TRUONG DAI HOC SU PHAM HA NOI
KHOA TOAN-TIN

CHUYEN DE DAT SO SG CAP

MOT VAI LOAI DAY TRUY HOI

Gidang vién hudng dan: ThS. Dao Ngoc Minh
Nhom sinh vien: Nguyén Thi Phwong
Dinh Ha Phuong
Duong Thi Thu Phuong
Bui Thi Phuong Thado

Lop: K57C

HA NOI, 9/2010



Mot vai logi day truy hoi

Muc luc
1 Day afine 3
1.1 DBinhnghia . .. .. .. 3
1.2 S6 hang tong quat . . . . . . ... 3
1.3 Tongrieng httuhan . . . . . . . . .. . ... 3
1.4 Tinh don diéu cia day afine . . . . . . ... .. ... ... ... ... 4
2 Day truy hoi tuyén tinh cap hai thuc véi hé sé hang
2.1 Dinhnghia . . . . ..
2.2 S6 hang tong qUAL . . . . .. ...
2.3 Hai dang dua vé day truy hoi tuyén tinh cap hai . . . . . . . ... ... ... 10
2.4 Day truy hoi tuyén tinh cap k véi he s6 hang . . . . . . . . .. ... ... .. 13
241 Dinhnghia . . . .. ... 13
2.4.2 S6 hang tong quat va tong rieng hitu han . . . . . . . . . .. ... .. 13
2.5 Day truy hoi ty,p = Q1Unip—1 + QolUpik_o + -+ +apty + fr . . . . . ... 15
3 Day truy héi dang u,., = f(u,) 17
3.1 fdondiéutren M . . . ... 17
3.2 f liéen tuc tréen M va M déng trong R. . . . . . .. ..o 17
4 M3 rong 20
4.1 Mot vai phuong phap khac . . . . . . ... oo 20
4.2 Ung dung trong gidi t0an . . . . . . ... 25
4.3 Ungdung trong tin hoc. . . . . . . . 28
5 Két luan 31

1 Nhom 7- Lop K57C- Khoa Todn Tin



Mot vai logi day truy hoi

Mdé dau

Cac bai toan vé day sd c6 mot lich st lau doi va lién quan dén nhiéu linh viyc toian hoc.
Day s6 déng mot vai tro cuc ky quan trong khong chi trong toan hoc ma con nhiéu linh ve
clia doi song. Trong cac ky thi hoc sinh giéi quoc gia, IMO, hay nhitng ky thi giai toan cia
nhiéu tap chi todn hoc cac bai todn vé day s6 xuat hién kha nhiéu va duge danh gia ¢ miic
do kho.

Khong tham vong trinh bay tat ci cac van dé lién quan dén day s6, nhém sinh vién ching
t6i chi muén dua ra cach hiéu "so cap" nhat vé mot vai loai day truy hoi. Qua dé trang bi
phan nao cho ban doc quan tam nhiéu bai toan rat pho thong vé day va c6 cai nhin sau sic
hon.

Trong chuyén dé nay chiing t6i trinh bay con dudng:

e Xdc dinh s6 hang tong qudt.
e Tinh tong riéng hiu han.
o Tinh don diéu va su hoi tu.

ctia mot vai loai day truy hoi co ban, tit d6 tng dung gidi mot s6 bai toan.
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1 Day afine

1.1 Dinh nghia

Day afine la day (u,), > 0 trong mot truong K duge xac dinh béi u,yq = au, + b
1.2 S6 hang tong quat
Xét day afine w11 = au, +b (1) véi a,b € K;n >0

e Néu a =1 thi (1) 1a day cong va lic d6 w1 = ug + nb(¥n > 0)

e Néu a # 1. Ta dit v, = u, + 1Vn20
a—
Khi dé
Upt1 = Upg1 + —— = al, +b+
a—1 a—1
( b )+b+—b Vn >0
= alv, — = aUp, VNl =
a—1 a—1
= Ups1 = aV,, VN >0
—> (v,,) 1a mot day nhan vé6i cong bai a.
Do d6 v,, = a™vg,Vn > 0.
Va b " b (o) + b Vn > 0
ay u, = v, — —— = a"vyg — —— = a"(u —_— n >
W a—1 O a1 0 a—1 a-1
[ Uy + nb néua = 1
Vay s6 hang tong quat cta (1) 1a : u, = b b )
Y soned M) a™(up + 1)— . néu a # 1.
a— a—

e Dic biet néu b = 0 thi ta ¢6 u, = a™ug. Va day (u,)n>0 12 mot day s6 nhan véi cong

boi a.
1.3 Tong riéng hitu han
bat S, = > u; ta co:
=0

Up+1 + S(n) = Up+1 + Z U;
1=0

= wup+ Z(aui +0)

1=0

= uo—irai%—nb

i=0
= uy+ aS(n)+ nb.
= (a—1)S, = tupy1 — (n+ 1)b — uyg

(n 4+ 1)b — ug
a—1

o Néua#1th S, = =
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e Néu a =1 thi u,, = up + nb. Khi dé
n n(n+1)

Sn)=>u;=> (ug+ib) = (n+Dug+ (1+2+---+n)b=(n+ 1uy + 5 b
i=0 i=0
1 )

(n—l—l)uo—kwb néeuw a = 1.
Vay S, =
W Sn — (4 1)b= ,

AR (n+1)b all nevw a # 1.

a/_

1.4 Tinh don diéu cua day afine

Vi U471 14 mot ham bac nhat ctia u,, nén dé dang khio sat tinh don diéu va sy hoi tu
cua day afine.
+ Day u, la day tang néu ta c6 u, < Upy1.

+ Day u, 1a day gidm néu ta co 1, > Upyi.

Vi du 1. Tum s6 hang tong qudt va tinh tong cia 2010 s6 hang dau tién cia day s6
Uy = 1

sau:
Up = 2Up_1 + 1

Loi gidi. Ap dung cong thiic trén ta ¢ sé hang téng quat cla day la:

1 1

) — =2 -1
2—1" 2-1

u, = 2"(1 4+

Tong ciia 2010 s6 hang dau tién ciia day s6 la:

U010 — Uo — (2009 + 1)1 _ 92011 _

1—1—2010= 2% _2012.
21

52009 =

U():O;Ulzl

Vi du 2. Tim s6 hang tong qudt cia day sau:
Upt1 — 2Up + Uy =4,Vn > 1

Lot gidi. TW wpeq —2up+u,—1 = 4,Yn > 1suy ra (Uyy1 —Up) — (Up —Up_1) = 4,Vn > 1
bat v, = upe1 —up, V0 > 0suy ra v, —v,_1 =4,¥n > 1
Do d6 (vy,)n>0 12 cip s cong véi cong sai d = 4 va vg = u; —ug = 1
Suy ra v, =vg+nd=1+4n
Lai c6
Uy = Up — Up—1 + Up—1 — Up—2 + -+ U — Uy + Ug

= Unfl—i‘Uan—i‘"‘—'—’Uo—i‘uO

n—1
= E v; + Ug
=0

- Si@r+u+o
ZLO(” - 1)

= — L n=2m%-
5 +n n n
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Nhan xét: Day s6 cap s6 cong va cap s6 nhan da duge hoc  trung hoc pho thong la nhiing
truong hop dac biét ctia day afine.
Bai tap dé nghi:

Dang bai: Cho day u,, dugc xac dinh:

Uy = I vn > 9
at, = bu, 1+ f(n) -

trong dé a, b, ¢ 1a cac hiang s6 va f(n) 1a mot da thiic theo n. Tim cong thitc tong quat clia

day (uy)
Bai tap 1. Tim CTTQ cia day (u,) duge zdc dinh: uy = 2, up = 2up_ 1 +n—2Yn > 2
Ddp s6: u, =2 —n —1

Bai tap 2. Tvm CTTQ cia day so u,:

=1
“ Vn > 2
Up = JUp, + 2"

Dép s6: u, = 2" — 371
Bai tap 3. Tim s6 hang tong qudt cia day (u,), > 0 zdc dinh bdi:

Uy =

|| col ©

Upi1 = NUy, +n.n!

. 9 1
Dadp s0 : u, = g(n -+ 5(71 — 1)n!

2 Day truy hoi tuyen tinh cap hai thuc vé6i hé s6 hang
2.1 Dinh nghia

Day (un)n>0 €6 dang u, o = a1 + bu,(2)Va, b € R dude goi 1a day truy hoi tuyén tinh
cap hai thyc véi he s6 hang.
2.2 S6 hang tong quat

Ky hiew: D,p = (Un)n>0 : Unt2 = Qi1 + bup, Va, b € R(x)
Van dé dat ra 1a mudn tim s6 hang tong quat ctia day (2) thi ta phai lam thé nao? Cau

tra 16i nam trong ménh dé sau:

Meénh dé 2.1. D, la mot R- khong gian vecto 2 chiéu.
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Chitng minh. Dé thay day khong (0),>¢ théa man () nén D, # @. Mat khac véi moi day

(Un)n>0s (Vn)n>0 € Dap va x,y € R, ta co

TUpio + YUpyo = z(aUpyq + buy,) + ylav,q + buy)

= a(TUpi1 + yopi1) + 0(zu, + yv,) € DoV >0

= 2(Un)n>0 + Y(Un)n>0 € Dy

=—> D, la - R khong gian vecto

Bay gio ta sé chiing minh khong gian vecto nay c6 2 chiéu.
That vay, xét (un)n>0, (Vn)n>0 € Dap dude xéc dinh béi

Uy = 1, Uy = 0
Vg = O,Ul =1
Khi do IléU_ x(un>n20 + y(vn)nzo = <O>n20 thi

TUg + YUy = 0
TUp + Yyvp = 0

= (un)n207 (Un)nzo d@C 13]@ tuyén tinh tI‘OHg Da,b
Lay mot day tuy ¥ (w,)n>0 € Dy ta sé chi ra nhd quy nap ring

(Wi )n>0 = Wo(Un)n>0 + W1 (V5 )n>0

= W, = Woll, + W1V, Vn >0

Dé thay he thic nay ding véin =0 van =1
Gia sit hé thitc nay da ding véi n va n + 1, tic la

Wy, = Wolly, + W1y,
Wpt1 = Wolpy1 + W1Vpt1

Khi do6 ta co

Wpt2 = QWpy1 + bwn
= a(woun—i—l + wlvn—l—l) + b(woun + wlvn)
= wo(aupyy + buy,) + wi(av,1 + boy,)
= WolUpt2 + W1Un42
Tt nhitng dieu tren ta suy ra {(us)n>0, (Un)n>0} 12 mot co 86 clia Dy .

Vay D, ¢6 chiéu 2. [ |

Ta xét xem D, c6 chita cac day nhan hay khong? Cho t € K day

(t")n >0 € D,y < t"? = at" ™ + bt"
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nghia & t? —at — b = 0.

Xét phuong trinh 2 —at — b = 0 (3), v6i A = a* + 4b dugc goi 1a phuong trinh ddc trung
cia (2).

Truong hop 1: A > 0. Khi d6 (3) c¢6 hai nghiéem thiyc phan biét t; va t,. D& kiem tra dugc
rang { (1) n>0, (t5)n>0} 12 mot co 86 clia Dy,

Nhu vay nghiém tong quat ctia (2) sé la u, = ot? +yt Vn>0vaz,y R

Nhan zét: Néu biét trude ug va u; thi x va y 1a hoan toan xac dinh.

Vi du 3. Tinh s6 hang tong qudt cia day (fn)ns>o0 Tdc dinh bdi fo = 0,fi = 1 va foyo =
fns1+ fu vdi moin >0

Loi gidi. Day da cho c6 phuong trinh dac trung: 2 —t — 1 = 0 v6i hai nghiém thyc phan

1++5 1-v5
y 2T

e () () e

Ma theo gia thiét ta c6 fo = 0, fi = 1 nén ta rat ra

biét ¢t; =

. Tt d6 suy ra s6 hang tong quat ctia day c6 dang:

r+y=0
1+v5  1-+5
=1
Ty YT
Giai hé nay ta dugc
V5
T =—
_ V5
¥y=77

Vay s6 hang tong quat ctia day Fibonacci la:
VB ((1+v5\" (1-v5Y
_ Vo _ >
fn F 5 5 Vn >0
Vi du 4. Cho day (u,) cho bdi hé thic truy hoi sau:

Uy = 2, Uy = 3
Unp1 = 3ty — 2Up 1

Loi gidi. Day cho béi hé thiic truy hoi & trén 13 ddy truy hoi tuyén tinh cap hai nén ta co
phuong trinh dic trung ctia day 1a t* — 3t + 2 = 0 (x). Phuong trinh (*) ¢6 A =1 > 0 nén

¢6 hai nghiém thyc phan biét t; = 1,1, = 2
= Nghiém tdng quat ctia day c¢6 dang: u, = r1" + y2" (z,y € R)
rTH+y=2 r=1

T ug =2,u1 =3 = = = u,=1+2"
T+2y=3 y=1
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Truong hop 2: A = 0 Khi d6 phuong trinh (3) c¢6 nghiem kép thuc «, va dé thay
(@™)n>0, (N 1) ;50 12 Mot co 86 clia Dy

Do dé nghiém tong quét ctia (2) 1a u, = za” + yna" ! Yn >0

Vi du 5. Tim s6 hang tong quat ciia (uy)ns>o Tdc dinh bdi: ug = uy = 1 VA Upyo = 6ty —
9u,,,Vn >0

Loi gidi:. Ta c6 phuong trinh dic trung la: 2 — 6t +9 = 0, c6 A = 0 nén c6 nghiém kép
thic 1a t = 3. Do d6 sb6 hang tdng quét ctia day c6 dang: u, = 23" + y3" !

rz=1
r+y=1

r=1
y=-2

Vay s6 hang tong quat cia day la: u, = 3" — 2.3

Do ug + u; = 1 nén suy ra

hay

Truong hop 3: A < 0 Khi d6 (3) ¢6 hai nghiem phitc khong thic a, S ma a = 3 = 2.
Bay gio ta xét (x) trén truong s6 phitc C. Khi ay 1ap luan tuong tu nhu trén truong s6 thuyc
ta co tap tat cd cac day phiic théa méan (*) lap thanh mot khong gian vecto A hai chiéu trén
C va nghiém tdng quét clia (*) trong C 1a (za™ + yB") >0, 7,y € C
Chitng minh nhu trong gido trinh ta ¢6 D, = {z2" + 22" : 2 € C,z = o}
= Doy = {r"(pcosna + gsinna)} véi (p,q) € R%r = |z|,a = Arg 2

Ta ¢6 cdc bude dé tim s6 hang tong qudt cia day nhu sau:

a-+iv—A ﬁ_a—z’\/—A
2 e 2

e Giai phuong trinh (3) nhan dugce cac nghiém a =
e Dat r = || ( 1a module ctia z ) va ¢ = Arga, ta nhan duge
Uy = 1" (pcosny — gsinng),¥(p, q) € R?

e Xac dinh (p, q) € R? theo g, u; cho trudc.

Vi du 6. Tinh s6 hang tong quat cia day (P,), > 0 zdc dinh bdi

Ph=0,P =1
0 s 41 vn Z 0
Pn+2 = _2Pn+1 - 4Pn
Loi gidi. Phuong trinh dac trung 2 + 22 +4 = 0 ¢6 1 nghiém phitc z = —1 +i+/3. Ta thay
2
ngay | z |= 2 va Argz = ?ﬂ
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) . 2nm
Do d6 s6 hang tong quat cua day c6 dang: P, = 2"(

Tit gid thiét Py = 0, P, = 1 ta rat ra

x =0
2 2
2”(xcosﬂ + ysin ﬂ) =1
3 3
V3 V3 . 2nm

Giai hé ta dlIQC T = O,y = T Vay Pn = 2n? SIHT

T cos — + ysin —
3 Y

2nm

3) Vn >0

Vn >0

Chai : Dé ¢6 mot cai nhin sau sic hon ching ta c6 thé hiéu truong hop 1,2 mot cach

sd cap nhu sau:
V6ia#0,b#0.Daita=a+pBvab=—af = a #0;

840

Ta 6 Upyo = (@ + Buni1 — af <= Upro — Q1 = B(Uupyr — auy,)

bat day x, = u, — qu,_1, Vn > 1 = 2,40 = Bz, + 1
Xét day (Tp)n>1: T2 = BTnir

Ta c6 xg = Bx1; 3 = fro; -+ 5T, = BTn

Suy ra z, = 3" lx;

Hay u, — otp—1 = " o) &= u, = iy + 8" — 11y
bat u, = "y., Vn

Suy ra 8"y, = 3" lay,_1 + Ve = BYn = QYp_1 + T1 = Y, =

Suy ra (y,) la day afine
Ap dung cong thic téng quét clia day afine ta 6

* Néu o # 3 thi

«

g

X

Yn—1 +
s

ia|
ayp B
Yo = ()" (o + )
g -1
B
a” T 1
= Yn=—-(y+ ) —
B a—-03" a-=p
Thayyn:Bun;yozuo;xlzul—auo
Ta co
1 a”( ’LLl—Oé'LL(]) U — Qg
pr B a—p3 a—p3
n U — AUy n U1 — QUg
= u, = O T (e —
U, = a"(ug + a—ﬁ)ﬁ&—ﬁ

* Néu a = 3 1a nghiém kép ctia phuong trinh: 22 — az — b = 0, ta co:

T
Yn = Yn+1 T Ea
Vn >1
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Suy ra day da cho 1a mot cap sé cong.

+ 2
Nn="Y%-r —
B
+ 3
Yo=Y1 T —
B
+3
Yn = Yn—1 Y
B
= Yp =1 —i—nxl
n — Y0 ey
B
N 1 n UL — QU
B B

= U, = Pug +nf"Hu — aug)

Bai tap dé nghi: Tim s6 hang tong quat ctia day (uy,)n>0

Bai tap 4.

1
Up+1 = Z(Sun — zu_n)

Hudng dan. Yn >0

16Upo = 12upy1 — (31, + iuy,)

= 12up41 + 3(dupy1 — 3uy) + uy

3 1
— un/—&—2 = §un+1 - iun
Dap s6: u, =1 —i(1+4)2'™™"
Bai tap 5.
37 35
Uu = — U1 = —
O T 12

Upto = Upy1 + 2uy, + (—1)" + 371

Hudng dan. Ta tim day (v,)n>0 a0 cho v, 49 = vy41 + 20, + (=1)" + 3" day nay c6 dang

vp = (an + B)(=1)" +~3"

Bang phép tinh so cap ta c6 o = %,’y = Z,B cRtuy y

Day (wp)n>0 duge dinh nghia béi w,, = u,, — v, théa man w, 1o = W, + 2w,
Tt d6 suy ra ton tai (A, u) € R? sao cho w,, = A(—1)" + u2"

Nhu vay u, = A\(—1)" + pu2™ + %n(—l)" + 23”

Tu gid thiét ug, u; ta suy ra \,

. 1
Dap s : u, = g(—l)" +2" + 13"“

2.3 Hai dang dua vé day truy hoi tuyén tinh cap hai

Dang 1: (up)® = (1) (tn_2)¢ (a,b,c = const)
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Phutong phdp. Dat (v,) = In(u,) ta duge day truy hoi tuyén tinh méi ¢6 dang:

b c

Up = —Up—1+ —Up_2
a a

Suy ra s6 hang tdng quét ctia (v,) suy ra u, = e’

Dang 2:
AUy Uy
Up = ——"2_(q,b,c = const)
bty 1 + Cly_o

1 N .
Phuong phdp. Dat (v,) = — ta duge day truy hoi tuyén tinh méi c6 dang:

n

c b
Up = —Up—1 + —Up—2
a a
Ta c6 thé tim ra s6 hang tong quat ctia (v,). Tt d6 suy ra cong thiic tong quat (CTTQ)

cia (uy,) ti u, = —
Un

Vi du 7. Xdc dinh s6 hang tong qudt ciia day (up)pso biét Ting ug = a > 0 va up = b > 0;

Upt2 = \3/ U%Un_t,_l v0l, Mot n > 0(1)
Lot giai. Ta co

Unt2 = \/3 uZun (1)

2 1
I 3 3
= Upyo = UL U

N . 2 1
Nén dit v, = Inu, ta dugc day truy hoi tuyen tinh c6 dang v,,,0 = gvnﬂ + gvn(*)
2 1
Phuong trinh dic trung ctia day (1): t* — §t 3= 0

Phuong trinh ¢6 hai nghiém ¢, = 1;¢t, = 3
Vay CTTQ cta day (v,)n>o0 ¢ dang v, = z1" +y3"; 2,y € R

Do
up = a;u; = b= vy = Ilna;v; = Inb
3
3 a b

Ina — _ e In— In-

na=x-+y N T 2 sy, = b+ asgn

Inb=1x+ 3y yzlnza 2 2
CTTQ cua day(1) la

v ln%JrﬁS"

Vi du 8. Tinh s6 hang tong quat ciia day (up)nso biét ug = a > 0;u; = b > 0 va

20U U 11 . .
= " (2) vdi moin > 02
Un+-2 un+un+1( ) ( el ( )

'Bai tap 3 trang 53 GT
2Bai tap 4 trang 53 GT
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Ching minh. Dat v, = — ta duge day truy hoi tuyen tinh mdéi c6 dang:

n

1 1

Unt2 = §Un+1 + §Un<*)

Phuong trinh dic trung ctia (*) 1a 262 — ¢t — 1 = 0 ¢6 hai nghiem thyc phan bigt t; =

1+v3 . _1-V3
y b2 =

4 4
, 1 3 1—+3
Vay CTTQ ctia day (*) c6 dang v, = ( + \/—> +y ( \/_> ;x,y € R

4 4
1
Dou0:a>0;u1:b>0nénvo:a;vlzg
1 N . —b+bv/3+4a
Y —
a 2ab\/3
= 1:$1+¢§+y1—\/§ ) b+bB-4a
b 4 4 WAV
Do do6 . .
o btbvB4da (143 +b+b\/§—4a 1-V3
" 2ab\/3 4 2ab\/3 4
'~ 2 ~ ~ 1 ]-
Vay CTTQ ctiaday (2) lau, = — = - -
Un  —b4+byV3+4a (1+V3 +b+b\/§—4a 1—v3
2ab\/3 4 2ab\/3 4

Bai tap dé nghi:

Bai tap 6. Cho day (u,) cho bdi hé thic truy hoi sau:

U0:2
{un+1 = 3uy, + /8u2 +1,Yn >0

Hudng dan. Ta co

Upt1 = Uy, + /8u2 +1,Yn >0
= Upyr — Uy, = /8uZ + 1

< uly — 6unpiu, +ul =1(1)

Thay n + 1 = n ta dude u2 — 6u,u, 1 +u2_; = 1(2)

Lay hai vé cta (1) trir di hai vé ctia (2) ta ¢6 (tps1 — Up—1)(Unt1 + Un_1 — 6u,) = 0(3). Do
Upy1 = Uy + \/W, Vn >0 = upi1 > U, > Up_q Upr1 > Up_

Vay (3) <= (Uny1 + Upn_1 — 6u,,) va diy ban dau trd thanh

{uo =2, u =6+ /33

Upt1 + Up—1 — 6u, =0,Yn >0

Day cho béi hée thiic truy hoi 6 trén 14 day truy hoi tuyén tinh cap hai nén ta c6 phuong
trinh dic trung clia day 1a t2 — 6t + 1 = 0 (*). Phuong trinh (*) c6 A = 8 > 0 nén c6 hai
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nghiem thuc phan biet t; = 3+ V8.t =3 — /8
Suy ra nghiém téng quat ctia day c6 dang u, = (3 + V8)" + y(3 — V&)™ z,y € R

L, _ 8466
T ug = 2,u; = 8
UUO ,u1 6+\/§:> _8—\/@

_T

n

- %(w VE)" + %(3 ~VE)"

2.4 Day truy hoi tuyén tinh cap k véi hé s6 hang
2.4.1 Dinh nghia
Day truy hoi tuyén tinh cap k vé6i hé s6 hang 1a day u,,, > 0 duge xac dinh bai:

Uptk = QG Untk—1 + Q2Unik—2 + -+ apup(4); a1, a9, ...,a, € Ryag #0

2.4.2 S6 hang téng quat va tong riéng hiu han

Tuong tu hai trudng hop trén, ta xét Dy, 4y o, 12 tap tat ca cic day truy hoi tuyén tinh
cap k. Khi do ta c6 bo dé:

Bé dé 2.2. Dq, a, ap la mot R - khong gian véc to k chiéu.

Dinh nghia 2.3. Phuong trinh t* —a;t" ! —agt" 2 — .. —ap_1t —ay, = 0 dugc goi la phuong
trinh ddc trung cia day truy hoi tuyén tinh cap k

Bo6 dé 2.4. Néu phuong trinh (x) c6 nghiem t = a # 0 (boi i > 2) thi cic ddiy u$, =
aug, =na™t o u@ =nn—1)(n—2)--(n—i+2)a"" déu théa man (4). Con khi

a # 0 la nghiem don thi day uy, = o™ théa man (4)

Tt hai bo dé trén ta nhan dude két qua sau:
Gia st phuong trinh déc trung (%) c6 cac nghiém «; (boi iy), ag (b0l ia), - - -, a; (boi 4).

2 J P
O d6 > (i;) = k (quy u6c nghiém don la nghiém boi cap 1)

7

Khi d6 ta c6 he (ug!),t =1,7,d =1,i; ]a mot co 86 cia Do, ap o

Vi vay ta c6 thé biéu dién s6 hang tong quat clia day qua cd s6 (uS%) bing cong thitc sau:

—1 . —i1+1 —1
U = w0} Fxnoy T 4 am(n = 1) (n =i+ 2)af T g 0f + 3 anad T

i
. n—iz+1 n
+5Ei1+i2n(n — 1)(n — 29 + 2)(1/ 2 +--+ xi1+i2+~~+ij,1+laj + -

tagn(n —1)--- (n —i; + 2)a" "2t

Nhu vay cong thiic tong quét ciia day truy hoi tuyén tinh cAp k hoan toan dugce xac

dinh néu biét k s6 hang ctia day.
Tuy nhién viéc gidi phuong trinh bac k& > 5 1a khong cé cach lam tong
quat va viéc giai hé véi nhiéu an 1a hét sic phiic tap nén ta chi xét cic trudng

hgp dic biét khi £ nhé va khi phuong trinh dic trung dé dang chi ra nghiém.
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Vi du 9. Tum cong thic tong qudt cia diy xdc dinh bdi:

Uy, = OUyp—1 — 11uy_o + 6u,pH_3
Ug = 2,U1 == 5,U2 =15

Loi gidi. Phuong trinh dic trung: 3 — 6t + 11t — 6 = 0
= Nghiém ctia phuong trinh la:t; = 1,1, = 2;t3 =3
= CTTQ c6 dang u,, = 211" + 292" + 233"

Up =2 =0+ o+ a3 ap =1
Taco uy =5=0a1+2ay +3a3 = {ay=-—1
usz = aq + 4oy + 9z g = 2

= (Cong thiic tong quat ctia day la

u, =1—-2"423"

Bai tap dé nghi:

Bai tap 7. Cho day s6 zdc dinh bdi hé:
Upt1 = Ty — BUpo(n > 3)
uy = O,Ug == ].4,U3 =—18
Chaing minh rang néu p nguyén to thi u,'p

Hudng dan. Day la day truy hoi tuyén tinh cap 3, tim s6 hang tong quéat va dung dinh 1i
Fecmat nhé ching minh u,, = 0(modp), Vp nguyén to.

Bai tap 8. Xdc dinh cong thic tong qudt ctia day cho bdi hé thic sau:
Upig — Upi3 — SUpio + DUpi1 — 2u, = 0,m >0
va ug = 0,u1 = 1,up = 3, u3 = —2

Hudéng dan. Phuong trinh dic trung cia day 1a ¢t — 3 —3t2 45t -2 =0
Phuong trinh ¢6 nghiém t; =1 (boi 3), to = —2 (bdi 1)
Vay cong thiic tong quat ctia diy c6 dang

U, = 21"+ ynl" ' + zn(n — 1)1"72 4 ¢(-2)"

Theo gia thiét ta c6

( -5
T =—
u=0=x+t 12?%
u=1=x+y—2t N y:_§5
Up =3 =x+2y+2z+4t P
us=—2=x+3y+ 6z — 8t 56
24
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Vay CTTQ ctia day so6 1a

-5 13 -5 D
= 22— 1) + = (—2)"
Up, 24—|—8n—|—6n(n )+ —(—2)

Bai tap 9. Cho day so thuc (u,), > 1 duge xdc dinh bdi:

Uy = Uy = U3 = 1
1+ Up4+1Un+2 vn 2 1

Unp43 = Un + Unt
Chitng minh rang (u,)n > 1 la day nguyén duong.

Hudng dan: Ching minh bang quy nap

2.5 Day truy hoi u, r = aUpip-1 + Qtnir—2 + - + apu, + fo
(a1, ,ar € Ry k > 3) ()
Néu tit s6 hang tong quét u,, ctia day:
Upik = A Upig—1 + QU2+ -+ apty; (a1,a+ 2, ar € Rk > 3)(x)
Liéu ta c6 thé tim dugc s6 hang tong quat u, ctia day cho nhu sau hay khong
Unik = QU1 + QoUnyip—2 + AUy + foi(a,a+ 2, ap € Rk > 3)(%%)

Véi f,, 1a mot ham theo bién n

Phuong phap chung dé gidi dang toan nay nhu sau:

S6 hang tong quat ctia day (%) c6 dang u!, = u, + uk,

Trong d6 u, 14 s6 hang tong quat ctia day () va ux, 13 mot day bat ki thda man (x*)
va dugce goi la nghiém riéng clia (*%)

Sau day 1a mot s6 trudng hop thuong gip déi véi ham f,,. Dé xac dinh céc tham sb trong
cac dang nghiém riéng ux, ngudi ta diing phuong phap hé s6 bat dinh.

Truong hop 1: f, la da thic bac m ctia n hay

fo=Pn(n),meN
a. Néu tat ca cic nghiém ctia phuong trinh dac trung déu khac 1 thi
uky, = Qum(n)
Trong d6 @,,(n) la da thic ¢6 cing bac m véi P, (n)
b. Néu c6 nghiem A\ = 1 boi s thi
wky, = n°Qu(n),m e N

Trong d6 @,,(n) la da thic c6 cung bac m véi By, (n)
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Truong hop 2: f, = Py(n)p" véi f, 1la da thic bac m cta n

a. Néu cac nghiém ctia PTDT deu khéac 3 thi

Wy = Qm(n) 0"
Trong d6 @,,(n) la da thic ¢6 cing bac m véi P, (n)

b. Néu 3 1a nghiém boi s cia PTDT thi
wky = n°Qp(n)B"

Truong hop 3: f, = acosnx + Fsinnx

Nghiém riéng u*, = acosnx + bsinnx

Khi d6 us, = wn1 +ukps+ - - -+ Uk, VOi uky,; 13 nghiem riéng tng véi timg ham f,;,i = 1,k

Bai tap dé nghi:

Bai tap 10. Tum s6 hang tong qudt cia diy so sau:

Upta — Upy3 — 3Upto + DUpyy — 2u, = 0(n > 0)
Hudng dan. PTDT c6 nghiem t; = 1(boi 3), t, = —2. Tim nghiém riéng dang u*, = n’a

tim dug = —
1im 3C a 13

Ddp s6 u, = a+bn+cn?+d(—2)" + %n?’,a, b,c,d € R
Bai tap 11. Tim s6 hang tong qudt cia day s6 sau
Upta — 10Uy 3 + 35Up10 — 50Uy 1 + 24w, = 48.5"(n > 0)

Hudng dan. PTDT t* — 103 4 35t2 — 50t +24 = 0 c¢6 cac nghiem ¢, = 1,1ty = 2,t3 = 3,t, = 4
khéac 5 nén ux, = ab”

Thay vao ta dugc a = 2 nén s6 hang téng quat ctia day da cho la:

Up = a + 02" + 3" + d4" 4+ 2.5";a,b,c.d € R

Bai tap 12. Tim s6 hang tong qudt cia day so sau:

Upts — 2Upyo — Ups1 + 2u, = (2 — \/5) cos % + 2sin %(n > 0)

Hudng dan. Nghiém riéng us, c6 dang ux, = acos % +bsin2F;a = 1,0 =0
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3 Day truy héi dang u, 1 = f(u,)

Trong phan nay ta sé khao sit loai ddy truy hoi dang u,.1 = f(u,),Vn > 0. Ro rang
tinh chat ctia day hoan toan phu thuoc vao ham f va phan tit xuat phat wg.
Gia st f : M — M la mot anh xa cho trude va ug € M.

3.1 f don diéu trén M

Truong hop 1: f don diéu tang trén M

Do U1 — Up = f(uy) — f(tp_1) va f 1a ham tang nén u, 1 — u, cing dau voi u, — u, 1.
Do d6 truy hoi theo n ta dugc u,; — u, cing dau véi u; — uy.
Suy ra:
+ Néu uy < ug thi (uy,)n>o 12 mot day tang.
+ Néu up < uy thi (u,)n>0 12 mot day gidm.
Truong hop 2: f don diéu gidm trén M.
Khi d6 ta xét anh xa tich f? = f.f 1a mot ham tang tréen M. Vi vay ap dung truong hop

1 ta suy ra
+ Néu uy < ug thi day con (ugy)n>0 12 mot day tang va day (ug,.1)n > 0 la mot day gidm.

+ Néu uy < uy thi day con (ug,)n>0 12 mot day gidm va (ug,41)n>0 12 1 day téng.
3.2 f lién tuc trén M va M doéng trong R.
Gia st (uy)n>0 hoi tu vA néu n6 hoi tu vé a thi « € M (do M déng trong R).

Vi f lién tuc trén M nén hrf flu,) = f < lir}rl un) :

Nhu vay a = f(«) tic o la mot nghiém thude M cia phuong trinh f(z) = z.

Bay gio chung ta xét mot vai vi du:

Vi du 10. Khdo sdt day so (un)ns0 v ug = 1 04 Upyy = u%uj_ 1
Lot gidi. Dé thay (u,)n>o0 1a mot day s6 duong.
Mat khac:
Un,
n —Up = 55— —Up < 0
Upp1 — U 21 U

= U, < Ug Vn > 1

= wu, €[0,1] Vn >0
Xét anh xa: f(z) = :1:22 1 trén [0, 1]

; 1—=x

Ta co f/(SU) = m

Nhu vay f lién tuc ti [0, 1] vao [0, 1]
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Diat a = lim w, thi a la nghiém ctia phuong trinh f(x) = x trén [0, 1]. Ta c6

n—-4oo

< r=0€]0,1]
Vay day (up)n>0 12 day gidm thuc su va hoi tu vé 0.
Vi du 11. Khdo sdt su hoi tu va tinh gidi han (néu c¢é) cia day (u,)p>o vdi

1
u0:a>0;un+1:6(ui+8) Vn >0

1
Lot gidi. Theo bai ta c6: uy1 = =(u2 +8) = upyqg >0, Vn >0

6
1
bat f(z) = 6(:1:2 +8),2 > 0. Ta co:
Lo o
flz)=2 < 6(3:‘ +8) ==z
& 2’ —6x+8=0
{ x:
~
Tr =

Lai ¢6 f'(x) = %x = f'(x) > 0Vz >0

Suy ra f(x) la ham tang tit [0, 400) vao chinh no.

Hon nita f(0) = g;f(Z) =2;f(4) =4

Suy ra f([0,2]) € [0,2]; f([2,4]) C [2,4]; f([4,400)) C [4, +00)

Vay ta xét cac kha nang sau:

Khd nang 1: « € [0,2]. Ta ¢6 uy = é(a2 +8) < a = wup ma f tang trén [0, 2] nén (u,),>o day
tang. Suy ra day (u,),>o hoi tu vé 2.

Khd nang 2: « € [2,4). Khi d6 u; = é(OL2 +8) < a = ug. Suy ra day (u,)n,>o 1a day giam.
Do d6 (uy)n>0 hoi tu va hoi tu vé 2.

Khd nang 3: a = 4 khi d6 moi s6 hang cta day (uy,),>o déu bang 4. Vay né hoi tu vé 4.
Khd nang 4: a € (4,+00). Khi d6 day (u,),>o la ddy tang nén néu (u,),>o hoi tu vé b thi
b > 4. Mt khéc b 1a nghiém ctia phuong trinh f(z) = = (mau thuan).

Vay day (uy)n>0 khong hoi tu.

Bai tap dé nghi:

Bai tap 13. Khdo sdt cac day (u,)n > 0 dugc cho bdi
2

1. ug=1va Up1 =1——
U,

2. ug=a va Upy1 = v/ Tu, — 6
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u? +3

3. eR* va upy1 = ———

Ug + V@ Unyy 2(un 1+ 1)
4. ug € RY 0@ tpqq = up + — —1

/U/n

5. up € R va upiq = u? + 2u,

6. up € [—1,0] va upt1 =1+ (—1)"/1+u,

7. up € RY 08 U1 = \[tp + /Uy + -+ Vg

Hudng dan.

1. Ta gia thiét rang Vn > 0 w,, ton tai va u, — [ € R khi (n — o0)

VA Upqtly, —up +2=0tasuyral? —[+2=0v0Ily viA <0

Suy ra u, phan ky.

-3 néuuyy <1

2. Dap s6: u, — < 1 néu uy = 1

2 néu ug > 0

3. Mot phép quy nap don gian cho thay Vn > 0 u,, ton tai va u, > 0

Néu u,, — [ khin — oo thil € Ry va vi 2u,4q(u, + 1) — u?2 — 3 = 0 bing cach

chuyén qua gi6i han ta suy ra [ = 1

(un—1)2_ |, — 1

1
Vn > 0,] ups1 — 1 |= = |un—1|§§\un—l\

Tu do

2up+ 1) 2(up + 1)
W= 1< = up—1
=11 5 o =1

Dép so: u,, — 1 khi n — o0

4. Mot phép quy nap don gidn cho thiy, véi moi n > 0 ton tai va u, > 0

VneN U, —1=

Vn e N* Uy —u, =

(un — 1)2

u?’b
1—u,

> 0.

<0.

Unp

Nhu vay (u,)n>0 gidm va bi chan duéi béi 1.

Chuyén qua gi6i han Vn € N, u, (tpq —u, +1) =1

5. Dat v, = u, + 1 ta ¢6 v,y = v2Vn > 0, tu d6 v, = vgn

Up —

+00  néu ug < —2 hodc ug > 0
0 néu ug = —2 hodc ug =0
-1 néu —2<uy<0

6. Chiing minh bing quy nap theo n

Uy €
Ugnt1 € [1,2]

[_170]

(Un)n>0 phan k.

7. Upt1 = V/Up + Uy = \/5\/ Unp,

1
it v, = §un, tt do ta c¢6 v,y 1 = \/Un, SUy T2 v, =0

_1

—1 .
2% 5 1khin — o0

Do d6 u,, — 2 khin — o0
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Bai tap 14. Tum a,b dé diy so sau hoi tu:

Ug = b
Upy1 = u2 + (1 — 2a)u, + da*

4 M3 rong
4.1 Mot vai phuong phap khac

* Hai day truy hoi tuyén tinh phu thudc lan nhau.

Cho 2 day (un)n>0 VA (Vn)n>0 thdéa man u; = a,vy = b va

{un+1 = T1.Up + Y1.0p (1) Vn > 0

Unt1 = T2.Up + Y2.Upn (2)

trong d6 x1,z2,y1,y2 € R
Trong cong thic (1) thay n+ 1 béi n + 2 ta duge

Upt+2 = T1.Upt1 T Y1.Unt1
= X1.Ups1 + Y1(T2.Upn + Yo p)
= X1.Ups1 + To.Y1Up + Yo (Y1.0n)
= X1.Ups1 + To.Y1 Uy + Yo (Upy1 — T1.Uy)
= (x1.92)Uns1 + (T2.11 — 21.92). Uy,

Day la dang co ban ctia day truy hdi tuyén tinh v6i hé s6 hiang. Do vay ta c6 thé tim

dugc cong thiic tong quat clia u,, tit dé tim duge v,,.

Vi du 12. Tim cong thic s6 hang tong qudt cia hai day cho bdi:

{Un+1 = 3u, + v, (1) Vi > 0

Upi1 = DUy — Uy (2)
va thoa man ug = 0,v9 = 6
Loi gidi. Tt gid thiét ta c6

Uny2 = 3un+1 + Unt1
= 3Ups1 + DUy — Uy
= 3Ups1 + OUy + 3Up — Upiq

= 2Upi1 + Suy,

Phuong trinh dac trung: t2 — 2t — 8 = 0 ¢6 2 nghiem ¢, = 2 va t, = —4
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Suy ra: u, = A.2" + A.(—4)"

C6 ug = 0; vg = 6 nén u; = 6. Do vay
A+B=0 A=1
4
2A—4B =6 B=-1
Vay u, = 2" — (—4)"

Theo dau bai ta c6: Upi1 + Vpyr = Suy,.

Suy ra: Upyp1 = —Upy1 + Su, = 3277 4 3(—4)" L,

Bai tap dé nghi:

Bai tap 15. Cho 2 day s6 (u,) va (v,):

Uy = ]_,Ul =1
Upt1 = 4u, — 2v,

Unt+1 = Uy + Up
Tim cong thitc tong qudt cia (u,) va (v,)
Dép so: u, = v, = 27!
Bai tap 16. Khdo sat cic day (un)n>0, (Vn)n>0

Ug = Vo
Unp+1 = Vg_vn
Un+1 = \/3+un

Hudng dan. Chiing minh bang quy nap rang véi moi n € N, u, vi v, ton tai va deu
thudc [0, 3]

Gia st ton tai ([,I') € R? sao cho u, — [ va v, — [’ khi(n — o00). Khi d6

l=+v3-=1 I+l —-0U"4+1)=0
Suy ra (4 1)( +1) val = 1,I' = 2 bat a, = u, —
'=V3+1 P=3-1
1vab, =v,—2 )
Ap41 = 1_bn_]—:# |an+1|§|bn|
Ta c6 Vl_b&n+1 tu do

by +1=+v4+a, —2=———
vi+a, +2

1
Ky hiéu p,, = max{| a, |,| bn |}, ta c6 0 < pryi0 < Hn

1
bt 1< 5 | an |

suy ra p, — 0 sau d6 a,, — 0,b,, — 0 khi n — o0

Dép s6 : up, — 1,0, — 2 khin — oo

Day truy hoi dang phan tuyén tinh

Cho day truy hoi xac dinh bai:

Ug = a
Pun +q
U, + S

Up+1 =
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trong do p, q,7, s 1a cac hing s6, a cho trude. Ta can tim s6 hang tong quét ctia day.

Gié stt ¢6 2 day (2,)n>0, (Yn)n>0 12 nghiém cia hé:

Tn4+1 = PTn + qyn
Ynt1 =TTy + SYn

va thoa méan xg = a, yo = 1

Khi dé ta ching minh dugc u,, = I 13 56 hang tong quét ciia day da cho bang phuong

phap quy nap. That vay

x .
+ Taco ug = — = a. Suy ra ket luan ding véi n = 0.
Yo

+ Gia st két luan dang véi n.

Z . xTL
Ta sé ching minh ket luan ding véi n + 1 tic 1a v, = L
Yn+1
Ta co:
o +
w ::L‘n-i-l: pT, +q :pyn q:pun+q
e Yn+1 rTy + SYn 7-& Ty + s
Yn

Suy ra két luan dang véi n + 1.
Vayun:ﬁ,VnZO

Vi du 13. Tum cong thic tong qudt cia day (uy,),>o zdc dinh bdi:

UO:O
Uy — 2

U, +4

Up+1 =

Loi gidi. Xét he:

Tnt+1 = Tn — 2yn
Yn+1 = T + 4yn
zg = 0,90 =1

Ta dugc Tpq2 = 5.Tp41 — 6.Yn41

Phuong trinh dic trung t2 — 5t +6 = 0 ¢6 2 nghiém 1a t; = 2 v t, = 3 nén ta co
x, = A2"+ B.3".

Ta c6 g =0,yp = 1 nén x; = —2. T d6 suy ra

A+B=0 N A=2
2A+3B = -2 B=-2
Vay ta c6 x,, = 2.2" —2.3"

Tt hé suy ra y, = —2" + 2.3"
) ) x 22" — 23"
Vay s6 hang to at ciaday law, = - =" —""
Ay ang tong quat cua day la u Un | —2n 123"
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Vidu 14. (3 ) Cho u, ¢6 dang

Ug = 2
2u, + 1
Ups1 =
+1 2
a. Tinh UQ(]OO:?
b. Tim phan nguyén cia
2000
n=1
Uy — 1
Loi gidi. Ta c6 uppq — 1= —
1 giat. Ta cO Upyq v 12
S =1
uyraun+1_1 +Un—1
bat a, =
ad Up — 1
Suy ra
ap = 1
Qpi1 = 30y, + 1
Suy ra
3n+1 -1
ayp =
2
Suy ra
Up + TR
32001 + 1
a. Ta co U2000 = 32001—_1
) 2000 1
b. Tacoé A = 2000+2n;1m
92000 |
Suy ra 2000 < A < 2000 + 3 > 3 < 2001
n=1
Vay [A] = 2000
Bai tap dé nghi:
Khao sat cac day (un,)n>0
Bai tap 17.
Uy = 1
Up
Upi1 =
1 U, + 1
Bai tap 18.
Uy = —2
U, + 1
Upy] = ——=
+ —Uy, + 2

D& thi Olympic 30/4/2000
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Bai tap 19.

Ug = 1
Unp,
Upy =
1 Up + 2
ug € R
Huéng dan. Day thuc (u,), > 0 xac dinh bdi au, +b
Unp+1 =
cu, +d
Néu (uy), > 0 c6 gidi han [ € R thi ¢l> + (d — a)l — b= 0 ki hieu A = (d — a)? + 4bc
—d
Bai 17 ting véi A = 0 diit @ = a2
c

Bai 18 tng v6i A < 0
Bai 19 ting véi A > 0

Quy vé ham luong gidc

Nhiéu day s6 c6 cong thiic truy hoi phiic tap tré thanh don gidn nho phép thé luong
gidc. Khi trong bai toan xuat hién nhiing yéu t6 goi cho ta nhé dén nhiing cong thiic
lugng giac thi ta c¢6 thé thit véi phuong phap thé luong giac.

Vi du 15. Cho day so {(u,)} sau:

Xdc dinh cong thic tong qudt cia day.

Loi gidi. Tit cong thic truy hoi ctia day, ta lién tuéng dén cong thitc nhan cia ham

s6 cosin
Ta co:
1 T
U = = = COS —
2 3
T 2
Uy = 2cos®> = — 1 = cos —
? 3 3
2 4
Uz = QCOSQ—W -1 :cos?7T
8T
ug = 08—
2p — )7
Up, = COS
3
That vay:
202 -1 2
+ V6i n = 2, ta c6 ug = cos T)?T = cos % (dung)
. 20 —2
+ Gia st ding v6i n — 1, tic la yn — 1) = cos HTM
2ln — 1
Ta chitng minh ding véi n. Ta ¢6 u, = 2umn — 1)2 — 1 = 2 cos? "T)W 1
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2p — )7
= 08 ————

Vay u,, = cos ———,Vn > 2

Bai tap dé nghi:

Bai tap 20. Xdc dinh cong thic tong qudt cia day so u, sau:

" 3
P2
Up=2—u_|,Vn>2

Dap s6: u, = —2cos2" o

Bai tap 21. Xdc dinh cong thic tong quat cia day so u, sau:

V3

Dap so: u,, = cos

Ung dung trong giai toan

Diuing dé tinh tich phan

Vi du 16. Tinh tich phan

= cos kt — cos kx
dt

a. Ir(z) =[]

™
b. u, = [, cos"z.cosnxdr; n € N

cost — cosx

Lot giai. a. Ta co:

I(z) = /0 cos —cos(Ox)dt

cost — cosx

I
o

t_
Il(:c) _ / coS cosxdt
0

cost — cosx

= /ﬂ'dt

™ cos (k+ 2)t — cos (k + 2
[]H_Q(Qf) = ( ) dt
0 cost — cosx

= 0

I
>]
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Tich phan ting phan ta dudc:
Iiio(z) — 2cosx.Iyyq(x) + I(z) =0

Phuong trinh dic trung: t2 — 2cosx.t + 1 = 0 ¢6 nghiém 1a: ¢t = cosz & isin .

Vay Ij(x) = sizx sin kz, Yn > 0

b. Tich phan ting phan ta co:

1 ™
U, = —/ cos" xd(sinnx)
0

n

1

_ : L[ _
= —cos" 'w.sinnz |7 —— [ sinnz.n.cos" !
n n Jo

z.(—sinnz)dx
= / cos" ! x.sin na. sin xdx
0
T 1
= / cos™ ! z.3 (cos(n —1)x —cos(n+ 1)x)dx
0

1 1 [
= —Up_1— —/ cos" ' x.cos (n + 1)xdx
0

2 2
1 IR .
= SUm ~ 5 i cos" " x (cosnx. cos x — sinnxsin x) dx
1 1 1
- §un—1 - Eun + §un
1
= §U/n71

1 1
Suy ra: ug = m;u, = iun_Nn > 1 hay u, = 2—n7r, Vn>1

Bai tap dé nghi

Bai tap 22. Khdo sat day so (up)n>o Tdc dinh bdi:

ug € R
un+1:un~|—f01\t—un]dt

Hudng dan. Dit

F: R—R
1
a»—>/ |t —a|dt.
0
1 £
5~ ¢ néu a € (—oo, 0]
. 1
Ta ching minh F(a) = a2—a+% néu a € [0, 1] :>F(a)21—l
1 P
a—3 néu a € [1,+00)
VayunHZun—FZréicénglai unZuo—l—%.
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* Giadi mot so bai toan hinh hoc

Vi du 17. Trong mdt phing cho n duong thang phan biét, trong dé khong c¢é 3 duong
thang nao dong quy va doi mot cat nhau. Héi n dudng thang chia mat phdng thanh bao

nhiéu miéen?

Loi gidi. Goi a, la s mién do n dudng thing tao thanh. Ta c¢6 a; = 2.

Ta xét duong thang thtt n+ 1(d,;1). Khi d6 d,, 1 cat n dudng thang da cho tai n diém
va bi n dudng thing chia thanh n + 1 phan, dong thdi méi phan thudc 1 mién cia a,,.
Mzt khac v6i moéi doan nam trong mién a, sé chia mién dé thanh 2 mién nén s6 mién
c6 théem la n + 1

Suy ra a,i1 =a, +n+1

n(n—l—l)'

Ta c6 a; = 2 nén truy hoi ta sé dudc u, = 1 + 5

Chi
+Véi gia thiét nhu vi du trén néu yéu cau tinh s6 da giac tao thanh ta ¢ thé tim duge:

(n—2)(n—-1)
2

Ay —

+Ta ciing c6 thé tong quat bai toan trén ddi véi khong gian nhu sau: Trong khong gian
cho n mit phing trong dé 3 mat phéng nao ciing cit nhau va khong c6 4 mat phing

nao cing di qua 1 diém. Hdi n mit phang chia khong gian thanh bao nhiéu mién?
(n+1)(n* —n+6)
6

Dap s6: a,, =

* Tinh téng

Vi du 18. Tinh tong sau:
S(n) =sinx +sin2z + - - - + sinnx

Loi gidi. Dat z,, = S(n) ta c6 x, — x,_; = sinnz —sin (n — 1)z

va £ = sinz, 9 = sin 2z — sin .

Nghiém riéng ! = (acosnzx + bsinnz),
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thay vao phuong trinh ta co

acosnx + bsinnx —acos(n — 1)z —bsin (n — 1)z
= sinnzacos(n—1+ 1)z + (b—1)sin(n—1+ 1)z
= acos(n—1)z+bsin(n—1)x
<= alcos(n —1)xcosz —sin(n — 1)zsinz] + (b — 1)[sin (n — 1)z cosx + cos (n — 1)x sin z]
= acos(n—1)x+bsin(n— 1)z
<= Jacosx + (b—1)sinz]cos(n — 1)z + [(b—1)cosx — asinz]sin (n — 1)x

acos(n — 1)z + bsin(n — 1)z.

T do suy ra

. T, x 1
| (sing.sinne —cos 7. cosna 1cos(n+ 5)3@
:L‘;k_b = — = —-————
2 sin = 2 sin =
2 2
1
1cos (n+ i)x
Do d6 z, = ¢ — c——F=—
2 .
sin =
2
3T T
. 1 COS —- ] COs 5
Thay vao cac gia tri ban dau ta ¢6 ¢ — = =Sinr < c=c—7%
sin — 2gin=
2 2
x 1 . (n+lz . nx
1cos§—cos(n—|-§)x sin ————.sin —
Vay S(n) =z, = = = = =
2 sin — sin —
2 2

Bai tap dé nghi: Tinh tong sau:

a.S,=14+3+5+---+2n—1,neNVn>1
b.S,=12+22+---+n’ neNvn>1
c.S, =123+2344---+nn+1)(n+2),Yn>1

4.3 Ij’ng dung trong tin hoc

Trong khoa hoc tinh toan ngay nay, phép truy hdi la thuat toan co ban dé lap trinh.
Uu diém ctia phutong phap truy hoi 1a ¢ chd n6 dimng mot cong thiic nhat dinh dé dién
t& nhiing phép tinh lap di ldp lai bat chap s6 lan ldp lai 1a bao nhiéu. Néu s6 lan lip
lai lén dén con s6 hang triéu hang ty thi con ngudi khong di stc va thoi gian dé lam,
nhung may tinh thi c6 thé giai quyét trong chép mat. Dudi day 1a mot s6 bai toan thé

hién r6 diéu trén:
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Bai toan thap Ha Noi - Tower of Ha Noi: C6 thé con it ngusi Viet Nam biét

Thap Ha Noi, nhung rat nhiéu thanh nién sinh vién trén toan thé gi6i lai biét dén no.

D6 1a vi, Thap Ha Noi la tén mot bai toan rat noi tiéng trong Chuong trinh khoa hoc
tinh todn danh cho sinh vién nhitng ndm dau tai cac truong dai hoc & nhiéu noi trén

thé gidi.

Tuong truyén rang ngay zia ngay zva, lau lam roi, ¢ mot ving za xoi vién dong,
thanh pho Ha Noi cia Viéet Nam, vi quan su ctia Hoang dé vita qua doi, Hoang dé can
mot vi quan su mdi thay thé. Ban than Hoang dé ciing la mot nha thong thdi, nén ngai
ddt ra mot bai toan do, tuyén bo ai gidi duge sé dugc phong lam quan su. Bai todn cia
Hoang dé la: cho n cdi dia (ngai khong néi chinh xzdc la bao nhiéu) va ba cdi truc: A
la truc nguon, B la truc dich, va C la truc trung chuyén. Nhing cdi dia c6 kich cd
khdc nhav va co 16 6 gitta dé cé thé long vao truc, theo quy dinh "nhé trén lon dudi'.
DPau tién, nhimg cdi dia nay duge xép tai truc A. Vay lam thé nao dé chuyén toan bo
cdc dia sang truc B, vdi diéu kién chuyén ting cdi mot va luon phdi ddm bdo quy dinh
"nhé trén lon dudi”, biét ring truc C dugc phép st dung lam truc trung chuyén?

Vi dia vi quan su duge coi la vinh hién nén cé rat nhiéu nguoi du thi. Tu vi hoc gid
dén bdac nong phu, ho dua nhau trinh léen Hoang dé loi gidi ciia minh. Nhieu 107 gidi
dai tdi hang nghin budec va nhiéu 100 gidi ¢ chit "chuyén sang budc tiép theo". Nhung
hoang dé thay mét méi vi nhimg 10 gidi d6, nén cudi cing ha chiéu: "Ta khong hiéu
nhiing 107 gidi nay. Phdi cé mot cach gidi nao khdc dé hiéu va nhanh chéng hon". May
man thay, cudi cung da c6 mot cach gidi nhu thé.

That vay, ngay sau khi chiéu vua ban ra, mot vi cao tang trong bé ngodi giong nhu mot
ky nhan ha son téi zin yét kién hoang dé. Vi cao tang néi: "Thua Bé ha, bai todn do
dé dé qud, hau nhu né tu gidi cho né". Quan trum cam vé ding hau ngay bén canh vua
qudc mdt nhin ga ky nhan, muon quing ga ra ngodai, nhung Hoang dé van kién nhan
tiép tuc lang nghe. "Néu chi ¢6 1 dia, thi...; néu c¢é nhieu hon 1 dia (n > 1), thi...",
cii thé vi cao tang binh tinh gidng gidi. Im ling duge mot ldt, cudi cung Hoang dé sot
ruot gdt: "Duge, thé cao ting cé néi 1o cho ta loi gidi hay khong co chit?". Thay vi
gidi thich tiép, ga ky nhan mim cudi tham thiy roi bién mat, bdi vi hoang dé tuy gidi
giang nhung r6 rang la chua hiéu § nghia cia phép truy hoi .

Nhung cac ban sinh vién ngay nay thi c6 thé thay cach giai cia vi cao ting la hoan

toan dung.

Toan bo doan chit nghiéng & trén dude trich nguyén van tit cudn sach gido khoa danh
cho sinh vién nganh thuat toan va lap trinh - "Giii toan nang cao va cau trac di lieu"
(intermediate problem solving and data structures) do Paul Henman va Robert Veroff,
hai gido su Dai hoc New Mexico, cing bién soan véi Frank Carrano, gido su Dai hoc
Rhode Island (My).
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Loi gidi. V6i n 18: cach xép cac khoi nhu sau. Dau tién 1a xép duge 1 khéi nhé nhat
(bai toan v6i (n = 1). Sau do6 xép 2 khoi nho nhat (bai toan véi n = 2)...

1 khéi nhé nhéat qua C (cot dich)
— 2 kh6i nhé nhit qua B (¢t trung gian)
— 3 khdi nhé nhat qua C (cot dich)
— 4 kh6i nhé nhat qua B (cot trung gian)
— Tiép tuc nhu trén
V6i n chén: cach xép cac khoi nhu sau. Dau tién 1a xép duge 1 khéi nho nhat (bai toan

v6i n = 1). Sau d6 xép 2 khéi nho nhét (bai toan véi n = 2)...

— 1 khéi nhé nhat qua B (cot trung gian)

2 khéi nho nhat qua C' (cot dich)

(
(
— 3 khoi nhé nhit qua B (¢t trung gian)
4 khoi nho nhat qua C' (cot dich)

— Tiép tuc nhu trén

Phat trién ctia cach lam trén: Mudn chuyén n khéi tron tit cot nguon sang cot dich
thi 1am nhu sau (6 day ta phai hiéu ro cot nguon khong nhat thiét 1a cot A, cot dich
la C hay cot trung gian 1a B ma phai hiéu téng quat, c6 thé cot nguon la B ching
han (trong phép chuyén (n — 1) cot tit cot B sang cot C' nhu trong cach lam & phan
nghich)):

V6i n 1é: Dau tien 1a xép duge 1 khdi nhé nhat (bai toan véi n = 1). Sau dé xép 2 khoi

nho6 nhat (bai toan véi n = 2)...

— 1 khéi nhé nhat qua cot dich

2 khéi nhé nhat qua cot trung gian

3 khoi nhé nhat qua cot dich

— 4 khéi nhé nhat qua cot trung gian

— Tiép tuc nhu trén
V6i n chén: Dau tien 1a xép duge 1 khéi nhd nhat (bai toan véi n=1). Sau dé6 xép 2
kho6i nho nhat (bai todn véi n=2) ...

— 1 khéi nhé nhéat qua cot trung gian

2 khéi nhé nhat qua cot dich

— 3 khdi nhé nhat qua cot trung gian

4 khéi nhé nhat qua cot dich

— Tiép tuc nhu trén
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- Nhu vay thi s6 lan chuyén cho bai toan 1a bao nhieu? Véi bai toan thap Ha Noi
chuyén n khéi tron tit cot ngudn A sang cot dich C' thong qua cot trung gian B thi
can c¢6 2° + 21 + 2% + ... 4 2" lan chuyén.

Bai toan Hamilton

Nang cau hoi ctia Thap Ha Noi lén mot mtc cao hon, sao cho s6 lan chuyén dia la
nhé nhat. Cac nha toan hoc da phat hién ra ring Thap Ha Noi c6 cing ban chét
v6i bai todn tim Duong Hamilton (Hamilton Path) trén mot hinh gid phuong cap n
(n-Hypercube), mot bai toan ciing rat noi tiéng. Noi dung bai toan nhu sau:

Mot ngudi khach du lich mudn di tham n thanh phé duge danh s6 tit 1 dén n. Mang
ludi giao thong gitta n thanh phd nay 1a 2 chiéu va duge cho bdi ma tran Ali, j] trong
d6 Ali,j] = 1 néu c¢6 duong di gitta thanh phé ¢ va thanh phé j, Afi,j] = 0 trong
truong hop ngugce lai. Thiét 1lap duong di cho ngudi khach thong bao ton tai duong di
hodc khong ton tai duong di.

5 Két luan

D1 ¢6 rat nhiéu c6 gang song nhitng van dé vé day sb 1a vo cling rong 16n. Qua chuyén
dé nhé nay nhém sinh vién mudn gidi thiéu t6i cac ban mot vai loai day truy hoi va ly giai
phan nao sy " hién dien" ciia ching trong chuong trinh pho thong ciing nhu nhitng cudc thi
quan trong khéac.

RAt mong sy phan hdi va déng gép ¥ kién clia cac ban.
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