Chuyén dé BDHSG: Gidi han ciia ddy so THPT Chuyén Nguyén Quang Diéu- Pong Thdp

MOT SO BAI TOAN TIM GIOI HAN DAY TRUY HOI

Huynh Chi Hao .
Truwong THPT Chuyén Nguyéeén Quang Diéu, Pong Thap

A. Mot so kién thire ¢o lien quan.

Dinh nghia 1
Day s0 (u,) dugc goi la ddy so ting néu véi moi n ta co u, <u,,,

Day so (un) dugc goi la day so gidm néu véimointacod u, >u,

Dinh nghia 2
Day s6 (u,) dugc goi 1a day so bi chiin trén néu ton tai mot s6 M sao cho u, <M, VneN*

Day s6 (un) dugc goi 1a day so bi chdn dwdi néu ton tai mot sO m sao cho u, 2m, VneN*

Day so (un) dugc goi la day so bi chdn néu ton tai mot sO6 M va mot sO msao cho m<u, <M, VneN*

Pinh 1y 1: (Tiéu chuin Weierstrass)
1) Mot day s6 don diéu va bi chin thi hoi tu.
2) Mot day ) tang va bi chan trén thi héi tu.
3) Mot diy sé giam va bj chin dudi thi hoi tu.

Pinh Iy 2: (Nguyén Iy kep)

dn, eN,VneN,n2n, = u, <v, <w,
. . = limv,=a
limu,=1limw, =a n—>0

n—>+o0 n—>+00

n

Cho ba day s6 (u,),(v,).(w,) sao cho:{

Pinh 1y 3: Néu lim u, =a thi lim |u,|=|q]

Pinh Iy 4: Néu |g|<1 thi lim ¢" =0
Pinh 1y 5: Cho day (u,) xac dinh boi cong thic truy hoi u,,, = f(u,), trong d6 f(x) la ham s6 lién tuc. Khi

d6, néu (u,) —> a thi a 1a nghiém ctia phuong trinh f(x)=x.

Pinh ly 6: Cho day s6 (u,) véi u, =a 1a mdt so thyc cho trude va u,,, = f(u,). Khi d6
1) Néu f(x) 1a ham s6 dong bién va x, <x, thi (u,) la day sé ting.
2)Néu f(x) la ham s6 dong bién va x, 2 x, thi (u,) 1a day s6 giam.

Pinh ly 7: Cho day s6 (u,) v6i u, =a 1a mot sd thuc cho truée va u,,, = f(u,) . Khi d6
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1) Néu f(x) la ham s6 nghich bién va x, <x, thi (u,,) 1a day s ting va (u,,,,) 1a day s6 giam.

2) Néu f(x) 1a ham s6 nghich bién va x, > x, thi (u,,) 1a ddy s6 giam va (u,,,, ) 1a ddy s6 gidm.

Pinh ly 8: (LAGRANGE)
Néu f(x) 1a ham s6 lién tuc trén doan [a;b] , 0 dao ham trong khoang (a;b) thi ton tai c e (a;b) sao cho

b)— f(a
F@ =D by 1)~ 1@ = fe6-a)
e Heé qua: Gia st ham s6 f(x) c6 dao ham trén mién xac dinh D, thoa man diéu kién | f '(x)| <c<lvodic
1a hang s va phuong trinh f(x) =x c6 nghiém duy nhat B thudc D, khi d6 day sb (u,) (n=1,2,...)

xac dinh boi x, € D va u,,, = f(u,) co gidi hanla B khin dan téi vo tan.
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B. Cac bai toan.

Bai toan 1 (Gido trinh giai tich 1 cia Jean-Maria Monier)

u =1
Cho day s6 thuc (u, ) x4c dinh béi: u

u =—"1_Vvn>2 1
T n

n-1

Chimg minh rdng day sb (u,) c6 gi6i han hitu han khi n — +o0.

e Day la ddy truy hoi dang u, = f(u, )
e Bang phép quy nap don gian ta thiy rang: u, >0, Va>1, vy (un) bi chan dudi.
e Xéttinh don diéu cia (u,): Tur hé thie (1) ta suy ra duoc

3
* u u, A <
VneN',u,  —u =—"——u, = <0, véy (u,) giam.

uf+l u +1

e Do (u,) giam va bj chin du6i nén n6 c6 gidi han. Gia st lim u, =a thi a>0

n—>+o0

e Chuyén qua gidi han hé thire (1) khi n — +o0 tacd: a= <a=0

a’+1

e Viaydiy sb (u,) c6 gioi han hitu han khi 7 — 40 va limu, =0 ®

n—>+o0

Bai toan 2 (Gido trinh giai tich 1 ctiia Jean-Maria Monier)

u, =1

Cho day sb thuc (u ) xac dinh boi:
y 50 thye (u, ) xéc di uﬁ%(un_l 2011]v .2

n—1

Chung minh rang day s6 (un) c6 gidi han hitu han khi n — +o.

e Bang phép quy nap don gian ta thdy riang: u,>0, Vn=1

2011] 1 2011

>—2 =+/2011 , vay ( ) bi chan dudi.

. 1
Mt khac ta lai co: u, = E(M"_l +
u

n—1 n—1

e Xéttinh don diéu cua (u, ): Tir hé thie (1) ta suy ra duoc

VneN',u,  —u =l(un+2011j—un 2011—u”<0 ,vay (u,) giam.

u 2u

n n

e Do (u,) giam va bi chin du6i nén n6 c6 gidi han. Gia st lim u, = a thi a >~/2011

n—>+0

e Chuyén qua gidi han hé thie (1) khi n — +oo ta cé: a=%(a+20”j<:>a=\/2011
a
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o Vayddy s (u,) c6 gioi han hitu han khi 7 — +o0 va lim u, =+/2011 ®

n—>+0

Bai toan 3 (Bai tap giai tich W.J.LKACZKOR-M.T.NOWAK)

3
J u =—

Cho ddy s6 thuc (u,)xac dinh boi: ¢ = 2
u, =3u, , —2,Yn=2 (1)

Chimg minh rang day s6 (u, ) c6 gi6i han hitu han khi 1 — +0.

Bang phép quy nap ta chimg minh duoc rang: % <u,<2,Vnzx1

e Xét tinh don diéu cia (u,): Tir hé thie (1) ta suy ra duoc
VneN", u,, —u, =3u,—2—u, >0, vy (u,) ting.

e e A . .3
e Do (un) tang va bi chdn nén no c6 giéi han. Gia st limu, =a thlggaSZ

e Chuyén qua gidi han hé thirc (1) khi n — 400 tacd: a=+3a-2 < a=2
e Vayday s (u,) c6 gi6i han hitu han khi n — +o0 va limu, =2 ®

n—>-+0

Bai to4n 4 (Bai tap giai tich W.J.LKACZKOR-M.T.NOWAK)

, u, =0
Cho day so thuc (u, ) xac dinh boi: { 1
u =.6+u

n n-1°

vnz=2 (1)

Chimg minh ring day s6 (u,) c6 gi6i han hitu han khi n — +o0.

e Bing phép quy nap ta ching minh duoc rang: 0 < u,<3,Vvnx1
o Xéttinh don diéu cua (u,): Tur hé thie (1) ta suy ra duoc

VneN', u, —u =—u +u,+6>0 (do 0<u, <3)=u

n+l

-u, >0, vay (un) tang.

n+l

e Do (un) tang va bi chdn trén nén no co6 giéi han. Gid st lim u, =a thi 0<a <3

e Chuyén qua gi6i han hé thic (1) khi n — 400 tacod: a=v6+a < a=3
e Viaydiysh (u,) co gioi han hitu han khi n — 40 va limu, =3 ®

n—+0
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Bai todn 5 (Bai tip giai tich W.J.LKACZKOR-M.T.NOWAK)

u, =1

Cho day s6 thuc (u, ) xéc dinh béi: 2(2u, , +1)
u,=— =22 ()
u,  +

n—1

Chimg minh rdng day s6 (u,) c6 gi6i han hitu han khi n — +o0.

e Bing phép quy nap ta ching minh duoc rang: 0 < u,<2,Vvnzx1
e Xét tinh don diéu cua (u,): Tir hé thie (1) ta suy ra duoc

wil Uy, =—(u" 1), =2) >0 (do O<u,<2)=u

VneN", u
u, +3

-u,>0,

n+l1
vay (u,) tang.
e Do (u,) ting va bj trén nén n6 co gidi han. Gia st lim u, =a thi 0<a <2
n—>+0
2(2a+1)

a+3
e Vayday sd (u,) c6 gi6i han hitu han khi n— +00 va limu, =2 ®

n—>+0

e Chuyén qua gidi han hé thire (1) khi n — +o0 tacd: a= Sa=2

Bai toan 6 (Bai tap giai tich W.J.KACZKOR-M.T.NOWAK)

O<u, <l

Cho day sb thuc (. ) xac dinh boi:
y 0 thye (u,) xéc di un(l—un+l)>i,Vn21 (1)

Chimg minh rang day s6 (u, ) c6 gi6i han hitu han khi 7 — +o0.

e Tir cach cho ddy s ta suy ra: O<u, <1, Vn21

e Xéttinh don diéu cua (u, ): Tir hé thie (1) ta suy ra duoc

VneN", Mzﬂlun (1-u,,) >% =u,,, —u, <0, vy (u,) giam.

e Do (u,) giam va bi chin du6i nén n6 c6 gidi han. Gia st lim u, =a thi 0<a <1

n—>+0

e Chuyén qua gi6i han hé thire (1) khi n — +o0 ta co: a(l—a)2%<:>(2a—1)2 SO<:>a=%

: . . . 1
e Vaydayso (u,) co gidi han hitu han khi n — +o0 va lim u, =— ®

n—>+0
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Bai to4n 7 (Bai tip giii tich W.J.LKACZKOR-M.T.NOWAK)

u, =1
Cho day sb thuc (u, ) xéc dinh boi: <u, =2
U, =Ju, +fu, ,¥n=2 (1)

Chimg minh rang day so (u, ) c6 gi6i han hitu han khi 1 —> +0.

e Bang phép quy nap don gian ta thiy rang: u,>0, vn=>1
e Xéttinh don diéu ciia (u,): Ta ching minh u, <u,,,,Vn=1,2,... (2) bang phuong phép quy nap

+ Véi n=1 thi (2) dung

+ Gid su (2) ding khi n < k. Ta chimg minh (2) cling ding khi n =k +1.Tuc la chiung minh: u,,, <u, ,

n+l?

That vay: Theo cong thirc truy hdi xac dinh day thi
Uy :\/Z+\/Z<\/a+ U =Uy,y
+ Vay (2) cting dang vo1 n =k +1. Theo nguyén Iy quy nap thi (2) dang v6i moi Vrn=1,2,...
e Nhuthé (u,) ting.
e Mait khac khi n>3,taco: u, =M+\/a<2\/z:>uj <4u,=u, <4

e Do (u,) ting va bi trén nén no co gidi han. Gia st lim u, =a thi 0<a <4

e Chuyén qua gi¢i han hé thte (1) khi n — 4% tacd: a=2Va < a=4
e Vayday sd (u,) c6 gi6i han hitu han khi n — +o0 va limu, =4 ®
Bai toan twong tw
u, =9
Cho day s6 thyc (u, ) xéc dinh boi: Su, =6
U, =Ju, +Ju, ,¥n=2 (1)
Chimg minh rang day sé (un) c6 gidi han hitu han khi #n — +o.
Hudng dan

Ching minh day trén giam va bi chan dudi boi 4. Két qua lim u,=4.

n—+00

Bai toan 8 (Céc bai toan vé diy so - Phan Huy Khai)

u, =1

Cho day s6 thyc (u, ) xéc dinh béi: . -1 nz2 M
3+u,

Chimg minh rang day s6 (u, ) c6 gi6i han hitu han khi n — +0.
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° Béng quy nap chirng minh duoc u, > voimoi n=1,2,... (Ban doc tu kiém tra)

e X¢ét tinh don diéu cua (un) : Tur h¢ thac (1) ta suy ra dugc

. 1 U, +3u, +1
VneN',u,  —u =- -y, =—"—"—<0 =u
3+u, 3+u,

-u, <0,

n+l

vay (un) giam.

e Do (un) giam va bi chan dudi nén nd c6 gidi han. Gid st limu, =a thi a>

n—>+%0 2
Sad*+3a+1=0sa=

—3++/5
2

e Chuyén qua gidi han hé thie (1) khi n — +o0 tacd: a=—

—3+4/5
2

3+a

®

e Vayday s (u,) c6 gioi han hitu han khi 7 — +o0 va lim u, =

n—>-+0

Bai toan 9 (HSG Pong Thap nim 2009)

Cho day s (u,) xac dinh boi

1
2
u,., =%u5 —%ui Vn =1

Chimg minh rang day s (u,) c6 gi6i han hiru han va tim giéi han cua dy sb.

lxll=

e Xétham sb f(x):%xz—%f v6i x €[0;1], ta c6

f'(x)=3x—%x2 >0 ‘v’xe[O;l]

= f(x) tang trén [0;1] va 0<f(x)<1 Vxe [O;l]
e Chung minh: u, € [O;l],Vn >1.

That vay: u, = % e[0;1].

Giasir u, €[0;1],Vk > Ithi

1
_ 2~ .3
Y TN T N s 0<u,, <1 = uy,, €[031]
0<uy, <1

Vay u, e[O;l],‘v’nZl.

Do ftangnén f(u,)—f(u, ) cing ddu véi u, —u

n-1
Suyra: u_,—u, cung dau voi u, —u, . Lap luan tiép tuc ta di dén u_,, —u_ cung dau véi u, —u,
. 5 1 3
e Vi uz—ul:E—EZ—E<0:>L1“+I—U“<O:>U“+I<un Vn2>1

Suyra (u,) la day giam
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) 1 1
e Laido u, =3 nén suy ra dugc u_ € [0;5}
e Do (un) giam va bi chidn nén no6 c6 gidi han. Gid st lim u, =a thi 0<a S%
n—>+0

e Chuyén qua gi6i han hé thire (1) khi n — +o0 ta co:

e Do OSaS% nén a=0. Vay ddy s (u,) c6 gi6i han hitu han khi n— 40 va limu, =0 ®

n—>+0

Bai toan 10 (Giai tich nhirng bai tap ning cao — T6 Van Ban)

Cho day s (u,) xac dinh boi

u =3

u,, :,/2+\/2,Vn21

Chung minh rang day s6 (u,) c6 gi6i han hitu han va tim gidi han ciia diy so.

° Béng quy nap chimg minh dugc 0<u, <2 véimoi n=1,2,... (Ban doc tu kiém tra)
e Xétham sb f(x)=\/2+\/; voi xe[O;Z],tacé

.
4\/;\/2+\/;
e Vi u2=\/2+‘\‘/§ >\/§=u1,suyra (un) la day tang

e Do (un) tang va bi chdn nén nod co6 gidi han. Gidsu limu, =a thi 0<a<2

n—>+o0

e Chuyén qua gi6i han hé thire (1) khi n — +o0 ta co:

a=y2+va ()

Chung minh phuong trinh (2) ¢6 nghiém duy nhét a € [0;2] (Ban doc ty chirng minh)

f'(x)= >0 Vxe (0;2} = f(x) tang trén [0;2}

e Vaydaysb (u,) c6 gioi han hitu han khi n — 400 ®

Bai toan 11 (Giai tich nhirng bai tap ning cao — T6 Van Ban)
. u = V2
Cho day so (u,) xac dinh badi u“
u,, =2%?,vnx1

Chung minh rang day s6 (u,) c6 gi6i han hitu han va tim gidi han ciia diy so.

° Béng quy nap chirng minh dugc 1<u, <2 véimoi n=1,2,... (Ban doc ty kiém tra)
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e Xéthamsd f(x)=27 véi xe[1;2],taco

f'(x) = %.23.1112 >0 Vxe[li2] = f(x) tang trén [ 1;2]

V2
e Viu =22 >\/5:ul,suyra(un)léd€1yténg
e Do (u,) ting va bi chan nén no6 c6 giéi han. Gia st lim u, =a thi 1<a <2

e Chuyén qua gidi han hé thie (1) khi n — +o0 ta cé:
22=asa=2
Vay day so (u,) c6 gi6i han hitu han khi 7 —> 40 va limu, =2 ®

n—>+0

Bai toan 12 (Céc bai toan vé diy s6 - Phan Huy Khai)

u ==

Cho day s6 thuc (un ) xac dinh béi: .
u,, =—u —1,vn>1 (1)

n+l T A

Hay tim lim u, .

n—>+o0

e Tathdy v6imoi n>2 thi —1<u, <0.Gid st rang (u,) c6 giéi hanlaathi ~1<a <0 vaala nghiém
, \ 1 2 2 ~
cua phuong trinh Ex l=xo ¥ —2x-2=0<x=1%+/3.Do -1<a <0 nén chon a=1-3

e X¢t hi€u sau day:

um—(l—ﬁ)}(%—l]—(l—ﬁ) =%un+(1—\/§)‘ un—(l—ﬁ)‘
:%(un +\/§—1) un—(l—\/g)‘
<£ u,1—(1—\/§)‘<...<(§}1_1 uz_(l_\/g)‘:(%}z

n—>+00

u —(1—@)‘:0: tim (u,,, ~(1-V3)) =0=> lim u, = lim u,, =1-3

n—>+ow n—>+o0 n—>+00

e Nhu thé ta cé: 0<‘um1—(1—\/§)‘<(§] ma lim (%J ~0 nén

lim

n—>+0

n

) c6 gi6i han hitu han khi » — +c0 va lim u, =1-3®

n—>+00

e Vayday s (u
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Bai toan 13 (Cac bai toan vé diy s6 - Phan Huy Khai)

Cho day s6 thyc (u, ) xéc dinh béi:

Hay tim lim u, .

n—>+0

e Bing quy nap ching minh duoc 1< u, <2 véimoi n=12,... (Ban doc ty kiém tra)
e Gia surang (un) c6 gidi han la a thi 1<a <2 va a la nghiém cua phuong trinh
2
1+x—x?=x<::>x2 =2<:>x=i\/§.Do 1<a <2 nén chon a=\/§

e X¢t hi€u sau day:

R[5 —%—ﬁ‘:%\(un B)(u,-2+4E)

Y2043
2

=lun—\/§‘(un—2+\/§)
2
n-1 n—1
SR DRt 72 I P/ R =4

2 2 2 2
n-1 n-1

e Nhuthétaco: 0< un+1—\/§‘<[%] (%—\/Ejma lim(%} (%—\/Ejzo nén

lim fu,,, ~2|=0=> lim (,,, ~2)=0=> lim u, = lim u,, =2

e Vayday s (u,) c6 gioi han hitu han khi n — +o0 va lim u, = V2 ®

n—>-+0

Bai toan 14 (Cac bai toin vé diy so - Phan Huy Khai)

u =2011
Cho day so thuc (u, ) xac dinh boi: u =3+ Uy ps M

u-—1

n

Hay tim lim u, .

n—>+0

e Bang quy nap chimg minh duoc u, > V3 véimoi n=1,2,... (Ban doc ty kiém tra)
e Giastrring (u,) cogiéihanlaathi a> V3 va a la nghiém cia phuong trinh

10
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3+

<:>(a—\/§)2: 2a 1<:>(a2—\/§a)2—2(a2—\/§a)— =

{az—x/ga:—l _\/§+\/E

= Sa=
a*—\3a=3 2
trén (\/3;400), thi u . = f(u) va f(a)=a
( n+l n

<%, Vxe(x/g;+oo)

o X6t him sb f(x)=\/§+\/f_
x -1

1

[(x)=——x==|f"(x)
e

e Xét hiéu sau day va két hop voi dinh Iy Lagrange ta suy ra:
u,, —al=|f @)~ f@)|=|f ") (u,-a)=|f

sl )
1Y 1Y .
u”“_a|<(Fj |ul a| ma *}EEO(Z\/EJ |u1—a| =0 nén

lim |u a| 0= hm (

n—>+o0

Ta co:

e Nhuthé tacéd: 0<

p—a)=0=limu, = limu,, =a

e Vayday s (u,) c6 gioi han hitu han khi n — +o0 va lim u, = @ ®

n—>-+0

Bai toan 15 (OLP TOAN SINH VIEN)

=2011
Cho day sb thue (u ) xac dinh boi:
Y ve () ‘ u :%ln(l+uf)—2012,Vn21 (1)

n+l

Chung minh rang day s6 (u,) c6 gi6i han hiru han.

e Xétham s f(x):%ln(l+x2)—2012 v6i xeR, f(x) 1a ham s6 lién tuc trén R vata co

= =) \

e Giasurang (un) cO gidi han l1a a thi va a la nghiém cua phuong trinh

<l ,VxeR
2’

X= %ln(l +x7)-2012 (2)
e Ta chtng minh (2) c6 nghiém duy nhat. Thay vay
X= %ln(l+x2)—2012 < g(x)= x+2012—%ln(1+x2) =0 (3)

2
o -x+1
Ta co: g(x) 1a ham so lién tuc va g'(x) = % >0,VxeR
X+

Suy ra: g(x) dong bién trén R .

11
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Mt khac: g(0).g(-2012) = —2012%111(1 +20117)<0

Suy ra: phuong trinh (3) ¢6 nghiém duy nhat. Goi nghiém d6 14 a
e Theo dinh Iy Lagrange, ton tai ¢ € R sao cho

un+1 _a| = |f(un)_f(a)| =
1 n—1 1 n—1

un+l—a|<(—] | —a| ma hm( ] |ul—a| =0 nén
2 n—+o{

- a| =0= lim (u
n—>+o0

e Nhuthétacod: 0<

lim |u

n—>+%

e Viy diy sd (un) c6 gi61 han hitu han khi n — 400 ®

a)=0= limu, =limu, =a

n—+wo n—>+0

n+l n+l
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