cd)S%(a+b+c+d)2 )

Tir (1) va (2) :>VT2§ (dpem )

a’ b! ¢! S a+b+c

Bai 21 : Cho a > 0;b > 0;c¢ > 0 .Chting minh : + + >
b+c c+a a+b 2
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Huwéng din gidi
4 4 4
- a b c
Dit x; = ;X = ;X7 =
b+c c+a a+b
Ap dung BDT Bunhiacopxki ta c6 cho cac so x;;x,;x,vay,;»,; y,ta dugc:

4 4 4
(bic+cia+ac+bJ[a2(b+c)+b2 (c+a)+cz(a+b)}2 2(a3 +b +c3)2

2

va a2(b+c)=yl2;b2(c+a)=yzz;cz(a+b):y3

4 b o (a3 +b 4+ )2
+ + > —
b+c c+a a+b g (b+c)+b2(c+a)+c2(a+b)

Dé chirmng minh dugc bai toan ta can chimg minh:

Nén

2(a3+b3+c3)2a2(b+c)+b2(c+a)+cz(a+b) (**)
(NN d +b —a’b-ba+b’ +c’ —bc—bc* +c’ +a’ —c*a—ca’ >0
<:>(a—b)z(a-i-b)—i-(b—c)z(b+c)+(c—a)2(c+a)20 (*F**)
Bét ding thirc (***) 1a diing < (**) 1a dung — Bai toan dung.
Vay at N b* N c* 2a3+b3+c3
b+c c+a a+b 2

Bai22 : Chox, > 0;i =L12;..;nc0x, +x, +...+x, =1.Cho x,;x, ;...;x, la hoan vi cia x;;x,;...;x, .Chimg minh:

2 2
3 [xk +LJ > (nz +1)
1

n

Huéng din gidi

2 2 2
1 Z 1 2 "1
—| = X, A— || =) x, +) —
X, J {kl( ' Y, jil (; ' kZ:‘ X, J

. 5l G R N
MéZxk:I X — |z =) —2=>— =n
k=1 k=1 k=1 X, k=1 X Z

2

2
1
Vay [xk + —J >
) X, n

Theo Bunhiacopxki: n. (xk +

=

3 3
Bai 1: Cho a;b;¢;d >Ovathéa ¢’ +d* =(a* +b’ )3 .Chimg minh:a—+% >1
C
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Bai 2: Choa;b;c;d > 0.Ching minh:l+l+i+E2L
a b ¢ d a+b+c+d
. a’ b’ ¢’ 1
Bai3: Choa;b;cla 3 soduong va a® +b° +¢* >1.Chirng minh: + + > —
b+c c+a a+b 2

Bai4: Choa® +b° +¢* =1.Chimng minh:a +b+c+ab+ac+bc <1++/3
a’ b* ¢’ S a’+b*+¢*

+ +
a’ +ba+b> b*+bc+c* F+ac+a’ 3

Bai 5: Choa;b; ¢ 1a céac sb duong.Chung minh:

Bai 6: Cho 3 séx;y;zthoéx(x—1)+y(y—1)+z(z—1)S%.Chl'mg minh: x + y+z < 4

Bai 6: Choa;b;c1a 3 s6 khong 4m.Chimg minh:\/a +32b +\/b ;20 +\/C +32a >Ja +b +e
. 2 . , . bc ca ab 3
Bai 7: Cho 3 s6 duonga; b;c ¢ abc =1.Chirng minh: — —+— —+— — >
ab+ac bc+ba ca+ch 2

1+J§+1+\/§+1+\/Z L9433

y+z z+x x+y 2

Bai 8: Cho 3 s6 duong x; y;zcox + y + z = 1 .Ching minh:

c (x/5+x/3+«/5)2

Bai 9: Ching minh: £+ 2+ 5>
X y z X+y+z

2 2 2
B4i 10: Chox > y > z > 0.Chimg minh: ~2 + 224 28> (2 1 32 4 22’
z X y

Bai 11: Choa > 1;5 > 1.Chimg minh: \/log, a +/log, b <2, [log, [a;—bj

Bai 12: Choa;b;c > 0 .Chung minh:(a3 +b’ +c3)(l+%+1J > (a +b+c)2
a c

32
2

Bai 13: Choa;b;c ) Chimg minh:Ja +(1-b)’ +/b +(1=c)’ +\c* +(1-a)’ >

Bai 14: Chox;y;z>0V<21x+y+zS%.Chfmgminh:\/x2 +L2+\/y2 +L2—|-\/z2 +L2 ng/ﬁ
x z

y
Bai 15: Cho trude 2 s6 duwong a;b va 2 sb duong c; d thay ddi sao choa + b < ¢ + d .Chimg minh:
2 a-cY 2 .
< ( ) > 2 pius= xdy ra khi nao?

c+d a+b-c—-d a+b

<2

a a a
L+ 24+
3 n+1

Bai 16: Choa,;a,;...;a, 1a cac so thuc thoa midna +a; +...+a. = 3.Ching minh:

Bai 17: Choa;b;c; p; g > 0.Chimg minh: . b ¢ > 3
pb+qc pc+qga pa+qgb p+gq

Bai 18: Chimg minh rang v6i moia, [ (i=1;2;...;n)ta co:
Jai +(1=a,) +ya@ +(1=a,) +..+ @ +(1-a) >
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. Ung dung V0 inh hge

a’ N b’ N c’ _ 2(a+b+ c)’
br+cR cr+aR ar+DbR 9R
Huong dan gidi

Bai 1: Cho A4BC thoa man hé thuc: (1).CMAABC déu

x=br+cR>0
Pé don gian ta dat: y=cr+aR >0(2)
z=ar+bR>0

3 3 3 2
x y z 9R
Tur (2) ta co:
ax+by+cz=(ab+bc+ca)r+R)(3)
3 3 3
(ax+by+er) (et 2+ =a* +b* +ct +ab(@ L+ D)+ be Z+ P D)+ ca(@ Z+ar D)
X y z X ¥ ¥ z z X

Theo BDTCauchys,ta co:

3 3 3
(ax+by+ cz)(a— +—+ C—) >a* +b* +¢* +2ab.ab+bc2bc+calca > (a’ +b> +c*)
X z

a b (@’ +b° +c%)
Suyra: (—+—+—)2
X y z (ab+bc+ca)(r+R)

miit khac ta luon ¢6 (Cauchy): a® +b> +c* > ab+bc+ca

(theo 3) (4)

. a b (a* +b* +c*) a’*+b*+c’
nén (4), —+—+—2—5——— =
x y z (a+b +c)(r+R) r+R
2
> @+bFC) o BDT BCS)
3(r+R)

Ma R22r:>3(r+R)S3(§+R):97R

33 3 2 3 3 ,
frde: L L Naxbrey | a b ¢ 2atbtc)

+ + >
X y z 9R br+cR cr+aR ar+bR 9R

3
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a=b=c
ddu “=" xay rakhi {R=r & AABC déu
azlzbzz,bzizczz,czlzazi
b z y z oy X

Bai2 : CM: 1+cosAcosBcosC > \/gsin Asin Bsin Cvoi A, B,C nhon
Huéng dén gidi

A B B C C 4
Do tgA>0,tagB>0,tgC>0 va tg—tg—+tg—tg—+tg—tg—=1
g g g g2g2 g2g2 g2g2

B ,C
_l‘ —_
2'€ 75

2 2

A28
2%
Mat khac theo BDT Cauchy ta c6:

Ap dung BCS ta co: 1g +1g

tedtgB 110 B1gC 1 1gC, £>3i/t2£t 28,02 C
E Iy TIE sy TIE e =E I8 e

= \/gtggtggtgg Sl

2°273
tir (1)va(2):

4 ,B B ,C ,C ,A 4 4 B C
1+1g> Z1g* = +1g’ S tg’ —+1g° —tg’ = >~ > 4Big = tg —1g—
8 T e e e 5=y §5%85%5

A B C A B C A B C
S 1+t Z [ 140> 2 || 144 2—j+(1—t 2—)(1—z z—j(l—t 2—}28\@ Lot =
( gzj( gz]( £ &5 &5 &5 £2%875'85

l—tgzé l—tg2£ l—tg2£ 2tgé 2tgE 2tgg
2 2 253 2 2 2

=1+

A’ B C A B’ C

1+1g> = 1+1g° = l+tg” — 1+tg> = 1+1g” = 1+tg” —

5, T8, e 5, T8, e
<:>1+cosAcosBcosCZ\/gsinAsinBsinC

Dau “=" xay ra khi AABC déu

Bai3: Choa,b,c,lasddo3canh A .chiing minh réng
a b c
2b+2c—a 2c+2g—b 2a+2b—c
Huwong dan giai

>1

Ap dung BDT Bunhiacdpxki cho 6 s6:

\/ > \/ . \/ ~;Ja(2b+2c~a)b(2c+2a~b)fc(2a + 20 c)

2b+2c—-a'\2c+2a-b"\N2a+2b—c
Ta co: T[a(2b+2c—a)+b(2c+2a—b)+c(2a+2b—c)|>(a+b+c)
Sau d6 dung bién dbi twong duong chimg minh:
(a+b+c)® > 4ab +4bc +4ca —a® —b*- ¢’
Tur d6 suy ra dpecm.
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Bai 4 : Cho AABC va dudng tron ndi tiép A, céc tiép tuyén ctia dudng tron song song v6i 3 canh ctia A nhé
va c6 dién tich S;; Sy; S3. Goi S 1a dién tich AABC. Chiing minh: S, +S, + 5, 2%

Huéng din gidi
Gia su S1= SAMN

Ta c6: AAMN dong dang AABC vdi ti s6 dong dang la: ha =
a

L TERTEN: ; \ \ as A \ \
voi r la ban kinh dudng tron ndi tiép va h, 1a

duong cao ké tur dinh A.

2 2
Tacé:ﬁ:(ha_zrj =1-£
S ha p

(ViS= —czhcz=pr:>z—r=ﬁ v6i p 1a nira chu vi)
P

N | —

a

5

A a
Vay:\/gzl—;
Tuong ty: \/S—Zzl—ﬁ; \/S—3:1_£
S p’ s p
Do db: \/_ \/— \/_ _atb+c 1
Ap dung BPT Bun ta co: :

= (1S, +1.S, + 145, f <(i2 412 +12)5, + 8, +5,)

=S +S,+8, > % (dpecm). Dau “=" xay ra khi AABC déu

Bai 5 : Cho AABC va 1 diém Q nao d6 & trong A. Qua Q ké dudng thing song song vi AB cit AC & M va cat
BC ¢ N. Qua dlém Q ké duong thang song song véi AC cit AB & F; cit BC ¢ E. Qua E ké duong thing song
song v6i BC ciat AC ¢ P, cat AB & R. Ki hiéu S;= dt(QMP); S, = dt(QEN); S3 = dt(QFR) va S =
dt(ABC).Ching minh:

a)Sz(\/S_l+\/§+\/§)2 b) S, +S5,+S; =

Huéng dén gidi

a) Ta c6: AQMP ddng dang ABAC (ti séjj—g).

Suy ra S (—j S _Mp

S Js AC
JS, _PC S, _am
JS  AC’ s AC
Do de. \/571+\/\/§+\/§:MP+PC+AM:AC:1

AC AC

S

W | —

Tuong tu
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Suy 015 =5+ 5 + 5, = 8 = (5 + V5 50

b) Ap dung BDT Bunhiacopxki ta co:
N :(1.\/ST+1.\/§+1.\/§)2 S(l2 +1° +12)(S1 +8,+85;)
Suyra s, +S, +5, Z%S

Dau “=" xay rakhi S, = S, = S, < Q la trong tim AABC

Bai 6 : Choa,b, cla3 canh cta tam gidc.Ching minh:
I S SN PN N
Jb+c—a e+ta-b Na+b-c
Huwong dan gidi

b+c—a=x>0
bat sc+a-b=y>0
a+b—-c=z>0

Khi d6 ta can chimg minh:
ytz zHx x+y y+z+\/z+x+\/x+y
2 2 2

N 2.y oz
<:>\/yz(y+z)+\/zx(z+x)+\/xy(x+y) 22\/xy_z<\/x+y +\/y+z+\/x+z) (1)
D@ thiy V'7T(1) > 2(xy+yz+zx) (2)

Theo BDT Bunhiacopxki ta co:
(\/x+y +\/y+z +\/z+x)2 S6(x+y+z)

:>\/x+y +\/y+z+x/z+x S«/6(x+y+z)

VT(2) <2\3xyz(x+ y+2) 3)
RO rang ta co

xzy2 erzy2 erzy2 nyz(x+y+z)

:>(xy+yz+zx)2 Z3xyz(x+y+z)

:>xy+yz+zx2\/3xyz(x+y+z) (4)
T (1) (2) (3) (4)=dpcm. Dau “=" xay rakhi a =b=c

Bai 7 : Cho AABC. Chitng minh :  a’b(a —b) +b’c(b—a) + Ca(c —a) > 0
( Trich dé thi vé dich todn quéc té 1983 )
Huéng dén gidi

Goi A’; B’; C’ lacac tiép diém:
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AB'=AC'=x a=y+z
bat: {BA'=BC'=Y =><b=z+x
CA'=CB'=Z7 c=x+y

vay: a’b(a — b) + b’c(b — ¢) + c*a(c — a) >0
<=>(y+z2) @+ -0+ E+x)’ X+ y) x-y+x+y)’ (y+2) (x-2)=0
<=>yz+72'x + X’y — xyz(x+y+z) >0

<=>y'z+ 2'x + X’y > xyz (x+y+2)

2 2 2

<:>y—+—+x—2x+y+z(*)
z

X oy
Ap dung BDT Bunhiacopxki(bién dang) ta cé:
x>y oz (x+y+z)2

> =X+ y+2z
z x y X+y+z

vay (*) ding (dpem ) .
4a 9b 16

Bai 8 : Voia; b, ¢ la do dai 3 canh cua A. CMR : + + >26
b+c—a a+c-b a+b-c

Huéng dén gidi
4a 9b 16¢

bat: P= + +
b+c—a a+c-b a+b-c

Taco: 2P=4— 2% g 20 46 2

b+c—a at+c—>b at+b-c

4 a+b+c_1 49 a+b+c_1 16 a+b+c_1
b+c+a at+c—>b a+b-c

=(a+b+c)( 4 + 2 + 16 j—29

b+c—a a+c-b a+b-c

4 9 16
“[(b+e- b b- 29
[( +c—a)+(a+c—b)+(a+ c)]{b+c—a+a+c—b+a+b—c}

Ap dung BPT Bunhiacopxki, ta co:

2
2 3 4
81=(2+3+4) =| —=——b+c—a+—=——Ja+tc-b+—Ja+b—
( ) [\/b+c—a o Vva+c—-b “re va+b-c ¢ C}

S[(b+c—a)+(a+c—b)+(a+b—0)][ 4 .9 16 }

b+c—a a+c-b a+b-c
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=>2P>81-29
=>2P>52=>P>26
Chona=7;b=6;c=5 thi diu déng thirc xay ra.

2 2

Bai 9 : Cho elip (E): f—6+% =1 cdc diém M; N chuyén dong lan ot trén, cdc tia Ox; Oy sao cho MN luén

tiép xiic véi (E). Xdc dinh toa do ciia M; N dé doan MN c6 do dai nhé nhat. Tim gid tri nhé nhat dé.
Huéng dén gidi
C;: Goi M(m;0) va N(O,r) v6i m; n>0 1a 2 diém C* dudng trén 2 tia Ox; Oy.

Puong thang MN ¢ pt: X2 =0
m n

2 2
Puong thang ndy tx voi (E) khi va chi khi: 16(lj + 9(—) =
m

2
Theo PBT Bunhiacopxki. Ta c6 MN* =m’ +n° = (m” + nz)[1—62+%j > (mi+ néj =49
m- n

m n
=>MN >7
4 3
m:—=n:—
m n
A 2 16 9
Dau “="xay ra <=> « —+— =1 <:>m:2\/7—;n:x/ﬁ
m- n
m>0;n>0

Vay véi M(2+/7;0; N(0;4/21) thi MN dat GTNN va GTNN cua Mn 1a 7

C,: Pt tiép tuyén tai diém (xo; yo) thudc (E) 1a % 4+ 20

9

SuyratoadocuaMvaNIa M [E;OJ va N(O;ij
Xo Yo

2 2 2 2 2
— MN? =%+%=(&+&J[Q+%}(4+3)2 — 49
Xo Yo 16 9 X0 Yo

Khi do M =(2~/7;o);N(o;\/ﬁ) va GTNN ctia MN 1a 7

Bi 10 : Cho AABC. Cho p: g: r>0. CMR: ——a? +—9L p2 " 25253

q+r r+p p+q
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(Trich tap chi todn hoc va tudi tré)
Huéng dén gidi
Trudce hét ta chirmg minh bai toan sau:
Trong AABC ta c6: a’ +b% +¢* 2453 +(a—b)’ +(b—c)’ +(c—a)’
That vay:
2) o[a’=(b-c) |+[p* ~(c—a) [+[ ¢’ —(a—b)’ |2 4s\3
& 4(p-a)(p-b)+4(p—b)p-c)+4(p—c)lp—a)24s\3

x=p—a>0
C?mHjZ+H2SJ§V& y=p-b>0
z=p—-c>0

<:>xy+yz+x22\/3(x+y+z)xyz

(Vi theo cong thue Hérdng: s = \/p(p —a)(p-b)(p—c)= \/xyz(x +y+2)
< (xy—yz2)Y +(yz—2x) +(zx—xp)° =0

BDT nay dung. vay (2) dudc chung minh:
Mait khac theo BDT Bunhiacopxki. Ta co:

(a+b+c)zz{ﬁm+Fm+F¢pT]

2 2 2
SZ( a + b + ¢ j(p+q+r)
p+l’ I’+p p+q

SZ( Py 4 g2y T c2]+2(a2+b2+c2)
q+7' 7"+p p+q

:»2( Py 9 pry T czjz(a+b+c)2—2(a2+b2+c2)2
q+l" I"+p p+q

>a’ +b*+c* = (a=b) +(b—c)’ +(c—a)’ | 2453

Vay: Py 94 pry T ¢ >253
q+r r+p p+q

a=b=c

Dau “=" xay ra khi {
p = q =r
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+ Qua phép chting minh trén, ta c6 két qua “dep” trong AABC
a*+b* +c* 2453 +(@-b) +(b—c) +(c—a)’ =453
+Lay p=q=r> 0 ta co BDT quen thudc

a>+b> +c* > 453 (Dé thi Olympic toan qudc té 1an 3)

+ Liy a=b=c. ta c6 BDT Nesbit:

+ +
qg+r r+p p+q 2

P q r 23(3)

Dau “="xayrakhi p=q=1r>0
+ Néu nhan 2 vé caa (3) cho p + q + r> 0 ta duoc

2 2 2
p. 4 T prgtr

q+r r+p p+q_ 2

Bai 11 : Cho tor dién ABCD c6 trong tam G, ban kinh mat cau ngoai tiép R. CMR
GA+GB+GC+GD+4R2%(AB+AC+AD+BC+CD+DB)

_ ( Trich tap chi Todn hoc va Tudi tré)
o Huong dan giai
Ta c6 2 bo de:
° Bodé1:NéuGla trong tam cua to di¢n 4ABCD thi
AB* + AC* + AD’ )-(CD’ + DB’ + BC” )
16

ol

Churng minh:
Goi G, 1a trong tdm cua ABCD . Ta c6:

- - —\2
GA =2 4G =2.1(AB+AC+AD)
16 169
—2 —2 ——2 —  ——\2 —  ——\2 —  ——\2
3(AB +AC + 4D )—(AC—AD) —(AD—AB) —(AB—AC)
B 16
3(4B* + AC* + AD* )~ (CD’ + DB’ +BC2)
B 16
o B6 dé 2: Néu O; G theo thir tir 13 tAm mat cau ngoai tiép va trong tdm cua tir dién ABCD thi
R —OG = GA’ +GB’> +GC? +GD*>  AB*+ AC* + AD’ + CD* + DB’ + BC?
4 4
Churng minh:

Theo hé thirc Leibnitz, véi moi diém M, ta c6
MA® + MB? + MC* + MD* = GA® + GB® + GC* + GD* + 4MG”
Tur do, cho M trung O, ta dugc
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OA> + OB* + OC* + OD* = GA* + GB* + GC* + GD* + 40G*

2 2 2 2
Suy ra: RZ—OGzzGA +GB J;GC +GD ()
2 an GA* +GB* +GC* +GD* AB*>+ AC* + AD* +CD* + DB* + BC”
T bo dé 1 suy ra 2 = 1 (2)

Tir (1)(2) suy ra diéu phai chimg minh

Trd lai viéc giai bai toan trén

OA*+GA*—0G® GA>+R*-0G’
2

Taco RGA=0A.GA> OAGA =

T d6 theo cac bd dé 1 va 2, ta ¢b
AB? + AC* + AD?

RGA>

Theo BDT Cauchy va Bunhiacopxki, ta co

V6 (R+GA)>2J6/RGA =3\8RGA > \/3(AB2 +AC*+ AD) 2 \(AB+ AC + AD)’

Suy ra /6 (R+GA)> AB+AC+ AD
(R+GB)>BC+BD+BA

Tuong tu (R+GC)>CD+CA+CB
J6(R+GD)> DA+DB+DC

Suy ra GA+GB+GC+GD+4R>—(AB+AC+AD+BC+CD+DB)

NG

Ping thirc xay ra khi va chi khi t&r dién ABCD 13 déu

BAI TAP :

Bai 1 : Cho nira duong tron(O; R) dudng kinh AB, M 1 diém chuyén dong trén nita dudng tron.X4c dinh vi tri

cia M dé MA+ \/EMB dat gié tri 16n nhét.
Bai 2 : Cho AABCndi tiép duong tron ban kinh R; BC = a;CA = b; AB = ¢ .Goi X;y;z lan luot 1a khoang cach tur

a’ +b* + ¢
2R

a’ b c
Tt

M thudc mién trong cua AABC dén céac canh BC;CA;AB.Ching minh: \/; + \/; + \/; <

2

b2

r 5 2
Bai3 : Choa,b,cla3 canh cta tam gidc.Hay tim gid tri nhé nhat cta bi€u thic: P = Cb a
- a c

b c a
Bai4 : Choa,b,cla3 canh cuatam giac va p :%b-l-c .Chimg minh: @’ +b* + ¢ >§[p + abc]
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Bai 5 : Diém M nam trong AABC .Ha MA , MB , MC lan luot vudng goc voi BC;CA;AB.Xéc dinh vj tri cia M
s BC C4 | 4B

MA MB MC
Bai 6 : Cho tir giac 10i ABCD.Cho M € AC;P € BC;Q € AD; MP song song AB; MQ song song CD .

1 S N
MP*> + MQ*>  AB> CD’

dat gia trj nho nhét.

Dau “=" xay ra khi nao?

Ching minh :

DANG 1: Bit dang thirc Schwartz ( Svécxo)
Cho mot s6 nguyén duong n >1va hai day s6 thuc a;a,;...;a, va b;b,;...;b , trong d6 a, > 0;b, > 0; Vi =1,_n.

Khi d@o6 ta co:

Ding thirc xdy ra khi va chi khi —

Churng minh:
BDT can chirng minh twong duong voi:

2 2 2
{a#jtaif. 1+ & j(b +b, +.tb,)2(a, 40+ ta,)
b b, b

n

e ] [ (B (0

koo
\af.\/i. \Fva\/—l,\/—z, ;\Jb, taco BDT trén. Tir d6 ta c6

ay

Ap dung BDT BCS cho hai diy sé thuc:

BDT can chirng minh.
a,

Déng thirc xay ra khi va chi khi —2—: b, =—2:.Jb, =..=—2: /b
ang thuc xay ra khi va chi 1\/E \/T \/E \/72 \/E \/7
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Cho 4 50 a;b;c;d tuy ytaco :

\/(a+c)2 +(b+d) <Na®+b + +d’

Churng minh:
Ta c6: ) (a+c) +(b+d) <a*+b? +2\/(a2 +07)(* +d* )+t +d’

S a’+2ac+c +b* +2bd +d* <a’ + b +2\/(a2 +bz)(c2 +d2)+02 +d’

< ac+bd < \/(a2 +I)2)(c2 +d2)
Bét ding thirc cudi cung dung theo BDT Bunhiacopxki.

VAN DUNG 2 DANG TREN:

Bai 1:Cho a,b,c lécécséthl_rcdu:ong. Chiing minh: 1) l+12 4 2) l+l+lz 0
a b a+b a b ¢ a+b+c
) Huong dan gidai
Ap dung BDT BCS ta c6 cac BDT sau:
> 2 (1+1)
LR D G S O N
a b a b a+b a+b
222 (1+1+1)
LI U G R e €2 5 I
a b ¢ a b c at+b+c a+b+c
a2 2 CZ a3 3 cS
Bai2 : Choa,b,c duong.Chimgminh: 1) —+—+—2>a+b+c 2) ?+—+—2az+b2+c2
c a c a
Huwéng din gidi
‘ Cat » (a+b+c)2
1) Ap dung BDT BCStaco: —+—+—=>———=a+b+c
b ¢ a b+c+a
2 2 2
3 3 3 4 4 4 a’ b? c?
2) Tacé:a—+b—+c—=a—+b—+c—:( ) +( ) +( ) .
¢c a ab bc ca ab bc ca
, (a2)2 (b2)2 (cz)2 (a2+b2+cz)2
Ap dung BDT BCS ta co: + + > .
ab bc ca ab+bc+ca

Mait khac, ta dd biét: a® +b*+c* >ab+bc+ca>0
Tir do ta suy ra:
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(a2)2+(b2)2+(c2)2 2[a2+b2+cz](a2+b2+c2)2a2+b2+02.
ab bc ca ab+bc+ca

Dén day ta c6 dpem.

Bai 3 : Cho a, b, ¢ 14 cac s thuc duong. Ching minh:
1 1 1 I 1 1
<

+ + <—t—t—
a+2b+3¢ b+2c+3a c+2a+3b 6a 6b 6¢

Huwong din gidi
Ap dung BBT BCS ta co:
1 2 3 1P 22 3 _(1+2+3) 36
—t ==t —t+—> =
a b ¢ a 2b 3¢ a+2b+3c a+2b+3c
3 36

Tuong tu ta cling chung minh dugc: 1 + 2 +—>—
c a b+2c+3a

1 2 3 36
—4 et
¢c a b c+2a+3b

Cong the vé ba BDT trén ta nhan duoc:
6 6 N 6 36 N 36 36

> +
a b ¢ a+2b+3¢c b+2c+3a c+2a+3b
< s 1 1 1 1 1 1
Tur d6 suy ra: + + L—+—+—.
a+2b+3¢c b+2c+3a c+2a+3b 6a 6b 6¢

Bai 4 : Tim GTNN cua biéu thirc
4q 9b 16¢ a b c a’ b? ¢’
+ + P= + + > + +
b+c—a c+a-b a+b-c 2b+c¢ 2c+a 2a+b a(2b+c) b(2c+a) c(2a+b)

a,b,c 1a do dai 3 canh cia mét tam giac.

P= trong do

Huwéng din gidi ’
Do a,b,c 1a do dai 3 canh cua mét tam giac nén b+c—a,c+a—b,a+b—c 1a cac so thuc duong.
Ta co: P=4[ a +1]+9( b +lj+16( ¢ +lj_§
b+c—a 2 cta-b 2 a+b—c 2 2
_2(a+b+c)+9(a+b+c)+16(a+b+c) 29
"~ b+c-a 2(c+a—b) a+b-c 2

_(a+b+c 4 N 9 N 16 _&
2 b+c—a c+a-b a+b-c 2

Ap dung BPT BCS ta cé:
4 9 16 2? 3? 4?
+ + = + +
b+c—a c+a-b a+b-c b+c—a c+a-b a+b-c
(2+3+4) 81

_(b+c—a)+(c+a—b)+(a+b—c)_ a+b+c
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Tl‘Idésuyra:(aerJrcj( 4 + 4 + 16 jzg

2 b+c—a c+a-b a+b-c 2
Do d6:
P a+b+C 4 N 9 N 16 —§ZE—§:26
2 b+c—a c+a-b a+b-c 2 2 2
2 3 4

Ping thirc xay ra khi va chi khi = =
b+c—a c+a-b a+b-c

Hay > = =%
2¢ 2a 2b
Vay GTNN ciia bidu thire P 1a 26, dat dugc khi % = % = % >0
a b

Bai 5 : Tim GTNN cua biéu thic P = trong d6 a,b,c 1a céac s6 thuc duong thoa

+ +
l+b—-a l+c-b l+a-c
mana+b+c=1

Huwong din gidi
Via+b+c:1nén1+b—a=(a+b+c)+b—a=2b+c
Tuong tu ta cling chiing minh duogc:

l+c+b=2c+a val+a—-c=2a+b
Tur do suy ra:

a b c a’ b’ ¢’
= + + > + +
2b+c¢ 2c+a 2a+b a(2b+c) b(2c+a) c(2a+b)
Ap dung BBT BCS ta co:
a’ b? c’ (a+b+c)2
+ + >
a(2b+c) b(2c+a) c(2a+b) a(2b+c)b(20+a)c(2a+b)
_ (a+b+c)2 >1
3(ab+bc+ca)
(vi (a+b+c)2+2(ab+bc+ca)23(ab+bc+ca))
Do d6: P= 4 b ¢ >1

+ +
2b+c i 2c+a 2a+b
Vay GTNN cua bicu thirc P 1a 1
Bai 6 : Cho a,b,c 1 cac sb thuc duong sao cho a” +b* +¢* =1

3 3 3
Chung minh: a + b + ¢ > l
a+2b+3c b+2c+3a c+2a+3b 6
Huwong dan gidgi

Dit P 1 vé trai ciia BPT can ching minh. Ta can ching minh: P 2%
Ap dung BDT BCS ta cé:
2)\? 2)\? 2\?
(<) (>°) (")

a(a+2b+3c)+b(b+2c+3a)+c(c+2a+3b)
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(az+bz+cz)2
>
a(a+2b+3c)+b(b+20+3a)+c(c+2a+3b)
(az+b2+cz)2
_(a2+b2+cz)+5(ab+bc+ca)
Mait khac: a* +b° +c¢* 2 ab+bc+ca>0
Tt do suy ra:
2 2 2 2
p__ 4 . b L_c S (a+b+c)
a(b+c) b(c+a) c(a+b) a(b+c)+b(c+a)+c(a+b)

(a2+b2+cz)+2(ab+bc+ca)_ at+br+c?
2(ab+bc+ca) 2(ab+bc+ca)
(a2+b2+cz) >(az+b2+c2)2 _a+b
(a2+b2+cz)+5(ab+bc+ca)_6(a2+b2+cz) 6

Thay a® +b* +¢* =1 vao BDT trén ta nhan duoc BDT can ching minh.

+1>

2

P>

Bai 7 : Cho a,b,c,d 1a cac sb thuc duong. Ching minh:

1) a ., b < S 3 ( BBT Nesbit ) 2) ¢ 4 b +— 4 d >2 ( BDT Nesbit )
b+c c+a a+b 2 ~b+c c+d d+a a+b
Huong dan gidai

1) Pat P 1a vé trai ctia BDT da cho. Ta can chimg minh P > %

Ap dung BDT BCS ta co:
2 2 2 2
po_ @ b L (a+b+c)
a(b+c) b(c+a) c(a+b) a(b+c)+b(c+a)+c(a+b)
(a2+b2+c2)+2(ab+bc+ca) aA+br+ct 3
B 2(ab+bc+ca) _2(ab+bc+ca)+ )

(do a*+b*+c*>ab+bc+ca>0)
2) bat Q 1a vé trai cua BDT da cho. Ta can ching minh 0> 2.

Ap dung BPT BCS ta co:
a’ b* c’ d?
O a(b+e) blevd) Te(dra) d(asp)
(a+b+c+d)2

>2

>
“a(b+c)+b(c+d)+c(d+a)+d(a+b)
(a+b—i—c+d)2 22(ab+bc+cd+da)+4(ac+bd) >
<::>(a—c)2 +(b—d)2 >0

Do d6 BDT di cho dung néu ta chimg minh dugc:
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(a+b+c+d)
a(b+c)+b(c+d)+c(d+a)+d(a+b)
Hay (a+b+c+d) >2(ab+bc+cd +da)+4(ac+bd)
Sa+b+c’+d’ Z2(ac+bd)

<:>(a—c)2 +(b—af)2 >0 : BDT dung.

>2

Bai 8 : Cho a, b, ¢ 1a cac sd thuc duong. Chung minh:

a2 b2 2 3(a2+b2+6’2)
+ + >
b+c c+a a+b 2
Huwéng din gidi
Ap dung BPT BCS ta co:
az b2 cz ((12)2 (b2 )2 (Cz )2

b+c+c+a+a+b :az(b+c)+b2(c+a) cz(a+b)

N (a2 +b° +cz)2
- a’ (b+c)+b2 (c+a)+c2 (a+b)
. (a2 +b’ +cz)2
B ab(a+b)+bc(b+c)+ca(c+a)
Ap dung BDT BCS dang thong thuong ta co:
[ab(a+b)+bc(b+c)+ca(c+a)]2 < [(ab)2 +(bc)2 +(ca)2}[(a+b)2 +(b+c)2 +(c+a)2}
Mat khac, ta c6 cac BPT sau:
5 5 5 (az+bz+cz)2
O(Qb) +(bc) +(ca) Sf

O(aer)2+(b+c)2 +(c+a)2 =2(a2 +b* +cz)+2(ab+bc+ca)S4(a2 +b* +cz)

(D

(a2 +b* +c? )2

Tur d6 suy ra : [ab(a+b)+bc(b+c)+ca(c+a)]2 < .4(a2 +b° +cz) =§(a2 +b° +cz)3

Hay ab(a+b)+bc(b+c)+ca(c+a)S%(d2 +b’ +c2)\/a2 +b +c

Két hop véi (1) ta suy ra:
a* b2 2 (a2 +b° +c )2
+ + >
b+c c+a a+b ab(a+b)+bc(b+c)+ca(c+a)
2 2 2\2 2 2 2
3 b
5 (a+b+c) _ (a+ +c)

L Webe
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Bai 9 : Cho a,b,c 1a cac sb thuc duong. Ching minh : 25a + 165 +—S 538
b+c c+a a+b
Huwong dan gidi

BDT can chimg minh twong duong voéi:

25( a +1j+16( b +1j+( ¢ +1j>8+25+16+1=50
b+c c+a a+b

Hay 25+16+ 1 S 50 (1)
b+c c+a a+b a+b+c

Ky hiéu P 1a vé trai ctia (1). Ap dung BDT BCS ta cé:

SR S G (5+4+1) _ 50
b+c c+a a+b_(b+c)+(c+a)+(a+b) a+b+c
b+c c+a a+b

P=

Piang thirc xay ra khi va chi khi

4 1
+a)+(a+b .
Suy ra b+c=(c a) (a )=b+c+2a,haya=0:tréivé’igiéthiéta>0
4+1 5
Tur d6 suy ra: P> 50
a+b+c

Do d6 BDT (1) dung va ta 6 BDT can chimg minh.

Bai 10 : Cho a,b,c 1a céc sb thuc duong. Chimg minh:

a N b N c >i
\/ab+b2 \/bc+cz~ \/CCI+612 _\/E
Huong dan gidi

Ky hiéu P 1a cé trai cia BDT can chimg minh. Ap dung BDT BCS ta c6:

A (R
\/+1\/+1 \/Z+1 \/+1+\/ fre e

(W (]

+1+\/y+1+\/z+1

>R

(DHvol x=—,y=—,z=—

a
b c a

(chay xyz=1).

Hay P>
Jx

Str dung BDT Cauchy cho ba s6 khong am ta cé:

\/7y+\/y72+\/;>3«3/\/7\/7\/;_3 xyz =3.

Suy ra:
(\/;-I- y+x/2)2:(x+y+z)+2(\/5+ vz + zx)2x+y+z+6
Mat khac, ap dung BDT BCS (dang thong thuong ta c6):
\/x+1+\/y+1+\/z+1S\/3(x+y+z+3)
Két hop hai BDT vtra ¢6 véi BDT (1) ta nhan dugc:
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P> xX+y z+6
_\/3 (x+y+z+3)

S+3 .
Hay P2 VOl S=x+y+z+3233xyz+3=6
\V3S
Tt do suy ra BDT can chirng minh ding néu ta co: S +3> i
" BB3s 2
343
\/§+—>_(2)
Js 2

Chay: S>6 nén ta cé cac bién d6i nhu sau:

\/§+[\/§+33J>ﬁ+2£i_£ 23 _ 3
2 (2 Js) 2 Vs 2

Ttr d6 suy ra BDT (2) dang va ta c6 BPT can chimg minh

VT(2) =

Bai 11 : Cho a,b,c 14 cac s6 thuc dwong. Chting minh:

2
L (IMO 2001 )

\/a2 +8bc \/b2 +8ca \/c2 +8ab

Huong dan gidai
. a b’ c
Ky hiéu P la vé trai cuia BPT BCS ta co: P = + +
axa® +8bc b\/b2 +8ca cx/c2 +8ab
(Cl+b+C)2

>
a\/a2 +8bc er\/b2 +8ca +C\/c2 +8ab
Tur @6 suy ra BDT da cho ding néu ta chung minh dugc:

(a+b+c)2
a\/a2 +8bc +b\/b2 +8ca +C\/02 +8ab
Hay a\/a2 +8bc +b\/b2 +8ca +C‘\/C2 +8ab < (a—i-b+c)2 (1)

Ky hiéu Q Ia vé tréi ciia BDT (1).
Ap dung BDT BCS ta co:

= [\/;,la(az +8bc) +\/Z\/b(b2 +8061)\/E\/C(02 +8ab)T
< (a+b+c)[a(a2 +8bc)+b(b2 +8ca)+c(c2 +8ab)]
=(a+b+c)(a’+b’ +c’ +24abc)

>1

Do d6 BDT (1) ding néu ta c6: @’ +b° +¢* +24abc <(a +b+c)3
Ta da biét:
(a+b+c)3 =a’+b’ +¢° +3a(b2 +c2)+3b(c2 +c12)+3c(a2 +b2)+6abc.
Tir do suy ra BDT trén tuong duong voi:
a(b2 -i-cz)+b(c2 +az)+c(a2 +b2) > 6abc.
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Hay a(b2 +c’ —2bc)—i—b(c2 +a’ —2ca)+c(a2 +b° —2ab) >0
BDT cubi cung dung vi n6 twong duong véi BT dung:
a(b—c)2 +b(c—a)2 +c(a—b)2 > (0 =>dpcm

Bai 12 : Chung minh bat déng thirc sau ding véi moi s6 thuc duong a,b,c:

(93) (b3) (03) S ab+bc+ca
2 >t 2 7T 2 723
b’—bc+c® ¢ —ca+a a ab+b a+b+c
Huong dan gidai

Ky hiéu P 1a vé trai cia BT BCS ta co:

Ap dung BDT BCS ta c6: P = («) (v*) (<*)
pane . e _a(bz—bc+cz)+b(cz—ca+a2)+c(a2—ab+b2)
(az+b2+cz)2

- a(b2 —bc+c2)+b(02 —ca+c12)+c(a2 —ab+b2)

(a2 +b* +¢* )2

B ab(a+b)+bc(b+c)+ca(c+a)—3abc

Mt khac, ap dung BDT: 3(xy + yz +zx) < (x+y+z)2 ta co:
ab+bc+ca

<a+b+c
a+b+c

Do d6 dé c6 BDT di cho ta chi can chig minh:
(a2 +b*+c° )2

>a+b
ab(a+b)+bc(b+c)+ca(c+a)—3abc arhre

Ha
y(a2 +b° +cz)2 2[ab(a+b)+bc(b+c)+ca(c+a)—3abc](a+b+c)
<:>(a4 +b* +c4)+2(azb2 +b°c? +cza2)2
Zab(a+b)2 +bc(b+c)2 +CCZ(C+CZ)2 +abc[(a+b)+(b+c)+(c+a)]—3abc(a+b+c)
oa*+b +ct zabc(a+b+c)2a’ (b+c)+b’ (c+a)+c’ (a+b)
a’ [(az +bc)—a(b+c)]+b2 [(b2 +ca)—b(c+a)]+c2 [(02 +ab)—a(a+b)]20
o a (a—b)(a—c)+b2 (b—c)(b—a)+c2 (c—a)(c—b)ZO (1)
Do vai trd ctia a,b,c trong BDT (1) 1a nhur nhau nén khong nhan mét tinh tong quat ta c6 thé gia sir

a>b>c>0.Khidb ta co:
VT (1) >a’ (a—b)(a—c)+b2 (b—c)(b—a)

:(a—b)[a2 (a—c)—b2 (b—c)]
= (a—b)[(a3 —b3)—(azc—b2c)]
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=(a—b)2(a2+b2+ab—ca—cb)
=(a—b)2 [a(a—c)+b(b—c)+ab:|20
Tir d6 suy ra BDT (1) dung. Do d6 ta c6 BPT can ching minh.

Bai 13 : Cho a,b,c 14 cac sb thuc duong. Chimg minh:

b ¢ a b+c a+b
. Huwong dan giai
Ta chi can chung minh BDT sau dung:

(a+b+c)2 a+b b+c
> +
ab+bc+ca b+c a+b
+b+c)’
Hay (a c) _32a+b+b+c
ab+bc+ca b+c a+b

- (a+b+c)2 —3(ab+bc+ca) (a+b)2 +(b+c)2 —2(a+b)(b+c)

+1

-2

\

ab+bc+ca (a+b)(b+c)

- (a—b)2 +(b—c)2 +(c—a)2 S (c—a)2
2(ab+bc+ca) _(a+b)(b+c) O

Taco: (a—b) +(b—c)’ =[(a=b)+(b—c)] —2(a=b)+(b—c)

:(c—a)2 —2(a—b)+(b—c)

Tur d6 suy ra BDT (1) twong duong véi:

(c—a)2 —2(a—b)(b—c)+(c—a)2 S (c—a)2

2(ab+bc+ca) _(a+b)(b+c)
(c—a)z—(a—b)(b c)> (c a)2
ab+bc+ca (a+b)( )
<:>(c—a)2(a+b) b+c ( )( ) (ab+bc+ca)
e (c—a) b’ —(a*-0*) (b’ =) 20
s bt +a’c’ 2b2ac>0<:>( —ac) >0 : BDT dung.
Tir d6 ta c6 BDT can ching minh.

Hay

Bai 16 : Cho f:R* — R* 1a mot ham s thoa mén diéu kién:

\/f +\/f (z) _\/f () véimoix>y>z>0

Chtrng minh BDT sau dung véi moi s6 thuc duong a,b,c:

f(a)(a—b)(a—c)+f(b)(b—c)(b—a)+f(c)(c—a)(c—b)ZO

Huéng dén gidi

(1)
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Khoéng mat tinh tong quét ta c6 thé gia st @ >b>c¢ > 0. Theo gia thiét ta co:

JI@+r©zJr() @

D@ dang chimg minh riang néu a = b hoidc b =c thi (1) ding. Do d6 ta chi can xét truong hop a >b>c>0.
Khi d6 ta viet BDT (1) dudi dang:

fla)(a=b)(a=c)+ [ (e)(a=c)(b=c)2 f(b)(b—c)(a~b)

Hay f(a)+ () () 3) via-¢c>0,a-b>0,b—c>0
c

Ap dungbB_};jT BaCS[?[a cgz
r(@), £ @) (@) () ({7 )
b-c a-b b-c a-b ~  b-c+a-b a—c

Két hop BDT trén voi BPT (2) ta nhan duoc:

>(FF)

= BDT (3) dang va ta co DPPCM.
b c -b

Nhdn xét:

Néuhamsd f:R" — R" xéc dinh bdi f(x)=x" véi r 1d mot s6 thyc thi f thoa man tinh chét cla bai toan.
That vay, voi x> y>z>0 taco:

)Néu r>0 thi x" >y nén x" +z" >x" >

ii)Néu »<0 thi z' >y nén x" +z" >z >y’

Do d6 trong ca hai trudng hop ta déu co: m + \/@ > m

Khi d6 ta co BDT:
a’(a—b)(a—c)+b’ (b—c)(b—a)+c’(c—a)(c—b)ZO

v61 moi sO thuc duong a,b,c

BAI TAP :
1 1 n’

X s s A , . 1
Bai 1: Cho a,,a,,...,a, 1a cic so thyc duong. Chimg minh: —+—+...+—2
a, a, a, a +a,+..+a,

n

Bai 2: Cho a,b,c 1a cac s6 thuc duong. Ching minh;
2 2 2 3 3 3 2 2 2
1 a N b N c Za+b+c 2) a N b N c 2a +b” +c
b+c c+a a+b 2 b+c c+a a+b 2

1 1 1 1
+ <—+—
a+2b b+2a 3a 3b

Bai 3: Cho a,b,c 1a céc s thuc duong. Ching minh :
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Bai 4: Cho a,b,c 1a céc s thuc duong thoa man diéu kién a+b+c=1. Tim GTNN cua biéu thirc
p= % L L
a +b"+c” ab bc ca ’
Bai 5: Cho a,b,c,d,e, f 1a cac s0 thuc duong. Chung minh:
a b c d e . f

+ + - - >
b+c c+d d+e e+ f f+a a+b

2 2

. a b
Bai 6: Cho a,b 1a cac so thuc duong. Ching minh : —+—2>./2(a* +b*
Bai 6: . g. Chimg 22 )

Bai 7: Cho a,b,c,x,y,z la cac s6 thuc duong. Chung minh:

xa vb zc
+ 2\XY A yz +/zx —
b+c c+a a+b 4 >

Bai 8: Cho a,b,¢ 1a céc s thuc duong. Chiing minh
1 a b c

+ +
\/a2 +3(b2 +cz)+2bc \/b2 +3(c2 +a2)+20a \/62 +3(a2 +b2)+2ab

X+y+z

>1

a b C 3(Cl+b+0)
+ + >
\/a+xb \/b+xc \/c+xa \/1+x

volL x =2

2)
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