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)

MOT SO BAI TOAN TiM GIOI HAN DAY TONG

Huynh Chi Hao .
Truwong THPT Chuyén Nguyén Quang Diéu, Pong Thap

A. Mot so kién thire c6 lien quan.

Dinh nghia 1
Day s6 (u,) dugc goi la diy so ting néu voi mointa cd u, <u,,,

Day so (un) dugc goi la day so giam néu véimointacod u, >u

n+l

Pinh nghia 2
Day s6 (u,) dugc goi 1a diy so bj chiin trén néu ton tai mot s6 M sao cho u, <M, VneN*

Day s6 (u,) dugc goi la ddy so bi chdn dwéi néu ton tai mot so m sao cho u, >m, VneN*

Day s6 (un) dugc goi 1a day so bi chdn néu ton tai mot sO M va mot s msaocho m<u <M, VneN*

Pinh 1y 1
1) Moi day tang va bi chan trén thi hdi tu.
2) Moi day gidm va bi chdn dudi thi hoi tu.

DPinh li 2

1) Moi day tang va khong bi chén trén thi tién t61 +o.

2) Moi day giam va khong bi chan dudi thi tién téi —oo.

Pinh Iy 3

1) Néumét day (u,)hoi tu dén a thi moi day con trich tir (u,) cling héi tu dén a.

2) (u,) hoitudéna < (u,,) va (u,,,,) hoitudéna

Pinh ly 4

1) Néu lim u,=0vau, #0,VneN thi lim L:oo

n—+0 n—+0 14
n

2)Néu limu, =0 va u, #0,VneN thi lim =0

n—»+o0 n—>+00 g4
n



Chuyén dé BDHSG: Gidi han ciia ddy so THPT Chuyén Nguyén Quang Diéu- Pong Thdp

B. Cac bai toan.

Bai toan 1.

. u =2
Cho ddy s thuc (u, ) xac dinh boi: ¢
u,,, =u,—u, +1,Vvnx>1 (1)

n—+w ul ul u

n

Tim gidi han sau: lim (l+l++ij

e Bing phép quy nap don gian ta thdy ring: u,>22, Vn=x1

e Xéttinh don diéu cua (u, ): Tir hé thie (1) ta suy ra duoc
VneN', u,, —u, =(u, —1)2 >0, vy (u,) tang.

e Tinh tong: Xuét phat tir hé thirc truy hdi (1) ta suy ra duoc

1 1 1 1
yy —1=u, (u,—-1)= = - .
un+1 _1 un (un _1) un _1 un
1 1 1
=—= - n=12,.. *
Mn un _l unH _l ( ) ( )
e Thay nboi 1,2,3,...,n vao (*) va cOng vé v&i vé cac déng thirc ta suy ra dugc:
1 1 1 1
—+—+.+—=1-
ul ul un un+l _1

e Do (un) la day tang nén c6 hai kha nang sau xay ra:
1) Day (u,) bi chin trén. Theo tiéu chuan Weierstrass, do (u,) tdng va bi chin trén nén né c6 giéi han.

Gidsu limu, =a thi a>?2 .Chuyén qua gidi han hé thie (1) khi n — +o0 ta cé:

a=a’—a+lea’-2a+1=0a=1 (Vo ly)
2) Day (un) khong bi chan trén, do (un) tang va khong bi chan trén nén:

lim u, =+ = lim (u,,, —1)=+0=> lim =0
n—>+00 n—>+0 n—>+00 un+1 —
VLA . 1 1 1 . 1
e Vithétr(2)tasuyra: lim| —+—+...+— |=lim | 1- =1
n—>+o0 u, u, u, n—>+o0 u,, -1

e Vay lim [i+i+...+iJ=1 ®

n—>+0 ul ul u

Bai toan 2.

Cho day s6 thuc (un ) xac dinh béi: 2
< " +u, ,Vn>1 (1)
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Tim giGi han sau: lim | - +-—2+..+—|.
n—+w uz u3 u

n+l

e Bang phép quy nap don gidn ta thiy rang: u, >1, Vn>1

e X¢ét tinh don diéu cua (un) : Tur h¢ thac (1) ta suy ra dugc
2
u
—u,=—"—>0,vay (u,) tang.
L2011 y (u,) tang
e Tinh tong: Xuét phat tir hé thirc truy hdi (1) ta suy ra duoc
2
u?‘l
u, = 2011 +u, = u}f =201 1(”n+1 —un)

VneN', u,

+

— M _ 2001(u"+1—_u")

u u u

n+l n*"n+l
:s”‘nzzon[l—l] (n=1,2,..) (%
un+1 un un+l
e Thaynbdi 1,2,3,....n vao (¥) va cong vé véi vé cac dang thic ta suy ra duoc:
Wity =2011(i—L]=2011(1—1j )
u, U Uy u, U,y Uy

e Do (un) la day tang nén co6 hai kha ndng sau xay ra:
1) Day (un) bi chan trén. Theo tiéu chuin Weierstrass, do (un) tang va bi chdn trén nén nd co6 gidi han.
Giastr limu, =a thi a>1 .Chuyén qua gi6i han hé thirc (1) khi n — +o0 ta co:

n—>+0
2

a=
2011
2) Day (u, ) khong bi chan trén, do (u,) ting va khong bi chan trén nén:

+a<a=0 (voly)

. . .1
limu, =4+0= limu,,, =+00= lim —=0

n+l

n—»+% n—»+%0 n—>+o u,,
VA e Y u, u, u, . 1
e Vithétr(2)tasuyra: lim| —+—=+..+ = lim 2011| 1-——— | =2011
e\ Uy U Uy ) "2 Uy

e Viy lim (ﬂ+”—2+...+ Uy j:zon X

n—>+0 u2 u3 u

n+l

Bai toan 3.
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Cho day sb thuc u, ) xac dinh béi: 2
( ) = mjvn >1 (1)

n—>+0

o : u u u
Tim gidi han sau: lim L +——2 4. . +—2
u,—1 wuy;—1 -1

e Bing phép quy nap don gian ta thdy rang: u,22, Vn=1

e Xéttinh don diéu cua (u,): Tir hé thie (1) ta suy ra duoc

VneN", u,  —u =M>O vay (u,) tang.
> “n+l n 2011 E n
e Tinh tong: Tir hé thirc truy hoi (1) ta suy ra dugc
2 +201
w =200, e o0t0u = 2011,
2011
:>un(un—l):2011(un+l—un)

u, :2011(1/!”“ —1)—(14” _1)
un+1 _1 (un+l —1)(1/[” _1)

— =2011[ L1 ] (n=12,.) (»

u, ,—1 u,—1 wu, -1

n+l n

=

e Thay n boi 1,2,3,...,n vao (*) va cong ve voi ve cac dang thic ta suy ra dugc:

|
n+l 1 j (2)

1) Day (un) bi chin trén. Theo tiéu chuin Weierstrass, do (un) tang va bi chan trén nén nd co6 gidi han.

L bt =2011(1—

u,—1 u;—1 u,,,—1

U,

u

e Do (u,) la ddy tang nén c6 hai kha nang sau xay ra:

Gidso limu,=a thia=>2 .Chuyén qua gi6i han hé thirc (1) khi n — +oo ta co:
_a(a-1)

a—m+a<:>a(a—l)=0<:>a:0va=l (vo ly)

2) Day (un) khong bi chan trén, do (un) tang va khong bi chan trén nén:

=0

lim u, =+00 = lim (u,,, —1)=+0=> lim

n—>+w n—>+w n—>+o 1y . -1
n+

o Vithé tir (2) ta suy ra: lim( by oy J:limZOll(l— ! J =2011.
Uy — U,q—

n—>+o0 u, -1 l/l3 -1 n—+0 el

o Viy lim[ B B J=2011.®

novo yy =1 uy—1 u,,, —1
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Bai toan 4.

1
Ml = 5
Cho day sb thuc (u, ) xéc dinh boi: -
Ju,  +4u _ +
y =¥ Z"-l Yol wnz2 ()

Tim gidi han sau: lim [Lz+i2++i2j

ul u2 un

e Bang phép quy nap don gian ta thdy riang: u,>0, Vn=1

e X¢ét tinh don di€u cua (un) : Tur h¢ thac (1) ta suy ra dugc

[ 2 ’ 2
_ un—l +4‘xn—1 +un—l u _ un—l + 4xn—l _un—l _ 2”,,_1 > 0

Suy ra: (u,) tang.
e Tinh tong:

un _un—l =
- (n=12,.) (¥

e Thay n boi 1,2,3,...,n vao (*) va cong vé vdi vé cac dang thirc ta suy ra dugce:

1 1 1 1 1 1 1
—+—=+.FS=—+——"=6—— 2
A A ®

e Do (un) la day tang nén co6 hai kha ndng sau xay ra:
1) Ddy (u,) bi chin trén. Theo tiéu chuan Weierstrass, do (u,) tdng va bi chin trén nén né c6 giéi han.

Gidsu limu, =a thi a>0 .Chuyén qua gidi han hé thie (1) khi n — +o0 ta cé:

n—>+00
Nat+4da+a

a=f@a:o (vo ly)
2) Day (un) khong bi chan trén, do (un) tang va khong bi chan trén nén:
lim u, = +o0 = limi:O
n—>+w n—>+ow un

6

X . 1 1 1 . 1
e Vithétr(2)tasuyra: lim| —+—+..+— |=lim| 6——
n—>+0 ul uz un n—>+0 un
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e Viy lim [i+i2+...+iz]=6 ®

2
>+
n 00 ul uz u

n

Bai toan 5.

, (422010
Cho day s0 thyc (u, ) x4c dinh boi: <
W2 +2009, 2011w, +1=0,vn>1 (1)

n+l

Ny . 1 1 1
Tim gidi han sau: lim + +.+ .
n>+el gy +2010  u, +2010 u,+2010

e Bing phép quy nap don gian ta thdy rang: u, 22010, Vn2>1

e Xéttinh don diéu cua (u,): Tur hé thie (1) ta suy ra duoc

(u,, _1)2 > 0 — ( ) tv
—u, = ang.
un+1 un 2010 un g

e Tinh tong: Xuat phat tir hé thirc truy hoi (1) ta suy ra dugc

2
u3+2009u”_2011un+1+1:0<:>un+1 :u”+2009un+1
2011
u? +2009u, +1
<:>un+1—1: _1
2011
u —1)(u +2010
<:>un+1—1:( n )( n )
2011
1 1

1
& = — n=1,2,... *
u, +2010 u, -1 u ( ) O

e Thaynbai 1,2,3,....n vao (¥) va cong vé véi vé cac dang thic ta suy ra duoc:
1 1 1 1 1 1 1

+ +ot = - = -
u, +2010 u,+2010 u,+2010 wu,-1 wu, -1 2009 u

e Do (u,) la ddy tang nén c6 hai kha nang sau xay ra:

n+l

n+l n+l _1

1) Day (un) bi chin trén. Theo tiéu chuin Weierstrass, do (un) tang va bi chan trén nén nd co6 gidi han.

Gia s lim u, =a thi @ >2010. Chuyén qua giéi han hé thirc (1) khi n — +0 ta co:

a’+2009a-201la+1=0<=a=1 (vo1y)
2) Day (u, ) khong bi chan trén, do (u,) ting va khong bi chan trén nén:

lim u, =400 = lim (um —1):+oo:> lim =0
n—>+oo n—>+oo n—>+o0 un+1 —

e Vithé tir (2) tasuyra: lim L S im| -1 |-
o 4 +2010  u, +2010 u, +2010 ) n>+={ 2009 u, —1) 2009

6
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OVéylim[ ! LR j I ®
M1+

+ + =
e\ 4 +2010  u, +2010 u +2010 ) 2009

Bai toan 6.

1
7 u =—:
Cho day so thyc (u, ) xac dinh boi: ' 2009
u,., =2009u +u ,Vn>1 (1)

Tim giéi han sau: lim | - +—2+... +—|.
n—>+0 u2 u3 u

n+l

e Bing phép quy nap don gian ta thdy ring: u,>0, Vn2x1
e Xét tinh don diéu cua (u,): Tir hé thie (1) ta suy ra duoc

u,, —u, =2009. >0 = (u,) ting.
e Tinh tong: Xuat phat tir hé thirc truy hoi (1) ta suy ra duogc

u,u uu u :2009 u, u

n n+l n " n+l n+l n+l1

2 2 -
20002 =1 —u =200 My Ty Uy ] Ll— ! J m=12,.) (¥
e Thaynbdi 1,2,3,....n vao (¥) va cong vé véi vé cac dang thiic ta suy ra duoc:
u, u, u, 1 1 1 1 1 1 1
—+24+ =—||——[+| —— |+ | ———
u2 u3 un+1 2009 ul u2 u2 u3 un un+1

~ L ta009-—L
2009 u

n+l

e Do (u,) la ddy ting nén co6 hai kha ning sau xay ra:
1) Day (u,) bi chin trén. Theo tiéu chuan Weierstrass, do (u,) tdng va bi chin trén nén né c6 gi¢i han.

Gidse limu, =a thia>0 .Chuyén qua gi6i han hé thirc (1) khi n — +0 ta co:

a=2009q"+a < a=0 (voly)
2) Day (u,) khong bi chan trén, do (u,) ting va khong bi chan trén nén:
limu, =+0= limu, , =+0= lim L 0

n—>+o0 n—>+o0 n—>+00 14
n+l

n—>+0 uz u3 u u

n+l

. Vi thé tfl' (2) ta suy ra: hm (ﬂ+&+...+ Mn ]: 11m|: 1 9(2009—#]}:1
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Vay lim (ﬂ+u—2+...+iJ=l ®

—+0
" Uy U U,

Bai toan 7.

, u, =
Cho day s6 thuc (u, ) xéc dinh boi: { ' 2

1

u,, =u +u,vn>1 (1)

n+l

Tim gidi han sau: lim ! + ! 4.+ ! .
novo\ g +10 uy +1 u , +1

n+l

Bang phép quy nap don gian ta thay rang: u,>1, vn=3
Xét tinh don diéu cua (u,): Tir hé thire (1) ta suy ra duoc

u,, —u, =u >0= (un) tang.

n

Tinh tong:
2 1 1 1
un+1:un+un:> = = =
u,, u, (un +1) u, u, +1
! :L—L n=1L2,..) *)
u, +1 u, u,.,

Thay n béi 1,2,3,...,n vao (*) va cong vé véi vé cac drfmg thirc ta suy ra dugc:
1 1 1 1

+ +...+ =2-

u+1 u,+1 u,, +1 u

n+l
Do (un) la day tang nén co6 hai kha ndng sau xay ra:
1) Day (un) bi chan trén. Theo tiéu chuin Weierstrass, do (un) tang va bi chdn trén nén nd co6 gidi han.

Giastr limu, =a thi a>0 .Chuyén qua gi6i han hé thirc (1) khi n — +o0 ta co:

a=a’+a<a=0 (voly)
2) Day (un) khong bi chan trén, do (un) tang va khong bi chan trén nén:
limu, =+0= limu,, =+0= limL:O

n—>+w n—>+w n—>+00 14
n+l

Vithétl‘I(Z)tasuyra: lim( 11+ ! +...+ ! J:lim(z_szz
u, +

n—>+0 u2 + 1 u el

Vay lim[ ! + ! ..+ ! J:2®.

novel g+ u, +1 u,, +1

n+l
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Bai toan 8.

u, =1

Cho day s6 thuc (un ) xac dinh béi:
u, , =l+uu,. .u, ,Vnz1 (1)

g : 1 1 1
Tim gidi han sau: lim | —+—+...+—
n—>+0 ul uz u

n

e Bing phép quy nap don gian ta thdy ring: u,21, Vn=1

e Tinh tong: Tir hé thirc truy hoi (1) ta suy ra dugc
u,, =l+uu,.u =>u,  -1=u, (1 +uu,..u, —1)

=>u,,—1=u, (un —1)

1 1 1 1
- = = [
u,,—1 u, (un—l) u -1 u,
L (n=1.2...)
u, u,—-1 u, -1
1 1 1 1 1 1 1 1 1 1
Suyra:. —+—+.+—=—+| —+..+— |=—+ - —2_
U U u, 4 U, u, u, uz_l un+1_1 “n+1_1

e Dodo6: lim l+L+...+i =Ilim|2- ! =2—lim !
n—>+o0 u, u, u n—>+00 u -1 n—>+o00 1y

n n+l n+l

N _ n—1 _ An-l ~ . _
o Viu, —l=uw,.u,>u(1+u) =2""nén ,,lirﬂo(un-l —1) =+

! 2,

e Viay lim EL+L+...+—J:2—Iim

n—>+o0 u, u, u n—+o u,, -1

n

Bai toan 9.

u, =1

u

Cho diy sb th ic dinh béi:
o day s6 thue (u, ) xée din { Jo (e 40 (0, +2)(w, +3) 4 LYn=1 (D)

n+l

N . 1 1 1
Tim gidi han sau: lim + ..+
novo\ u +2 0wy +2 u, +2

e Bang phép quy nap don gian ta thdy rang: u,>0, Vn=1
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e Tinh tong: Tur hé thirc truy hoi (1) ta suy ra dugc

= (u,f+3un +1)2 =u; +3u, +1=u,, +1=(u, +1)(u, +2)

un+1
1 1 1 1
f— = — _
u,,, +1 (un +1)(un +2) u,+1 u, +2
Lo b i)
u, +2 wu,+1 wu, , +1
1 1 1 1 1 1

Suy ra: ! +

+ot = — =
u+2 u,+2 u, +2 w+l wu +1 2 u

e Dodbd: lim ! + ! +..+ ! = lim l— ! :l—lim !
noto\ y +2 0 u, +2 u,+2 ) no\ 2 u,  +1) 2 vy +1

+1>3""+1 nén lim (u

n—>+0

e Vay lim|——+—1 4 1 Loy 1®
nove\ u +2 0 uy+2 u +2

n+l

e Viu,=u+3u,+1=u, >3u >3"=u, w1 1) =400

Bai toan 10.

u =3
Cho day s6 thuc (u, ) xéc dinh béi: U2 42007y +2
u, , =—" —,Vn21
2010
Tim gi6i han sau: lim u ~1 + 1 = o =
e\ Uy =2 Uy =2 Uy =2
2
e Bibndbin -t20mw¥2 o, D@72y
2010 2010

Viu, =3nén3=u,<u,<u,<...<u,,suyradiy {u, } ting.
e Giasirday {u, }bichintrén < 3Le R:limu =L (L >3)
u> +2007u, +2 L’ +2007L+2

Suy ra limu = lim hay L =
2010 2010

& L2-3L+2=0<L=1hoicL=2(volyvi L>3)

Do d6 {u, } khong bi chan trén hay lim u_ = +oo hay lim ——=0

n—>+0
uﬂ

e Bién doi (1) = (u,-1)(u,-2) =2010(u,,-u,)
u,—1 1 1

= =2010 - *

(—— ) ()

e Cho n lan luot nhan céc giatri 1, 2,3, ....n, sau do cong vé theo vé ta duoc:

u —_ —_

n+l n n+l

n

u,—1 _ 1
Sn=z 2—201()(1- 2)

i=1 Y — n+l

e ViaylimS, =2010 &

10
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