MATHVN.COM Chuyén dé boi dieong HSG

MQT SO PHUONG PHAP
GIAI HE PHUONG TRINH KHONG MAU MUC
Hé Dinh Sinh
rMmociee—m v I GO

I. DUNG BAT PANG THUC

Dau hiéu cho phép ta stir dung phuong phap nay 1a khi thay so phuong trinh trong h¢ it
hon s6 an. Tuy nhién c6 nhitng hé sé phuong trinh bang s 4n ta ciing co thé sir dung
phuong phap nay.

Vidu 1: Giai hé phuong trinh nghiém duong:

xX+y+z=3
1+ x)(1+ y)(1+2) =(1+@)3

3
Giai: VT:1+x+y+z+(xy+yz+zx)+xyz21+3«3/xyz +33/(xyz)? +xyz:(1+3xyz)

Dau “=" xay ra khi x=y=z=1.
Vi du 2: Giai h¢ phuong trinh:

{\/x+1+\/x+3+\/x+5:\/y—1+\/y—3+\/y—5

X+y+x+y =80

Gidgi: PK: x>-1;y>5

Ta thay rang néu ta thay x=y-6 thi phuong trinh tha nhat VT=VP. Do d6, ta xét cac trudng
hop sau:

Néu x>y-6 thi VT>VP.

Néu x<y-6 thi VT<VP.

Suy ra x=y-6. Tur day va phuong trinh tha hai ta tim duoc x,y.

Vi du 3: Giai h¢ phuong trinh nghiém duong
3x 4y 2z
+ +
x+1 y+1 z+1
89 x3y422 _ 1
Giai: Bai toan nay c6 s6 an nhiéu hon s phuong trinh vi vay ta s& sir dung phuong phap
bat dang thirc
Nhan xét: Bac cua x,y,z & phuong trinh 2 khac nhau nén ta sir dung Cauchy sao cho
xuat hién bac giong hé.

=1

Tir phuong trinh tht nhét ta co:
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1 2x 4y 2z
= + +
x+1 x+1 y+1 z+1
1 3x 3y 2z
= + +
y+1 x+1 y+1 z+1
1 _ 3x N 4y Lz
z+1 x+1 y+1 z+1
Ap dung Cauchy cho 8 s ta co:

2.4 2
> 2 X y'z
x+1 x+D)*(y+D*(z+1)

x3y322
—— > 88
y+1 (x+1)3(y+1)3(z+1)2

3.4
1 > 84 xXy'z
z+1 (x+1)3(y+1)4(z+1)]

Suyra
1 1 1 >89 24 32 16
20 3
(ler)3 (y+1)4 (z+1)2 (x+1)24 (erl)32 (Z+1)16

=8 xXy'z? <1

A 13 , 1
Dau bang xay ra < r - -2 =—SXx=y=z=
x+1 y+1 z+1 9

1
3
Vi du 4: Giai hé
s o 697

x4y = el

X +y +xy-3x—4y+4=0
Gidi: ’ ‘ ‘
Vi du nay t6i muon gidi thiéu cong cu xac dinh mién gia tri ctia x;y nho diéu kién co
nghiém cua tam thirc bac 2.
Xeét phuong trinh bac 2 theo x:
X Hx(y=3)+y —4y+4=0
A, =(y-37-4(y-2)

7

Dé phuong trinh ¢d nghiém thi A, >0 1<y < 3

Tuong tu xét phuong trinh bac 2 theo y ta cc'):OSxS%
4 2

4 7 697

Suyra x*+y'<| = | +|=| =—

v sty s(3) +(3) -5

4
= x=—
3

.y :% Tuy nhién thé vao hé khong thoa man dé do hé vo nghiém.

X —xt+2x7y=2
Vi du 5: Giai hé y =yt +2y°z=2

22—zt +2%x =2
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Giai:
Y tudng clia bai todn nay 1a doan nghiém ctia hé x=y=z=1; Sau d6 chirng minh x>1 hay
x<1 h¢ v6 nghiém.
+) Néu x>1
=2=7-z"-27x>7 -z +27

= (z-D(z" +22+2)<0
1Y 3
Do z4+22+2=(22—5j +(Z+D2+Z>O nén z<1.

Tuong tu, ta co y>1 =>x<1suyravo ly.

+) Néu x<1

Tuong ty trén ta ciing suy ra duoc diéu vo 1y.
Vay x=y=z=1 1a nghiém cua h¢.

BAI TAP TU REN LUYEN
Bai 1: Giai hé:

xy+yz+zx=x"+y +z2° X4y 4z =3
D1 e R

X +y +z =3 X+y+z=3
Bai 2: Giai hé

3y =

¥y =9 DS: VN

3x+y=6
Bai 3: Giai h¢

xz=y+2

bS: (2;2;2
w222y (Y -y +42) (2:2:2)

Bai 4: Giai hé
3,02 2
Y A =N6A oy PS: (0:2)
(X*+2) =y+6
BAi 5: Giai hé

Vx+1+4x+y=3 DS: (0:4)
Jx 4+ =47 +5=15 ’
Bai 6:
3|x|3+|y|+x2 =4
bS: (1;0)
\/x2—1+\/x+y2 =1
Bai 7. Giai hé
bS: VN

X +y =2
{x2+xy+y2—y:0
Bai 8: Giai hé
Xy 4zt =1
{xz +y = 2xy+2yz—2xz+1=0
HD: H¢ d& cho tuong duong véi
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Xy +zt =1
{(x—y)2 -2z(x—y)+1=0
Tir phuong trinh tht nhét ta duge: —1<z<1
Tur phuong trinh thi hai : x-y ton tai < 2° 120 < |2 > 1
Suyra z=+1.
Bai 9: Giai hé

x> =y+1
yi=1z+1
7 =x+1

HD: Pay la hé ma vai tro cua x, y, z nhu nhau.

Giasttr x>y>z Suyraz? —-1>2x"-12y -l 22 > x> 2y (*)

Xeét x <0 hoac z>0. Tu (¥) suy ra x=y=z.

Vay chi ¢é truong hop x>0 va z<0 . Khido z> =x+1>1=z<-1=>y* =z+1<0 VO ly.

1+/5
S

Vay hé c6 2 nghiém 1a x=y=z=

Bai 10: ( Olympic-tinh Gia lai 2009) Giai hé phuong trinh

X4y 4+ +2xy—zx —zy =3
{xz +y +yz—zx —2xy =1
HD: Phuong trinh d& cho tuong duong voi
{(ery)z —z(x+y)+z°-3=0
(x=y) —z(x=y)+1=0
bS: (1;0;2), (-1;0;2).

I1. TINH CAC PAI LUQONG CHUNG

Vi du 1: Cho abc>0. Giai hé phuong trinh
Xy=da
vz=>b
ZX =¢C

Giai: Do abc>0 nén hé da cho tuong duong véi
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I xXy=a
yz=>b
2l
(xyz)* = abc w=d
vz=>b
vz = —abe

Vi du 2: Giai h¢ phuong trinh
x+y+xy=1
X+z4+xz=2 ™
y+z+yz=5
HD Giai:
(x+D(y+1)=2
Meox+Dh(z+)=3
(y+D(z+1)=6
Tir ddy cac em c6 thé giai tiép mot cach dé dang.

Vi du 3: Giai hé
X +2yz=x
y +2zx =y
2 42xy=z
HD Giai:

X +2yz=x x*+2yz=x

-
I

<

Il
_ @%%
[

N
Il
|

<
I
|

—
1
|
s8]~ 5]

(*)

(X =y +2yz-2xz=x—-yS{(x—y)(x+y-2z-1)=0

X' =2 +2yz-2xy=x—z
Tir ddy cac em cd thé giai tiép mot cach dé dang.

BAI TAP TU REN LUYEN:
Giai cac h¢ phuong trinh sau:

Bai 1:
xy=2 xy+x+y=11 xXy+x+y="7
a) Jyz=6 b) yyz+y+z=5 c)yz+y+z=-3
zx=3 x+z+x=7 Xz4+x+z=-5
Bai 2:

(x—2)(x+z-2y-1)=0

xXy+xz=38

d) Jyz+xy=9
xz+zy=-1

Bién soan: Thay Ho Pinh Sinh, Té Todn, triong THPT Hing Vicong
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xX(x+y+z)=2-yz xXy+y+2x+2=4 x+xy+y=1
a) sy(x+y+z)=3—xy b) {yz+2z+3y=6 C)sy+yz+z=4
zZ(x+y+z)=6—xy xz+z+3x=5 Z+zx+x=9
Bai 3:
X +2yz=x v —xz=b X +y+z=3 Xyz=xry+z
2 2 ) yzt=y+z +t
a)yy +2zx=y b)* 3z —xy=b (abeR) c¢)qy +x+z=3 d)
5 5 5 X =z+t+x
"+ 2xy=z X —yz=a Z“+x+y=3

IXy=t+x+y

I11. PHUONG PHAP PAT AN PHU

D6i khi bai toan s& phirc tap néu ta giai hé véi an (x ,y ,z) nhung chi sau mot phép dit
a=f(x), b=f(y); c=f(z) ... thi hé sé don gian hon.

Vi du 1: Giai h¢ phuong trinh:
X (y+z2) =C@x* +x+1)y*z’
V(x+z)Y =@y +y+Dx’Z’
Z(x+y)Y =G +z+Dx*y’

Gi,éi:

Néu x=0 suy ra dugc y=z=0 = (x;y;z) = (0;0;0) l1a nghiém cua hé.

Véix#0;y#0;z=0 chiaca hai vé cho x*y*z* ta thu duogc

2
erZj :3+l+iz

yz X X

2
1 1
x+zj g b1

XZ y y2

2
zZ z

x+yj2 :5+l+i

iC 1 Ta nhan duoc

(a+b) = +c+5 (1)
(b+c) =a*+a+3 (2
(a+c)2:b2+b+4 (3)

Lay (2)-3) taduoc:  (a-b)[2(a+b+c)+1]=1.

LAy (1)- (3) taduge: (b-c)[2(a+b+c)+1)=1.

Suyra a-b=b-c =a+c=2b thay vao (3) ta dugc 36° ~bh-4=0.
Tu day cac em co6 thé giai tiép.

Vi du 2: Giai h¢ phuong trinh sau:

{x* (6+21y)=1

x(y’ —6)=21
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HD: Néu giai hé vdi an (x;y) thi ¢ day ta that kho dé thay duoc dugce phuong hudng giai.

Nhung moi chuyén s8 r6 rang khi ta it x = 1. Khi d6 dua vé hé
V4

7 =21y+6
y =21z+6
Pay 1a hé dbi xtng loai 2. Cac em hay giai tiép.

Vi du 3: Giai hé phuong trinh sau:

xy 12
x+y_?
yz 18
y+2_?
xz 36
x+z 13

HD: Nghich dao 2 vé ciia timg phuong trinh sau dé dat an phu.

Vi du 4: Giai hé phuong trinh sau:
2x+ X’y =y
2y+yz=z
2z+7°x=x

Giai: H¢ da cho tuong duong voi:

2x = y(1-x%)
2y =z(1-y?)
2z =x(1-2%)
Khi x =+1;y =+1;z =1 khong la nghiém ctia h¢ trén nén h¢ d& cho tuong duong vai
2x
= 1
YET 2 ey
2
z=—2 @)
1-y
2z
X=—" (3)
1-z
bat x =tana; T ca<Z|thi
2 2
t
(1)<:>y:2a—n2a:tan2a
I-tan” o
2tan2
@) o= _anag
1—-tan” 2«
2tand
(3)c>x=L2a=tan8a=tana
1—-tan” 4

= tana =tan8a < a =k7a(k e’Z)

. - /s -T ka &« -7 7
Vi —<ag<— o> —<—<—"& —<k<—
2 2 2 7 2 2 2
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b

Do keZnén kel-3-2-1,0:12:3) = g e | o, 2%, "7 (7 2 37T
77777777

X =tana
Vay nghiém ciahé 1a: { y=tan2a, véi o la cac giatri _3—”,_2—”,1 022—”3—” .
7 7 7 7 17
z =tan4a
BAI TAP TU REN LUYEN:
1) Giai va bién luén cac hé phuong trinh:
_x=22 Y _4
y+z—x= o X+y
a) x+y—z=x—y22 b) Y _a
b X+z
x+z—y:x—);z ¥ 2
c y+z

Giai cac hé phuong trinh sau:

1 1 1
—+—+—=3
X yz Xyz . . . a+bc+abc=3 a+bc+abc=3
ALy li b 3 HDpata=1ib=lic=L Helb+catabc=3<{(@a-b)l-c)=0
X z
y X xyz y c+ab+abc=3 |(@a-c)@-b)=0
1 1 1
—+—+—=3
z Xy Xyz
Sxy _q
X+
s Y Sxy=6(x+y) X2+ y+ X3y +xy’ +xy=—=
3) {2 4) 17yz =12(y +2) 5)
+
YTz 3xz = 4(x +2) X' +y? +xy(d+2x) = =
5zx 1
Z+ X
1 1
—+—=3—xy 1 6 Pyt =2y
6) ) s Nyx y 8)
1 1 3x7y* +2 x y_ 3
—+5=T-——= xX+y=2xy v ox 2
2y Xy y x 2
X+y+—+—=5 p) ) ) 2 6 2 2 3 4 1
9) Xy 10){x+x+y+y 11){x2y2x y
x2+y2+i2+—2=9 xy(xy+x+y+1)=4 3x° =2y  —-9x -8y =3
X y
X+y x-—Yy x+y+£—5
—+3;=4 2 2 = B
12) {x=y “xty 13 {x ”Ty +1y 1782 14) y
.Xy:z xy(x_'_ )(y+ )_ (X+y)£:6
y

Bién soan: Thay Ho Binh Sinh, Té Todn, truong THPT Hing Vieong 8
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1 1
X+y+—+—=4 oo T
— T = +2)2x+y)=9
15) Y 16) J\y Vx  Jxy 17) YY)
I 1 X +4x+y=6
x4y +_+y_2:4 XXy + y{/xy =78

3x+2 =12 2 _ 6> 3.3 10,3
18){x(x+ y)(x+1) 19){y+xy 6x 20){1+xy 19x

X +2y+4x-8=0 1+x%y* =5x7 y+xy’ =-6x"

8x’y’ +27 =18y’

21) {4? ) - (Olympic 2008)
X y+6x=y

22) x+y+x +y =8 23) X+|y|+x3+2x2|y|+2xy2‘y3‘=0
x(x+1)+y(y+1)—12 x|y|:—

x-3z-322x+2" =0
24) {y-3x-3x*y+x’ =0 (Olympic 2008)
z-3y-3y’z+y’ =0

_32—23
1-32°
+1 ~ . 3x—x°
HD: Dk : x;y;z # — . Hé da cho tuong duong vdi <y =
X;y;z Nk g g y _3s
_3y-y
1-3y°
x(4—-y*)=8y
25) <y(4-z")=8z (Olympic 2008) . HD: Pat x=2tan« .
z2(4—x*) =8x

IV. DUNG TiNH PON PIEU CUA HAM SO

Vi du 1: Giai h¢ phuong trinh sau;
2x° +2y* +3y+3=0
2y’ +22° +32+3=0
227 +2x* +3x+3=0
Giai: Hé¢ da cho twong duong vdi hé sau

=1

y=f(2)

= f(x)

Xét ham sb f(t)——zi/zt +3t+3

Taco: 2> +3t+3>0; VieR.

Bién soan: Thay Ho Pinh Sinh, Té Todn, triong THPT Hing Vicong
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2

') = —é(4r +3)282 +3t+3)3
f'(r)—o@z——E

4
Tir d6 ta co: f(t) ting néu 1 < —%Vé f(t) giam néu ¢ > —%

e Xét 1< —% thi ham f(t) ting:

Gia sir h¢ c6 nghiém (x,;y,:z,)

Néu Xy <o thi f(x) < f(y) =2, <x, = f(z,) < f(x,) =y <z, SUy Ia x, >z, >y,
Diéu nay vo ly.

Nhu vay hé chi c¢6 nghiém khi x, =y, = z,, thé vao ta duoc

2x8 +2x§ +3x, =0 (x, +1)(2x§ +3)=0x, =-1

Suy ra hé c6 nghi¢m x=y=z=-1.

o Xét voi t > —% ham f(t) giam ; Chirng minh twong tu ta cling dugc nghiém x=y=x=-1

nhung nghiém nay loai vi X;y;z > —% .

Két luan hé co nghiém duy nhét x=y=z=-1.

Vi du 2: Giai h¢ phuong trinh

x—siny=0
y—sinz=0
z —sinx=0
Giai: Xét ham s f(x)=sin t, khi d6 c6 dang
x=f(y)
y=f(2)
z=f(x)

Ham f(t) c6 tap gid tri 1 =[-1;-1]c (-%%) Ham f(t) ddng bién trén (-%%) Do d6
ham f(t) dong bién trén 1.

Gia sir h¢ c6 nghiém (x,;y,:z,)-

Néu x, <y, thi f(x,)<f(3,) = 2, <X, = f(z,) < f(x,) =y o<z, SUy ra x, >z, >y, . Piéu
nay vo ly.

Vi vay hé da cho tro thanh

X=y=z

{x —sinx=0 (*)
Xét ham s6 g(x)=x-sin x.
Mién x4ac dinh D=R;
Pao ham
g'(x)=1-cosx >0,vx € D =ham s déng bién trén D. Do d6 ta c6:
V6i x=0, ta ¢6 g(0)=0 < phuong trinh (*) nghiém dang.
Voi x>0 ta co g(x)>g(0)=0 < Phuong trinh (*) v6 nghi¢m.
V61 x<0 ta c6 g(x)<g(0)=0 < Phuong trinh (*) v6 nghi¢m.

Bién soan: Thay Ho Binh Sinh, Té Todn, truong THPT Hing Vieong 10



MATHVN.COM Chuyén dé boi dieong HSG

Vay phuong trinh (*) ¢6 nghiém x=0. Do do, hé c6 nghiém x=y=z=0.

Vi du 3: Giai h¢ phuong trinh:
xX*+3x=3+In(x* —x+1) =y
vy +3y-3+In(y’ —y+1) =z
2 +32-3+In(z* -z+1) =x

HD: Xét ham f(t) =t>+3t-3+In(t* -t +1)

fx)=y
Hé phuong trinh c6 dang < f(y) = z.
f(z)=x
_ 2
Tacod f'(t)=3t*+3+ 22t L o314 22t 1 .0 wxer
t°-t+1 t°-t+1

Vay ham sé f(t) dong bién trén R.

Do x;y;z dong vai trd nhu nhau. Nén khdng mat tinh tong quat, ta gia st x>y >z.
Tur hé phuong trinh taco: f(z)> f(x)> f(y);néntasuyrax=y =z,

Bay gio ta giai phwong trinh g(x) = x* + 2x-3+In(x* —=x+1) =0

_ 2
Tacc')g'(x):3x2+2+22)(—1:3x2+%>0 vx eR.
X°—x+1 X°—x+1

Do dé g(x) 12 ham ddng bién va nhan x = 1 1a nghiém.
Vay hé phuong trinh ¢6 duy nhat nghigmx =y =z=1.

BAI TAP TU REN LUYEN:
Giai cac hé phuong trinh sau:

2x+1=y +y* +y Yy —9x* +27x-27=0
D2y+1=2+2"+2 2){2° =9y’ +27y-27=0
2z41=x"+x"+x x’ =9z +27z2-27=0
X = 1+y_+1
2x° +3x7 —18=y’ +y Y
3) <2y’ +3y* —18 =z’ +z (Olympic-2009) 4)3y= 1+Z+1 (Olympic-2008)
22 +32° 18 =x"+x Y
S lJrx+1
z
Xx=y>+y*+y-2 XX +3x-4=y
5)dy=z+2"+2-2 6) Yy +y +3y—-4=z2
7=x+x"+x-2 24+ +3z2-4=x

x3+3x—3+ln(X2—x+1):y
Bai7: {y’ +3y—3+In(y* —y+1)=z

7 +3Z—3+1n(z2 —z+1)=x

Bién soan: Thay Ho Binh Sinh, Té Todn, truong THPT Hing Vieong 11
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Giai:Ta gia st (x,y,2) 1a n, cia hé. Xéthamsé f(t)=t> +3t -3+ In(t> —t+1)
2t —

1
Wit —t+1

Ta gia sir: x=Max {x,y,z} thi y=f(x)> f(y)=z=>z={(y)> f(z) =X

taco: f'(t)= 32 +3+ > 0 nén f(t) 1a ham dong bién

Vay ta c6 x=y=z. Vi phuong trinh X° +2x—3+In(x* — x +1)=0 c6 nghiém duy nhat
x=1 nén h¢ da cho c6 nghiém la x=y=z=1

Vx* =2x+61log;(6—y) = x
Bai 8: Giai hé: {\y> —2y+6log;(6—2)=y (HSG QG Bing A nim 2006)

N —2z+6log;(6—-x)=1z

X

log;(6-y)=
3 V¥ ~2x+6 £(y) = g(x)

logs(6—2) =——2—— <1 f(2) = g(y)
V=246 (=g

)
EN
I
>
0

10g3(6—x)=;
\/Z2—22+6
Trong d6 f (t) = loga(6—1) ; g(t) =———— V6 t & (—0;6)
t2-2t+6
6—

Ta c6 f(t) 12 ham nghich bién, g'(t) = >0 Vte(—0;6)=g(t) 1a ham db

\/(tz —2t+6)3

Nén ta c6 néu (x,y,z) 12 nghiém ctia hé thi x=y=z thay vao hé ta co:

X
logs(6—X) =
\/x2 —2X+6

Vay nghiém cua hé da cho la x=y=z=3.

phuong trinh ndy ¢6 nghiém duy nhat x=3

rMmaiceeF— v I 1 . C.O0rml

Nguroi bién sogn: H6 Binh Sinh
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Gui dang 0 www.mathvn.com
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