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BAI TAP LUYEN THI OLYMPIC TOAN HQC TOAN MIEN NAM LAN THU XVIII
Chi dé: PHUONG TRINH HAM (trén N,Z,Q)
( VAN PHU QUOC- GV. TRUONG PH QUANG NAM)
1.Chohamsb f:Z —Z théamin f(1)=0va f(m+n)=f(m)+f(n)+3(4mn-1), vmneZ.

HD:
-Thay m=n=1,taco: f(2)=2f(1)+9=9;

-Thay m=n=2,taco: f(4)=2f(2)+45=63;

)
-Thay m=n=4,taco: f(8)=2f(4)+189=315;

- Thay m=n=8,taco: f(16)=2f(8)+765=1395;

-Thay m=2, n=1taco: f(3)=f(2)+f(1)+21=30.

- Thay m=16,n =3 ta cd két qua:

f(19)=f(16+3) = f (16)+ f (3)+573=1998.
2. Cho hamsé f :N" — N" théa man f(1)=5; f (f(n))=4n+9 va f(2")=2""+3VneN".
Tinh f (1789).

HD:
Taco: 1789=4.445+9 ; 445=4.109+9 ;109=4.25+9 ; 25=4.4+9
Lan luot ap dung cac gia thiét ta dugc:

f(4):8+3:11;

11)=1f(f(4))=44+9=25;
f (11))=4.11+9=53;
= f(f(25))=4.25+9=109;

= f(f(53))=4.53+9=221;
)=f(f(109))=4.109+9 =445;
445) = f (f(221))=4.221+9=893;
f(893)=f (f(445))=4.445+9=1789;

f (1789) = f (f (9893))=4.893+9 = 3581
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3. Cho hamsé f xac dinh trén tap N” va thoa mén:
f(n+1)=n(-1)""-2f(n) ; f(1)=f(2013).
Tinhtong S = f (1)+ f (2)+...+ £ (2012).
HD:
Taco: f(2)=1-2f(1); f(3)=—2-3f(2); f(4)=3-2f(3) ;...
f(2012)=2011-2f (2011) ; f(2013)=-2012-2f (2012).

Cong vé theo vé cac dang thuc trén ta duoc:

2012

f(2)+ f(3)+..+ f (2012)+ f (2013) =1-2+3—4+..+2011-2012-2 f (k).
k=1

2012 2012 2012 1006
Thay f(2013)= f (1) taduge: Y f(k)=-1006-2> f (k)= > f(k)=——"—.
k=1 k=1

4. Cho hamsé f xac dinh trén tap cac s6 nguyén dwong va thoa man:
f(1)=1006 ; f(1)+ f(2)+..+ f(n)=n*f(n) VneN",

Tinh f(2012).

HD:

f(n) n-1

Tir gia thiét bai toan ta co: (n—l)2 f(n-1)+f(n)=n’f(n)= f(n-1) =1

Cho n=2,3,...,2012 ta duoc: f(2) :1 ; f(3) :E ; M:E e f(2012) = 2011.
f(l) 3 4 f(3) 5 f(2011) 2013

f2012) 1 ¢ (o02)-— L.
f(1) 10062013 2013

Nhan vé theo vé cac dang thirc trén ta duoc:

5.Cho hamsé f :N— N thoaman: xf (y)+yf (x)=(x+y) f (x2 +y2) , VX, yeN.
Chirng minh rang: f la ham hang.

Gia st: f khong la ham hing. Chon X,y sao cho f(y)-f(x)>0 vabé nhat.

Tu

CxE(X)+yE(x)  xE(y)+yf(x)  xf(y)+yf(y)
f(x)= X+ Y - X+Y - X+ Yy

=f(y)=0< f(x2+y2)—f(x)< f(y)-f(x)

Diéu ndy mau thudn nén f 1a ham hang.
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6. Tim tat ca cac ham f :N" — N” thoa méan cac diéu kién:

f(1)=L f(m+n)=f(m)+f(n)+mnvmneN
HD:
Cho m=1 tathuge: f(n+1)=f(n)+n+1. Tl day suy ra néu ton tai ham s6 thi d6 1a duy nhat.

n(n+1).
2

Béng phuong phap quy nap, ching minh: f (n)=
7.Chohamsé f:N—N thoa man dicukién f(m)= f(n) néu m—n 1a s6 nguyén to. Hoi tap gid tri
ciia ham f c6 it nhit bao nhiéu phan tu?

HD:

Taco: 3-1=2; 6-3=3; 6-1=5; 8-3=5; 8—6=2 lacac so nguyénto nén f(1); f(3); f(6); f(8)
phai khac nhau. Do d6 tap gia tri cia ham f ¢4 it nhat 4 phan tir.

Xéthamsé f(n) xédc dinh nhu sau: Néu n=r(mod4) thi f (n)=r.Khidé tap gia tri cia ham f c¢
4 phan tir 1a: 0;1;2;3.

Ta ching to ham f xay dung nhu trén thoa man diéu kién bai toan.

That vay, néu f (m)=f(n) thi m=n(mod4) < m-n=0(mod4)= m-n Ia hgp so.

Vay tap gi4 tri cia ham f ¢ it nhat 4 phan tu.

8. Tim tat ca cac ham f :N — N théa man diéu ki¢n: f(m+ f(n))=f(m)+n vmneN.

HD:

Giasir: f(0)=a>0.

Khidé: f(m+f(0))="f(m)hay f(m+a)=f(m), ymeN.Vithé f Iaham tudn hoan va nhu thé
gidtricia f latap A={f(0);f(1);..;f(a-1)}.

Tagoi M 126 16n nhat trong A. Khidé: f(n)<M VneN.

Mt khac: thay m=0 vao f(m+ f(n))=f(m)+n tadugc: f(f(n))=n+a cothélsntlyy, voly.
Vay ta phai c6 f (0)=0.Khidé: f(f(n))=nvneN.

Néu f(1)=0thi 0= f(0)=f(f(1))=1, mau thudn. Do dé: f(1)=b>0.

Churng minh quy nap: f(n)=bn vneN ?

Taco: f(bn)=b’n=n=b=1.Vay f(n)=nVneN.Thi lai thiy ding.
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9. Tim tat ca cac ham f :N — N théa man diéu kién: f (mn+1)=mf (n)+2Vm,neN.
HD:
- Thay m=0 tacé: f(1)=2.
- Laithay n=0 taco: f(1)=mf(0)+2=mf (0)=0VmeN= f(0)=0 (1)
-Thay n=1tacé: f(m+1)=mf(1)+2=2m+2=2(m+1)= f(m)=2m, VmeN" (2)
T (l)va(2)taco: f(m)=2mVvmeN.Vay f(n)=2nVneN,
10. Tim tat ca cac ham f :N — N théa mén c4c diéu kién:
f(f(n))=n+2; f(f(n+1)+1)=n+4;f(0)=1 VneN.
HD:
- Chtmg minh f 1a mot don 4nh?
-Taco: f(f(n+2))=n+4="f(f(n+1)+1)= f(n+2)=f(n+1)+1.
Hay f(n)=f(0)+n=n+1VneN (thoa min).
11. Chohamsé f(n) xac dinh trén tap hop cac s6 nguyén duong va thoa man:
f(1)=2va f(n+1)=f*(n)—f(n)+1; n=123;..

1 1 1 1 1
Chu inh: 1— 1-——-.
Urng min e < f(l) + f(2) +.t f(2012) < o

HD:
- Ta co: f(n+1)—f(n)=(f(n)—1)2:>f tangva f(n)=2VneN’

11 1 1
- Chimg minh; —=—~+———+_. “1- ?
M ) ) T () T F(n+1)-1

- Chirng minh quy nap: 27" < f (n +1)—1< 2% 2
- Cho n=2012 ta suy ra diéu phai chirng minh.
12. Tim tat ca cac ham s f :Q" — Q" théa man: f (x+1)=f (x)+1; f(x2)= f2(x) vxeQ".
- Chirng minh quy nap: f(x+n)=f(x)+n ¥xeQ",VneN ?
2 2
_m (mneN)= f(%}:%

n

- \V6i X=§e@* (p,qu*).Giésfr: f(ﬁj
q

2 2

Khi do: f(BNJ: f[BJ+Q=m+q:> f(p_2+2p+qzj:m_z+_2mq+qz
q q n q n n

Vin Phu Quéc, GV. Trudng PH Quang Nam - DD: 0934 825 925 -Mail: vpquocdhgn@gmail.com
www.MATHVN.com

4



MATHVN.COM - Toan Hoc Viét Nam
Bai tap luyén thi Olympic Todn hoc todn mién Nam I4n thit XVIII - Danh cho HS 16p 10 chuyén Toan

2 2
Hay f(p—zj+2p+q2 =m—2+m+q2:>2m=2p:m=£.
q n n n n g

Vay f(x)=x VxeQ".

13. Tim tat ca cac ham f :Q — Q théa mén diéu kién:
f(x+y)+f(x—y)=2f(x)+2f(y) ¥x,yeQ.

HD:

- Cho x=y =0 tadugc: 2f(0)=4f (0)= f(0)

0.
-V6i x=ny (neN) taduge: f((n+1)y)=f(ny+y)=2f(ny)+2f(y)-f((n-1)y).
- Chirng minh quy nap: f (nx)=n’*f(x) vneN ?

f(l
- Thay x b(}i% ta dugc: f(l):nzf(ij: f(iJ: ()

n n 2

- Taco: f(%)z f[m.%}=m”[%}=[%f f(1).

Do dé: f(x)=ax’ VxeQ , trong dé: a= f (1). Thu lai thay ding.

14. Ton tai hay khong ham f :Q — Q théa man diéu kién: f(x+ f(y))=f(x)-y vx,yeQ.
HD:

- Chimg minh f 1a don anh ?

- Cho x=y=0 taduoc: f(f(0))=f(0)= f(0)=0

-Cho x=0 tadugc: f(f(y))=-y VyeQ (¥

- Thay f(y) boi y vao diéu kién bai toan d& cho va chii ¥ dén (*) taco: f(x+y)=f(x)+f(y).
Do d6: y =kx Vxe Q. Thay vao diéu kién bai toan d4 cho ta suy ra duoc: k? =—1, vd ly.

Vay khong ton tai ham s6 nao thoa man yéu cau bai toan.

1+\@

15. bat q= >

vagoi f:N—N laham s théaméndiéukién‘f(n)—qn‘<% VneN.
Chirng minh rang f (f (n))= f (n)+n vneN.
HD:

- Tur 1>%>‘f (0)=0= f(0)=0. Nhu viy diéu ki¢n |f (n)—qn‘<% dung véi n=0.
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-V6in>0 thi f(n)>0.That vay, néu f(n)=0 thi tir |f (n)—qn‘<% cho ta:

1 1 1 -
[-on|<=<an<=<0<n<= <1, Vo ly.
q q

-Dé yrang q(q-1)=1. Tirdd véi n>0 tly y ta co:
(1 ()= £ (n)=n|=[f (f (n)-af (n)+(a-D) f (n)-q(a-1)n
= | (f (m)=af (n)+(a=1)(f (n)-an) <[ (f(n))-af (n)}+|(a-1)(f (n)-an)
= [£ (£ (m)~af (n)] +(a-D)|* (n)~an)
T | (n)—qn‘<% thay n boi f (n) taco: | (f (n))-of (n)‘<%.

Vay | (£ (n))- 1 (n)—n‘<%+(q—l)%=l.

Do f(f(n))-f(n)-neZ nén f(f(n))==f(n)-n=0< f(f(n))="f(n)+n.
16. Chirng minh rang khong ton tai song anh f : N — N thoa méan diéu kién:
f(mn)=f(m)+f(n)+3f(m)f(n) vmneN
HD:
Gia str ton tai ham f thoa mén yéu cau bai toan.
- Cho m=1tadugc: f(n)=f(n)+f(1)+3f (1) f(n).Néu f(1)>0thi f(n)<0,voIly. Vay phai
c6: f(1)=0.Vi f lasonganhnén f(n)>1vn>2.
- Suy ranéu n lahop so thi f(n)=5.
Ciing do f song anh nén c6 duy nhét p,q,r eN" sao cho f(p)=1 f(q)=3, f(r)=8.Chayring
p.q 14 cc sb nguyén té phan biét. Khidé: f(g*)=f (pr)=33=q’ = pr, v Iy. Vay khong ton tai
ham so.
17. Tim tit ca cac ham f :N — R sao cho v&i moi m,n,k e N ta déu co:
f (km)+ f (kn)— f (k) f(mn)>1.
HD:
-Cho k=m=n=0=(f(0)-1) <0= f(0)=L1.

-Cho m=n=k=1= f(1)=1.

Vin Phu Quéc, GV. Trudng PH Quang Nam - DD: 0934 825 925 -Mail: vpquocdhgn@gmail.com
www.MATHVN.com



MATHVN.COM - Toan Hoc Viét Nam
Bai tap luyén thi Olympic Todn hoc todn mién Nam I4n thit XVIII - Danh cho HS 16p 10 chuyén Toan
-Cho m=n=0 = f(k)<1vkeN.

-Cho k=1m=0= f(n)>1VneN.

Suyra: f(n)=1vneN.

18. Cho f:N"— N” thoa man cac diéu kién: f (mzf (n)) =mnf (m) VmneN .
Chitng minh rdng néu f (2003)=a’ thi a la s6 nguyén té.

HD:

- Chimg minh f la donéanhva f(1)=17

- D& thdy f(f(n))=n VneN".Thay n bai f(n) co:

f(mzf(f(n))):mf (n)f(m)= f(mzn)sz (m)f(n).
Vay f(m2)=mf (m) Vm va f(m2n2)=mf(m) f (n2)= f (mz)f(nz), nghia la f nhan tinh trén tap
hop cac s6 chinh phuong.
Gia st f(2003)=a” véi a lahop sd, nghia 1a a=mn véi m>n>1.
Khidé: f(f(2003))=f(a*)=f(m’n’)=2003=f(m?)f(n?) V6 lyvi 2003 la sé nguyén to.
19. Tim tat ca cac ham f :N" — N thoa mén diéu kién:
(i) f tang thyc sy
(i) f(mf(n))=n*f(mn) VvmneN".
HD:
- Thay m=1taco: f(f(n))=n’*f(n).
-Giasit f(n)>n*= f(f(n))>f(n*)=n’f(n)>f*(n)=f(n)<n® ,voly.
- Twong ty ta cing chimg minh dugc: f (n)<n?.
Vay f(n)=n® vneN".
20. Tim tat ca cac ham f thoa mén hai diéu kién:
(i) vmneN thi 2f (m*+n?)=f?(m)+ £*(n)
(i) vmneN ma m>n thi f(m*)z f(n?).
HD:
-Cho m=0va n=0 tadugc 2f (n*)=f*(n)+ £°(0) va 2f (m*)= £ (m)+ £*(0).

Vin Phu Quéc, GV. Trudng PH Quang Nam - DD: 0934 825 925 -Mail: vpquocdhgn@gmail.com 7
www.MATHVN.com



MATHVN.COM - Toan Hoc Viét Nam
Bai tap luyén thi Olympic Todn hoc todn mién Nam I4n thit XVIII - Danh cho HS 16p 10 chuyén Toan

Dods f2(m)—f?(n)=2(f(m*)-f*(n*)).

-Cho m=n=0c6 f(0)=0hay f(0)=1.

+Néu f(0)=1thitaco: 2f (m*)=f*(m)+1= f(1)=1= f(2)=L1.

Tir dang thuc: f (22n ) = %( f (ZZH )2 +1j, bang quy nap ta co: f (22n ) =1vn.

Véi n thy ¥ ludn co sé k sao cho 2° <n<2? = f(zzm)g f(n)< f(zzk): f(n)=1.
+Néu f(0)=0= f(1)=0 hogc f(1)=2.
Vé6i f(1)=0tacohamsd f(n)=0 vavsi f(1)=2 taco f(n)=2n.
21. Xéc dinh ham s6 f :N— N théa man diéu kién: f(f(n)+f(m))=n+mvnmeN.
HD:
Gia str ton tai ham f thoa mén yéu cau bai toan.
- Chirng minh f 1a don éanh ?
- vneN taco: f(f(n)+f(n))=n+n=2n=(n-1)+(n+1)=f(f(n-1)+f(n+1))
= f(n)+f(n)="f(n-1)+f(n+1)= f(n+1)-f(n)=f(n)-f(n-1) VneZ
= f lahamtuyén tinh tic f c6 dang: f(n)=an+b.
Thi lai ta c6: a (an+b)+(am+b)|+b=m+n< .. a=1b=0.
Suyra: f(n)=n.
22.Cho f:Z—Z. Ching minh ring ton tai X, € Z sao cho: f(f(x,))=1-x;.
HD: Gia sir: f(f(x))=1-x* VxeZ
D& thay: f(1)=1-f*(0); f(0)=1-f*(1).
Suyra: f(1)-f(0)=f*(1)-f*(0)=[f(1)-f(0)][ f(1)+f(0)][*(2)+f*(0)].

Chtng minh f (1)- f (0)=0 ?

Khi dé: [ f(1)+f(0)][ *(1)+ f?(o)]zlz{:f

hay f(1)=1, f(0)=0 hoge f(1)=0, f (0)=1.

Giasir: f(1)=1 f(0)=0.Suyra: f(f(1))="f (1), f(f(0))="f(0).Diéunay mau thuin.
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23. Tim tat ca cac ham f :Z — Z théa man cac diéu kién:

) £(1(n)=1(n)
(i) f(f(m)+f(n))="f(m+n)

(i) f nhan vo 6 gid tri.

HD:

Gia str ton tai m; =m, ma f(m)=f(m,). Taco thé xem m, >m,.

Khi d6 véi moi n taco: f(f(m)+f(n))="f(f(m,)+f(n))= f(m+n)="f(m,+n).

DEco f(n)=f(n+d) véi d=m,—m, >0.Nhuthé f laham tudn hoan va do d6 chi nhan hitu han
gié tri. Piéu nay mau thuin véi (iii).

Suyra f la mot don anh. Tir (i) co ngay f(n)=n VneZ.

24. Tim tat ca cacham f :N— N théaméin f(n+m)+f(n-m)=1f(3n) vmneNvan>m.
HD:

-Cho m=0tacé: 2f(n)=f(3n) VneN .

-Cho m=n=0 tadugc: 2 (0)= f (0)= f (0)=0.

-Cho m=n tadugc: f(2n)=f(3n) VneN".

Suyra: f(4m)=f(6m)=f(2.3m)="f(3.3m)=f(9m).

Nhu thé: f(2m)=0 ¥YmeN".Cudiciing VmeN" taco: f(m)= f(3m)=%f(2m)=0.

Wk

Kiém tra ham s6: f(n)=0 V¥ne N’ thoa min yéu cau bai toan.
x)+ f(y)+2xy vx,yeQ.

25. Tim tat cd cac ham f :Q —> R thoaméin: f(x+y)= + f
—x*+f(y)-y>.

f(
HD: Tir diéu kién bai toan ta co: f (x+y)—(x+ y)2 = f(x)
bat g(x)=f (x)-x* , nhu vy g(x+y)=g(x)+9g(y).Dédang cé: g(0)=0.Pat g(1)=k.

Churng minh quy nap: g(nx)=ng(x) VxeQ
Laico: k=g(1)= g(n.£j=ng(£j:> g(£j=K YneN
n n n n
1

Voi x=me@g+ , ta co: g(x)=g(mj=g(m.£j=mg(—j=m£:kx.Honnﬁ:a
n n n n n

9(0)=9(x)+9(—x)=g(-x)=-g(x). Do do: g(x)=kx ¥xe Q. Suyra: f(x)=x*+kx.
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. f(x)+f .
26. Tim tat ca cac ham f :Z — R théa man: f(xgyj: ( )2 (y) VX,y €Z va X+ Yy chia hét

cho 3.
HD:

f
V6imoi neZ taco: f(n): f (0+3nj: f(0)+ (3n)

3 2

Va f(n):f(nZan f(n)+3f(2n)

=2f(n)=f(0)+f(3n) (¥

= f(n)=f(2n).

Lai co: f(n)=f(2n)=f(3n;3nj= f(3”)gf(3”): f (3n).

Vay f(n)=f(2n)=f(3n). Do d6 dé ydén(*)taco: f(n)=f(0).Suyra f Iaham hing.
27. Tim tt ca cac ham f :N — N théa man diéu ki¢n: 3f (n)-2f (f(n))=n VneN.

HD:

Giasir f 13 ham sb thoa man yéu cau bai toan.

bat: g(n)=f(n)-n.

Khi dé: 2g( f(n))=g(n) vneN (*)

Ap dung lién tiép h¢ thirc (*) ta suy ra: g(n)=2g(f(n))= 229( f(f (n)))z...z 2" g(f (f (...f (n))))

m

Nhu vay g(n) Iudn chia hét cho 2" ¥me N. Diéu ndy chi c6 thé xdy rakhi g(n)=0 hay f(n)=n.
28. Tim tit ca cac ham f :Z — Z théa man diéu kién: f(x3+ f (y))=y+ f2(x) vx,yeZ.

HD:

- Chitng minh f 12 mdt don 4nh?

- Thay y boi —f°(x) thitaco f(x’+y)=0,nghia Ia tn tai sd a sao cho f(a)=0.
bat f (0)=b. Tim céch chung minh f (0)=0?

- Thay y =0 vao diéu ki¢n bai ton ta duge: f(x*)=f*(x) VxeZ.

Tudo f(1)=f3(1)= f(1)=0 hodc f(1)=+1.

Nhung do f 1adon anh va f (0)=0 nén chi xay ra hai kha ning;:

a) TH: f(1)=1.
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Thay x=1va y boi f(y) thitadugc:

f(1+ f(f(y))): f(y)+f*(1)= f(y+1)=f(y)+Llhay f(x+1)=f(x)+1VxeZ.
Béng quy nap, ta d& dang ching minh duogc: f (X)=x VxeZ.

b) TH: f(1)=—1. D&dang ching minh f(x)=-x VxeZ.

29. Cho hamsé f:Q" —> R thoa man diéu kién: | (x+y)—f(X)<2 vx,yeQ".

y
n(n-

i ()12 <200

HD:

Cho x=y=2" VieN tacé: ‘f(2‘+2‘)— f (2‘)‘§§—::>‘f(2”1)— f (2‘)\31.

Do do: [f(27)- £ (2')[=]f(27)- F(27%)+ £(27%) = £ (272) .4 £ (2) - £(2)
(

g‘f(z) f(2m)+ ‘ (2)- fz“) ‘ (2)- (2‘)‘£n—i.
vité 31 (2)- £(2)< S (n-)=5i=""

30. Cho ham s6 f (n) x4c dinh trén tap hop cac sb nguyén duong N” théa min céc diéu kién:
(i) f(p)=1néu p nguyén to.
(i) f(mn)=mf(n)+nf(m) vmneN

Héy tim gia tri n sao cho f(n)=n.

HD:
Ta xét ham f xac dinh nhu sau:
Vé6i p nguyén td thi f ( p¥ ) =kp*™*
k

Véi n=ppy...pe thidat f( Zm
i=1 p|

D& kiém tra ham sb trén thoa mén cac diéu kién (i) va (ii). Hon nira d6 1a ham duy nhit thoa man d& bai.

Ta thiy f(nN=ne Z =1. Tir d6 xac dinh duoc n c6 dang n= p" véip 1a sb nguyén tb.

31. Chung minh ring ton tai v sé cac hamsé f :N™ — N thoa man cac didu kién:

() f(f(n))=n vneN (i) f(n)=n VneN".
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HD:

- D& chimng minh f 12 mt don 4nh?

-Giasit f(m)=n,khido f(n)=f(f(m))=m,tir(ii) taphaicé m=n.

-Ham f duoc xay dung nhu sau: chia tdp hop céc s ty nhién duoc phan thanh hai tap v6 han
S={m,m,...} ; T={n,n,..}

vadit f(m,)=n, va f(n,)=m,. Hiénnhién c6 vd han ham f duoc xdy dung nhu cach trén.

32. Hay tim tit ca cac ham ting thuc sy f :N° - N théa man: f (mf (n)) =nf (2m) vm,neN".

HD:

- Chang minh f Ia don anh?

- Thay m=n=1 vio phuong trinh trén ta dugc f(f(1))=f(2).

-Vi f donanhnén f(1)=2.

- Tir day cho phép ta du doan f (n)=2n.

- Thay m=1 taduoc f(f(n))=nf(2) VneN".

Khidé f(f(f(n)))="f(nf(2))= f(n)f(2)=2f(2n).

Ta ching minh f(n)=2n vneN".

Giasitrco n ma f(n)>2n.Do f tang thyc sy vasadung f(n)f(2)=2f(2n) taco:
f(f(n))>f(2n)=nf(2)> f(2n)= 2nf(2)>2f(2n)=f(n)f(2)= f(n)<2n mau thudn,

Gidsirco n ma f(n)<2n.Khidé f(f(n))<f(2n)=2nf(2)<2f(2n)="f(n)f(2)= f(n)>2n,voly

Vay f(n)=2n vneN’. Thi lai thiy ding.

33.Cho ham f:N"— N". Gia sit véi moi n taco: f(f(n))< f(n+1).Chingminh f(n)=nvneN".

HD:
Goi a la s6 nho nhat ctia tap hop

{F(F(D), F(2), F(F(2)), F(3)s F(F(n=2)), f(n), £(F(m)), f(n+1),....
Khi d6 a phai c dang f(f(n)) vasuyra f(n)=1.
Tiép theo chimg minh f (1)=1 va f(n)>1 khi n>1.

Béng quy nap chimg minh f (k)=k va f(n)>k khi n>k. Tirdé dan dén két luan bai toan.

Vin Phu Quéc, GV. Trudng PH Quang Nam - DD: 0934 825 925 -Mail: vpquocdhgn@gmail.com 12
www.MATHVN.com



