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Chuong 0. Nguyén Tai Chung. GV THPT Chuyén Hung Vuong - Gia Lai.

GIGI HAN CUA CAC DAY SO SINH BOI CAC DAI LUGNG TRUNG BINH

NGUYEN TAI CHUNG
GV THPT Chuyén Hung Vuong, Gia Lai.

Gi6i han ctia cac day s6 sinh bdi cac dai lugng trung binh da xuat hién rai rac trong cac ki
thi hoc sinh gi6i. Bai viét nay nham trinh bay mot cach day di va cé hé thdng cic bai toan

vé gi6i han ctia cac ddy s6 sinh béi cac dai lugng trung binh.

0.1 Giéi han ctia cac day s6 sinh bdi cac dai lwgng trung binh

Dinh nghia 1. Ta goi trung binh bic r ciia n s6 duong ai,as, . . ., a, la biéu thic zdc dinh

boi:

1
AT(al,ag,...,an): <a1‘|‘a2—;...—|—an) ’

néur #0, va

Ao(ay,ag, ... a,) = 71}_%1 Ar(ay,ag, ... ap)

Chu y 1. Ddc biét khi r = 1 ta c6 trung binh cong, khi r = —1 ta c6 trung binh diéu hoa,
khir = 2 ta cé trung binh binh phuong (hay con goi la trung binh toan phuong).

Nhan xét 1. Ta chiing minh duge néu ay,as, ..., a, la nhing s6 duong khdc 1 th

Ao(ar,ag, ... a,) = /aras ... ay,. (*)

Do dé khir =0, ta cé trung binh nhan. Con (x) dugc chitng minh nhu sau: Ta cé

In[Ag(ay,as,...,a,)] =1n [lin%Ar(al,ag, .. .,an)}
1 r r Y\ =
~In 1im<“§+“5+"'+“3)rl — lim [1n<“1+%+---+an)rl
r—0 n r—0 n
(o (Gt ta, aitah+-tay
1 n Lop_itanl, n
-l r "t | g
i n
[ (ajlna; +ajlnas+---+al lna,
) n In(ajasy...ay)
=lim = = = =
r—0 a1+a2+"'+an n
i n
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3=

=In [(alag cap)

Do do

Ao(ar,ag, ... a,) = Jaras ... ay,.

Nhan xét 2. Theo nhan xét 1, trang 2 ta co ngay: Voia > 0,b > 0 thi

hm<@zﬁi) _ e

m— o0 2

Tuy nhién ta cé thé chiing minh so cip hon nhu sau (khong st dung quy tdc Lopitan): Ta cé

In Vab = ln(ab)ﬁ =In (aﬁbﬁ) <In <7az ;—bm>

m
:ln{%<a%—1)+%<b%—l)+1]

<%@%_Q+g@%_g.

Vay
L_I_bL m 1
< (0] (o 1) o ()] v
Tu day, cho m — 400 ta dugc

R e R A T )

m—0o0

Nhan xét 3. Ta chiing minh duge két qud: Day

S I=

n

Ar(al,ag, ...,an) — (al +ay+---+ an)

la sdp duogc theo v nhu la mot ham dong bién cia ham so bién r € R. Két qud nay rat quan
trong, né dinh hudng cho ta trong qud trinh so sanh cdc day so6 duge thanh lap ti cdc dai
lugng trung binh.

Nhan xét 4. Doi vdi cdc day so duge thanh lap tu cdc dai luong trung binh thi gidi han cla
cde day so thuong la bang nhau va thuong thi ta tim duge s6 hang tong qudt cia cic day so
do.
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0.1.1 Trudng hop ciing chi s6

Bai toan 1 (Cong ciing-nhan ctung). Cho day s6 (z,)723 va (y,)' 2 duoc xdc dinh nhu

sau
Tp—1 + Yn—1

rr=a>0,y1=b0>0,z, = f,yn = /Tn-1Yn-1-

Chitng minh rang hai day so da cho cé gidi han va lim z, = lim y,.

n—oQ n—oQ

Giai. Tu gia thiét suy ra véi moi n = 1,2,... thi z, > 0,y, > 0. Theo bat dang thrc
Cauchy ta co:

Tpil = $n;-yn > \VTpYn = Yng1 = Tn = Yp, VN = 2,3, ...
Suy ra
Ynt1 = VZnYn > \V/YnUn = Yn,Vn =1,2, ...
Vay

ynzyn—lz"'Z?DZ Vab-

Tuong tu ta co

a+b
Tpp1 STy S-S o = 2
Vay nén ;
a+
Vab <y <yz < - <y, <2, < - <3< 29 = 5

) b
Suy ra day so6 (z,) gidm, bi chan duéi béi Vab, con day (y,) tang va bi chin trén béi ot .

Do dé chung hoi tu. Dat

lim z, =a, lim z,=0.

n—-—+00 n—-—+00
C i e .z Tn + Yn
Khi do tu gia thiet x,,1 = 5 ,Vn=1,2,... chon — +oo ta dugc
o= atp S a=0.
2
Vay hai day s6 da cho c6 gi6i han va liin Ty = liin T

“+o00
n=1

Bai toan 2 (Cong cung-diéu hoa ciing). Cho hai s6 duong a,b. Xét cic day s6 (an)
va (b)) nhu sau

an + by, 2

T’bn—i—l = ﬁ,‘v’n = 1,2,
__l_ N

an, bp

ap = a,ln = b, Apt+1 =

Tim lim a, va lim b,.
n—oo n—oo
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Giai.
Cach 1. Dé thay véimoin =1,2,..., ta ¢
2 2a,b,,
n>0,b,>0, by = = .
¢ T T T g+,
N _l_ N
an b,
Vi vay ; ;
an + bp  2a,by
ni1bpir = . = apb,,Vn=1,2,...
An+109n+1 5 @+ b, a n
Suy ra
anb, =+ =aby =ab,Vn=1,2,...
Ta co
\/an_ \/E o an — \/anbn
Van +Vba  an+ Vanb,
an—1 + bn—l b
T TV ana b = 2Vanh,
an—1 ‘2|' bn—l + anbn Ap_1 + bn—l + 2\/ anbn

_an—l + bn—l + 2 V an—lbn—l v an—1 +

Do d6, phép quy nap theo n ching té rang

e
Van+ Vb \yar+ Vb Va+ b ’ S

)

_ Qp—1t+ bp—1 —2¢/an-1bp—1 _ <\/an—1 — bn—1>2

hm\/_ vha lim \/__\/5 2%1:
\F+\f

o i+ Vo e\ Va Vb

Theo trén suy ra

\/@—\/E an_\/a_b - lim an_\/a_b -0

Van Vo antab | o a, + Vab

Dat
n — V \% n 1
u =z, S apt, + Vabx, = a, — Vab & a, = M.
a, +Vvab 1—x,
Khi do

lim a, = lim M = Vab (do lim =, = 0).

n—-—+00 n—-—+00 1— Tn n—-—+00
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Vay

ab ab
lim b, = lim — = —— = Vab.
n—oo n—00 Uy, vab

Cach 2. Theo bat déng thitc Cauchy ta c6

2 2 an + by,
bn—l—l_ i i S 2 1 1 — anbnST—an+1,vn—1,2,...
tn bn an by
Vi moin=2,3,... taco

an + by, <an+an

Ap4+1 = 9 > 9 = An,
2anby, 2 .
bpi1 > by, & n > b, < apyb, > by < a, > b, (ding).
a?’L n
Hay ta viét lai
2ab a+b
—hy < < by by < gy <y < < ag = ,
atb 2 > > S 0p41 S 0ptl S Gp S = a2 5

s 2 N FS 2, . 2, . ~ £ —+o0 .9 N . o e . P 2ab . .

Vay ke tit so hang thi hai tré di day s6 (a,),_; gidm va bi chan dudi béi so n nén co
a
gidi han, day s6 (b,) 2] tang va bi chin trén béi s6 nén c6 giéi han. Dat
lim a, = «, lim b, = (.
s 3N, 2 P Qan + bn
Khi do tiw gia thiet a, 1 = 5 ,Vn=1,2,... chon — 400 ta dugc
a
= +5 Sa=0
2
Vay hai day s6 da cho c6 gi6i han va
lim a, = lim b,.

Tu lim (a,b,) = lim (ab) = ab ta c6 lim a,. lim b, = ab. Do d6 af = ab, ma o = 3 > 0

nén suy ra « = = Vab. Vay

lim a, = lim b, = Vab.

n—oQ n—oQ

Bai toan 3 (Nhan ciing-diéu hoa ciing). Cho cic day 56 (a,) 23, (b,)123 zdc dinh nhu

sau

2
a1:a>0, 61:b>0, an+1:ﬁ, bn+1:\/anbn (\V/’)’L:l,2,)

an, bn

Chaing minh hai day s6 da cho cé gidi han hitu han va hai gidi han dé bang nhau.
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Huéng dan. Theo gia thiét ta co6

1 1
_I_

) R
_ Gn_bn L :1/i.i,‘v’n:1,2,...
Qn+1 2 bn—i—l an bn

1 1 1
bat —=uz,, — =y, . Khidéxr1=—>0,y=—->0va
Qp, b, a b
xn"’ n
T+l = Tyy Yn+1 = / xnynavn = 1727 s

Vay theo bai toan 1 suy ra hai day (x,), (y,) hoi tu va liin Ty = lir}rq Yn. Do d6 hai day
(an), (by) hoi tu va

lim a, = lim b,.
n—-4o0o n—-4o0o

Bai toan 4 (Trung binh bac r cung-nhan cung). Cho trudc ba s6 duong a, b va r. Xét

hai day s6 (x,)72% va (y,) 25 nhu sau

T, +y,

1
Ty =a,y1 = b> Tpt+1 = ( 9 ) y Ynt+1l = A/ Tnln-

Chatng minh rang hai day so da cho hoi tu va lim z, = lim y,.

Giai. Tu gia thiét suy ra véi moi n = 1,2,... thi z, > 0,y, > 0. Theo bat dang thrc
Cauchy ta co:

1
Toi1 = (I”;y") > (VT

1
T

:\/m:yn—l-l»vn: L2,...

Suy ra

Yn+1 = \/znyn > \/ynyn :ynavn:2737"'
Vay
Yn 2 Yn-1 = =+ = Y2 = Vab.

Tuong ty ta co

1

1 r r\ 7
xn+1:($"_|2—y") S(%;i%) =x,,Vn=2,3,...

Suy ra

1

a"+b"\"
Tpt1 STy <o < p = 2 .

1
v/ a” +b"\"
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Suy ra day s6 (z,) gidm, bi chan du6i béi Vab con diy (y,) tang v bi chin trén béi

1
LR S
(a ;— ) . Do d6 chung hoi tu. Dat

lim z, = o, lim y,, = 3.
n—oo

n—oQ

1
Khi d6 tit gid thiét z,41 = (x" _2|_ yn) ,Vn=1,2,... chon — +oo ta dugc.
T_I_/BT 1 T_I_/BT
a:(a 5 ) @arza 5 Sa =0"sa=0.

Vay hai day s6 da cho c6 gi6i han va lim z, = lim y,.

n—oQ n—oQ

0.1.2 Trudng hop léch chi s6

Bai toan 5 (Cong ciing-cong léch). Cho trudc a,b € R. Xét hai day (un)!25 va (bn) =S
nhu sau:
Uy = a,vy = b, Upy1 = JUngl = ——=——
2 2
Tim lim u,, lim v,.
Giai. Ta co
U1 = =g Uy = VR =12,
Suy ra véi moin =1,2,..., ta cé
+)\ un+vn+)\un+3vn 1+)\ n 1+3)\
Up, Upt1 = =(=+=]u,+ =+ — ] v
i i 2 4 24 2 4

Ta chon A sao cho

1 3\ 1A ) A=—1
§+Z—>\(—+—)<:>)\ —A—Z—O@{)\

Vay véi A € {—1,2}, ta cé:

1 A
Un+1 + )\'Un+1 = (5 + Z) (Un + )\'Un) ,‘v’n = 1,2, e

bat u, + \v, = x,, suy ra

1A
Tpt1 = (5_'—1) xn,‘v’n: 1,2,...
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Vay day s6 (a?n):;z tao thanh mot cap s6 nhan vé6i s6 hang dau x; = a + \b, cong bai
1 A
= -+ —. Do do6
1=57%

1 )\ n—1
a:n:(a+)\b)(§+z) Vn=1,2,...

Lan lugt lay A = —1, X\ = 2 ta dugc:

1 2 1

B 1 Uy, = - (a+2b) + (@ —b) .o.——

u“_%_(a—b)'4n—1 N i’) 314 1
Uy + 20, =a+ 2b vn:§{a+26—(a—b).4n_l

1
Suy ra lim u, = lim v, = 3 (a+2b).

Bai toan 6 (Nhan cung-nhan léch). Cho trudc hai sé6 duong a va b. Xét hai day so

(un) , (vy) nhu sau:

up =a, v1 =b, Upt1 = UnVpn, Upt1 = JUnp10n (YR =1,2,...)

Hay tim lim w, va lim v,.

Huéng dan. Dé thay véi moi n = 1,2,... tacod u, > 0 va v, > 0. Goi x, = Inuy,, yn =
Inv, (Yn=1,2,...). Khi d6 1 =Ilna, y; =Inbvavéimoin=1,2,..., ta co

mu, +Inv,  x,+ yn  Inuppr v, Tag + Ya

Tnt1 = 2 T g YT 2 T

Theo bai tap 5 ta c6

1 21 In ab? 1
lim z, = lim y, = na—l;) nb: ngb :ln(abz)%.

Vi ham s6 mi lién tuc nén suy ra

Wl

. . . . lim =z 2): 1
lim u, = lim v, = lim ™" = lim e®" = en—%"" = en(an?)® _ (abz) 3

Bai toan 7 (Diéu hoa cting-diéu hoa léch). Cho trudc hai s6 duong a va b. Xét hai day
s6 (un), (vn) nhu sau:

2 2
Uy = a, 'Ulzb, un+1:ﬁ, 'Un_|_1:ﬁ (\V/’)’L:l,2,)

Un Un Un+1 Un

Hay tim lim w, va lim v,.

n—oQ n—oQ
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Huéng dan. Ti gia thiét ta co

1 1 1 1
L o te 1 watw
=dn_Tn =t yp=1,2,.
Un+1 2 Un+1 2
o1 1 Lo
Vay dat — =x,, — = y,. Khi d6
Uy, Up,
$1=—>0>y1=—>0>$n+1=7y>yn+1=Ly-
a b 2 2

Dén day ta st dung két qua bai toan 5.

Bai toan 8 (Trung binh bac r cung-trung binh bac r 1&ch). Cho trudc hai s6 duong
a,b va cho trudc r # 0. Xét hai diy s6 (uy,), (v,) nhu sau:

1 1

T T s T T -

_ — b (U, U\ [ Upp UL\
U =a, v1 =0, Up+1 = 5 ; Un41l = 72

Hay tim lim w, va lim v,.

n—oQ n—oQ

Huéng dan. Dé thay ring véi moin =1,2,... tacé u, >0, v, > 0. Véimoin =1,2,...,

va v6i moi A € R, ta co:

n 0 + o’
u2+1+)\v2+1:ug;%_‘_}\qu;-vg :uz;_%_l_)\ : : r
_ uz;rvﬁ +,\UZJ;3UZ _ (%Jr%) Uy, + (%‘l‘%) or.
Tuong tir nhu bai tap 5, ta chiing minh duge
Jlim o), = lim v}, = “3%.

Do d6 va vi ham sb f(z) = 2+ lien tuc trén (0; +00) nén

: 2\ "
lim u, = lim v, = lim (vr)% = <lim vfl) = (OH_ ) .

n—oo n—oo n—oo n n—oo 3
Cha y 2. Ham sin hypebolic va ham cos hypebolic lan lugt la ham
et —e™® et +e’ "

inhg = ——— he =
sinh x 5 coshz 5
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Bai toan 9 (Cong ciing-nhan 1éch). Cho trude hai s6 duong a,b. Xét cic day so (a,) 23
va (b,) 25 nhu sau:
Tn + Yn
T =a,y1 =b,Tny1 = 5 o Unt1 = VZn41Yn, V0 = 1,2
Tim lim x,, hm Yn.-
Giai.
Truong hgp 1: a =b. Khi d6 a,, = b, = a,Vn=1,2,... Bdi vay
lim a, = lim b, = a.
a
Truong hgp 2: a < b. Vi 0<a<b nén 0 < n < 1. Do do dat
a (0 <v< W)
— = COsSV v< = .
b 2
Ta co
a—l—b bcosv—l—b b(1+cosv) 5 U
a, = = bcos” —,
2 2
/ oY
b1 = Vaib=4/b? 0052 08 3
v v
b cos? ——l—bcos— bcos—<1+cos—)
as = 2 2 _ 2 2 :bcosvcos1
2 2 227
v v v
by = \/asb = \/b cos — 0052 —b cos — 5 = = bcos — 5 cos 52
beos 2 U beos v
COS§COS §+ Cos2cos2—2 , v v v
as = = bcos = COS — €OS” —
’ 2 2 22 9
bs = \asby = \/62 cos? % cos? % cos? ; = bcos % cos % cos ;—3,
Bing phuong phap quy nap ta dé dang chiing minh dugc:
v v v
an=b<COS§COS2—2 2n_1>cosz2—n,‘v’n:2,3,...
v v v v
b, = 600550052—2 --Cos2n—_lcos2—n,‘v’n =2,3,...
in 2
Theo cong thitc cosx = SHT ’ (v6i sinz # 0), ta co
sin x
.V .V .
sinp S 92 S on—2 S on—1 sinv
b, =0 T T g =0
2sin 5 2sin 5 2sin o1 2sin on 2" sin —
2\/vww mathvn.com
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Do do v
i i sin v sinv . on sin v
lim b, = b lim = b— lim 2 —
o0 o0 9N gin — vonTogin — v
AL AL

~ ,I’} 7
T a, = b, cos o ta co

lim a,, = lim (bn cos ;—n) = lim b,. lim COS% = lim b, = bsmv‘

n—oo n—oo n—oo n—oo n—oo v
Trudng hgp 3: a > b. Via>b>0nén%>1. Goi « 1a b dé%:cosha, tic 1a
B e +e @
b 2
Ta co:
z T 2
T —x 1 5 -
1—|—Coshx:1+%:§(2+em+e_m) :2(62 _;6 ) :2cosh2;
sinh x = € _26 :262 +26 2.62 _26 : :2sinhg.coshg.
1
lim (14 z)= =e.

x—0

Vi ham s6 f(z) = Inz lién tuc trén khoang (0; +00) nén

8=

In(1
lim 7n( + )

} =Ilne=1.
x—0 X

= lin% In(1+ x)% =In [lin% (1+z)

Dat e* — 1 =y, khi d6
e’ —1 i Y 1

li =lim ——— =lim——— = 1.
0 40 In(1+y) s In(1 +y)
)
inh T _ T 1 2¢ 1
lim 2% — im &% — lim — lim & — 1,
x—0 x z—0 21’ x—0 6.’E x—0 21’
lim cosh x = lim i =1.
x—0 x—0 2
Ta co:
a+b becosha+b b1+ cosha) !
“=y 2 2 oSty
by = Varb=/1? coshzg = bcosh%,
b cosh? @ 4+ bcosh @ o 1 4 cosh @ o o
ay = 2 = phcosh —.————% = pcosh — cosh? —
2 2 2 2 22’
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by = \Vaghy = \/62 cosh? %Cosh2 % = bcosh % cosh %,

Bing phuong phap quy nap ta dé dang chiing minh dudgc:

an:b<cosh%.coshg .. cosh —= )Coshz%,‘v’nzli’),...

22" on—1
b, = bcosh %. cosh % ...cosh 23_1 cosh %,‘v’n =2,3,...
A . sinh2x = | )
Theo cong thitc coshz = — (v6i sinhz # 0), ta ¢
sinh x
. Q . . o
bo—b sinh « sinh 9 sinh on—2 sinh on-1 _ bsinha
2 sinh % 2 sinh % 2 sinh 2?_1 2 sinh ;in 2" sinh ;in
Do dé
a
bsinh inh on inh
lim by = lim — e = b lim — 2 = p
o0 00 9n ginh — @ "= ginh — «
2n 2n
a
Tu a,, = b, cosh on ta co
sinh v

. . ) Q
lim a,, = lim b,,. lim cosh— =1b
n—00 n—00 n—00 on o

Bai toan 10 (Dé thi Olympic 30/04/2004). Cho hai s6 duong a,b khong doi théa man
a < b. Xét cic day so (a,) va (by,) nhu sau

b b n-1+ bn_ e
a)p = @t s bl =\ alb, a9 = il i 1, bg =\ agbl,...,an = alf_l—l, bn = anbn_l.

2 2

Tim lim a,, lim b,.
n—-+o00 n—-+o00

Huéng dan. Bai toan nay 1a truong hop dic biét ciia bai toan 9.
Bai toan 11 (Diéu hoa ciing-nhan 1&ch). Cho cic day s6 (a,) 25, (ba) 25 zdc dinh nhu
sau:

2
ay > 0, bl > 0, Ap4+1 = ﬁ’ bn+1 = \/an+1bn (V’I’L = 1,2, .. )

a, by

Tim lim a,, lim b,.

n—oo n—oQ

Giai. Tir gia thiét suy ra a,, > 0,b, > 0,Yn =1,2,... Ta ¢

11
R S 11

,Vn=1,2,...
www.mathvn.com

Y

Qp+1 2 bn—i—l Qn+1 bn

0.1. Gidi han cia cac day sb sinh béi cac dai lugng trung binh 13



www.MATHVN.com

Chuong 0. Nguyén Tai Chung. GV THPT Chuyén Hung Vuong - Gia Lai.
S| 1 .
Vay dat — = x,, — = y,. Khi do
n bn
1 1 Tn+ Y
Ti= >0,y == >0, T = — 5 Yt = VI
1 1

Dén day ta sit dung két qua bai toan 9.
Luu y. Ngoai cach giai trén ta con c6 thé giai truc tiép ciing duge két qua.

Bai toan 12 (HSG Qubc gia - 1993 - Bang A). Cho ag = 2, by = 1. Lap hai day so

(ay) va (by) véin =0,1,2,... theo quy tdac sau
2a,b,,
Ap4+1 = m, bn+1 =V an+1bn-

Chaing minh rang cic day (ay,) va (b,) ¢6 cing mot gidi han chung khi n dan tdi duong vo
cue. Twm gidi han chung do.

Huéng dan. Bai toan nay chi 13 mot truong hop riéng ctia bai toan 11.

Bai toan 13 (Nhan cuing-cong 1éch). Cho trudc hai s6 duong a va b. Xét hai day so (a,)
va (b,) nhu sau:

an+1 + b
ay = a, bl = b> Ap+1 = V an n, bn—i—l 9

Chatng minh rang hai day so da cho cé gidi han hitu han va hai gidi han dé bang nhau.

Giai. Bang quy nap, dé dang suy ra v6i moi n € N* ta c6 a, > 0 va b, > 0.
Truong hop 1. a =b. Khidé a, =a =0b,,Yn=1,2,..., suy ra

lim a, = lim b,.
n—-4o0o n—-4o0o

Truong hgp 2. a > b. Khi d6 a; > by. Gid st a, > by (v6i k € N*). Khi d6

bk < 4/ akbk < ap = bk < Qg1 < ag.

Suy ra
b + b b b
by, — k + Ok < k41 + Ok < ai + Ok < ar + ag RNy
2 2 2 2
Do do6
ags1 + b ags1 + 0
b1 = ftl T il R 2bpt1 < Qpg1 + bpr1 = kg1 > g

2 2
Theo nguyén li quy nap suy ra

an > by, Vn=1,2,...
www.mathvn.com
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Do do6

Qpy1 + S Ontl +

= by,i1 > by,
2 2 +1

Ap4+1 = anbn < V Anlp = Qp, bn—l—l =

Vay
b=by <by<:---<b,<bpi1 <apy1<a,<---<as<a;=a.

Suy ra day (a,) gidm va bi chin dué6i bdi s6 b, day (by,) tang va bi chan trén béi s6 a, do d6
z mn bn
hai day so nay hoi tu. Dat liin a, = x, liin b, =vy. T b1 = %,‘v’n =1,2,...,

cho n — 400 ta duge

$+y(:>x:y:> lim a, = lim b,.

2 n—-+oo n—-+oo

’y =
Truong hgp 3. a < b. Khi d6 a; < by. Gid st a, < by (v6i k € N*). Khi d6

ap < akbk < bk = ar < Q41 < bk

Suy ra
b, +0b b b
by, — k + Ok S k41 + Ok S ai + Ok S ar + ag —ap = by > by > a.
2 2 2 2
Do dé6
ags1 + b aps1 + b
b1 = ftl TR Pl R 2bpt1 > Qg1 + b1 = argr < g

2 2
Theo nguyén li quy nap suy ra

an < bp,Vn=1,2,...

Do do6

An41 + bn < bn—l—l + bn

p+1 = V anbn >\ pQp = Qn, bn—l—l = 9 9

= bpy1 < by.

Vay
a=a1 <Ay < - <ap < App1 < bpy1 <b, <---<by<by =b.
Suy ra day (a,) tang va bi chan trén béi s6 b, day (b,) gidm va bi chan dudi béi s6 a, do d6
z mn bn
hai day s0 nay hoi tu. bat lim a, =2, lim b, =y. Tt b,11 = %,‘v’n =1,2,...,

n—-+oo n—-+oo 2

cho n — 400 ta duge

$+y(:>x:y:> lim a, = lim b,.

2 n—-+0o00 n—-+0o00

’y:

Két luan : Trong moi truong hop ta déu cé hai day s6 (a,), (b,) c6 gi6i han hitu han va

lim a, = lim b,.
n—-4o0o n—-4o0o

www.mathvn.com
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Bai toan 14 (Diéu hoa cting-cong léch). Cho trudc hai s6 duong a va b. Xét hai day so
(an) va (by) nhu sau:

2 apy1 + by
ay = a, bl = b, Apt+1 = ﬁ’ bn+1 = %

a, by

Chaing minh rang hai day so da cho cé gidi han hitu han va hai gidi han dé bang nhau.

Giai. Bang quy nap, dé dang suy ra v6i moi n € N* ta c6 a, > 0 va b, > 0.
Truong hop 1. a =b. Khidé a, =a =0b,,Yn=1,2,..., suy ra

lim a, = lim b,.
n—-4o0o n—-4o0o

Truong hgp 2. a > b. Khi d6 a; > by. Gid st a, > by (v6i k € N*). Khi d6
1 1 2 1 1 2

Suy ra

Do dé6
ap41 + by < Ak+1 + Qg1

2 2

= bpr1 < Ay

1 1 1 1
Theo nguyén Ii quy nap toan hoc suy ra a,, > b,,Vn =1,2,... Vay — + = > —+4+ —. Do

bit1 =

2 2 A1 + by g1 + by
an—i—l == 1 1 < 1 1 = an, bn-l,-l — + 2 > + 2 = bn_l,.l > bn

Ta viét lai
b=by <by<: - <b,<bpi1 <apy1<a,<---<as<a;=a.

Suy ra day (a,) gidm va bi chin dué6i béi s6 b, day (b,) tang va bi chan trén béi s6 a, do d6
) : : . Ant1 + by
hai day so nay hoi tu. Dat hgrn a, = x, hgrn b, =vy. T by = %,‘v’n =1,2,...,

cho n — 400 ta ducce

x
Y= +y(:>a?:y:> lim a, = lim b,.

2 n—-+oo n—-+oo

Trudng hgp 3. a < b. Khi d6 a; < by. Gid st a, < by (v6i k € N*). Khi d6

1 1 2 1 1 2
P
a

B Ok R Ok Ok Tk www.mathvn.com
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Suy ra

ap < <bk:>ak<ak+1<bk.

1 1

ag by,

Vay

apt1 + by o Ok + g1

:>bk 1> Qkyq-
2 2 + +

bit1 =

1 1 1 1
Theo nguyén Ii quy nap toan hoc suy ra a, < b,,Vn =1,2,... Vay — + = < —+4+—.Do

2 2 Ap+1 + bn < bn—l—l + bn

Ap4+1 = 1 1 > 1 1 = Qp, bn+1 = B B = bn+1 < bn

an by, an, ap

Ta viét lai
a=a1 <Ay < - <ap < Apr1 < bpy1 <b, <---<by<by =b.

Suy ra day (a,) tang va bi chan trén béi sb b, day (b,) gidm va bi chan dudi béi s6 a, do d6

z mn b?’L
hai day so nay hoi tu. Dat liin a, = x, liin b, =vy. T b1 = %,‘v’n =1,2,...,
cho n — 400 ta duge
T4y

Sr=y= lim a,= lim b,.

2 n—-+oo n—-+oo

’y:

Két luan : Trong moi truong hop ta déu cé hai day s6 (a,), (b,) c6 gi6i han hitu han va

lim a, = lim b,.
n—-4o0o n—-4o0o

Bai toan 15 (Cong cling-diéu hoa léch). Cho trudc hai sé6 duong a va b. Xét hai déy so
(an) va (by) nhu sau:

an + by, 2

ay = a, bl = b, Apt+1 = T, bn+1 = ﬁ

An+1 bn

Chaing minh rang hai day so da cho cé gidi han hitu han va hai gidi han dé bang nhau.

~ 1 1
Huéng dan. bat — = z,,, = = y,. Ta duoc
a/’ﬂ n
2 Tn+1 + Yn
xn—l—l — 1 1 3 yn—l—l == 2
S
Tn Yn

Sau do sit dung két qua bai toan 14
www.mathvn.com
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Bai toan 16 (Nhan ctuing-diéu hoa 1éch). Cho trudc hai s6 duong a va b. Xét hai day

s6 (an) va (by) nhu sau:
2

ay = a, bl = b, Ap+1 = V anbn, bn+1 = ﬁ

An+1 an

Chaing minh rang hai day so da cho cé gidi han hitu han va hai gidi han dé bang nhau.

= 1 1
Huéng dan. bat — = z,,, o = Un Ta duoc
an n

Tn+1 + Yn

Tn+l = VInlYn, Yn+1 = 9

Sau do6 sit dung két qua bai toan 13

Bai toan 17 (Trung binh bac r cung-nhan léch). Cho r # 0,a > 0,b > 0, zét cdic day

“+o00

o2 wa (b)) nhu sau:

s6 (an)

1

r pr\ 7
ap = a, bO = b> Qpy1 = (an * n) 5 bn—i—l =V an—i—lbn (vn =

2

Tim lim a, va lim b,.
n—-+o00 n—-+o00

Giai.
Trudng hgp 1: r > 0.
Truong hgp 1.1: a = b. Khi d6 a, = a =b,,,Vn € N. Suy ra

lim a, = lim b, = 1.

n—oQ n—oQ

Truong hgp 1.2: a < b. Khi dé

T

a7"<b7":>0<a—<1.

br
Do do6 dat
v _ <0 <v< W)
= COSU v<y)-
Ta c6
., a +b bcosv+b b (l4cosv) . L0
ay = = = =b"cos” -,

2 2 N 2 2
by = <\/aTb)T = ( b2 cos? g) = <bCOS% %)T = b" cos

b cos? Y + b" cos ¢ b" cos ¢ <1 + cos E)
r 2 2 _ 2 2 _ bT
5 = 5 = b" cos

a2:

0,1,2,...).
v
27
ECOSz 1
2
2 \wwiv.mathvn.com
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I8
v 2 0 v v
ro_ _ 2 e _ h
by, = v/ asbhy = (\/b COST — cost ) = b" cos = cos 5%

2 22 2
b v v b v v
. Cosgcos §+ COS§COS2—2 Ly v v v
as = 5 Cos 5 Cos 52 cos? R
, v v v
b3 = v/asby =0 COS§ Cos — 5 cos 5

Bing phuong phap quy nap ta dé dang chiing minh dudgc:

anbr<cosgcos2v—2--- 2:_1)0082;—“,‘771:2,3,...
., v v v v
b, = 600550052—2 1C0S ooy o 2,3,...
in 2
Theo cong thitc cosx = i (v6i sinz # 0), ta co
sin x
.0 . .
Wb sin v . S o SIS ST _ sin v
2sing 2sin£ 2sin Y 2sin1 27 sin —
2 22 2n—1 on
Do do6
v
i =0 fim S = i 2 =i
2" sin — sin —
AL 2n
Tu a; = b; cos ;—n ta co
lim a; = lim <b; Ccos 1) = lim b;,. lim cos 2 = lim b, =0b" iy
n—o00 n—o00 on n—o00 n—o00 on n—o00 v
Do do6 )
lim a, = lim b, = b (va) '
n—oo n—oo v
Trudng hop 1.3: a > b > 0. Khi d6 Z— > 1. Goi « 1a 56 d8
Z_T = cosh a.
Ta c6
a"+b"  bcosha+0b0"  b(1+ cosha) 5
ay 5 5 5 cosh® 7,
| = <\/alb> = (, /b2 cosh? %) = b" cosh %,
b" cosh? % + b" cosh % o 1+ cosh = o
ay = 5 — b cosh = PR E—— — " cosh = cosh? =

WWW. r%athvn com
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by = (\/62 cosh? % cosh? %) = 0" cosh % cosh %»

Bing phuong phap quy nap ta dé dang chiing minh dugc:

a, =0b" (COSh %. cosh - ... cosh

a ) cosh? g,‘v’n =2,3,...
22 2n—1 n

by = b" cosh %. cosh % ...cosh 23_1 cosh %,‘v’n =2,3,...
inh 2
Theo cong thitc coshz = Sl? ’ (v6i sinhz # 0), ta ¢
2sinh x
L a . . «a
Wb sinhq  Sith 9 sinh on—2 sinh on—1 _ b"sinha
" 2sinh % 2sinh ;—2 2sinh 2?_1 2sinh % 27 sinh %
Do do6
a
b" sinh inh on inh
lim b = lim —— o = pr D gy 20 2
oo "0 2n sinh — @ " ginh — «
2n 2n
o
Tu a; = b; cosh on ta co
. i . a .sinh «
lim a; = lim b;,. lim cosh o = b .
n—o00 n—o00 n—o00 m e}

Béi vay

1
lim a, = lim b, = b (Smho‘) .
n—00 n—00 o

Trudng hgp 2: r < 0.
Truong hgp 2.1: a = b. Khi d6 a, = a =b,,,Vn € N. Suy ra

lim a, = lim b, = 1.

n—oQ n—oQ

Truong hgp 2.2: a > b. Khi dé

ar<bT:>0<Z—r<1.
Do doé dat

“ <0 <v< W)
7y = COSV v<g)-
Tuong tu nhu truong hop 1.2, ta ching minh duge

1

lim a, = lim b, = b (Sm”) "

n—o00 n—o00 v

www.mathvn.com

0.1. Gidi han clia cac day sb sinh béi cac dai lugng trung binh 20



www.MATHVN.com

Chuong 0. Nguyén Tai Chung. GV THPT Chuyén Hung Vuong - Gia Lai.
a” . Lo a”
Truong hop 2.3: a < b. Khi do o > 1. Goi a la so de o cosh a. Tuong tu nhu truong

hop 1.3, ta chiing minh dugc

. 1
lim a, = lim b, = b (Smho‘) .

n—00 n—00 (0]

Luu y. Bai toan 9 la truong hgp riéng ctia bai toan 17 khi » = 1. Bai toan 11 la truong
hop riéng ciia bai toan 17 khi r = —1. Bai toan 13 c¢6 thé xem la bd sung cho truong hop
r = 0 chua duge xét G bai toan 17.

0.1.3 Phdi hgp ba, bén day sb.

Bai toan 18. Cho ba s6 thuc a,b,c. Xét 3 day s6 (2,)7°%, (yn) >3, (20)7°5 nhu sau:

n=1’ n=1’ n=1

r1=a, y1 =>b, z1 =c,
UYn + 2n Zn + Tn Tn + Yn

ntl = ———, Yntl = ————, Zntl = ,Vn=1,2,...
Ln+1 5 Yn+1 5 “n+1 5 n

Chitng minh rang cac day so6 nay hoi tu va tinh gidi han cla ching.

Giai. V6i moin =2,3,... Ta co

o Yn—1 + Zn—1 Zn—1 + Tp—1 Tp—1 + Yn—1
Tnt Yoo =" 2 2

=Tp-1+Yn-1+ Zn-1.
Stt dung lién tiép cac két qua trén ta thu dudgc:
Tn+Ynt2n=Tpa+ Y1+ ==1+p+z=a+b+ec (1)

Dat M = a+ b+ ¢, khi d6 tir (1) ta c6

Zn—1 + Tp—1 Tn—1 + Yn—1 Tn—1 + Yn—1 + Zn—1 Tp—1

e 2 2
a+b+c xp1 M xh
;g Tt
Suy ra
1 1
xn:M—(yn+zn):§M—§xn_1,‘v’n:2,3,...

St dung lién tiép cac két qua trén ta thu dudgc:

n—=— — = — - — | — - :M _—_— —Tp—
Ty T Ty T 2{2 2} (2 22)+22I 2

1 1 1Mz, 1 1 1 1
— M)+ |2 M (i) 2
(2 22)+22[2 2} (2 22+23) 93 n=3

www.mathvn.com
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1 1 1 ne1 1 n 1
= =M|-=—=4 —=—--. —1 -1
(2 22 " 93 +(=1) 2n—1) +(=1) gn—1"1
1+ !
Mitsog (o M 1 (—1)
=5 1 T+ 1 xl—?(l—l—%_l)—l- 1 a,Vn = 2,3,
_I_ —
2
Ta c6 1) )
: 1 : —1)" : : -1)"
nETm on—1 =0, n1—1>£—noo ‘ on—1 - n1—1>£—noo on—1 =0= n1—1>£—noo gn—1 =0
Do do6
I I M 14 1 +(—1)" M a+b+c
im z, = lim |— ol =— = —-—.
n—oo v n—oo 3 2n—1 2n—1 3 3

Tuong tu ta chiing minh duge

. ) a+b+c
lim y, = lim 2z, = ——.
n—00 n—00 3
Cach khac. Ta co
Yn—1 ‘I’ Zn—1 Zn—1 ‘I’ Tp—1 1
n — Yn = - = —=(Tpn-1 — Yn— ,\V/ > 2.
Ty — Y 5 5 5 (@1 = Y1),V 2

Do do6 L
1\""
Tp — Yn = (——) (a—0b) = lim (x, —y,) =0.

n—oQ

Tuong tu ta chiing minh duge

lim (y, —2,) =0, lim (2, —x,) =0.

Ta co
. at+b+ec I Tn-1+ Yn-1 1 Zn-1
" 3 " 3
o Yn—1 — Tp-1 Zn—1 — Tp—1
N 6 + 6
<3 [+ 5] |
~ 6 Tp—1 Yn—1 6 Tp—1 Zn—1| -
b
Do d6 lim =z, = %. Tuong tir ta chiing minh duge
) a+b+c . a+b+c
lim y,, = Era— lim z, = Era—

Bai toan 19. Cho 3 s6 duong a,b,c. Lap 3 day (un) 25, (va)123 (w,) 123 theo quy luat sau:

n=1> n=1"

uy = a,v; = b,w; = ¢ va

Upt1 = /UnWp, Uy = /Wnlp, Wpi1 = /UpUp, VN =1,2, ...
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Tim lim u,, lim v,, lim w,.
n—oo

Huéng dan.
Cach 1. Giai truyc tiép, tuong ty nhu bai toan 18.
Cach 2. Dé thay véi moin =1,2,... thi u, > 0,v, > 0,w, > 0. Do dé tit gia thiét ta c6

Inv,, +Inw, Inw,, + Inu, Inu,, + Inv,

Inu, = 5 , Inwv, 1 = 5 , Inw, 1 = 5

Goi z, = Inu,, y, = Inv,, z, =Inw,. Khi do
1 =Ina, y1 =Inb, z; =1Inc,

Yn + 2n Zn + Tp Tn + Yn
In—l—l:T’ yn+1:T> fn+l = 2 >vn:172>"'

Dén day ta sit dung bai toédn 18.

“+o00

o (W) theo quy luat sau:

Bai toan 20. Cho 3 s6 duong a,b,c. Lap diy (u,):23, (v,)
uy = a,v; = b,w; = ¢ va
20w, 2 U, 2up vy,

Up1 = — HUny1 = —— , Wnpt1 =
Up, + Wy, Wy, + Up Up, + Up

Tim lim u,, lim v,, lim w,.
n—oo

~ 1 1 1
Huéng dan. bat — =2x,, — =vy,, — = 2z,. Khi d6
1 1 1
r=—-0N=7, 21=—,
a b c
Tpt1 = Ta Ynt+1 = Ta fn+l = 2 >vn = 1727 s

Dén day ta sit dung bai toédn 18.

Bai toan 21. Cho ba s6 duong a,b,c va cho r # 0. Xét ba day $6 (2,)7°5, (yn) 23, (2,)7°

n=1’ n=1’ n=1

N

nhu sau: r1 =a, yy =0b, z1 =cwva vt moin=1,2,... thi

1 1 1
(AN (mtwm\T | (me)
n+1 — 2 s Ynt1l = 2 P n+1 — 2

Chitng minh rang cac day so6 nay hoi tu va tinh gidi han cla ching.

Giai. Dé thay véi moin =1,2,... thi 2, > 0, y, > 0, 2, > 0. Goi Goi M = a" +b" + ¢".

Khi d6 v6i moin=1,2,..., ta co

Typor T Uniit 2 =T ty, 2, = =x1+y t2=a +0 + =M
www.mathvn.com
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Do dé
zZr4axl oty 1 xr M
Yos + s = B I = () = o
M oz M
=>=M-2z, 1 =—+—=>0,,=—"+—.

bat ] = g,. Khi do
1 M
gn+1 — _§gn + ?,‘v’n = 1,2,. ..

Bdi vay bang quy nap ta ching minh duge:

=2 M " 1n+MV—12
gn = 3 a 5 3,77,—,,...

M M
Do d6 lim g, = 3 Suy ra lim z, = (?) . Tuwong tu ta chitng minh dugc:

S =

n—oo n—oo
1
. . M\
lim y, = lim z, = | —
n—oo n—oo 3

n—oQ n—oQ n—oo

1
: : : a"+b"+c"\"
lim z, = lim y, = lim z, = — )
Nhan xét 5. Cac bai toan 18, 19 la truong riéng cua bai todn 21 nay ung vdi r = 1,
r = —1. Bai todn 20 ciing c¢é thé zem la bo sung cho truong hop r = 0 khong duge xét & bai

tap 21.

Bai toan 22. Cho bén s6 thuc a,b,c,d. Lap bon day s6 ()0, (yn) 25, (20)7°5, (gn)23

n=1>7 n=1"> n=1"? n=1

theo quy luat sau: 1 = a,y, =b,z1 = ¢, g1 = d va

Tr1 = W’%“ _ W,\m: 1,2,
- %,QM _ %,\m: 12,

Tim

lim z,, lim y,, lim z,, lim g,.
n—oo n—oo n—oo n—oo

Giai. V6i moin =2,3,... Ta co

n—1t Zn—1+ Gn— Zn—1+ Gn—1 + Tn—
l’n‘l’yn‘l'Zn‘l'gn:y ! ! g l‘l' ! i !

3 3
n— + Ly — + n— +xn— + n— + Zn—
i gn—-1 . 1T Yn—-1 I 1 ?/3 1 1

= Tp-1 + Yn—1 + Zn—1 + gn—1-
www.mathvn.com
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Stt dung lién tiép cac két qua trén ta thu dudgc:

TntUYn+2n+ g =Tn 1+ Yn1+2Zn1+gn1=--=a+b+c+d. (1)

Dit M = a+ b+ ¢+ d, khi d6 tit (1) ta c6
Zn—1 + Gn—-1 + Tp—1 Gn—1 + Tp—1 + Yn—1

Yn + 2n + gn = 3 + 3

Tn-1 + Yn-1+ Zn—1 . 2(a+b+0+d) Tn—1

- 3 B 3 3
2M Tp—1

=—+ —VYn=223,...
3 _l_ 3 ) n ) )

Suy ra
1 1
xn:M—(yn+zn+gn):§M—§xn_1,‘v’n:2,3,...

Stt dung lién tiép cac két qua trén ta thu dudgc:

M n— M 1M n— 1 1 1
l’n:——x 1:———|i——x 2:|:M(——_)+3_2xn—2

11 +1 M ans] (1 1+1 1
= - — = = |= - = =t | — =2Tn-
3 32 32| 3 3 3 32 33 3373
(

1 1 1 ne1 1 n 1
= =M ety ot ) ) e
1
Mitss (—r M 1 (—1)"
- ? 1 1 + 3n—-1 = Z L+ 3n—1 + 3n—1 a’vn - 2’3’
_l_ _
3
Ta co 1) )
) 1 ) —-1)" ) ) —-1)"
nETm 3n—1 - 0’ nl_l)ﬂ_ﬂoo ‘ 3n—1 - nl_l)ﬂ_ﬂoo 3n—1 =0= nl_l)ﬂ_ﬂoo 3n—1 0.
Do do6
I I M 14 1 +(—1)" M a+b+c+d
im z, = lim |— ol = 2 _2roreTae
n—00 n—oo | 4 3n—1 3n—1 4 4

Tuong tu ta chiing minh dude

. . ) a+b+c+d
lim y, = lim z, = lim g, = ———.

n—00 n—00 4
Bai toan 23. Cho a,b,c,d € (0;+00). Lap bon diy 56 (un) 23, (va)i25, (w,)25, (t,)122

theo quy luat sau: u; = a,vy = b,w; = ¢, t;1 = d va

Unp+1 = V 'Un'wntny'un—l—l =V wntnunawn—l—l =V tnunvnatn—l—l = \3/ UnUnWn

Chitng minh cdc day so6 nay hoi tu va tim gidi han cia ching.
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Huéng dan. Dé thay v6i moi n = 1,2,... thi uw, > 0,v, > 0,w, > 0,t, > 0. Goi z,, =

Inu,, y, =Inv,, z, =lnw, g, =Int,. Khi do6

r1=1Ina, y; =Inb, 21 =Inc, g1 =Ind,

Tpr1 = W’ Yni1 = W,\m:m,...
L R

Dén day ta sit dung bai toan 22.

Bai toan 24. Cho bon s6 duong a,b, ¢, d. Lap bon day s6 (un)' >, (va) 25, (wn)25, (t2)53

n=1>7 n=1" n=1> n=1

theo quy luat sau: u; = a,vy = b,w; = ¢, t;1 = d va

3vnwntn 3wntnun
Unp+1 = , Upt1 = ,‘v’n=1,2,...
UpWy + Wity + LUy Wply + Lty + Unwy,
3tnunvn 3unvnwn
Wp+1 = 5 tn+1 = ,\V/’I’L:l,2,...

tpy + UpUy + Upty, UpVp + VpWy, + Wy Uy,

Chitng minh cdc day so6 nay hoi tu va tim ¢idi han cia ching.

Huéng dan. Dat in:xn, Ul—n:yn, win:zn, %:gn. Khi d6
1 1 1 1
$1=a, ylZg, Z1=E>91=E>
Tptl = W, Ynil = W,Vnzlﬂ,...
zn+1zw%+1:w,‘v’nzl,2,...

Dén day ta sit dung bai toan 22.

Bai toan 25. Cho bon s6 duong a,b,c,d va cho v # 0. Xét bon day 56 (,)725, (ya)I2S

n=1’ n=1’

2)00 (8212 nhu saus v1=a, 1h=b, z1=c¢, t1 =d va
n=1

n=1’
1
r r '\ " r r "
Ty = (M)  Yne1 = (M) Vn=1,2,...

Sl

3 3
t G Fyr b\
r r r\ r r r A
Zn+1 = (W) 5 tn—l—l = (%) ,Vn = 1, 2, Ce

Chitng minh rang cac day so6 nay hoi tu va tinh gidi han cla ching.

Giai. Dé thay v6i moin = 1,2,... thi , > 0, y, > 0, z, > 0, t, > 0. Goi M =
a”"+b" +c" +d. Khidovéimoin=1,2,...,tacod

Lot T Y+ o =2, +yp+ 2, Ht, = =21 +yr + 2+ = M.
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Vay
r . . Znttn Tty Tyt
Ynt1 T Zn1 Tl = 3 + 3 + 3
T,  2(@ntyntantity) x 2M
3 3 3 3
, x, 2M , x, M
:>M—37n+1:§+?:>%+1:—§+§-
. 1 M s ) .
bat z], = g,. Khi d6 g1 = _§g" + ?,‘v’n =1,2,... Do d6 bang quy nap ta chiing minh

dugce:
M nN\" M
n=3——a") (-2 = ¥n=1,2,...
g 3(4 a)( 3) + 1 Vn

M M\~
Béi vay lim g, = —. Suy ra lim x,, = (—) . Tuong tu ta chiing minh dugc:

4 n—00 4
M 1
lim y, = lim z, = lim ¢, = (Z) )
Vay
1
r br r A"\ 7
lim z, = lim y, = lim 2, = lim ¢, = (a i 1—6 i )

Nhan xét 6. Ta c6 thé md rong cho k (k > 2) day so. Trong cic loi gidi trén thi viec tim
ra cdc bat bién la rat quan trong, né gidp ta tinh duoc cdc gidi han cia cdic day s6. Chdang

han & bai todn 2 & trang 4 cé bat bién la
anb, =+ =aby =ab,Vn=1,2,...
con & bai todn 22 & trang 24 cé bat bién la
Tn+Yn+ 20+ Gn =Tp1 +Yn1+2n—1 + g1 =---=a+b+c+d.

Bai toan 26 (Dé nghi Olympic 30/04/2011). Cho ba s6 thic duong a,b,c va cic day
56 (Un) , (Vn) , (W) nhu sau: ug = a, vo = b, wy = ¢ va vdi mein € N, ta cé

Uy, + Uy + Wy, X 3
Un+1 = ; Untl = A/ UpUnWpn, Wnpy1 = .
3 v R
n

Un Wn,

Chitng minh rang ba day so da cho hoi tu va ching cé cting mot gidi han.

Giai. D& thay v6i moi n € N thi u, > 0, v, > 0, w, > 0. Theo cac bat ding thic
atay+ta, n

> Yaijas...a, > T T 1,‘v’a1,a2,...,an>0
aq a9 (07%

n

www.mathvn.com

0.1. Gidi han clia cac day sb sinh béi cac dai lugng trung binh 27



www.MATHVN.com

Chuong 0. Nguyén Tai Chung. GV THPT Chuyén Hung Vuong - Gia Lai.

suy ra u; > v; > w;. Bang quy nap, ta dé dang suy ra
Up > Uy > Wy, Vn=1,2,... (*)

T (*) suy ra v6i moi n € N*| ta cé

Uy, + Uy, + Wy, <

Unpt+1 = 3 = Unp
1 1 1 3 3
—+ —+ —< — = Wy = 1 1 1 > Wn.
u’ﬂ n n
Do d6 0 < wy < Wpe1 < Ups1 < Up,Vn = 1,2, ... Hay viét 16 ra I
3
0<ﬁ:w1§w2§“'§wn+1
b ¢
b
St St o Sy Sy =
~ N P N £ ~ £ - N . - ~ 2,0 a_l—b_l—c ~ ~ P N
Nghia 1a ke tit s6 hang w,, day s6 (w,,) tang va bi chin trén b6i ———— nén hai tu. Keé tu
. B 3
s6 hang u, day so (u,) gidm va bi chan dudi béi T T ‘en hoi tu.
a b ¢
Goi lim u, = «, lim w, =\, khido A >0, A<ava

n—oQ n—oQ

0 <A< lim v, = lim (Buptr —up —wy) =3 —a— A =2a — A

n—oQ n—oQ

Vay day (v,) hoi tu va lim v, = 2a — A\. Suy ra

n—oQ

(2a — A = lim v} = lim v}, = lim (u,v,w,) = a (2a — A) A

n-non
n—oQ n—oQ

=R2a—- N =al & 4a? —5ar+ XN =0 (a—-N)da—- N =0 a=)\
(ta loai truong hgp 4o — A = 0 vi n6 mau thuan véi A > 0, A < a). Suy ra

lim v, =200 — A = o

n—oQ

Vay ba day s6 (uy), (v,), (wy,) hoi tu va lim u, = lim v, = lim w,.

n—oQ n—oQ n—oQ

Bai toan 27. Cho ba diy so (uy,), (va), (w,) nhu sau: ug > 0, vo >0, we > 0 va

w B SUpUnWy, y UV + VpWy + Wiy, " Uyt vp +wy
ntl = y Unt1 = yUpp1 = ———
UpUpn + VnWy + Wty Uy, + Uy + Wy, 3

Hay tim gidi han cia ba day s6 da cho.

www.mathvn.com

0.1. Gidi han clia cac day sb sinh bdi cac dai lugng trung binh 28



www.MATHVN.com

Chuong 0. Nguyén Tai Chung. GV THPT Chuyén Hung Vuong - Gia Lai.

Giai. Dé thay v6i moi n € N thi w, > 0, v, > 0, w, >0, v
Un+1Vn+1Wn+1 = UpUpWyp =+ = UpVoWy.

V6i moi n € N, ta co
Up + Up + Wy UpUp + UnWy + Wyl
Yntl = Unt1 = 3 B Uy, + Uy + Wy,
ol 4 vk wh — (UnUn + VnWy 4 Whty) >0
3 (Un, + Uy + wy) -
(Unvn)? + (Vawp)? + (wouy,)?
U + U + W) (Un Uy + Vp Wy + Woty,)

B (UnUn) (Vawy) + (Vawy) (Wptty) + (unvp) (Woy)

Un+1 — Wnp41 = (

> 0.
(Up, + v, + Wp) (Un Uy + VaWy + Wyty,) -
Vay moi n € N*, ta ¢6 u, > v, > w,. Do d6 moi n € N*, ta ¢6
Up + Up +W Up — Up) + (Wy, — U
Unp1 — Un = n n n_Un:(n n) (n n)go
3 3
Nhu vay ta cé
Sugvow ug + vo + w
0< 0070 :wl§w2§"'§wn§un§"'§ulzu
UgVg + VoWg + Wolo 3

. P . ) . Wo+Vo+wo .
Nhu vay, ke tit s6 hang w thi day so6 (w,) tdng va bi chin trén béi T hen hoi tu.
. . . Sugvow
Keé tur s6 hang uy, day so (u,) gidm va bi chin dudi béi 0070 nén hoi tu. Goi
UpVo + VoWo + Wolg

lim u, =, lim w, =\, khido A >0, A<ava

n—oQ n—oQ

0 <A< lim v, = lim (Buptr —up —wy) =3 —a— A =2a — A

n—oo
Up Uy, + VW, + WUy,

Do dé tit v, = ,Vn € N, cho n — 400 ta duge
Uy + v, +w,

a2a—A) + (20— DA+ A 2 a — A + 207

20 — A =
“ a+A+2a—A 3
2 2 _ _ A=«
Sda” —blda+ N =05 (a—A)da—-N)=0& Ao — \
Truong hop 1: 4o = A. Khi do
A A
lim v, =20 — A== —-A=—— ,
lim v a—A 5 A 2<0

diéu nay mau thuan véi tren. Vay truong hop (1) khong thé xay ra (ta Iy luan cach khéc 1a
tit 4o = A suy ra mau thuan véi A > 0, A < «).
Truong hop 2: A = a. Khi do

lim v, =20 — A=«
n—oo
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Do do6

lim u, = lim v, = lim w, = «

n—oQ n—oQ n—od

T upv,w, = ugvowg, Vn € N, cho n — +o0 suy ra

a® = upvowo = lim w, = lim v, = lim w, = Yuovowo
n—oo

n—oQ n—oQ
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