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Chuong 1

Cac bai toan Pai so va Luong giac

1.1 Cac dang thic Pai s6 thuan tuy

1.

Ching minh rang

(> + 0+ A+ &) (2? +y* + 22+ 1) = (ax — by — cz — dt)* + (bx +
ay — dz + ct)* + (cx + dy + az — dt)* + (dx — cy + bz + at)?

Chitng minh rang tir cdc dang thitc ax —by —cz—dt = 0, bx+ay—dz+ct = 0,
cx +dy +az —dt =0, vadr — cy + bz + at = 0 ta suy ra rang hoac
a=b=c=d=0hoaicz=y=2=t=0.

. Chiing minh rang ta ¢ déng nhat sau

(a®+0*+*) (2 +y° +22) —(ar+by+cz)? = (br—ay)*+(cy—bz)*+(az—cx)?

. Ching minh ring cdc dong nhét ndi trong cac bai toan trudc c6 thé md rong

nhu sau
(af+ a3+ -+ a2)(b] + b5+ +b2) — (a1by + azby + -+ - + ayby,)* =

= (albg — (12b1)2 + (albg — a3b1)2 + -+ (an—lbn — anbn_1)2

. Gia st rang n(a? + a3+ - +a?) = (a; + az + -+ + a,)* . Ching minh

n
rang a; =— Qg = + -+ = Ay,

Chiing minh rang tir dang thic (x —y)> + (y —2)° + (z —2)> = (y + 2 —
20) 4+ (z+x—2y)?*+(x+y—22)°tasuyraring v =y = 2

. Chiing minh cdc dong nhét thitc sau

(a® — b*)* + (2ab)* = (a + b)?

(6a*—4ab+4b*)* = (3a*+5ab—5b%)+ (4a® —4ab+6b%)*+(5a* —5ab—3b*)?
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8. Chiing minh rang
(P* = @*)* + (2pg + ¢*)" + (2pg + p*)" = 200" +pg + ¢*)°

9. Ching minh ring X? + XV +Y? = Z3néu X = ¢* + 3pg®> — p3, ¥V =
—3pg(p+q).va Z =p* +pqg+¢°

10. Ching minh ring
(3a + 3b)* + (2a + 4b)* + a* + b = (3a + 4b)* + (a + 3b)* + (2a + b)*
véi k = 1,2,3.

11. Chiing minh rang néu x +y + 2z = 0 thi
(ix —ky)" + (iy — k2)" + (iz — kx)" = (iy — kx)" + (iz — ky)" + (ix — k2)"
khin = 0, 1,2, 4 trong d6 i 1a don vi 4o, ie... i = —1.

12. Chimg minh rang 2" + (z +3)" + (z + 5)" + ( + 6)" + (x + 9)" + (= +
10"+ (x+12)"+ (z+15)" = (x+1)"+ (z+2)"+ (x+4)"+ (z+7)" +
(x+8)"+ (z+11)"+ (x +13)" + (x + 14)" khiman =0,1,2,3

13. Chtng minh cédc dong nhat thac sau day

L(a+b+c+d?+(atb—c—d)P+(a+c—b—d)P?+(a+d—b—c)* =
A(a®+ 0+ + &)

ii. (a* = 0* + ¢ — d*)? +2(ab — bc + dc + ad)? = (a®* + b* + 2 + d*)? —
2(ab — ad + be + dc)?

iii.(a®—c*+2bd)*+(d*—b*+2ac)? = (a*—b*+c*—d?)?+2(ab—be+de+ad)?
14. Ching minh dong nhat thiic sau day

(a+b+c) +(at+b—c)* +(a—btc) ' +(—a+b+c)* = 4(a’ +b*+c*)+24(a*V* +b* +c2a?)

15. Cho s = a + b+ ¢ = 2p . Chitng minh rang

Z s(s —2b)(s — 2¢) = (s — 2a)(s — 2b)(s — 2¢) + 8abc

sym

> alp—a)’ = abe—2(p—a)(p = b)(p — ¢)

sym

16. Cho s =a+ b+ cva 20 = a® + b* + ¢* . Ching minh rang

D (0% = a?) (8 =) = 4s(s — a)(s — b)(s — c)

sym
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17. Chiing minh rang néu a + b + ¢ = 0 thi a® + b® + ¢* = 3abc
Bai giai. Hay chd y ring ta c¢6 dang thic

a® + b+ ¢ — 3abc = (a + b+ c)(a® + b* + ¢ — ab — be — ca)

18. Cho céc s6 a, b, c . Pon gian biéu thic sau day

(a+b+c)3—2(a+b—0)3

sym

19. Chitng minh ring
(a—0P+(b—c)P+(c—a)*> =3(a—b)b—c)(c—a)
[(a—b)2+(b—c)?+(c—a)?=2[(a—b*+b—c)+(c—a)
20. Choa + b+ ¢ =0, chiing minh ring ta c6 cic dang thic sau day

o 2(a* + b + ) = (a® +1* + 2)?

ab+b5+cd a?+b%+c?
5 2

ad4+03+c® | a?4b24c? _ aS4b0+cd
3 2 - 5

° a’+b7+c7 _ a?+4b24c? | a®+b2+cd
7 - 2 5

a™+b"+c” _ a34b3+c3 | at4btict
7 o 3 4

° = abc -

21. Cho 2n $6 a1, as, ..., a, va by, by, ..., b, va gid st ring s, = a;b; + asbs +

<o+ apby, V6i k= 1,2, ..., n. Chiing minh rang

n

Zakbk = Z(ak - ak+1>5k
k=1

k=1
theo modulo n (Khai trién Abel ).

22. Gia strrang a; + az + - - - + a, = §s . Chiing minh rang

n n

Z(s —ay)? = Z a;

k=1 k=1

23. Cho da thifc hai bién dang Az? + 2Bxy + Cy? . Ching minh ring qua phép
déi bién z = au + fv va y = yu + dv da thic trén c6 thé viét lai & dang
Mu? +2Nuv + Pv? v6i N> — M P = (B?> — AC)(ad — 37)? . Hiy m& rong

bai todn cho cdc dang bac hai nhiéu chiéu.
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24. Cho 2n s6 a1, as,...,a, va by, by, ..., b, thoa man a; +b; = 1 va

ay+as+---+ay

n
b_b1+52+"'+bn
B n
Chidng minh rang
Zakbk:nab—(al—a)Q—(ag—a)Z—--‘—(an—a)2
k=1
25. Ching minh ring
] 1+1 1+ n 1 1 L 1 n +1
2 3 4 2n—1 2n n+1 n+2 2n
26. Ching minh ring
1 1 1 1 1
1 1— 1 (1 1— -
(+x—1>( 2x—1>( +3a:—1) (+(2n—1)1’—1)( 2n$—1)
(n+ 1)z (n+2)x (n+n)x

m+Dz—1 n+2)z—-1 (n+n)z—1

27. Ching minh ring
2I3 _ yS

x3+ 3

— 2y3

3 _
= (z PR

)+ (y )’

28. Ching minh dong nhat thic sau day

2 + 4 N 6 N L 20
2 —1 2 —4 2 -9 2 — 100

1 1
= 11(($—1)(x+10) I CE T (x—lO)(x+1))

29. Chitng minh rang tir dang thiic

ta suy ra ding thic




Ha Duy Hung Cac bai todn dai 56 trong cac cudc thi Olympic Todn. 6

30. Gia sur rang
a—b b—rc c—a

Z_
a+b T bhte c+a

Ching minh rang

(I+2)1+y)(1+2)=1-2)(1 -y -2)

31. Ching minh rang tir dang thiic
(a+b+c+da—b—c+d)=(a—b+c—d)(a+b—c—d)

suy ra dang thiic
b

a
C

32. Gia sirrang ax + by + cz = 0 . Chiing minh ring

ax? + by? + c2? 1

be(y — 2)2 +ca(z —x)2 +ab(zx —y)2  a+b+c

33. Chitng minh tinh diing din cta dang thiic sau day

PP = @) - ) =) | =P =P )
a2b2 a2(a2 — b?) 2202 — a?)
=22+ 4+ 22 —a? -0
34. Gia sir rang
k . bk ., o
(a—b(a—c) (b—-c)(b—a) (c—a)(c—Db)

Sk =

abcvs(] 51 =10;5 =

Ching minh ring S_y = - (X + 1 + £); S_ 1:
=a®+ b0+ +a’b+ ab® +

a+b+c; Sy =ab+bc+ca+a? +bQ+c : S5
b*c + bc® + 2a + ca®

35. Gia sir rang
k

=2 T ha— @

cyclic

Ching minh ring Sy = S, =S, =0;S3=1;S,=a+b+c+d

36. Gia sir rang
k (a+b)(a+c)
Sk = Z (a—b)(a—c)

cyclic

Hﬁy Xac dlnh So, Sl, SQ, 83, S4 .
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37. Chiing minh rang ta ¢6 dong nhat thic sau day

c—o)e—ylc=2 .
> ab (c—a)(c—b) = abe —y

cyclic

38. Ching minh ring
a’b*c?

Z (a—d)(b—d)(c—d)

cyclic

= abc + bed + cda + dab

39. Hay lam don gidn biéu thic sau day
k

Z (a —b)(a—c)(x—a)

cyclic

voik=1,2.
40. Chting minh dong nhat thitc sau day

a—c)a—d)(a—z) (z—a)(z—0b)(z—c)(z—d)

b+c+d r—a—b—c—d
Z( —b)(

cyclic

41. Ching minh ring
W) —
Zak(if )(z —¢) — Lk
cyclic (CL o b)(a o C)
Véi k =0,1,2
42. Ching minh ring néu a + b + ¢ = 0 thi

(a—b+b—c+c—a)( c N a b
c a b a—b b—c c—a

43. Hay chiing minh ring

a—b b—c¢c c¢c—a a—-b b—c c—a
- - - : :
a+b b+c c+a a+b b+c cHa

44. Chdng minh rang

b—c 1
D [T Rk D

cyclic sym

45. Cho
b? + c? —a?
Ly
2bc
sym
Ching minh ring hai trong ba phan thic bing 1 va phan thic con lai bang
—1
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46. Chiing minh rang tir dang thifc
1 1 1 1

+ .
b ¢ a+b+c
Chitng minh ring v6i moi s6 nguyén duong 1é n ta cé dang thic

1 1 1 1

a”+b”+cn_a"+bn—l—c”

47. Chitng minh rang tir dang thiic

bz + cy B cx +az B ay + bx
z(—ax +by+cz)  ylax —by+cz)  z(ax + by — c2)
suy ra
x B Y B z
a(B® +c2 —a?) b2 +a?—b2)  c(a®+ b2 — c2)
48. Cho vy oz
at+b+c=x+y+z=—+=+-=0
a b ¢

Chidng minh rang
wa® + by? +cz* =0

49. Cho a*+b*+¢* = (b+c)(c+a)(a+b) va (B*+c*—a?)x = (P +a* by =

(a* + V* — ¢?)z . Chiing minh ring
P4y’ 2 = (Y)Y +2) (2 + )

50. Cho

Chidng minh rang

51. Chiing minh ring téng ba phan so

b—c c¢c—a a-—2»b
1+bc’14+ca’ 1+ ab

béng tich cua ching .

52. Chitng minh rang dang thitc sau day

p(@—=0b)(z —c)(x—d) X
Z (a—b)(a—c)la—d)

cyclic

véik=0,1,2,3.
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53. [HongKong TST 2004] Bat x = /4 + /2 + 1. Hay xéc dinh gid tri ctia biéu
thac .
1 3
(1+ x)

54. Ching minh cdac dong nhat thic sau day

e (a+b+c)(bc+ ca+ ab) =abc+ (b+c)(c+a)(a+b)

o (a> —1)(* = 1)(c2 = 1)+ (a+ bc)(b+ ca)(c+ ab) = (abc + 1)(a® +
b+ + 2abc — 1)
(btc—aP+(ct+a—b)>+(a+b—c)®—4(a®+ b+ & — 3abe) =
3b+c—a)(c+a—Db)(a+b—c)

P eyetic @' (07 = ) = (XCoyaiic 0 (b— €)@+ b) (b + ¢)(c + a)

a® +b° — (a+ b)® = —bab(a* + ab + b?)

(a+0b)7"—a” —b" = Tab(a + b)(a® + ab + b*)?

55. Ching minh rang néu zy + yz + zx = 0 thi

H(x +y)? + 24x%y?2? = Z t(y + 2)?

sym sym

56. Ching minh réing tr dang thic zy + yz + 2z = 1 ta nhan dugc dang thiic

r dxyz
2T T = -0

sym

57. Pt
—a\+b—|—a 2|+]b—a|+b+a+2
|ab| ab c |ab ab c

b
flab) = |
Chidng minh rang

111
b,c) = dmaz{~, -, -
fla.b.) = maz{~. .~}

58. Ching minh ring néu

a b c

=1
b+c+c+a+a+b

thi ta c6 dang thiic
a? b? c?

b+c+c+a+a+b:

59. Hay tim cdc gid tri c6 thé nhan cla biéu thiic
z+y y+=z Z+t+t+a:
z4+t t+x zx+y y+=z

néu biét rang
T B Y - z B t
y+z+t z4+t4+z t+ax+y c+y+z
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60.

61.

62.

63.

64.

65.

66.

67.

68.

Chting minh ring tir déng thiic x + y = z + ¢ ta suy ra dang thic

Py + 2+ =4y + (r—2) + (r—t)

Cho ab + bc + ca = 1, chting minh ring ta cé dang thiic
(1+a®)1+*)(1+) =[(a+b)(b+c)(c+a)

Cho ba s6 a,b,c thod man b # ¢, a+ b # ¢ va ¢ + 2(ab — bc — ca) = 0.

Chiing minh ring ta cé dang thic sau day

a+(a—c)? a-—c

4+ (b—-c? b-c

Ching minh ring néu

thi ta c6 dang thiic

a b c

G—cf  (c—aP (a—bZ

0

Cho cac s6 thuc z, y, z thoa man

xy+yz+ze=0,a=\y>+yz+ 2>
b=V22+ 20+ 122 c= TR T

Chiing minh ring ta cé dang thitc

(a+b—c)b+c—a)(c+a—b)=0

Cho b6n s6 thuc a, b, ¢, d thoa min dang thic ac+bd = (b+d +a —c)(b+
d — a + ¢) . Chiing minh rang

(ab+ cd)(ad + be) = (ac + bd)(a* — ac + )
Cho cdc s6 thuc a, b, ¢ thod man a® + b + 2 = a® + b3 + 3 = 1. Chiing

minhring a + 0>+ = 1.

Cho bon s6 duong a, b, ¢, d thod man a + b* = ¢+ d?, a* + b = ¢* + d. Chiing
minh rang néu a + b+ ¢+ d < 2 thi {a, b} = {z,y}

Gia st rang a, b, ¢, d 1a bon so thuc thod min dang thic a +b +c +d =
a” +b" + ¢" + d” = 0. Chiing minh ring

(a+b)(a+c)a+d)=0
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69.

70.

71.

72.

73.

74.

75.

Chiing minh dong nhat thdc sau day

pla—2)a—y)  ay
Z (a—0b)(a—c) abc

cyclic

Chiing minh cdc dong nhat thic sau day

i chclicx<y+z)2 —4$yZ: (ilf—i—y)(y—l—Z)(Z—l-.’L‘)
e ltz+2?+3+ 2t +25=(1+2)(1+2+23)(1 -2+ 2?)
o (ab+bc+ca)(a+b+c)—abc=(a+b)(b+c)(c+a)

o (I+z+a?+x3+at+25)? -2 =(1+a+22+23+2Y) (1+2+
2?2 + 23 + 2t + 25 + )

Chitng minh ring tir déng thic

a+b(14+a)+c(14+a)(14+b)+- - -+1(14+a)(14D) - - - (1+k) = (14a)(1+b) - - - (1+1)—1
tasuyraringa=b=c=---=1.

Cho a + b+ ¢ = 0, chitng minh ring ta c¢6 dang thiic sau day

b—c c¢c—a a-—2b a b c
(a + b + c )(b—c+c—a+a—b>_9

Chitng minh dang thic sau day
a2k+1 B b2k~+1

———— = (a4 D)@+ )"+ 2 )
a —
[HongKong TST 1990] Gia su rang a, b, ¢, d 1a bon s6 thuc thoa man hé

a+4b+9c+16d =1
4a 4 9b + 16¢ + 25d = 12
9a + 16b + 25¢ + 36d = 123

Hiy xac dinh gi4 tri cua biéu thic 16a + 250 + 36¢ + 49d.

[HongKong TST 1993]Cho cac s6 duong a, b, ¢ thoa man

p— b j—
b ¢ a
Hay xac dinh gia tri cua
a+b+c

at+b—rc
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76. Cho céc s6 thuc duong a, b, ¢, d satisfying the conditions

at N vt 1
b d b+d
a>+ct=1
Ching minh rang
2004 2004 9

1002 + (11002 - (b—|— d)1002

77. Chiing minh rang néu zyz = 1 thi ta ¢6

1 1 1
+ +
l4+z+2y 1+y+yz 14242z

78. Ching minh rang

2++/3 N 2—3 3
V2+V24+V3 V2—-V2-3

79. Ching minh tinh ding din cua cdc hé thic sau day

¢

Cc

80. Gia sur rang ta c6

SR

B
b

S

Chidng minh rang

VAa+VBb+VCc+VDd=/(a+b+c+d)(A+B+C+ D)

81. Ching minh réng néu az® = by® = cz* va 1 + %} + < =1 thi ta c6 h¢ thic

Va2 + by? + 22 = Ya+ Vb + e

82. Cho bon s6 thuc a, b, ¢, d thoa man céac diéu kién abed = 1 va

1 1 1 1
atbt+ct+d=—+-+-+-
a b ¢ d

Chiing minh ring c6 thé chia bon s6 d6 ra thanh hai cip, méi cip hai s6 ma
tich ctia ching béng 1.

83. Chitng minh c4c déng thic sau day
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(a) \/ —\/10—2f—\/4+\/10—2¢5:1—\/5
() \/2+V3+1/14—5V3=3V2
(©) i\)’/ESJF\/?;JF i\)’/6—\/%7:3

84. Ruiit gon céc biéu thiic dudi day

(a) \/4—\/E+\/5+\/ﬁ+M+\/€

SR (EENC (N

©) \/5+m+\/5+\/17—72f7+\/5—\/17+2\/?—\/5+\/17—2ﬁ
(d) Z{/QJF\/EqLQ\/an %/2+x/5—2\/m

85. Cho céc s6 thuc a, b, ¢ thod min dang thitc

a b o c
2002 2003 2004

Chiing minh réng 4(a — b)(b — ¢) = (c — a)?.

86. Cho cic so x,y khac khong thod man 22 + zy + y? = 0. Hay xdc dinh gia

tri ctia bi€u thuc
N y |2
() (%)
T+y T+y

87. Cho n 1a mot s6 nguyén duong va 2n + 1 s6 dugc 14y tir tap hop {2,5,9}
thoa méan néu ta viét ching & dang day ay, as, . .., as,; thi hai s6 lién ti€p
bat ki déu khdc nhau va ag, ;1 = a;. Chiing minh rang

10y — Qa3 + -+ + A2p—102y, — A2p02p41 = 0

88. Cho céc s6 a, b, ¢ € R thod man déng thiic

1 1 1

=0
bc—a2+ca—62+ab—02

Ching minh rang

a b c

(bc — a?)? * (ca — b?)? * (ab— c?)? =0
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89.

90.

91.

92.

93.

Cho n 1a mot s6 nguyén duong va n s6 thuc xy, ..., z,. V6i moi k nguyén
duong dat Sy, = 2z} + -+ + z*. Chting minh ring néu S, = S3 = S, thi
S = S1 v6i moi k.

Cho hai s6 thuc z, y thoa man

(Va2 +3+2)(Vy? +3+y) =1

Ching minh ring = +y = 0.

Cho céc s6 thuc z,y, 2z thod man zyz(z + y + z) = 1. Chiing minh rang
1 1
(z4+y)(y+2)(z+2)= E+;+(x—|—z):1:z

(Proposed by Ha Duy Hung) Cho sau s6 thuc a, b, ¢, d, e, f thoa man hé
phuong trinh

ld+e—a—b=v3-(|b—a|+]|e—d|

et f—b—cl = V3 (le—bl+ e — f])

f+a—c—d=V3 (lc—d|l+|f—al)
Chimg minh rdng a + c+e=0b+d + f.

2k o 2kr
n+ n+1

Cho n 1a mot s6 nguyén duong chan. Ki hiéu w = cos

la mot can bac n 4 1 cta 1 khac véi 1. Ki hiéu

( 2km >n
ar = | cos
n—+1

1+ aw+ asw® + -+ a,w™ # 0

Chidng minh rang
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1.2 Cac dang thic Luong giac

1. Ching minh cac dong nhat thiic sau

e cosa+ cosb = 2cos(“L) - cos(%52)
e cosa — cosb = —2sin(%?) - sin(%52)
e sina + sinb = 2sin( % : Y. ¢ (T)
e sina —sinb = 2 cos(%2) - sin(%2)
o tana + tanh = S0

e cosa-cosb= f[cos(a+b) + cos(a — b)]
e sina-cosb = 3[sin(a + b) + sin(a — b)]
e cos(a+b)-cos(a—b) = cos’a —sin?b
o (cosa+ cosb)? + (sina + sinb)? = 4 cos? %5
e (cosa—cosb)? + (sina — sinb)? = 4sin* 42
e cos(a+b) =cosa-cosb—sina-sinb

e cos(a —b) =cosa-cosb+sina-sinb

e sin(a +b) =sina - cosb + cosa - sinb

e sin(a —b) =sina-cosb —cosa-sinb

® sin2a = 2sina - cosa

e cos2a = cos?a —sina =2cos2a—1=1-—2sin’a
e cos’a+sin®a =1

2tana

* tan2a = 1—tan?a

e sin3a = 3sina — 4sin®a

e cos3a=4cos?a—3cosa

tan3
e tan3a = 3tana—tan® a

1-3tg2a
in(a—b
e tana — tanb = Sn@=Y
cos a-cos b
i b
e cota + coth = Snatb)
sin a-sin b
in(b—
e cota — cotbh = Snl=a)
sin a-sin b

2. Cho tan § = 4 tan g chiing minh ring ta ¢ ding thic

a—> B 3sinbd

tan =
2 5 —3cosb

3. Choacosz +bcosy = acos(x + z) + beos(y + z) = 0 v6i z # km. Ching
minh ring véi moi s6 thuc ¢ € R ta ¢6 déang thiic

acos(z+t)+bceos(y +1t) =0
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4. Chiing minh ring ta ¢é cic dang thifc sau day

4 , __ cosda—4cos2a+3

e tan”a = cos 4a+4 cos 2a+3
1 4, _ sin?2a+4sin?a—4
® 3 cot™a = 1-8sinZ a—cos 4a

e cota —tana — 2tan2a — 4tan4a = 8 cot 8a
o costq — sin® g — (3Heos?2a)cos2a i“) cos 2a
e 2(sin®a + cos®a) — 3(sin*a + cos*a) + 1 =0

o _ltsin2a _ 1-tan®$
sina+cosa 1+tan? §
v/ 14cosa++/1—cosa a T
. pr— —_— —_—
v/14cosa—+/1—cosa COt(? + 4)

5. Cho sin(a + 2b) = 2sina . Chitng minh rang tan(a + b) = 3tanb

6. Cho

sin(z — ) _a

sin(z —f) b

cos(z —a)

cos(z —3) by

v6i ab; + a1b # 0 . Ching minh ring

aaq + bby
cos(av — 3) = b b

7. Cho ham f(x) = asinz + bcosx thod man diéu kién c6 hai s6 thuc xq, zo
sao cho xy —xg # k-7 (k € Z) ma f(x;1) = f(x3) = 0 . Chilng minh réng
f(z) dong nhat bang khong .

8. Giastrring a = cos(z—a), b = sin(x—3). Chiing minh ring a>—2ab sin(a—
B) + 8 = cos*(a — )

9. Choz = 2y, va x+y+2z = 7. Chitng minh ring (sin y+sin z)-siny = sin®
10. Cho 0 <, < 5 va
{3sin2a+28in26 =1
3sin2a — 2sin23 =0
Chiing minh ring o + 26 = Z

11. Cho
r2—1 _1—|—2rcosv+r2
1+2rcosu+r12 r2 —1

Chitng minh ring ta c6 cic dang thic sau day

r?—1 T+ cosu sin u 1+ rcosu

14 2rcosu +r? T — COSV sin v 1+ rcosv
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U v r—+1
tan — -tan — = =+
an2 an2 —

12. Cho cosx = tany, cosy = tan z, cos z = tan z. Chiing minh ring

V5 —1
2

sinx =siny =sinz =

13. Cho
sin x sin 3z sin bx

ay a3 as

Ching minh rang
ai + as as — ai

as ay

14. Cho
cosT  CoS 2x cos 3x

ai Qg as
Chidng minh rang
o T 2a9 — a1 — as

sin § = 4@2

15. Cho
sin 3 _m
sin(2a+ ) n
Ching minh rang
1‘*‘:2?1% 1 — tanatan 3
m-+n m-—n

16. Cho 0 < a, 8 < 5 va o # (3 va gid sir ring

cosx —cosa  sin®acos 3

cosx —cos 3 sin®fBcosa
Chitng minh rang

2 0

9 T 9 QU
tan? = = tan® — - tan® =
2 2 2

17. Chtng minh dong nhat thitc sau day
sin(a — ¢)sin(a —d)  sin(b — ¢)sin(b — d)
sin(a — b) sin(b — a)

3 tana wznma

eyclic Hcyclzc cosa

Zsina—sin(a+b+c):4 H Sina+

cyclic cyclic

Zcosa—cos(a+b+c):4 H cos

cyclic cyclic

sinfa+b—c—d)=

a+b
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18. Gia st rang

sinfa cos'f 1
a b a+b
Chidng minh rang
sinfa cos®3 1
PR R PR AR

19. Cho céc s6 thuc a, b, ¢ , ching minh ring

sin(a — b)
> et
cosa - cosb

cyclic
Z sina —0
ot sin(a — b) sin(a — ¢)
Z cos a —0
o sin(a — b)sin(a —c)
Z sinasin(b —c¢)cos(b+c—a) =0
cyclic
Z cosasin(b—¢)sin(b+c—a) =0
cyclic

1 1
Z sin(a —b)(a—c) 2 [ 1eyesic COS ab

cyclic 2
20. Cho a + b+ ¢ = 7, ching minh ring

Z sin 3asin®(b — ¢) = 0

cyclic
Z sin 3a cos®(b — ¢) = 0
cyclic
Z sin®acos(b—c) =0
cyclic
Z sin® asin(b—c¢) =0
cyclic
Z sina = 4 H cos
cyclic cyclic 2
Z cosa=1+14 H sin o
cyclic cyclic 2

Z tana = H tana

cyclic cyclic
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b
tan —tan—- =1
. 2
cyclic
E sin2a = 4 H sin a
cyclic cyclic
E cos’a =2 H cosa+ 1

cyclic cyclic

21. Gia strrang aj cos ay + ag cos ag + -+ - + a,, cos oy, = 0 va ay cos(ag + 0) +
ascos(az +0) + -+ 4+ a,cos(a, +0) =0v6i 0 # k-n(k € Z) . Ching
minh rdng v6i moi A € R ta ¢6 dang thic

aj cos(ay + A) + agcos(ag + A) + - - - + a, cos(a, +A) =0
22. Gia sir rang

a B b B c
tan(a + ) tan(a+y) tan(a+ 2)

Chidng minh rang

b
Z a+bsin2(w—y):0

cyclic
23. Giastrrang taco (a+0b)sin(z—a) = (a—b)sin(z+a) vaatgs = c+btan §
. Chiing minh rang
2bc
24. Ching minh ring
tan 3a = tan a - tan(60° — ) - tan(60° + )

cot 3a = cot a - cot(60° — a) - cot(60° + )
tan® a + tan?(60° — a) + tan?(60° + a) = 9tan® 3a + 6

25. Ching minh rang

NG

in18° =
sin 1
tg15° =2 — /3
— /2
sin 15Y = u
4
— 2
cos 150 = %

1
cos 18° = Z\/10 1+ 22
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_ V30 — 6v5 — V6 +2V5

. 60
Sin 3
ot — V18 6v5 V10 -2V5
B 8

26. [HongKong TST 2004] Ching minh ring
3
(cos 42° + c0s102° + cos 114° + cos 1740)2: —

27. Ching minh ring

tan 3%-tan 17%-tan 23%-tan 37°-tan 43°-tan 57°-tan 63°-tan 77°-tan 83° = tan 27°

T 2 3 47 5% o6 T 1
COS — - COS — * COS — - COS — - COS — * COS — - COS — =

15 15 15 15 15 15 15 128

28. Gia strang —1 < z < 1. Chitng minh rang

6
Z 1—1'2 7 1—|—.CE7
k:01—2xcos%7”+x2 1—a7

Tu d6 suy ra rang

1
+ =38
2T 2 21 2 3w
sin® T sin® 2 sin® 2F

29. Ching minh rang

tan? 5% + tan® 10° + - - - 4+ tan? 80° 4 tan?85% = 195

30. [The Democratic Republic of Germany 3] Chitng minh ring

tan 730" = V6 + V2 — V3 — 2

31. Ching minh ring

tan® 1% + tan?2° + - - - + tan? 89° = 4005

32. Ching minh ring

tan®20° — 33 tan* 20° + 27 tan 20° = 3

33. Chung minh ring

3 5 3 5
cos? ﬁ + cos® i + cos? 1—1 = 12 cos® 17T—4 - cos® 1—1 - cos® 1—1
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34. Ching minh rang

LN o S L | 7r+\ﬁ,7r
€OS — + €O0S —— + C0S —— = — coS — + — sin —
35 35 35 2 ) 2 )
35. Cac s6 nguyén aq, as, ..., a, nhan cic gia tri 1a +1 hoac —1. Chitng minh

rang

251n(a1+a12a2+a122a3 4. ,_i_%)éwo = al\/Q + a2\/2 4+ 4 Cln\/§

36. Cho tan(a + b) = 3 tan a. Ching minh rang sin(2a + 2b) + sin 2a = 2sin 2b

37. Ching minh ring
1 1 4

052000 | Bsm2500 /3
tan 9° — tan 63° 4 tan 81° — tan 27 = 4
V3
8

T 27
— 44 — =11
tan 11 + 4 tan 11

tan® 20° + tan® 40° + tan® 80° = 33273
tan® 10° + tan® 50° + tan® 70° = 433

4c0836° + cot 7°30' = V1I+ V2 + V3 + VA + V5 + V6

T 97 97 177 177 T 3
COS—-CO0S— +COS— +COS —— + COS ——  COS — = ——
12 12 12 12 12 12 4

cos 10° cos 50° cos 70" =

38. [Mathematical Excalibur 1995] Chiing minh rang

1995

tan 1996
Y tanntan(n + 1) = " — 1996
— tan1

39. Ching minh ring

& 9o 2k-m n 1
Zcos =———
— 2n+1 2 4

40. Gia st ring € = cos 2X + i sin 27 véi n 1a s6 nguyén duong va dat
n n .

Ak =ap + alEk + a2€2k + -4 an_lg(”_l)k

v6i k=0,1,2,...,n — 1. Chiing minh ring

n—1

Z |Agl> =n{ad +af +---+a>_ |}
k=0
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41. Ching minh déng nhat thitc sau day

cos g =1- (Z) tan® ¢ + (Z) tan*p — -+ A

cos™ ¢

& day A = (—1)% tan” ¢ v6i n chdn va bing (—1)"2" (")) tan"" 1o

42. Ching minh rdng

e (1) tam 6 — (3) tan® 6+ (g)tg5¢ A

Gday A = (—1)"z (,",)tg" ¢ v6i n chdn va bang (=1)"z tan” ¢ néu n
1é.

43. Gia sttrang 0 < a < 7 va 0 < 3 < 7 thoa mén tinh chat

3
cos a + cos 3 — cos(a+ ) = 3

Chidng minh rang

44, Giastring 0 < o < 7w va 0 < 3 < 7 thod man tinh chat

1
cos - cos 3 - cos(a + (3) = -3

Chidng minh rang

45. Gia s ring ta c6 cac hé thitc cos 6 + cos p = a;sin f +sin ¢ = b. Hay chiing
minh ring ta c¢6 cdc hé thic sau day

a’ —b?

cos(0 + ¢) = 2
. 2ab

sm(9 + QO) = m

46. Cho « va (3 1a hai nghiém s6 phan biét cia phuong trinh a cos z +bsinz = ¢
. Chiing minh rang
,a—f3 c?

COSs 5 = P T b2

47. Gia strrang cos a = cos [ = cosy - cos f; sin o = 2sin  sin g . Chting minh
rang

i = tan® é tan? J
2 2 2

tan?
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48.

49.

50.

51.

52.

53.

54.

55.

Ching minh rang néu (z — a) cosf + ysinf = (x — a) cos b, + ysinh; = a

va tan § — tan % = 2/ thi ta c6 dang thic

y* = 2az — (1 —1*)2?

Chiing minh réing tir cdc dang thiic x cos + tsinf = z cos ¢ + ysiny = 2a
va 2sin g - sin £ = 1 ta suy ra ring

0+a 00—« 5 B
2

tg

Ching minh ring néu

cosx  cos(x+0) cos(x+20) cos(x+ 360)

a b N c d
thi ta c6 dang thiic
at+c b+d
b ¢

Gia st ring «a, 3 1a cdc géc nhon thod man ding thic sin® o + sin? 3 =
sin(a 4 ). Chiing minh rang o 4 3 = 7.

Gia sl ring ta ¢ cdc dang thitc sau day

9 cosa o cosy tanf tana
cos“ ) = ;cos” p = ; =
cos 3 cos( tany  tanvy
Chidng minh rang
a 8 5
tan? — - tan® = = tan® =
2 2 2

, C s . 0
Chiing minh rdang néu cosf) = cosacosf3 , cosyp = cosajcosf3, tang -

tan £ = tan 2 thi ta ¢6 ding thiic sau day

1 1
-1 (
COS & COS (/p

sin? 3 = ( —1)

Gia st rang z cos(a + B) + cos(a — B) = xcos(B + ) + cos(B — ) =
zcos(y + a) + cos(y — «) . Chiing minh rang

tan a tan 3 tan ~y

tanf(8+7)  tanf(a+7)  tang(a+p)
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56.

57.

38.

59.

60.

61.

62.

Chiang minh rdng néu

sin(f — ) -cosa  cos(a+0)-sinf 0
sin(p — () - cos 3 + cos(p — B) -sina

va
tanf - tana  cos(a — 3)
+ =0
tang-tan 3 = cos(a + ()
thi ] 1
tan = §(tanﬁ + cot a); tan p = §(tanﬁ — cot @)
Cho

n?sin’(a + () = sin? a + sin® 8 — 2sin asin B cos(a — 3)

Ching minh rang
+n

tana = tan 3

Fn
Chiing minh ring tir ddng thiic cos(f — a) = a;sin(f — a) = b ta suy ra

a® — 2absin(a — 3) + b* = cos*(a — f3)

Gia st ring ta c6 céc dang thic cos(a — 36) = mcos® § va sin(a — 30) =
msin® @ . Chiing minh ring

m? +mcosa =2

Chiing minh ring tir cdc dang thitc
sin 3 sin y . .
cosf) = —— cosp = ——,cos(f — @) =sin 3 - siny
sin a sin a

ta suy ra dang thifc
tan® a = tan® 8 + tan®y

[HongKong TST 2001] Gia st rang tan «, tan § 1a nghiém cta phuong trinh
2% + mz + /2 = 0. Chiing minh ring

sin?(a + ) + msin(a + B) cos(a + 3) + V2 cos* (o + 8) = V2

Chitng minh ring tir cic dang thiic
asin?@ + bcos’ = acos’ p + bsin®o =1 ; atanf = btanyp

ta suy ra ding thic
(a —b)(a+b—2ab) =0
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63. Ching minh cdc dong nhat thic sau day

n—1

" — 1= (2 — 1) H(a:2 - 2xcosl%r +1)
k=1
1= (1 — 1)£[1(m2 — 2z cos 1 +1)
1= (v +1) Ii[l(:zc2 — 2z cos 25127_T1 +1)
Pt 1 = ;ii(ﬁ — 21 cos M +1)

64. Ching minh ciac dong nhat thic sau day

.o 27 . (n=1)m /n
S11 % + S1n % -+ S1n 2n == 2n—1
27 A 2nm (—1)z2
Cos - COS -+ COS =
2n +1 2n + 1 2n + 1 AL
sin . sin 27 -+ -8in nr = \/—ﬁ
2n +1 2n +1 2n +1 AL
T 2T nmw 1
CoS - COS -+ COS = —
2n+1 2n +1 2n+1 27
s 27 (n—1m  /n
COS % + COS % +++ COS 27’L = 2n71
T 27 (n— 17
t — .t — ...t - =1
an o an o an ™

2
t T ta T .- tan nm =v2n+1

an - tan . =
2n+1 2n+1 2n+1
65. Chiing minh ring néu cos a+i sin o 1a nghiém ctia phuong trinh 2™ +p 2" 1+
coo4p, =0thi pysina+pysin2a+---+p,sinna =086d6 pr,pa,...,pPn
la céc so thuc .

66. Chitng minh cdc dang thiic sau day

2 4 1
i’/cos%eri/cos?W—l—{’/cosS?ﬂ: §/§(5—\3ﬁ)

. 2 4 . 8 51
i/cosg—ki/cosg—l—(/cos—?r: '/ =(3V/9 — 6)
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67. Gia sur rang

sin2nz - sin(2n — 1)z ---sin(2n — k + 1)z
sinx -sin2x - - -sin kx

U =

Chiing minh c4c déng thic sau day
1—uy+us—uz+---+ug, =2"(1—cosz)(l—cos3z) - (1—cos(2n—1)x)

L8in(2n + 2)z - sin(2n + 4)z - - - sindna
sin 2z - sin4x - - - sin 2nw

L—ul+uy—ug+--+uz, = (1)

68. Chiing minh déng thic sau day

8V/3

tan 30° + tan 40° 4 tan 50° + tan 60° = 3 cos 20°

69. Cho tan 11z = tan 34° va tan 192 = tan 21°. Hay xdc dinh tan 5x.
70. Chiing minh cdc dang thifc sau day

cos(arcsin x) \/_ 1 — 22

sin(arccos ) \/_ 1—2°

1
tan(arccotr) = —
x
1
cot(arctanx) = —
x
1
cos(arctan x) = 22
. oz
sin(arctanx) = a2
oz
cos(arccotz) = a2
. 1
sin(arccotr) = 2
71. Chitng minh cdc déng thiic sau day
4 arctan1 — arctan L _r
D 239 4

1 1
arctan 3 + arctan = + arctan 17 + arctan 18 = Z

1
cos(2 - arctan ?) = sin(4 - arctan 5)
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72. Ching minh cdc dong nhat thic sau day

73.

74.

75.

76.

7.

arctan x + arctan y = arctan i +e-m
Y
trongdoe=0nfuzy <1l,e=—1nfuxy>1vazx<0,vae=1néu
zy>1lvaxz >0.
i 2x
2 arctan x + arcsin 5 =T
x

Chiing minh ring vé6i 2 < 2z < 1 ta ¢6 dang thiic

8

1
arccos T + arccos(§ + 3 V3 = 322) = g

Chidng minh rdng

arcsinz + arcsiny = ¢ - arcsin(xy/1 — y? + yvV'1 — 22) + e

trong do
(=1,e=0néuzy < 0hoic 2>+ 3> <1
(=-l,e=—1néua®>+y*>1,2<0,y<0
(=-l,e=+1ntuz?+y*>1,2>0,y>0

Hay ching minh ciac dong nhat thitc sau

sin b = sin® @ — 10 sin® o cos® o + 5 sin o cos* o

cos b = cos® a — 10 cos® avsin® a + 5 cos asin? o

n _ . n _ .
cosna = cos” a — <2) cos" 2 asin?a + <4) cos" tasinta—---

. n _ . n _ . n _5 .
sinna = (1) cos" P asin a— (3> cos" 3 asin® a—|—<5) cos" P sin® a—- - -

Gia sur rang

1

z+ - =2cos«

thi ta c6 dang thitc

1

2" 4+ — = 2cosna

Z?’L

Hiy chitng minh cdc dang thic

sin @ -sin(p +n%)

P
Sln2

sin p-+sin(p+a)+sin(p+2a)+- - -+sin(p+na) =
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(n+1)
sin -cos(p +nz
cos p+-cos(p+a)+cos(p+2a)+- - -4-cos(p+na) = (o +n3)

sin &

2

i 1 —1
cos?a + cos? 20 + - - - + cos® na = sm(n + ,)&COS na_n
2 sin « 2

n+1 sin(n+ 1)acosna

sin? o 4 sin? 2a + - - - + sin? na =

2 2sino
n n n n_ nQ n+2
cos o+ cos 2o+ cos 3a+- - -+ cos na+cos(n+1)a = 2" cos™ — cos e}
1 2 n—1 2 2
. ny . ny . n _ ) n a0 . m+2
sin a+ sin 2a+ sin 3o+ - -+ sin na+sin(n+1)a = 2" cos™ — sin o
1 2 n—1 2 2
2 + 4 N I 2nm 1
o c o -+ co =—=
"1 a1 Pt “mt1 2
T 27 3 n(2n —1)
t2 _ t2 — t2 e t2 =
1 T T T T 3
2 T 5 2w P 5 NT n(2n —1)
cosec cosec -+ + cosec =
2n+1 2n +1 2n +1 3

78. [ IMO 1966 The fourth Problem ]! Chiing minh ring véi moi s6 nguyén
duong n vi moi so thuc « thoa man sin 2"« # 0 ta ¢6 dang thiic

n

1
= cota — cot 2"«
kz_; sin 2k o

79. Cho f(z) = (1 + 2'727)~'. Hay xdc dinh gid tri clia biéu thic

50

km
> f(sin® r'o)

80. Chiing minh rang néu

ag + Z(ak cos x + by sinx): 0
k=1

v6imoixz € Rthiap=a1 =0 =a,=0y=---=a, =0, =0.

81. Chiing minh rang v6i moi x € R ta c6

cos" ¥ = gt - [cosnz + (,) cos(n — 2)a %(%)} néun chan
B 2,%1 [COSTLZE+( )Cos(n—Zm—I— (n7 )COSZL‘} néunlé

!International Mathematical Olympiad 1966
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82. Hay rit gon cdc tong sau day
D> 3 tsin® &
2) Yo py arctans =4
3) > i ksinag & day {ax};{25 1a mot cdp s6 cong
4) S besinag 6 day {ag}{2 va {bk}2S 1a cde cdp s6 cong
5) Y n_ brcosay 6 day {a,};25 va {bx}{2] 1a cdce cép sO cong
6) > i, bisina, O day {ax};25 1a cép s6 nhan va {b;}/ > 1a cdp s6 cong

7> e, brcosay & day {ax}25 1a cdp s6 nhan va {b;,}/ 1a cdp s6 cong

n 1 [N 400 18 AKn A A
8) E k=1 m (6) day {ak}kzl Ia cap SO cong
n 1 2 3a F00 18 A A A
9) 5 k=1 m (6) day {ak}kzl l1a cap SO cong

10) Y-, 2" M tan? & tan 5%

1D >, 28 tan

x
2k—1

83. Chiing minh rang

V5 —1
1024

sin 2° sin 18 sin 38° sin 42° sin 58° sin 62 sin 78° sin 82° =

84. Chiing minh ring
(sinx + sin 2z + sin 4:17)5— (— sin x + sin 2x + sin 4$)5—
— (sinx — sin 2z + sin 4x)5— (sinx + sin 2x — sin 4x)5: 15\/§

85. Sir dung dinh 1y Viet dé tinh c4c tdng sau day (trong hoan canh cdc ban biét
cach lam khac thi ciing khong sao ma)

@) T n 3 . 5 n 7T . 97
COS — —+ €c0S — + cos — + coS — —+ cos —
10 10 10 10 10

®) T 3 L 3T T L 5T T n T 97

COS — - COS — 4+ COS — - COS — -+ COS — - COS — + COS — - COS —

10 10 10 10 10 10 10 10

(c) cos 5 4 cos 77° + cos 149° + cos 221° + cos 293°

Bai giai.

86. Gia stt € 12 nghiém clia phwong trinh 22 + 2z + 1 = 0 , ta dat
r+y+z=A4
r+ye+ze =B
T +yed+ze=C

1) Hay biéu dién x,y va z qua A, B, C
2) Chitng minh hé thic sau day |A|* + |B|* + |C|> = 3(|z*| + |y|* + |2[*)



Ha Duy Hung Cac bai todn dai 56 trong cac cudc thi Olympic Todn.30

1.3 Phuong trinh va bat phuong trinh

1. Cho cdc s6 thuc a, b, ¢ € R thoa man a(4a + 3b+ 2¢) > 0. Chiing minh ring
phuong trinh ax? + bz + ¢ = 0 khong thé ¢6 hai nghiém thuoc khoang (1;2).

2. Tim diéu kién can va du cho cédc s6 nguyén a,b,c,d v6i a # 0 sao cho
axy + bx + cy + d = cd c6 vo s6 nghiém nguyén doi v6i 4n nguyén x, .

3. Cho céc s0 thuc x, y thoa man hé

{u+ﬂg1

}a:y +x+ y|§ 1
Ching minh rang = < 2.
4. [ RoMO97 ]! Cho da thitc bac ba f(z) = ax®+bx®+cx+d véia,b,c,d € R
thod man diéu kién f(2) + f(5) < 7 < f(3) + f(4). Ching minh rang t6n
tai cac sO thuc u, v thoa man u 4+ v =7 va f(u) + f(v) = 7.

5. Cho céc s0 thuc a, b, ¢, 7, s € R thoa man

ar’ +br+c=0
—as* +bs+c=0

Ching minh ring ton tai s6 thuc v thod man

(u—r)(u—s)<0 va g-u2+bu+c:0

6. [ IMO 1959 ]* Xdc dinh tét ca céc gid tri clia x dé dang thic sau day ding
(a) \/x+\/2x—1+\/x—\/2x— =/2
®) Vr+vV2r—1+Vr—V2r—1=1
© Vi+vV2r—1+ Vo —2r—1=2

7. [ IMO 1959 ] Cho cic s6 thuc a, b, c. Cho phuong trinh sau cua cos x :

acos’z +bcosr+c=0

Hay dung mot phuong trinh bac hai doi vé6i cos 2z tir phuong trinh ndi trén
va tim céc gid tri cla a, b, c dé hai phuong trinh d6 c6 cling nghiém z. So
sanh gia tri cua cosx vacos2r khimaa=4,b=2, c= —1.

! Romania Mathematical Olympiad 1997
2 International Mathematical Olympiad 1959 The second Problem
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8.

10.

I1.

12.

13.

14.

15.

16.

17.

[ IMO 1960 ] Tim tat ca c4c gi4 tri thuc clia z ma bat dang thitc dudi day
ding
42*

(1— 1+ 2z)?
[ IMO 1961 ] Giai phuong trinh sau theo z, ¥, 2 :

<2xr+9

r+yt+z=a

? +y? 2 =0

xy = 22
[ IMO 1961 ] Giai phuong trinh cos™ z —sin™ z = 1, & d6 n 1a mot s6 nguyén
duong.

[ IMO 1962 ] Tim tat ca cdc s6 thyc z thod man /3 —z — Vo +1> 1

[ IMO 1962 ] Tim tét ca cdc nghiém thuc ctia phuong trinh cos? x + cos? 2z +
cos’3z =1

[ IMO 1963 ] Tim cédc nghiém thuc cua phuong trinh

\/x2—p+2\/m2—1:x

[ IMO 1963 ] Tim tét ca cac nghiém (x1, x, 23, T4, x5) cia hé¢ phuong trinh

sau
4

Ts5 + T2 = YTy
T+ T3 = YTa
Ty + Ty = YTs

T3+ T5 = YTy

(T4 + X1 = YTs

[ IMO 1965 The first Problem ] Tim téit ca cdc so thuc = trong doan thang
0, 27] thoa mén bt dang thic

2cosx < ’\/1+sin2x—\/1—sin2m‘§ V2

[ IMO 1965 The second Problem ] Cac hé s6 a;; v6ii,j € {1,2,3} cha h¢
phuong trinh
1171 + Q129 + A13T3 = 0
a21T1 + Q%2 + Gg3x3 = 0
az1 1 + azTe + aszrs =0
[ IMO 1966 The fifth Problem ] Giai phuong trinh
‘ai —a1|x1 + ‘ai —a2|x2+ ‘ai —a3|3:3+ ’ai — a4}x4 =1

v6ii=1,2,3,4 & do cac sO aq, as, as, as 1a phan biét.
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18. [ IMO 1968 The third Problem ] Cho céc s6 thuc a, b, c khong dong thoi
bing khong. Gia s rang céc s6 thuc xq, s, . .., 7,, thod man n phuong trinh
az? +br;+c = x4 v6imoi 1 < i < n va azr? +bx, + ¢ = r;. Ching minh
rang hé nay khong ¢6 nghiém, mot nghiém, nhiéu hon mot nghiém thue phu
thuoc vao gid tri ctia s6 (b — 1)? — 4ac tuong Gng 12 am, bing khong hay
duong.

19. [ IMO 1969 The second Problem ] Xét phuong trinh

n

1
Z ST cos(ar +2) =0
k=1

G d6 ay, 1a cdc hing s6 thuc va z 12 bién thuc can tim. Chitng minh ring néu
phuong trinh d6 c¢6 hai nghiém thuc 1, x5 thi x; — x2 12 mot boi hitu ty ctia
7 ie.. ton tai sO hitu ty r sao cho x1 — xy =1 - 7.

20. [ IMO 1972 The fourth Problem | Hay xac dinh tt ca cac nghiém s6 duong
ctia phuong trinh

~

(22 — w325) (25 — w375) < 0
(23 — xy21) (22 — w471) <0
(22 — x529) (2% — w572) < 0
(23 — zy13) (22 — 2123) <0
(22 — moxy) (2} — w2w4) <0

Ve

21. [ IMO 1980 The fifth Problem | Hay xac dinh tat ca cac so thuc a sao cho
ton tai cdc s6 thuc khong am xy, zo, . . ., 5 thoa méan di€u kién

T1 4 229 4+ 3x3 + 4x4 + D5 = @
11 + 2329 + 3323 + 4314 + 5325 = a?
T+ 25ZE2 + 351’3 + 45$4 + 551‘5 = CL3

22. [ IMO 1988 The fourth Problem ] Ching minh rang tap hgp nghiém cta bét
phuong trinh
1 2 3 70

5
> 2
x—1+x—2+x—3+ +x—70_4

12 hop ctia cdc doan rdi nhau, c6 téng do dai bing 1988.

23. [ Kurs.MO1975 The first Problem ]* Hay bién déi phuong trinh

1 i 1 )
(a+c¢)?  (a—c)?

ab2( =a—2>

thanh dang don gian hon véia > ¢ > 0vab > 0.

*Kurschdk Mathematical Competition 1975
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24.

25.

26.

27.

28.

29.

30.

[ Kurs.MO1976 The third Problem ] Chitng minh rang né€u tam thic bac hai
ax?® + bz + ¢ ludon nhan gi4 tri duong v6i moi gid tri thuc x thi nd c6 thé viét
duoc dudi dang thuong cua hai da thitc véi cac hé s6 duong.

[ Irish Mathematical Olympiad 1999 The first Problem ]* Hay xac dinh tat
ca cac s6 thuc = thoa man

x? x? + 3z + 18

<
(x+1—+z+1)? (z+1)2
[ Irish MO 1999 The sixth Problem ]° Gidi h¢ phuong trinh sau day

y? = (z+8)(a? +2)
y?> — (8 + 4x)y + (16 + 162 — 5x?) = 0

[ Irish MO 1995 The seventh Problem ] Gia st rang a, b, ¢ 1a cdc s6 phiic va
réng tit ca ba nghiém ctia phuong trinh 22 + az? + bz + ¢ = 0 ndm trén dudng
tron don vi phic |z| = 1. Ching minh rang cé ba nghiém w ctia phuong trinh
23 + |a|2? + bl + |¢| = 0 cling ndm trén dudng tron don vi phic.

[ Irish MO 1994 The seventh Problem ] Gia sir ring cdc s6 thuc p, ¢, thoa
man hé thong phuong trinh sau day

¢=p(4—p)

r=q(4—q)

p=r(4-r)

Hiy x4c dinh téit ca cdc gia tri c6 thé cta tdng p + ¢ + 7.

[ Irish MO 1994 The ninth Problem ] Cho w, a, b, ¢ 1a cac s thuc thoa man
ton tai cdc soO thuc x, y, z thoa man he phuong trinh sau day

r +y +z =1
ra? + yb? + z2¢* = w?
ra® + yb® + 2 = wd

zat + yb* + zc* = w?
Hiy bi€u dién w theo céc s6 a, b, c.

[ Irish MO 1993 The first Problem | Cho cac s6 thuc «, 3 thoa man cac hé
phuong trinh

a®—3a2+5a—-17=0

B3 —36*+58+11=0

Hiy tim téng o + f3.

“Irish Mathematical Olympiad 1999 the first Paper
STrish Mathematical Olympiad 1999 the second Paper
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31.

32.

33.

34.

35.

36.

37.

38.

39.

[ MiU.MC1998 1° Hay xdc dinh tit ca cdc nghiém thuc clia phuong trinh

1998* + 1999* = 1997* + 2000”

[Moscow Mathematical Olympiad 2000, for 9 Class] Hay xac dinh tat ca cac
sO duong x, y, z thod man hé phuong trinh sau day

T+, =2—(y—2)?
y+i=2-(r—y)?
2t =2-(y—2)

[Moscow MO 2000, for 10 Class] Giai phuong trinh |z + 4| + |z| + |z — 4] =
8 — z?.

[Moscow MO 2000, for 10 Class] Hay xdc dinh tt ca cdc s6 thuc x nam
trong khoang (0; 1) thoa man phuong trinh sau

sin®(cos* 37) + cos*(cos’ 3z) = 1

[Moscow MO 2000, for 11 Class] Giai phuong trinh lugng gidc sau day

\/sin:c —/sinx + cosx = cosx

[Moscow MO 2000, for 9 Class] Giai hé¢ phuong trinh sau day
zy =1
yz =2
zx =8

[Moscow MO 2000, for 11 Class] Ching minh ring phuong trinh
2 + 327 — 3z +1=0
vo nghiém.

[Moscow MO 2000, for 11 Class] Xéac dinh nghiém cua hé thong phuong
trinh sau day

2y —x =sinx — sin 2y
cosx + Hsiny =4

[Moscow MO 2001, for 8 Class] Giai phuong trinh

22+ 52% + 22 =8

6 Undergraduate Mathematics Competition 1998 at University of Michigan
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40.

41.

42.

43.

44.

45.

46.

[Moscow MO 2001, for 9 Class] Giai phuong trinh sau day

V2+r+vV2—2 2

V2+r—\2—z «w

[Moscow MO 2001, for 11 Class] Giai bét phwong trinh 219 + 26 4+ 2° + 2% +
?4+rx+1>0

[Moscow MO 2001, for 9 Class] Tim tat ca cac nghiém thuc cua phuong
trinh sau day

4+ D)%+ @+ D)% @ -+ @+ )z -1>+-+(x-1)%=0

[Moscow MO 2001, for 10 Class] Gia st ring f(x) = 2% + 122 + 30. Hay
giai phuong tiinh f(f(f(f(f(2))))) = 0.
Giai phuong trinh 2 + 2(z — 1)(2? — 22 +2) =0

Cho n 1a mot s6 nguyén duong. Hay xac dinh tat ca cac gia thuc a, b, ¢ theo
n dé hé phuong trinh

Ve+a+Yy+b=1
rT+y=c

c6 nghiém?
Giai cac phuong trinh dudi day
(@) 2 +2+12/x +1=36
() 2+ V3)" +(2-V3)" =4
(c) 2° + 3% £ 571 = ol-= | gl-v | 5-v
(d) logy(1+ /x) =log; x
(e) 2logs(cot x) = log,(cos )
(f) 22 —2zsinzy+1=0
(g) 217l 42l = 92 1 9y
(h) 2°%% = cosx + Colm
O (z+1)*+(@-1*=2
G @+ D(z+2)(x+3)(z+4) =120
k) 22+ Va2 —3x+5=3x+7
1) (4o —1)Va2+1=222+22+1
(m) V1+vV1-22(/(1+2)3—/(1-2)P3=2++1-22
() @+ T= 2 = oy/HT=7)




Ha Duy Hung Cac bai todn dai 56 trong cac cudc thi Olympic Todn.36

© Vitaz+V/I-—2=12
P) Ve —2++4—1=2%—6z+11
() \4/5—1—\4/1—;5—1—\/5—}-\/1—3::\/5—1—\/2\/5

) Vo -1+ —2=2x-3
1996

(s) 1995 — o | +] 1996 — 2 |"=1
(t) 2logg cot x = log, cos
() cos®Px —sin!™ =1

(V) o' +4=5(a? - 2)z

20 13z _
(w) 222 5r+3 + 222 4x+3 6
(x) 2t —4dxr =1

(y) z* —102% — 2(a — 11)2* + 2(5a + 6)x + 2a + a® = 0 v4i a 12 tham s6.

47. Xdc dinh tat ca cdc bo ba (a, b, ¢) cdc so thuc thod man hé phuong trinh dudi
day
ar’+br+c¢<0
bx? +cx+b<0
c’+ar+a<0

c6 nghiém duy nhét.
48. Xét hé¢ phuong trinh
(aa:% +bry 4+ c =19

azri + bry + ¢ = 13

2
ar; | +br,1+c=x,

\aa:fl—l—ba:n—i-c:a:l

6 d6 a # 0. Hay xdc dinh diéu kién can va du cho cdc s6 a, b, ¢ sao cho hé
khong c6 nghiém? C6 duy nhat mot nghiém? C6 nhiéu hon mot nghiém?

49. Giai phuong trinh

@)cos 2z

(2 4+ V2)™ 7 — (24 V2)7 T 4 (2 — V2) 2 — (1 + 5

50. Giai phuong trinh sau

a—bcosz  2va®—b?tany

sin x 1+ tan?y

& d6 x,y 1a cdc 4n can tim, con a, b 1a céc so thuc cho trudc.
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51.

52.

53.

54.

55.

56.

57.

38.

59.

60.

Giai phuong trinh
COS T — 3\/§sinx =cosTx

Cho cdc s6 nguyén duong n > 2. Chiing minh rang phuong trinh
n n—1
L fr41=0
n! " (n—1)!

has not any rational root .

Cho bat phuong trinh
a’lz| < V3(a® —y?)

Xdc dinh a sao cho cap s6 nguyén (z,y) thoa méan bat phuong trinh néi trén
la bé nhat.

Cho da thic f(z) = ag + a1z + - - - + a,2™ ¢6 n nghiém thuc. Chitng minh
rang v6i moi b > n — 1, da thiic

g(z) = ag + arbx + asb(b — 1)a” + -+ a,b(b — 1) --- (b —n + 1)z”
cling ¢6 n nghi¢m thuc.
Giai h¢ phuong trinh

\/132—1— 3 x4y2+\/y2+ Ii/y2x4:a/
Va2 4 3y =b

Ching minh riang d6i véi moi cép céc da thic véi hé s6 thue (P(z), Q(x))
trong d6 it nhdt mot trong ching ¢6 cdp khong bé hon 1, luon ton tai mot s6
xo € [0, 1] sao cho P(sinxg) # Q(xo).

Xac dinh tét ca cac s6 thuc a thod méan bat phuong trinh

log, 11 + log, Var? — 2z 43 -log,(Vaz? =22+ 1+1) <0
c6 nghiém duy nhat.
Giai phuong trinh sau

tan® z + tan® 2z + cot? 3z = 1

Giai phuong trinh sau

Ccosx cos2x cos3x +sinxsin2xsin3xr = 1

Hay xdc dinh tét ca cac nghiém trong khoang (0, 1) ctia phuong trinh

1
2r(z? —1)(22* —1)* =1— =
T
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61.

62.

63.

64.

65.

66.

67.

68.

69.

Cho trude s6 thuc «. Giai hé phuong trinh sau day
sinx + siny = sin«
sin? z + sin? y = cos? o
sin z + sin'y = cos 2a
Giai bat phuong trinh

V23 £322 + 62+ 16 > 2V3 + V4 —

Ching ta gia st rang phuong trinh x? + az® + bz? + cx + 1 = 0 ¢6 nghiém.
Ching minh réng a® +b* + ¢* > 3

Gia st rang hai ham s6 f, g : (0,00) — (0, 400) lién tuc va thod mén di€u
kién: v6i moi s6 « > 0 thoa man bét phuong trinh g(x) # x tacéd f(g(x)) =1
khi va chi khi f(x) # 1. Chiing minh rdng ton tai mot s6 thuc xy > 0 sao
cho g(xg) = xo.

[ Mathematical Olympiad 30 — 4 of Vietnam ] Hay xac dinh nghi¢ém duong

ctia phuong trinh
z—1 1 1
2r + =4/1—=+3/x—-=
x x x

Cho h¢ phuong trinh

r+y+z=3
+yP 4+ 22 =15
ot +yt 2t =35
Xic dinh cdc gid tri ¢6 thé cta biéu thic x° + y° + 2°.
Giai phuong trinh
Vi+vr(l—z)?2+ Q-2 =vV1—2+ Vad+ /221 — z)

Xdc dinh tat ca cdc tham s6 m dé hai hé phuong trinh dudi day la tuong

duong
r+2y=2-—m
(I){

—x +my =m — 2m?

(py {4y et 3=0
202 + 2+ (m?* +2m — 1)z + 12— 6m =0

Giai phuong trinh

(8sin® x4+ 1)* — 162sinx + 27 = 0
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70.

71.

72.

73.

74.

75.

76.

7.

78.

Cho céc s6 thuc a, b, ¢ thoda man a > ¢ > 0. Giai hé phuong trinh sau day

cy=a3+ar+b
cz=y +ay+b
cx=2>+az+b

Tim m dé bét phuong trinh sau day nghiém ding v6i moi :

1+sinz /1 +sinz
— <m
2+ coszx 2+cosx —

Cho h¢ phuong trinh
y =x — 2004
z =2y — 2004
w = 3z — 2004

Hay xac dinh nghiém (z,y, z, w) sao cho céc s6 x,y, z, w khong am va x ¢
gid tri bé nhét c6 thé.

Cho céc s0 thuc duong khong bang nhau tat ca. Giai hé phuong trinh

2> —yz=a

y?—zr =10

22 —ay=c

Gidi phuong trinh /z +1 — /2 — 1 = Va2 — 1
Hay giai va bién luan hé phuong trinh sau day

2m?z +3(m — 1)y =3
m(x+y)—2y =2

Giai phuong trinh 2(2? — 3z + 2) = 3v/23 + 8

Cho phuong trinh 2* + ax® + b2? + ax + 1 = 0 ¢6 it nhat mot nghiém thuc,
VGi a, b 12 cac s6 thuc. Hay xdc dinh gid tri bé nhat ctia a® + b2

Giai hé phuong trinh

Y3 — 922 + 272 — 27 =0
22— 9y? 427y — 27 =10
23— 9224272 —-27=0
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79.

80.

81.

82.

83.

84.

85.

86.

87.

Giai phuong trinh

15

7(309@2 — 4z) = 2004+/30060x + 1 + 1

Giai phuong trinh

VEx2 4+ 140 +9— Va2 — 2 —20=5Vz + 1

Giai h¢ phuong trinh
304 + 4y = 2004
30y% + 4z = 2004
305 + 4z = 2004
Giai phuong trinh
Va2 +15 =3V -2+ Va2 +8

Giai phuong trinh
2 —3V322 =3 +V3=0

Giai hé phuong trinh

Yy} — 622+ 122 —8 =0
22— 6y*+12y —8=0
23— 6224122 —-8=10

Giai phuong trinh sau day

1
vV —daty? + 1622y + 9 — /y2a? — 2y2 = 2(2% + ;)
trong dé x > 0.

Giai phuong trinh

V322 — x + 2002 — v/322 — 62 + 2003 — /5x — 2004 = v/2003

Cho phuong trinh

A B C
(sin® 3 + sin® bl + sin® 5)$2 +V32+16=0
trong d6 A, B, C 1a ba géc cua tam gidc AABC. Ching minh rang néu
phuong trinh néi trén ¢6 nghiém thi tam gidgc AABC' 1a déu.
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88. Cho (z,y, z) la nghiém cua hé phuong trinh

22 +4y? +222 =10
20y + 2yz + 22 =5
Hay xac dinh gia tri 16n nhat va nhd nhét cua bién z.

89. Giai phuong trinh
2} +1=3V3r—1

90. Giai phuong trinh
v —4r+2=r +2

91. Giai phuong trinh
327 + 33227 4+ 3128 _ 3162%+1

92. Cho bon s6 thuc a, b, ¢,d thoa man 0 < a < ¢ < d < b. Giai phuong trinh
sau day

Ve+a®+Ve+bP=vVe++Vae+d

93. Giai phuong trinh

22 —4r+6=v222—-5x+3+vV-322+9x -5

94. Goi x1, T2, 73 12 ba nghiém clia phuong trinh 22 — 2 + 1 = 0. Ching minh
rang
x%l + x%l + 35;1;1 = —-22

95. ( Mathematical Olympiad on the occation of the Date 04 — 30 in the
Sounth of Vietnam 2004 ) Cho phuong trinh

1 ‘
$5—§x4—5x3+x2+4x—120

(a) Ching to rang phuong trinh néi trén cé ding 5 nghiém.

(b) Ki hiéu nam nghiém cua phuong trinh d6 1a x1, x5, x3, 24, v5. Chiing
minh ring ta c6 dang thic

25 —xt—2 4789

25: zi+1 8959

96. Xac dinh tét ca cac so thuc x thoa man dong thoi hai phuong trinh duéi day

log, /2 + 20017 + 20047 = log, {/3 + 12(2002° + 2003)
log, /2 + 20027 + 2003 = log, {/3 + 12(2001° + 2004%)
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97.

98.

99.

100.

101.

102.

103.

104.

105.

106.

Giai phuong trinh

V21-3sine 4 1 4 3 — Jog (1 — 9sinx)
Giai h¢ phuong trinh

Tt =3V3
r+y+z=1
xy—l—yz+zx:2—77+2xyz

Giai h¢ phuong trinh
20 +2r —y—1)=2*(y + 1)
v +4r+1+In(y* +22)=0
Giai hé phuong trinh

T4y+ay— 222003 i 2222002

:L’4 + y4 _ 2222004

(x +y)* ' = (2 + 2004)"¥
Giai phuong trinh

xln(l + %)Hi‘%—x =3 ln(l + i) ﬂ%—l—l

voi z > 0.

Giai phuong trinh
(cos 72°)"+(cos 36%) "= 3 - 277

Giai bat phuong trinh sau day

Tl Vo™ 3n2 ™)
(2(:057 2cos§) (0057 3 sin 7)§1

Chitng minh ring néu x4 1a nghiém ctia phuong trinh 23 + ax? +bx +c =0
thi ta ¢6 bat dang thic 22 < 1+ a? + b* + 2.

Véi gid tri ndo ctia m thi bat phuong trinh sin® 2 4 cos® > m nghiém ding
vGi moi gia tri cua .

Ching minh ring phuong trinh lg z = sinz ¢6 diing mot nghiém duy nhét
3m . 57

trong doan [7; 7].
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107.

108.

109.

110.

111.

112.

113.

Cho phuong trinh bac ba
® —pr*+qr—p=0

v6i p > 0 va ¢ > 0. Chitng minh rang néu phuong trinh d6 cé ba nghiém déu
16n hon hay bing 1 thi ta c6 bét dang thic

p> G+ ) (0+3)

Giai bt phuong trinh
9cos 2x+sin? x

\/§>cos 2x
(2 _ \/5) cos? x

+(2-V2) > (1+ =

(2+\/§>sin2:p_ 5

Giai hé phuong trinh

log, v/1+ 3sinz = logs(3 cosy)
log, v/1+ 3cosy = logs(3sinz)

Xét phuong trinh lugng giac

tan (z + g)—i- tan (z + %)—l— -+ tan(z + ;—n): 0
trong dé n 1a s6 nguyén duong.
(a) Chiing minh rang v6i méi s6 nguyén n > 2 phuong trinh néi trén c6
ding mot nghiém nam trong khoang (O ; %) Ky hiéu nghiém d6 1a x,,.
(b) Ching minh rang day s6 {z,,},> c6 gi6i han hitu han.

Hiy xdc dinh tat ca cdc gid tri cha tham s6 a dé hé sau day c6 mot s6 chin
cac nghiém

sin(3a — 3y) + 3sinz =0
2log,(a —y) + 2log,(2,/y) = log, /y + 3logg 2z

Giai phuong trinh

(1 + cos x)'08eosa ST — (1 4 gip g7)!8sina OS2

Giai phuong trinh
3z
T4 ———— =1
2+ 1
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114.

115.

116.

117.

118.

119.

120.

121.

Cho cdc s6 thuc khong am ay, as, . . ., a,, khong déng thoi bang khong. Xét
da thic

Px)=a"—aa" ' — - —a,_17 — ay
biat A = > ,a, va B =), | ka;. Ching minh rang moi nghiém thuc
duong cua da thic khong nho hon AB.
Gia st rang tam thiic ax? + bx + ¢ v6i a # 0 ¢6 hai nghiém phan biét. Cho
7o 1a mot s6 thuc, xdc dinh bing quy nap ddy so thuc {z,, },/> bdi cong thic
T,(az,_1 + b) = c. Hay bién luan theo z su hoi tu cha ddy s6 {z,,}/29 va
tim gi6i han trong trudng hop co thé.

Giai hé phuong trinh sau day

logy(1 + 3v1 — tan?z) = 2 + logy(1 — tan?y)
logy(1+ 34/1 — tan? y) = 2 + log,(1 — tan®z)

Chiing minh ring tich clia hai trong bon nghiém ctia da thitc ¢ + 23 — 1 1a
nghiém cta da thic 2° + 2?4+ 23 — 22 — 1.

Cic bai todn tiép theo day duogc ching toi suu tam tir cudn sach néi ti€ng
"Selected Problems and Theorems in Elementary Mathematics" cua cac c6
gido su Todn hoc thudc Lién Xo cii d6 1a D.O.Shklyarsky, N.N.Chentsov
va [.M.Y aglom.

Giai phuong trinh \/a — va + = = .

Giai va bién luan theo tham s6 0 < a < § phuong trinh

a72+2ax+i——a+\/a2+x—i
16 16

Hay xac dinh phuong trinh dang da thic v6i hé s6 nguyén sao cho né cé
nghiém la

(@) V2+3

(b) V2+ V3
Gia st ring o, 3 1a cdc nghiém clia phuong trinh 22 + px + 1 =0 va 7,6 1a
cdc nghiém ctia phuong trinh 22 4 gz + 1 = 0. Chiing minh ring ta c6 ding

thuc
(@ =) (B—=0)(a+0)(B+7) =¢ —p°
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122.

123.

124.

125.

126.

127.

128.

129.

130.

131.

132.

Gia s rang o, 3 1a cdc nghiém cha phuong trinh 22 + px + ¢ = 0 va 7,6 1a
céc nghiém cua phuong trinh 22 + Px 4+ @ = 0. Hiy tinh gid tri clia biéu
thitc (a — ) (8 — d)(av — 0)(B — ) theo céc hé s6 cua phuong trinh.

Gia st rang «a, 4 1an luot 1a cdc nghiém clia phuong trinh az? + bz + ¢ va
—ax? + bx + ¢. Chiing minh rang phuong trinh $2* 4 bz + ¢ ¢6 mot nghiém

nam gittu hai s6 a va f3.

Cho tam thic p(x) = az® + bz + c. Gia st ring p(z) khong ¢6 nghiém thuc,
ching minh rang phuong trinh p(p(z)) = 0 ciing khong c6 nghiém thuc.

Cho tam thic p(z) = az® + bz + ¢ thod man |p(z)|< 1 v6i moi |z|< 1.
Chidng minh rdng ‘q(x)|§ 1 v6i moi ‘x|§ 1, 6d6 q(x) = cx® + bz + a.

Hay xdc dinh tat ca cdc gid tri clia tham s6 a d€ hai phuong trinh 22 +2+a = 0
va 22 + az + 1 = 0 ¢6 nghiém chung.

Xét phuong trinh bién phiic |z + 1|= a trong d6 a la tham s6. Hay xdc dinh
gia tri 16n nhat va nhé nhit cua modul cua 2.

Trong mit phing phiic cho mot da gidc 16i ¢6 cic dinh c6 toa vi 1a cdc s6

phic ¢y, ¢y, . . ., ¢,. Ching minh ring néu z 12 mot nghiém phic cta phuong
trinh .
1
D o =0
1 Z — Ck

thi toa vi ctia né 12 mot diém trong cia da gidc néi trén.

Giai phuong trinh nghiém thuc

x+2\/x+2\/x+---+2\/9&+2\/3x—m

Giai phuong trinh

¢x+3—4¢??T+V@+8—6¢E?T:1

Giai phuong trinh

|z + 1| —|z|+3lz — 1| 2|z — 2| =2 + 2

Giai phuong trinh

z z(x—1) z(z—-1)(z—2) "
R T R U P S
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133.

134.

135.

136.

137.

138.

139.

Tim a dé hé phuong trinh sau c6 hai nghiém, ba nghiém
ZL’2 _ y2 =0
(r —a)62+1y*> =1
Giai va bién luan hé sau day
ar +y = a
r+ay =1

Giai va bién luan hé sau day

ar +y+z=1
r+ay+z=a
x+y+az:a2

Hiy x4c dinh diéu kién cin va du cha cdc s6 thuc oy, as, a3 v oy dé hé bon
4n sau phuong trinh sau day cé nghiém

(
T1+ 29 =01 Qg

T1+ T3 =01 Qg
T1+ 24 = Q1 Qy
To + T3 = Qg - Q3

To+ Ty = Qg Qy

(T3 + T4 = Q3 0y

va hdy xdc dinh céc gia tri ctia 4n trong cic két qua tim duoc.

rT+y=2
xy — 22 =1

Giai hé phuong trinh sau day

Giai hé phuong trinh sau day
ot oyt =1

Giai h¢ phuong trinh sau day

T+ yzt =2
y+azt =2
z+xyt =2

t+xyz =2
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140. Gia st rang a, b, ¢, d 1a bon s6 thuc doi mot khac nhau. Giai hé bén phuong
trinh bon 4n so sau day

|a—b‘y+‘a—c‘z+‘a—d‘t:1
|b—a‘x+‘b—c‘z—|—‘b—d|t:1
|c—a|x+‘c—b|y+‘c—d‘t:1
|d—a’x+|d—b‘y+{d—c|z:1

141. Cho s6 nguyén n > 2 va n s0 thuc duong aq, as, . . ., a,. Hay xac dinh tat ca
cac nghiém thuc cua hé sau

142. Hay xac dinh s6 nghiém s6 cua cic phuong trinh dudi day

: _ X
(@) sinz = 755

(b) sinx =lgx

143. Xac dinh cac s6 thuc x1, s, . . ., T190 thoa man hé bat phuong trinh sau day

4
Ilzl

I —41’2—1—3:163 20
1'2—4.’L'3+3£L'4 ZO
Tgg — 499 + 321090 > 0
Tgg — 4100 + 371 > 0
\l’wo — 41'1 + 3%2 2 0

144. Xéc dinh tat ca cdc s6 thuc duong x4, 2o, . .., x, thoa man di¢u kién x7? =
o ==y =

145. Ching minh ring néu z1, 7, 12 hai nghiém clia phuong trinh 22 — 6z +1 = 0
thi v6i moi s6 nguyén duong n s6 =7 + x5 la mot s6 nguyén khong chia hét
cho 5.

Nhitng bai todn sau diy dugc ching toi suu tdm tir cdc bai thi hoc sinh
gioi toan Lién bang X6 Viét truéc day (All Soviet Union Mathematical
Olympiads).



Ha Duy Hung Cac bai todn dai 56 trong cac cudc thi Olympic Todn.48

146.

147.

148.

149.

150.

151.

152.

153.

Hay xac dinh tét ca cac gia tri thuc p, ¢, a, b sao cho phuong trinh sau nghiém
ding v4i moi x

(22 — 1)*° — (az + b)* = (2% + px + ¢)*
Chiing minh rdng néu cdc so thuc py, p2, ¢1, g2 thod man di€u kién

(1 — @2)° + (p1 — p2) (P12 — P2q1) <O

thi cdc phuong trinh 22 + pix + ¢1 = 0 va 22 + pex + ¢o = 0 c6 nghiém va
gittu hai nghiém cua mot phuong trinh ¢c6 mot nghiém cua phuong trinh con
lai.
Hiy x4c dinh cdc s6 thuc a, b, ¢ sao dang thiic sau

laz 4+ by + cz| + [bx + cy + az| + |cx + ay + bz| = |z| + |y| + | 7]
nghiém ding v6i moi so thuc z, v, 2.
Da thic 2194+?2%4+72% + - - +?2 + 1 dugc viét trén bang. Hai ngudi choi
thay nhau dién cdc s6 thuc vao mot trong cac ddu héi & trén. Nguoi chién
thang néu da thdc ¢6 nghiém thuc. Hoi ring ai s€ chién thing?

Hay xac dinh cac s6 thuc z, y thoa man hé

—y\/ 12—y

Vi
N

G do6 a, b 1a cac tham s6 thuc.
Hay xac dinh nghiém thuc cta hé sau day

sinz + 2sin(xr +y+2z) =0
siny + 3sin(z+y+2)=0
sinz +4sin(z+y+2)=0

Biét rang a, b 1a cdc s6 thuc thoa man bét phuong trinh acos(x)+bcos(3z) > 1
khong ¢6 nghiém thuc. Ching minh rang |0 < 1.

Giai hé thong phuong trinh sau day

y? =% — 322 + 2x
2?2 =y® — 3y + 2y
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154.

155.

156.

157.

158.

159.

160.

Cac s0 duong x, y, z thod man hé

x2+xy—|—%:25
%—1—22:9

2>+ zx+22=16
Hay xdc dinh tit ca céc gia tri c6 thé cia biéu thiic zy + 2yz + 3zx.

Giai phuong trinh

1985 lan.

Chiing minh ring néu d6 thi cia mot ham s6 y = f(x) khong thay déi khi
quay n6 quanh géc toa d6 mot géc vuong thi phuong trinh f(z) = x c6
nghiém duy nhat. Hidy dung mot ham nhu thé.

Ba bai todn don gian duéi day mang tinh lich st nhiéu hon, duoc chiing
toi trich tir cuon sach " Cac bai toan c6 dién trong Toan hoc so cap" cla
V.D.Tristaiakov

[ Mot bai toan trong cudn sach Arithmetic cia Diophantus | Giai hé phuong

trinh sau day
z+y=10
x? +y* = 68

[ Bai toan Al-Karkhi ] Giai hé phuong trinh sau day
2?4y = 22
xz = y?
ry =10

[ Bai toan Decartes | Giai phuong trinh sau day

zt — 42% — 192 + 1062 — 120 = 0
Véi a, b thoa mén diéu kién nao thi hé

r+y+z=3
P+ +22=a
4+ + 23



Ha Duy Hung Cac bai todn dai 56 trong cac cudc thi Olympic Todn.50

c6 nghiém duy nhat?

Cic bai todn dud6i day dugc 14y tir cdc bai todn du tuyén thi Todn quoc t&
(Long and Short Lists problems for IMOs)

161. [ IMO Longlist 1987 ] Chitng minh ring néu cdc nghiém cta phuong trinh
2t + ax® + bx + ¢ = 0 déu 1a cdc so thuc thi ab < 0.

162. [IMO Longlist 1987 ] Gia sttrang cac SO a1, ag 1a cdc s6 thuc con xq, T, ajo, by, by
la cac sO phic thod man ajias = asiais. Xét hai phuong trinh dudi day

Ti(anz + arpze = by
Ta(ag1z1 + agxe = by
a) Hay x4c dinh diéu kién dé hai phwong trinh d6 13 tuong duong?
b) Hay tim diéu kién dé arg z; — argzy >
163. [ IMO Longlist 1988 ] Gia st rang a 1a nghiém duong 16n nhat ctia phuong

trinh z° — 322 + 1 = 0. Chiing minh ring [a'™®] va [a'?®®] déu chia hét cho
17.

Cic bai toan ti€p theo day duoc 1ay tir cudn sich néi tiéng "Cac bai todn
Olympiad" cta gido su [.N.Sergeiva trong chum sdch kinh dién "Thu vién
Toan hoc trong Nha truong”. Cuodn sach nay da duge dich va an hanh béi nha
Xudt ban Hai Phong véi tua dé tén 1a "Cac dé thi vo dich 19 nudc".

164. Giai phuong trinh 87(3z + 1) = 4.

165. Chiing minh rang v6i moi s6 thuc a, b, ¢ phuong trinh (x — a)(z — b) + (v —
b)(z —¢) + (x — ¢)(x — a) = 0 ludn c6 nghiém thyc.

166. Ching minh ring phuong trinh 2 + 523 + 622 — 42 — 16 = 0 ¢6 hai nghiém
phan biét.

167. Giai va bién luan theo a € R phuong trinh

1 1 1
- +

—1 =2
(a ><sin3: COsS X sinxcosx>
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168. Hay tim s6 thuc = € [0; 7] thod man phuong trinh

.8 8,._ 20
sm” x + cos” x 123

169. X4c dinh cac s6 tu nhién A # B sao cho hé phuong trinh
cos Ar + cos Bx =0
Asin Az + Bsin Bx =0
c6 nghiém?

170. Tim cap s6 z,y € (0; §) thoa mén h¢ phuong trinh

{cosx — 2C082 y
cosy

ST — 9 sin? y
siny

171. Giai phuong trinh (sin(z — y) + 1) (cos(2z —y) + 1)=6
172. Do6i v6i méi s6 nguyén duong n hdy gidi phuong trinh
sina -sin2x - - -sinnx 4 cosx - cos 2x - - - cosnx = 1
173. V6i mdi s6 nguyén duong n hdy giai phuong trinh
(x+y)" =a"+y"
174. Giai hé¢ thong sau day

rTHay+y=2+3v2
2?2 +9yP=6

175. Ching minh ring véi médi s6 nguyén duong n ton tai duy nhiat mot bo céc s

thuc x1, o, . . ., z, thod midn phuong trinh
(1—21)®+ (21 —22)* + -+ (Tp1 —xp)* + 22 = !
" " " on4+1
176. Hay xéc dinh tat ca cac s6 nguyén duong n dé ton tai cac s6 duong x1, 7o, . . . , T,

thoa man hé phuong trinh duéi day

x1+x2+'-'+$n:9
i e R il
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177.

178.

179.

180.

181.

182.

183.

184.

Véi moéi s6 nguyén duong n, k hdy xac dinh tét ca cac so thuc khong am thoa
man h¢ phuong trinh duéi day

o +as+-fah =1
(I4+z)1+xz) - (14+z,) =2

[West Germany MO 1980 ] Giai hé¢ phuong trinh
20 + 2%y =y
2y + 1’z = 2

22+ 22 ==z

Dai v6i moéi s6 nguyén duong n va s6 thuc a € R hay giai hé sau day

1+ Lo+ ---+x,=a
2 2 2 2
rit+r+---+x,=a

(COMC’ 2000) Giai phuong trinh 4 - 16%1° = 6sine

(WMSETS ? 1998) Gia sir ring a 14 so6 thuc thod man phuong trinh z* —
1022 +a = 0 c6 bon nghiém va trén dudng thang thuc chiing tao ra cdc doan
thing bang nhau. Hiy xdc dinh cdc nghiém thuc dé va chiing minh ring
khong c6 gid tri nao khac.

[WMSETS 2000 | Véi cdc s6 nguyén a, b ta dung phuong trinh 2° + az? +
bx +6 = 0. Gia sk rang r 12 mot s6 khong am va cling v6i —r 1a nghiém cta

phuong trinh. Hay xdc dinh tét ca cdc gia tri c6 thé cta r?

(USA® MO 1978) Gia sit ring = 1a nghiém ctia phuong trinh (3 + 2v/2)* =
(v/2 — 1)* + 3. Chitng minh riing x ciing 12 nghiém ctia phuong trinh

(V24 1)* = QCOS%
[ USA MO 1984 ] Biét ring trong cdc nghiém ctia phuong trinh

2t — 1823 + kz? + 2002 — 1984 = 0

c6 hai nghiém cé tich 1a —32. Hay xac dinh k?

7 Canadian Open Mathematics Challenge
8 Wincosin Mathematics Science& Engineering Talent Search
9 USA: United State of American
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185.

186.

187.

188.

189.

190.

191.

[ USA MO 1990 ] Giai hé phuong trinh sau

3(x+%):4(y+%): 5(z+%)
xy+yz+zoe =1

(USA OP! 1995 Giai hé phuong trinh

{\/3 — 222y — a2 + 22(1 — 22°) = 92

14+ 1+ (z—y)? =232 -z — 2%
[Putnam MO 1986] Cho cac s6 phtc x, y, z thod man diéu kién

rz—1)4+2yz=yly— 1)+ 2z = 2(z — 1) + 22y

Ching minh rang chi ¢6 mot s6 hitu han céc bo ba dang (v —y,y — 2,2z — x)
va haly xac dinh cac bo ba dé.

[Crux Mathematicorum Vol.22, No.4, 5-1996] Hay xdc dinh da thuc f(x) =
2t + ax® + ba® + cx — ¢ thod man abe # 0 va phuong trinh /() = 0 ¢6 hai
nghiém nguyén phan biét.

(CMO'" 1996) Gia strrang a, b, ¢ 1a ba nghiém ctia phuong trinh 23—z —1 =
0. Hay tinh gi4 tri ctia biéu thitc

l1—a N 1-0 n l1—c

l+a 1+b 1+c

[CMO 1996 ] Hay xac dinh tit ca cdc nghiém ctia hé phuong trinh
dz?
1+4da2 7
42
—_— =z
1+ 492
422
==z
(1 + 422

[ CMO 1998 | Xac dinh tat ca cac s6 thuc x thoa man phuong trinh

ez
T=14/T——+4/1—-—
x x

10USA OP: United State of America Olympiad Program
' CMO: Canada Mathematical Olympiad
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192. [ IMO Shortlist 1995 ] Cho céc s6 thuc duong a, b, c. Xdc dinh tat ca cac s6
thuc duong x, v, z thoa man

r+y+z=a+b+c
dayz — (a®x + by + *z) = abe

193. Hay xac dinh tat ca cic nghiém cta hé phuong trinh

(227
1122 7
29/
=z
1+ y?
222
=X
14 22
194. Gidi phuong trinh | — 1993]"*" 4|z — 1994|""'= 1

195. Giai phuong trinh

\/E—i—\/y—l—i-\/z—Q:%(:c—l—y—i-z)

196. Giai phuong trinh

(2 + 1)(3* +2)(2* + 8) = 32xyz

197. Giai phuong trinh

V312 +6x+T7+ Vo2 +10x + 14 =4 — 22 — 22

198. Giai h¢ phuong trinh
23+t =2
v 4ay+y* —y=0

{\fvy—4!—8—y2

ry = 2+ 2°

199. Giai h¢ phuong trinh

200. Giai cac phuong trinh sau day

(@) Vr—3—-2Vz —4++x—4/x—4=a vé6ialatham s6.




Ha Duy Hung Cac bai todn dai 56 trong cac cudc thi Olympic Todn.55

b)) Ve—2—v2r—5+Vr+2+3V2x —5=T7V2
201. Giai hé phuong trinh sau day

202. Giai hé phuong trinh

(22 + zy + y?) /22 + y> = 185
(22 — 2y + y?) /22 + 32 = 65

203. Xéc dinh a, b dé hé phuong trinh sau c¢6 nghiém duy nhat

TYz+z=a
ryz?+2="0
2+t 422 =4

204. Hay xac dinh tét ca cac so6 thuc z,y, z thoa man hé

r+y+z=1
ot yt 4+ 2t = zyz

205. Gia suring 2y, 29, . . . , 2, 1a tat ca cdc nghiém phiic ctia phuong trinh 2" = 1.
Ching minh rang

(1—z)(1—29)--(1—2,)=n

206. Giai cic phuong trinh sau day vé6i 2 12 4n cdn tim

r—a x—b xz-—c 1 1 1

— (=4 =4 -

@ be + ca + ab (a+b+c)
—ab —b _

O I Y

a+b b+c c+a
6x+2a+36+0_ 22 + 6a + b+ 3¢

© et 2a—3b—c 22+ 6a—b—30

@ a+b—x+a+c—x+b+c—x+ 4z _1
c b a a+b+c

© \’7b+x+\’/b+x:c{'/f

b T a
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O Ve+l+vVe—1=1
@ Vr+l—vVzr—-1=1

(h) \/a++vVz+\/a—Vr=1
i) V1I—vat—a2=x-1

i) \/E—l—\/a:—b_ a
Vb+vr—a Vb
va+r+ya—x

®© \/a—l—:z:—\/a—x—\/5

(1) (b—c)tan(z + a) + (¢ — a) tan(x + §) + (a — b) tan(x +v) =0

(m) sin*z + cos*z =a

(n) sinx +sin 2z + sin3x = 0

(0) cosnx + cos(n —2)x —cosz =0

(p) bsin(a — x) = ¢sin(d — x)

(@) sin(z + 3a) = 3sin(a — x)

(r) sinbz = 16sin’ x

(s) sinx + 2sinz cos(a — ) = sina

(t) sinzsin(y —z) =a

(u) sin(x 4+ «) + sinasinz tan(a + ) = 1 + 2 cos acos(a + )
(v) (1 —tanxz)(l+sin2z) =1+ tanz
(w) tanz + tan 2z + tan 3z + tan4dx = 0

x) 2"t =1

(y) 4% — 37—3 _ ety _ 92—l

(2) Vda+b—5bz+Vidb+a—5r—3Va+b—2z=0

207. Giai phuong trinh

xg(b+a:)(c+x) (
(x —b)(x —¢) (b—c)(b—x) (c—z)(c—0)

véi a, b, ¢ 1a cac tham s0.

208. Giai hé phuong trinh

rTt+y+z=a
r+y+t=>
r+z+t=c

y+z+t=d
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209. Giai h¢ phuong trinh

x1+:1:2+x3+1:4:2a1
T+ Ty — T3 — Ty = 209
$1-[L‘2+I’3—l’4:2a3

T1— T — T3 + x4 = 2a4

210. Giai h¢ phuong trinh

ar+m(y+z+v) =k
by +m(z+z+v)=1
cz+m(x+y+v)=p
dv+m(x+y+2)=q

211. Giai hé phuong trinh

%—Fi—i—%*a
1,11
;+;+§—b
%+%+%—c
1,141
§—|—;+;—d
212. Giai h¢ phuong trinh
ay +bx =c

cr+az=>b

bz +cy=a

213. Giai h¢ phuong trinh
cy + bz = 2dyyz
az + cx = 2dszx

br + ay = 2dsxy

214. Giai h¢ phuong trinh

ytz—a="29
z+r—y=735%
rTH+y—z=F
215. Giai hé phuong trinh
o _ .
ay+bx
Yz
bz+cy
zZX — b

az+cxr
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216. Giai h¢ phuong trinh

217.

218.

219.

220.

221.

(b+c)y+z2)—ar=b—c
(c+a)(z+2)—by=c—a
(a+b)(z+y)—cz=a—b

6déa+b+c#0.
Giai hé phuong trinh

(c+a)y+ (a+b)z— (b+c)x =2a>
(a+b)z+ (b+c)x — (c+a)y = 2b3
(b+c)x+ (c+a)y— (a+b)z =2
&dé (a+b)(b+c)(c+a)#0
Giai hé phuong trinh
sl
=

x y z
a+u+b+y+c+u_1

Giai h¢ phuong trinh

r+ay+adir+a®=0
2+ by + b+ =0
24cey+cir+cd=0

Giai hé phuong trinh

r+ay+adir+aPt+at =0
z+by+ 0%z + 03+ bt =0
ztey+Pr+t+ct =0
24+dy+dPr+dPr+dPt+d =0

Giai hé phuong trinh

r+y+zt+u=m

ar +by+cz+du=n
adr+VPy+cz+dPu=k
adr+ Py + S+ dPu=1
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222. Giai h¢ phuong trinh

Ty +2r0 +3w3+ -+ nx, =a;
ZE2+2ZE3+3ZL‘4+"'+H$1 = Q9

Tp+201 4+ 302+ -+ 021 = a,

223. Giai h¢ phuong trinh

L1+ XTo+ X3+ +x,=1
T, + I S +x, =2
T+ 22+ Tpt- 1, =3
Ty F+To+ o T =n

224. [ Hé phuong trinh Vandermonde ] Cho céc s6 a, b, c khong bing nhau. Hay
giai hé phuong trinh sau day

r+ay+a*z=0
T+by+0%2=0
r+ey+ctz=0

225. Giai hé phuong trinh

'wl + Ty = aq
To + T3 = Qg
T3+ T4 = ag

Tp1+ Ty = Ap_1

(Tn + 21 = Gy

226. Giai hé phuong trinh

227. Giai h¢ phuong trinh

(x4+a)(y+1)=(a—n)(l—10)
(y+0)(z4+m)=(0b—-1)(m—rc)
(z4+¢)(x+n)=(c—m)(n—a)
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228.

220.

230.

231.

232.

233.

234.

235.

236.

Giai h¢ phuong trinh

rsina + ysin 2a + zsin 3a = sin4a
xsinb + ysin 20 + zsin 3b = sin 4b

xsinc + ysin 2c + zsin 3¢ = sin4c
Giai hé phuong trinh

tanztany = a
r+y=2>b

Giai h¢ phuong trinh

¥y =y

a® = bY
Giai h¢ phuong trinh

¥ =9y*

" =qy"
Giai hé phuong trinh

{x+y+z—ﬂ
sine _ siny _ sinz
a b c

Giai hé phuong trinh

tanx __ tany _ tanz
- ¢
:E+y—|—z—7r

Giai hé phuong trinh
r(x+y+2) = a?
y(r +y+z) =0
x+y—|—z —02

Giai h¢ phuong trinh

r(r+y+z)=a—yz
ylr+y+z)=b—uaz
r(x+y+z)=c—uay

Giai hé phuong trinh

y+2r+z=aly+z)(z+x)
2+ 2y+x=0bz+y)(r+y)
r+2z2+y=cly+z)(z+z2)
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237.

238.

2309.

240.

241.

242.

243.

244.

Giai h¢ phuong trinh

Giai h¢ phuong trinh

Giai h¢ phuong trinh

Giai hé phuong trinh

Giai hé phuong trinh

Giai h¢ phuong trinh

Giai hé¢ phuong trinh

Giai hé phuong trinh

yt+z+yz=a

z+x+zr=0>5

rTt+yt+axy=c
Yz = ax
zx = by
Ty = cz

%+ y2 = cxyz
y? + 2% = axyz

22+ 2% = bayz

3 —aa:+by

z(y + 2) —@2
y(z+ ) =1?
$+y =c?
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245. Giai h¢ phuong trinh

v+ 2%+ yz = d?

22+ 2?4 2o =12

22 4+ y? +zy = A

246. Giai h¢ phuong trinh

2 (y+ 2) = a
vz +a) =1’
2x+y)=7c

247. Giai h¢ phuong trinh

Y2+ 22 — 2ayz =0
22+ 2% —2bxz =0
22+ y? —2cry =0

248. Giai h¢ phuong trinh

249. Giai h¢ phuong trinh

250. Giai he

y_z_g
z oy
t=b
T_Y_ g
Y x
T T Iy
+ 4+ .4+ =1
a, — by a; — by a; — by,
T o) Iy
as — by s — by as — by,
T T2 Tn
.. =1
\an—b1+an—b2+ +an b,

r+y+z+t=15
24y + 22+t =65
P+ 2+ 12 =315
Tt =Yz

251. Giai phuong trinh sau day

Ve+1+2z+1)=a—-1+V1—2+3V1—2?



Ha Duy Hung Cac bai todn dai 56 trong cac cudc thi Olympic Todn.63

252.

253.

254.

255.

256.

257.

258.

259.

260.

Giai h¢ phuong trinh sau day
r+y=3
rz+yt=4
122 +yt? =6
23+ yt3 =10
Giai h¢ phuong trinh sau day
r+y=2°
z=2(y+2)
ry =2(z+1)

Giai phuong trinh

(Va2 +1—2)° + (Va2 +1+2)° =123

Giai phuong trinh
2000z* + 2*vV 22 + 2000 + 22 = 3998000

Giai phuong trinh
Ve+1+2z+1)=ac—-1+V1—ao+3V1—2?
[Bulgary MO 1995 for K10] Tim tét ca cdc nghiém duong ctia phuong trinh
4
1Ogm+a71 fﬂ—H = loga 2

6 day a 1a mot tham s6 16n hon 1.

[Bulgary MO 1995 for K8] Hay xac dinh tat ca cac gia tri cua tham so thuc
a sao cho hé phuong trinh sau c6 ding hai nghiém phéan biét

{x +dly| = ||

[yl + |z —al =1

Bulgary MO 1995 for K10] Tim tét ca cac gia tri thuc p, ¢ sao cho cac nghiém
cua céc phuong trinh 22 — pr — 1 = 0 va 2~ gz — 1 = 0 theo mot thit tu ndo
d6 s& lap thanh mot cap s6 cong gébm bon s6 hang.

[Bulgary MO 1995] Cho da thic f(z) = 23— (p+5)2* —2(p—3)(p— 1)z +
4p* — 24p + 36 trong d6 p 13 mot tham s6 thuc. Hay ching minh ring 3 — p
la nghiém cua phuong trinh f(x) = 0 va hdy xdc dinh tat ca cdc gid tri cta
p dé hai nghiém ctia phuong trinh d6 12 do dai canh géc vuong clia mot tam
gidc vuong cé canh huyén bing 4/2.
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261.

262.

263.

264.

265.

266.

267.

268.

[Bulgary MO 1996] Hiy xac dinh tét ca céc gid tri cha tham s6 a dé bat
phuong trinh
¥ —2r—|lvr—1—a|—|z—2/+4>0

nghiém ding v6i moi gia tri thuc cla x.

[Bulgary MO 1996] Trong mit phang toa do hiy xé4c dinh tat ca cdc diém c6
toa do (x,y) sao cho c6 ding mot s6 thuc z thoa man

a2t +y2® =2+ y))2? +yz+z=0

[Bulgary MO 1996] Hay xdc dinh tat cd cdc gid tri ca tham s6 thuc a dé bat
phuong trinh

20— 62+ 120  +axd + 1222 — 62 +1>0
nghiém ding véi moi gié tri thuc .

[Bulgary MO 1997] Cho F' 1a mot tap hop céac diém c6 toa do (x,y) trong
mit phing thod man

[|z] = lyll + |2 + |y| = 2
Chiing minh réng tap hop dé 1a tap hop cac diém ndm trén cdc canh clia mot
hinh chit nhat va hay xdc dinh tit ca cic diém thuoc F thod min h¢ thiic

2y =2z — 1| +3

[Bulgary MO 1997] Hay xac dinh tit ca cac s6 thuc x thod man cic sO
tan({; — ) , tan({5 — ) va tan({5 + x) 1ap thanh mot cap s6 nhan theo thit
tu do.

[Bulgary MO 1997] Cho phuong trinh |z — a| 4+ 15 = 6|z + 2| trong d6 a 1a
tham so thuc.

a) Ching minh rang v6i moi gia tri ctia tham s6 a phuong trinh da cho Iuon
c6 dang hai nghiém phan biét.

b) Ky hiéu hai nghiém d6 1a z;, 5. Ching minh rang |z; — x5 > 6 va hdy
xdc dinh tit ca céc gia tri cha a dé ddu bang xay ra.

[Bulgary MO 1997] Cho f(z) = * — 2az — a* — 3 trong d6 a 1a mot tham
s0 thuc. Hay xac dinh tat ca cac gia tri clia tham s6 a sao cho bat phuong
trinh | f(2)| < 1 nghiém ding v6i moi gid tri ctia = trong doan [—1; 1].

[Bulgary MO 1997] Hay xac dinh s6 nguyén duong bé nhat sao cho phuong
trinh
3mx T

2
. _ —9cos _ ondk b 20
cos” m(a — x) cosm(a — x) + cos 5 Cos(za + 3) +
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269.

270.

271.

272.

273.

274.

275.

276.

277.

[Bulgary MO 1998] Hay xdc dinh tat ca cdc gi4 tri clia tham so thuc a dé
phuong trinh 2% — 322 + (a® + 2)z — a? = 0 ¢6 ba nghiém z, 75, 23 sao cho
ba s0 cos 2”—3“”1, cos 2“% va cos % theo mot thit ty nao do s€ 1ap thanh mot
cdp sO cong.

[Bulgary MO 1998] Cho ham s6 f(z) = /r+ Vo —4—+z —1—+/z — 3.
Hay xac dinh theo a s6 nghiém thuc cia phuong trinh

z—3
x

flx)=a

[Bulgary MO 1998] Hay xéc dinh tit ca cdc gid tri clia tham s6 a dé hai bat

phuong trinh |z + 1| +[2 — ] < a va 522~ < —3 la tuong duong.

[Bulgary MO 1998] Hiy tim tét ca cdc gid tri clia tham s6 a d€ bat phuong
trinh |az® — 3z — 4] < 5 — 3z nghiém ding v6i moi x trong doan [—1;1].

[Bulgary MO 1998] Cho da thiic f(z) = 2® — 3z + 1. Hay xac dinh s6 céc
nghiém thuc ctia phuong trinh f(f(x)) = 0.

[Bulgary MO 1998] Cho cdc s6 thuc aq, as, . . . , a, sao cho ching khong dong
thoi bang khong. Chiing minh rang phuong trinh

Vitaz+vV1i+azr+--+V1+a,x=n

c6 khong qua mot nghiém thuc khac khong.

[Bulgary MO 1998] Cho phuong trinh 22 — 3pz — p = 0 ¢6 hai nghiém thuc
phan biét 1a x, x5 trong d6 p 1a mot tham s6 thuc. Ching minh ring

a) Chiing minh rang 3px; + 23 — p > 0.

b) Hiy xéc dinh gia tri bé nhat ctia biéu thiic

_ p? 3pry + 23 + 3p
3pxy + 23 + 3p p?

[Bulgary MO 1998] Hay xdc dinh tét ca cdc gid tri cha tham s6 duong a dé
bat phuong trinh a5 + g2 sinfz < 9 nghiém ding véi moi z thuc.

Giai phuong trinh

V3z+14+vVb—ax+vV2x—9=+4r —3
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278. Cho cac s0 thuc a, b, c. Hay giai va bién luan hé

22(y + 2)? = (ax? + x + 1)y?2?
v (2 + )% = (by* +y + 1)2%2?
2?(x +y)? = (c2® + 2z + 1)x%y?

Ching minh ring hé c6 nghiém (z,y, z) thod man zyz # 0 khi va chi khi
a+b+c> —i

279. Giai phuong trinh

Vr+1+ vz —1=bz

280. Giai bat phuong trinh

2V +24V3r+1> 2 —1

281. Chting minh rang néu phuong trinh z3 + az® + bx + ¢ = 0 v6i ¢ # 0 ¢6
ba nghiém phan biét thi phuong trinh 2® — bx? + acx — ¢® = 0 ciing c6 ba
nghiém phén biét.

282. Giai h¢ phuong trinh

(z+y)?

{4xy+4(a:2 +)+ 2 =2
T4y 3

283. Xét hé phuong trinh hai 4n z, y sau day

k(22 4+ Vat + Va2 + 1) = ay
k(Va® + 22 + Va2 + 1) + (k — 1)Vt = 2yv/at

a) Hay xéc dinh tat ca cdc gid tri clia tham s6 k& dé hé c¢6 nghiém.
b) Giai hé v6i k = 16.
284. Giai hé¢ phuong trinh sau day

{x3(2+3y) =1
r(y?—2)=3

285. Cho s6 thuc @ > 1. Hay xéc dinh tat ca cdc bo ba cdc s6 thuc (x,y, z) thoa
man |y| > 1 thod man phuong trinh

8+ 4z — y? _0

logz(acy) +log, (2°y* + 2yz)* + 5
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286.

287.

288.

2809.

290.

291.

292.

293.

294.

295.

Hiy xdc dinh diéu kién cin va du ctia tham s6 m dé hé phuong trinh duéi
day c6 nghiém duy nhat.

22 =2+ m)y® - 3y® +my
yP=(24+m)z* — 322 + mz
22 = (24 m)z® — 32* + ma

Giai phuong trinh sau day

V/3x2 — z + 2001 + v/322 — Tz + 2002 4+ /62 — 2003 = v/2002

Phuong trinh 22 = 100%™% ¢6 bao nhiéu nghiém? Hay giai thich cau tra 1di
cua ban.

Giai phuong trinh sau day

(z — 18)(z — 7)(z + 35)(z + 90) = 20012

Gia slr rang a, b, ¢ 12 ba s6 thuc thod man phuong trinh 22 +ax? 4+ bz +c =0
¢6 ba nghiém thuc phan biét. Chiing minh rang

127¢c + 2a® — 9ab| < 2/ (a2 — 3b)3
Giai phuong trinh

6x — 3
A S YN
Vr—+1—u

Cho hai s6 a, b thod man bat dang thic a + b > 2. Chitng minh ring it nhat
mot trong hai phuong trinh 22 + 2a?bx + b° = 0 va 2 + 2ab’z + a® = 0 ¢6
nghiém.

Giai phuong trinh (7 — 2)y/z — 1 — /22 +2 = 0.

Giai h¢ phuong trinh
=2—y
P =2—x
Giai hé phuong trinh
2k VT =1
Y Vi +b2—1=bn

trong dé n la s6 nguyén duong, b € R, b > 1.
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296. [Proposed by Tran Nam Diing] Xac dinh s6 thuc ¢ 16n nhat thod man di¢u
kién: v6i moi cap s6 nguyén duong (m, n) bat phuong trinh

sin(ma) 4 cos(nz) > ¢
luon ¢6 nghiém.

297. Giai h¢ phuong trinh

{2;;;1 W/ = Yun

Yooy Wi ta= Yu+an

298.
S VT +a=pn
S VEite=qn

trong d6 a,c,p,q € Rvaa —c = p* — ¢%

299. Gia surang a, b 1a cdc s6 duong thoad man phuong trinh 23 — az? +bxr —a = 0
c6 ba nghiém 16n hon 1. Xdc dinh gia tri a, b dé biéu thiic
b — 3"

an

dat gia tri bé nhat va tim gia tri no.

r+\5d5+ver—1=6

300. Giai phuong trinh

301. Giai phuong trinh
4% — 40 — 10 = V/8x2 — 62 — 10

302. Ching minh ring néu z, 12 mot nghiém duong ctia phuong trinh
ZL‘n:ZEn_1+[En_2+--'+I’+1

thi ta c6 bat dang thiic
1
2——<xp<?2
n

O day n 1a mot s6 nguyén 16n hon hodc bing 2.
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303. Giai hé duéi day
(5151@2 — 23+ 24) <0
.232(.1’3 — X4+ 375) <0

xe(r7 — 28 + T9) <0
x7(xg — w9 +71) <0
xg(rg — 1 + 29) <0
xo(r1 — 2 + 23) <0

\

304. Giai va bién luan theo tham s6 m € R phuong trinh sau day

2x
arctan 1 5 = mV 1 — 22+ 2arctanz
—x

305. Giai phuong trinh /a + va + sinz = sin z.
306. Giai phuong trinh a® + 2 = Va — @
307. Tim a dé phuong trinh 2° — a = /= + a ¢6 ba nghi¢ém phan biét.

308. Giai phuong trinh 5% + logy(z + 1) = 1.

309. Tim a dé phuong trinh \/3a + v/3a + 27 — 22 = 2z — 22 ¢4 nghiém.
310. Giai phuong trinh 2% — 1322 + 182 — 5 = 0.

311. Giai phuong trinh 62* + 822 + 6 = (z* + 22° + 1)(1 + 4y — v?)

312. Giai phuong trinh V2 + 14 +9— Va2 —2x—20=5Vr + 1
313. Giai phuong trinh (1 4 cos z)(2 + 4°%%) = 3 . 45

314. Giai h¢ phuong trinh

1257 — 125 + 6v/15 = 0
315. Giai phuong trinh 2(z? — 3z + 2) = 3v/x3 + 8.

316. [Proposed by Ha Duy Hung] Giai hé phuong trinh

2+ 3y=9
y* + 4(22 — 3)y* + 155 = 48(z + y)
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317.

318.

319.

320.

321.

322.

323.

324.

325.

Cho hai phuong trinh
cos2x +acosx+2=0

cos2x +becosx+2=0

Gia sir rang moi phuong trinh déu ¢4 bon nghiém phan biét thuoc khoang
(0; 27). Chimg minh rang phuong trinh cos2x + (a + b)cosz + 5 = 0 vo
nghiém.

Cic s6 thuc a, b, ¢ thod man diéu kién phuong trinh az? + bz + ¢ = 0 ¢6 hai
nghiém thugc doan [0; 1]. Xdc dinh gid tri 16n nhét clia bi€u thic
(a —b)(2a — b)

ala—b+c)

pP—

X ac dinh tat ca cac gia tri thuc a thoa méan phuong trinh
cos z® = cos(x + a)?
vGi moi x.
X ét tam thiic bac hai f(z) = az? +bxr + cvéia < bva f(x) > 0 v6i moi z.
Hoi ring biéu thiic
a+b+c
b—a

c6 thé nhan gia tri bé nhat 12 bao nhiéu?
Giai phuong trinh

1998x* 4+ x4/ 22 + 1998

=1
1997 098

[Vietnam MO 1998 for Secondery School] Giai phuong trinh

2t —8V2r +12=0

Giai phuong trinh 2% — 423 — 222 + 120 -1 =0
Giai phuong trinh
(x —a)(x —b) (a:—b)(x—c)+(a:—c)(x—a)_1

clc—a)c—=b) ala—b)a—c) bb-c)(b—a) =

Giai phuong trinh

(a® —a)(2* — 2+ 1) = (a* —a+1)3}(2* — 2)?
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326.

327.

328.

320.

330.

331.

332.

333.

334.

335.

336.

Giai phuong trinh
(a+z)"+(a—2)"=(a+0)"+ (a—b)"
trong d6 a # 0 va n 1a mot s6 tu nhién 16n hon hodc bang hai.

Giai phuong trinh
r=1-1978(1 — 1978xz%)?

Giai phuong trinh

z(z? —1) =2

Giai phuong trinh

Jaxm —at + Y2a" —an =a

Giai phuong trinh

Vo —an + /2a" — 2" = a

Giai phuong trinh

Vi—-24vVe2+zr—1+V1—x=1

Giai phuong trinh
2
V1—22 = (g —Vx)?
Giai phuong trinh
Va2 —2=+2— a3

Giai phuong trinh
logy & = logs(v/r + 2)

Giai hé phuong trinh

I %(372 + %

) %(I:; + %)
Tp—1 %(zn + %)
\mn = %(l’l —+ %)

Giai phuong trinh
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337. Giai h¢ phuong trinh

ZL’% :l’g—i‘l
3 =w3+1
2 =z, +1
.Ti —I1+1

338. Giai phuong trinh
22 +y? =br+cy —az
v 4+ 22 =ay+ bz —cx

22+ 2% =cz+ax — by

339. Hay xdc dinh céc s6 a,b, c,d, e, f d€ hai phuong trinh az? + bxy + cy? +
dr + ey + f =0vaz?+y? — 1 = 0 twong duong vdi nhau.

340. Tim diéu kién dé hai phuong trinh az* + bz +c = 0 va px®> + gz +7 = 0 ¢6
nghiém chung.

341. Hay xac dinh xem phuong trinh
r =1978sinx — 197
¢O bao nhiéu nghiém thuc?

342. Hay xac dinh tét ca cac gid tri cua a va b sao cho hé

|5il=a
2+ =0

chi cé ding mot nghiém thuc véi x > 0.

343. Hay xac dinh tét ca cdc gid tri cua a sao cho hé

2% 4+ (a + 1)by? = a?
(a—Dx+y*=1

c6 it nhat mot nghiém thuc véi moi b.
344. Hay xac dinh tét ca cac gid tri cua a va b sao cho hé

1 — T2 = Q
IL‘3—ZE4:b
T1+ 2o +axs+as=1

¢6 it nhat mot nghiém thoa méan x;, > 0 véi k = 1,2, 3, 4.
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345. Giai phuong trinh

§/1+\/:U+\3/35+---—2
346. Giai phuong trinh
(.I' + 1)(x+1)(z+1): _ 4

347. Cho trudc 12 s6 thuc ay, by, ¢, v6i k = 1,2,3, 4. Dat

A=z —a)’+(x—-b0) -
B=(r—ay)?+ (v —by)* —
C=(z—a3)’+(x—b3)°—c3
D=(z—a)’+ (x—by)*— ]
Chiing minh réng trong 2* = 16 hé bat phuong trinh dang

ASO

Bs0

Cs0

D<0

c6 it nhat hai hé vo nghiém.
348. Giai bat phuong trinh

122 — 8
V922 + 16

V2r+4—2V2—x >

349. [Czech and Slovak Republics MO 1999] Hay xac dinh tat ca cac so thuc a, b
sao cho hé hai phuong trinh
Tty
CL’QJrZQ =a
{myg —

2 +y2

c6 nghiém thuc.

350. [Romania MO 1999] Véi a, b duong, ta ky hiéu ¢(a, b) 1a nghiém duong cta
phuong trinh
(a+b)x* —2(ab— 1)z — (a+b) =0
bat M = {(a,b)|a # b,t(a,b) < Vab}. Hay xdc dinh tit ci cdc cap
(a,b) € M sao cho t(a,b) dat gia tri bé nhat.
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351.

352.

353.

354.

355.

356.

357.

358.

[Romania MO 1999] Cho céc s6 thuc a, b, ¢ v6i a # 0 la cac s6 phic. Ky
hiéu 2;, 2o 12 cdc nghiém cta phuong trinh az? + bz 4+ ¢ = 0 va dat wy, we
1a cdc nghiém clia phuong trinh (a +¢)2% + (b + b)z + (@ + ¢) = 0. Chiing
minh rang néu |z, |z2| < 1 thi

U)1| = |U}2| = 1.
[ Vietnam MO 1999] Giai hé¢ phuong trinh

(1+42079) . 51204y = 1 1 2627 — y + 1
P +4r +1In(y? +22) =0

[Vietnam Selection Team for IMO 1999] Xét tat ca cac s6 thuc a, b thoa man
a # 0, a # b va tit ca cac nghiém clia phuong trinh
ar® — 2 +br —1=0
1a céc so thuc va duong. Xac dinh gia tri bé nhat ¢ thé clia biéu thic
5a% — 3ab + 2
j a* — 3ab +
alb — a)
[Poland MO 2000] Cho s6 nguyén n > 2. Hoi riang hé sau c6 bao nhiéu
nghiém thuc khong am
Ty + x% =4z,

To + 2% = 41y

Giai hé phuong trinh

222 — xy + 3y* =13
22 + 4oy — 2y* = 16

Giai va bién luan hé
Yz
z+y m
Yz _
y+z 1
Yz _
z+x 2
Giai phuong trinh (z + a)* + (z + b)* = c.
Giai he
r+y=2°
=2y +2)

ry =2(z+1)
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359. Gii he
Ty =+ 3y
yz =22y + 2)
zx = 3(3z + 2x)
360. Giai h¢
(x+y+2)>=12¢
(y+z+1)3=12x
(x+z+1t) =12y
(x+y+1t)P =12z
361. Giai h¢

Ve+1+vVe+3+Ve+5=Vy—1+y—3+y—5
r+y+a?+y? =80

362. Giai cac phuong trinh sau day

@ V32 —Tr+3—-V2—2=+322—-5x—1—V22 —-3x+4
(b) Va2 +15 =3z —2+ 22 +8
(c) m—f—x: m
(d) R gy /a2 16— 6
e 2v/2—-2)6—2)=z++/(2—2)(10 — z)
363. Giai cac phuong trinh va bat phuong trinh dudi day

(a) v2r + 15 = 322% + 322 — 20
(b) Va? — 2+ 19+ V1722 + 82 + 13+ V1322 + 172 + 7 = 3v/3(x + 2)

_ z+3
(¢) 2% 44z = (/=2

D Vi—22+Viz+1+\/2>+y>—2y—3=Va'—16+5—y
@ z(z+1)(z+2)(z+3)> =

(f) V22 — 8z + 816 + v/22 + 10z + 267 = /2003

(@ 7+ 5= > 5

(h) V1 — 22 =42 — 3z

364. Giai h¢

?t+r—y—1=0
v +y—2—-1=0
Z2+z—t—-1=0
t?+t—x—-1=0
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365.

366.

367.

368.

3609.

370.

371.

372.

373.

Xdc dinh m dé hé sau day c6 nghiém

4y -ty —yr—zz=1
P+ 22+ yz =2

x2+22—|—zx:m

Gidi he
(x — 1)y — 2)2231% = 1024
42 + 23 + 16y + t° = 8z + 76
r>ly>2220t>0
Gidi he
Va2 +21 =y — 1+ ¢?
VYE+21 = va — 1+ 22
Tim m dé phuong trinh

Va+zrz+1—-vVa2—ax+1=m
c6 nghiém.

Gia str riing da thic p(z) = x°+az?+b ¢6 nam nghiém thuc 1, z2, T3, T4, T5.
Ky hiéu f(x) = 22 — 3. Ching minh bét déng thiic

f(w1) - f(xo) - fas) - fwa) - fla5) > —234

Hay xdc dinh tét ca cdc gia tri cia tham s6 a dé phuong trinh

V24 r+Vi—x—V8+2r—x2=a
c6 duy nhat mot nghiém thuc.
Giai hé sau day

4wy3+y3+% > 222 + /14 (22 — y)?

Giai hé sau day
r+y+z2=0
?+y?+22=10
2"+ y" + 27 =350

Giai va bién luan theo tham s6 a phuong trinh

928 + 8425 + 1262* + 3622 + 1 9a® + 84a’ + 126a* + 364> + 1

: -0
S 1 3626 + 1260° + 8422 19 7 a® 1 3640 + 12647 1 84a® + 9
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374.

375.

376.

377.

378.

3709.

380.

381.

382.

Giai cac phuong trinh dudi day
(@) T+ V2 +7=vr+80
(b) 223 — 22+ V223 —3x +1=3x+1— Va2 +2

Tim m dé phuong trinh sau ¢6 nghiém duy nhat

Vr+vVl—xz+Vr+V1—xz=m

xyd =9
r+3y==6

Giai hé phuong trinh

Giai he

VIito +VI+az+ o+ VT +a, =ny /22
VI—ai+ VT =+ + 1=z, =ny /20

6 day n > 1 1a mot s6 nguyén.

Chitng minh ring moi nghiém ctia phuong trinh 2% — 23 + 2 — 2 = 0 déu
nam trong khoang (\6/§, \6/1)

Gia st rang a, b, ¢ 12 cac s6 thuc thoa man

a b c

5003 " 2004 T 2005 °

Chiing minh ring phuong trinh az? + bz + ¢ = 0 ¢6 it nhdt mot nghiém trong
khoang (0; 1).

Giai hé phuong trinh

{x3+y3:3xy+1

2004 2004 __ _ 1
T +y — 92003

Giai phuong trinh

Vo—1+ V-2 —2+r -2+ Y@ -2 —1) = /@z — 38
Cho céc s6 duong x,y, z thoa méan hé

322 + 3zy +y* =75
y? + 322 =63
224 zx + 2% =48

Hay xdc dinh gid tri ctia biéu thic zy + 2yz + 3zx.
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383. Hay tim tét ca cdc gia tri clia a, b d€ bat phuong trinh
‘ 2¢in’x +asinz +b|< 1
nghiém ding v6i moi = € R.

384. Giai phuong trinh

véi a 1a tham s6.
385. Giai phuong trinh

3cot?x +2v2sin®x = (24 3v/2) cos x

386. Giai h¢ phuong trinh sau day

r(x+y)+yly+2)=0

z(x+1)+y(2z4+1)=0

o (@+1)+ (22 +1)
N 2004

(z+y)°+ (y+2)

387. [04-30 Mathematical Olympiad 2000] Giai hé phuong trinh

{(3— W2y =4
(3 + y-‘,—iQaj)\/E =2

388. [04-30 Mathematical Olympiad 2000] Giai phuong trinh
2sin 27 — 3v2sinz + v2cosz — 5 =0

389. Giai phuong trinh

z+1 n z+6 B T+ 2 z+5
22 4+2 22+ 120+35 22+4r+3 22+ 10x+24

390. Tim m dé phuong trinh
cosx + V2 — cos?x + coszV/2 — cos2x = m
c6 nghiém?
391. Giai phuong trinh
20 + V1 — 22+ 22V1 —a2 =1
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392.

393.

394.

395.

396.

397.

398.

399.

Giai he
6z(y* + 2*) = 13yz
3y(z? + x?) = bzx
6z(2* + y?) = by
Giai phuong trinh

\/1'2—1—(1—\/§$+2+\/x2+(1+\/g)x—l—2+\/$2—2x+2:3\/§

Giai hé
x=(y—1)
y=(z—1)
z=(t—1)
t=(x—1)>
Gia st rang hai phuong trinh 22 + ax + 1 = 0 va 2° + bz + 1 = 0 thoa mén

tich cia mot nghiém ctia phuong trinh th nhat véi mot nghiém nao dé cua
phuong trinh thit hai 1a nghiém cta phuong trinh 22 + cz + 1 = 0. Ching
minh rng ta c¢6 h¢ thic

a? +0* + 2+ abc = 4
Chiing minh rang diéu kién can va da dé tam thic f(z) = az® + bz + ¢ ¢6

nghiém trong khoang (0; 1) 1a ton tai cac s6 duong m < n < p thod man
mp > n? va ma + nb + pc = 0.

Gii he
3 — 3z =y(32? - 1)
Yy’ =3y =2(3y* - 1)
23— 32=1(322-1)
35— 3t =x(3t* — 1)
Giai phuong trinh

2sin2x—3\/§sinx+\/§cosx—5 =0

[04-30 Mathematical Olympiad 2000] Hay x4c dinh m dé phuong trinh
(Am—-3)Ve+3+Bm—-4)vV1l—az+m—-1=0

c6 nghiém?
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400.

401.

402.

403.

404.

405.

406.

407.

Gia st ring a, b, ¢ 1a ba nghiém cuia phwong trinh 2® — 3z + 1 = 0 sap xé&p
theo thit tu ting dan. Hay xdc dinh gid tri clia biéu thiic

Giai phuong trinh

(422 +2+V3) (@ +x+1) =22+ 20 +3

Hay xac dinh gia tri bé nhat cua tham s6 nguyén duong n sao cho phuong
trinh

— 42 —141=0
c6 nghiém.

Giai hé phuong trinh sau day

Ty - Tpypr + 5T, —

Tpyo = voi n=1,8
Tp — Tpy
L1 = T10
To = X9
Cho hai ham s6 f(z) = ax® + bz + cva g(z) = a(z? — z)? + b(2? — x) + c.

Tim a,b,c dé gia tri 16n nhat va gid tri nho nhat trén doan [0, 1] cha f(x)
tuong tng bing gid tri 16n nhét va gid tri nho nhét trén doan [0, 1] cia ham

6 g(x).
[Mathematical Excalibur Vol.8, No.5, 2003] Giai phuong trinh

2 —3r=vVr+2

[ Proposed by Fei Zhenpeng, Math. Excalibur Vol.8, No.5, 2003] Gia st rdng
a, 3,7 1a cdc sO phiic thod man hé

a+f+y=1
a?+ 3 +~2=3
A+ B+ =7
Hiy xéc dinh gia tri cia biéu thiic o' 4+ 52 + 2L,
[Dutch Mathematical Olympiad 1983] Cho a, b, ¢ 1a cac s6 thuc thoa man

1 1 1
a+-=b+-=c+-—-—=p
b c a

Hay xac dinh tat ca cdc gid tri c6 thé cua p va chiing minh rang abc +p = 0.
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408. [Putnam Exam 1974] Ching minh rdng cdc nghiém cta phuong trinh
1
COSTT = —
3
1a cac so vo ty.

409. [Math.Excal 1996] Cho n > 2 1a mét s6 nguyén va ¢ 1a mét s6 thuc khac
khong con z 1a mot nghiém khong thuc clia phuong trinh 2 + cx + 1 = 0.
Ching minh rang

1

n—1

2| =

n

410. [Problem 52, Math.Excal.] Cho cac s6 thuc phan biét a, b, ¢ thoa man hé

a® = 3(b* + ¢2) — 25
b =3(c* +a*) —25
A =3(a*+1b?) — 25

Hay xdc dinh gid tri cta biéu thic abe.

411. [British MO 1975; Problem 59, Math.Excali.] Cho n 1a mot s6 nguyén 16n

hon 2. Hay x4c dinh tét ca céc so thuc 1, zo, . .., x, thoa méan dicu kién
(1= 1)+ (01— 22) 4 -+ (Wnos — ) + 22 = —
n— n n n+ 1

412. [Greek MO 1995; Problem 68, Math.Excali.] Chiing minh ring néu phuong
trinh az? + (¢ — b)x + (e — d) = 0 thod man tit ca cdc nghiém clia n6 déu
thuc va 16n hon 1 thi phuong trinh

ar* +br® +cx’ +dr+e=0

¢6 it nhat mot nghiém thuec.

413, [Israel MO 1995; Problem 71, Math.Excali.] Hay xac dinh tét ca cac so thuc
x,y, z thod man hé

r+In(z+vVa2+1) =y

y+In(y+y?+1) ==z

z4+In(z+v22+1)==x

414. [Problem 86, Math. Excali.] Giai hé phuong trinh
V3z(1+ ! )

VTy(1+

2
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415. [Vietnam MO 1996; Problem 91, Math. Excali.] Giai h¢ phuong trinh

Var(1+——)=2
T —Ii Y
V(1= )=
416. [Russia MO 1994; Problem 143, Math. Excali.] Giai phuong trinh
COS COS COS COS & = sin sin sin sin «
417. [HongKong TST 2001] Hay xac dinh tat ca cac so thuc x thoa man
(27 — 4)® + (4° — 2)° = (4" + 2" — 6)°
418. [HongKong TST 1989] Giai bat phuong trinh
38 S 7
voix >0
419. [HongKong TST 1989] Hdi rang phuong trinh
% =sinx

c6 bao nhiéu nghiém?

420. [Chon doi tuyén truong KHTN Hanoi 2003] Giai phuong trinh

83 1+ 1212 + 469t — 48v/22" + 69 = 0
421,

[Crux Mathematicorum 1996, Vol.22, No.4, Problem M 2150] Giai phuong
trinh sau day

V1—x=22>—1422V1—22
422. Giai phuong trinh

47 =216

Ha Noi ngay 30 thang 8 nam 2003

Ha Duy Hung.



